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WYX *RZ\[5]^*%_a`cbL]edfbL&)gU*,g)&UbL(+hOd2[5&)g)(+*chji/kl_\*,d2[5&)g)(+*,dl&UbLm2[5ml(ono(ogU"�01kl_\*,d2[5&)g)(+*j[5_2[5nop;hU*jq	`9[5n+`%klnfhJ`%(+*%_;6
g)(sr2t'k\*�*%g!kl_\*ud2[5&)g)(+*�(o_; #bL&)]u[5g)(+tvk\*�:YwO42[L`%kl_\*yxl*chzd2[5&)g)(+*ch7`cbL]edlgU*%&J[{"ct'kl(ogJ[5mln+*%]^*%_vg^x\[5_\hHnS[
_\bLgU*,r\_2[5n+*�:v|Y*%kl(onon+*%}~&U"cx;(o�/*%&�n+*ch�&U"%d�bL_\hU*chOdfbLkl&�`U42[L`%kl_\*~xl*ch�d2[5&)g)(+*ch�h)kl&Og)&UbL(+h�`cbLdl(+*chOhU"%d2[5&U"c*ch�:

�������,���~� ��� �������������!���1�������;���D�����

���	���� >¡U ¢�¤£7¥\¦D§©¨7¡UªU¡«¦D¬®�¯±°H�²°!³H��¬µ´~°H§©¦D¡U¯±³·¶H¡)¸�¬��f�µ³�¦D¡J�µªUªU�®¯©��¶!¡U³H§,¡)�f�

¹ _�`cbL_\h)(+xlº%&U*	n X "ctvk2[5g)(+bL_{x;(s»�"%&U*%_'g)(+*%non+*zbL&Ux;(o_2[5(o&U*ui

d

dt

(

x

y

)

=

(

−x − 2y2

xy − y3

)

.

¼\½	¾ bL_l_\*%&~n+*a¿ÀbLk{n+*chRÁ©d�bL(o_vg�¿Àh@Á�x X "ct'kl(ono(oml&U*�0Â[5(o_\h)(�tvk\*!n+*!h)p1hUgUº%]^*zno(o_\"9[5&)(+hU"e[5klgUbLkl&	xl*!`c*a¿ÀbLk
`c*ch@Á>d�bL(o_vg�¿Àh@Áµx X "ctvkl(ono(oml&U*�:'Ã�k\*�d�bLkl$/*%}%6P$/bLk\h�*%_^xl"cx;kl(o&U*,h)kl&µnS[~h)gJ[5ml(ono(ogU"±xl*©`c*	¿ÀbLk^`c*ch@Á>d�bL(o_vg�¿ÀhRÁ
x X "ct'kl(ono(oml&U*ÅÄ

Æf½zÇ &UbLkl$/*%&zkl_\*7$�[5n+*%kl&	d�bLkl&
α
gU*%non+*^t'k\*7nS[� ÀbL_\`%g)(+bL_

V (x, y) = x2 + αy2 hUbL(ogBkl_\*7 #bL_\`%g)(+bL_
xl* W pv[5dlkl_\b�$ÈdfbLkl&Bn+*eh)p;h)gUº%]^*^[5kÈd�bL(o_vg	x X "ct'kl(ono(oml&U*

(0, 0)
:�Ã�k\*7dfbLkl$/*%}%6P$/bLk\hH*%_�xl"cx;kl(o&U*^*%_

gU*%&)]^*	x;kÉgU*%]ed\h�x X *RZ1(+hUgU*%_\`c*	xl*~nS[ehUbLnoklg)(+bL_�*%g±xl*	nS[7h)gJ[5ml(ono(ogU"	x;kÉd�bL(o_vg,x X "ct'kl(ono(oml&U*
(0, 0)

Ä
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Ï bL(og
Ω
kl_�xlbL]u[5(o_\*�mfbL&)_\"�*%gzh)k;ÐuhJ[5]e]^*%_'g7&U"%��klno(+*%&Hxl*

R
2 *%g f ∈ L2(Ω)

: ¹ _Ñ`cbL_\h)(+xlº%&U*^n+*
dl&UbLmln+º%]^*zhUkl(o$L[5_'gzi;g)&UbLkl$/*%&

u : Ω → R
gU*%nÅtvk\*

{

−∆u = f
x\[5_\h

Ω
0

u = 0
h)kl&

∂Ω
: ¿«8�Á

¼\½©Ò [5dld�*%n+*%&�tvk\*%n�*ch)d2[L`c*, ÀbL_\`%g)(+bL_l_\*%nÓ*%g�tvk\*%nf`9[Lx;&U*�$�[5&)(S[5g)(+bL_l_\*%nÓbL_�d�*%klg�klg)(ono(+hU*%&Od�bLkl&�tvk\*�`c*
dl&UbLmln+º%]^*z[Lx;]^*%g)gU*~kl_\*~kl_l(+t'k\*~hUbLnoklg)(+bL_Â:2Ã�k\*%non+*	*ch)g�nS[!&U"%��klnS[5&)(ogU"Bxl*~nS[!hUbLnoklg)(+bL_�Ä	ÔY_yxl"cx;kl(o&U*
t'k\*

∂nu = ∇u · n
*ch)gHml(+*%_Õxl"Rr\_l(+*�`cbL]e]^*� #bL_\`%g)(+bL_Ñxl*

L2(∂Ω)
¿ÀbLÖ

n
xl"chU(o��_\*�nS[É_\bL&)]u[5n+*

hUbL&)gJ[5_'gU*zh)kl&
∂Ω
ÁR:

Ï bL(og
ε > 0

: ¹ _É`cbL_\h)(+xlº%&U*B]u[5(o_'gU*%_2[5_vgjnS[! ÀbL&)]HklnS[5g)(+bL_�$�[5&)(S[5g)(+bL_l_\*%non+*ui

g)&UbLkl$/*%&
uε ∈ H1(Ω)

gU*%nÂt'k\*
∀v ∈ H1(Ω)

0 ∫

Ω
∇uε∇v +

1

ε

∫

∂Ω
uεv =

∫

Ω
fv.

¿#�/Á

¹ _y_\bLgU*
aε(u, v) =

∫

Ω ∇u∇v + 1
ε

∫

∂Ω uv
nS[B #bL&)]^*jml(ono(o_\"9[5(o&U*	[LhUhUb1`%(+"c*j×znS[z ÀbL&)]HklnS[5g)(+bL_a$L[5&)(S[Ø6

g)(+bL_l_\*%non+*�:

Æf½YÙ bL_vg)&U*%&µt'k\*
‖u‖2

ε =
∫

Ω |∇u|2+ 1
ε

∫

∂Ω u2 xl"Rr\_l(og�kl_\*�_\bL&)]^*�"ctvkl(o$�[5n+*%_vgU*±×,nS[,_\bL&)]^* H1 h)kl&
n X *%_\hU*%]Hmln+*�xl*ch	 ÀbL_\`%g)(+bL_\hHxl*

H1(Ω)
:�¿PÚ ADG�QÀIUN/EÀQÀCLA�ÛÂÜ;C�K'M^Ý^CLADEÀM)=RM�Þ%Kµß Qáà�=)âLQã?REF=uK1Af=�IUCLAl?%EPNLA2EF=



Cε

EF=Ràãà+=�Þ%Kl=
‖u‖2

L2(Ω) ≤ Cε‖u‖
2
ε �
C�AÈÜ;CLK1MRM«N�M)NLQS?cCLA\Af=%MzÜlNLMyà)ß N��@?RK'M)Gv= ÁR:OÔµ_�xl"cx;kl(o&U*Ét'k\*�n+*

dl&UbLmln+º%]^*�¿#�/Á	*ch)gBml(+*%_�d�b�hU"�:�� tvk\*%n�dl&UbLmln+º%]^*u"c`%&)(ogzhUbLk\h	 ÀbL&)]^*e ÀbL&)gU*enS[y ÀbL&)]HklnS[5g)(+bL_ $�[5&)(S[Ø6
g)(+bL_l_\*%non+*�¿#�/Á©`cbL&)&U*ch)dfbL_\x16F*%non+*ÅÄ

��½j¾ [5_\h±gUbLklgU*BnS[eh)kl(ogU*�0lbL_É_\bLgU*%&J[
u ∈ H2(Ω)

nS[7hUbLnoklg)(+bL_�xl*^¿«8�ÁR: Ù bL_vg)&U*%&�tvk\*^i

∀v ∈ H1(Ω), aε(u, v) =

∫

Ω
fv +

∫

∂Ω
∂nuv.

Ôµ_�xl"cx;kl(o&U*Htvk\*

∀v ∈ H1(Ω), aε(u − uε, v) =

∫

∂Ω
∂nuv.

Ôµ_�dl&U*%_2[5_'g
v = u − uε

`cbL]e]^*e #bL_\`%g)(+bL_�gU*ch)g	x\[5_\hzn X "ctvk2[5g)(+bL_ dl&U"c`c"cxl*%_vgU*�0>]^bL_vg)&U*%&Ht'k\*
uε

gU*%_\xa$/*%&Uh
u
¿À*%_a_\bL&)]^*

H1 Á�tvk2[5_\x ε
gU*%_\xa$/*%&Uh

0
:

¹ _�[5dldl&Ub9Z1(o]^*zn+*~dl&UbLmln+º%]^*�¿#�/Á�d2[5&±xl*ch�"%n+"%]^*%_vgUh©r\_l(+h
P 1 i

g)&UbLkl$/*%&
uh ∈ Vh

gU*%nÅt'k\*
∀vh ∈ Vh

0
aε(uh, vh) =

∫

Ω
fvh,

¿#�/Á

bLÖ
Vh

xl"ch)(o��_\*!n X *ch)d2[L`c*7x X "%n+"%]^*%_vgUhjr\_l(+h
P 1 h)kl&jkl_\*Hh)kl(ogU*7xl*Hg)&)(S[5_l��klnS[5g)(+bL_\hB&U"%��klno(+º%&U*chBxl* Ω(o_\xl*RZl"c*Bd2[5&

h
0ln+*Bx;(S[5]^º%g)&U*Hxl*ch±"%n+"%]^*%_vgUh�:

�Ó½ |j"%&)(sr2*%&,t'k\*�0;d�bLkl&±gUbLklgU*~ #bL_\`%g)(+bL_
vh ∈ Vh

aε(uh − vh, uh − vh) = −

∫

∂Ω
∂nu(uh − vh) + aε(u − vh, uh − vh)

*%g,*%_Éxl"cx;kl(o&U*Htvk\*

1

2

∫

Ω
|∇(uh−vh)|2 +

1

4ε

∫

∂Ω
|uh−vh|

2 ≤ ε

∫

∂Ω
|∂nu|2 +

1

2

∫

Ω
|∇(u−vh)|2 +

1

2ε

∫

∂Ω
|u−vh|

2.

Ôµ_Éklg)(ono(+h@[5_vg,n+*j P[5(og,t'k\*�0

∀u ∈ H2(Ω), inf
vh∈Vh

∫

∂Ω
|u − vh|

2 ≤ C inf
vh∈Vh

‖u − vh‖
2
H1/2 ≤ Ch3‖u‖2

H2 ,

*%_�xl"cx;kl(o&U*	t'k\*��

‖u − uh‖
2
H1(Ω) ≤ C‖u‖2

H2(Ω)

(

ε + h2 +
h3

ε

)

.

w�bL]e]^*%_vg�`U4\bL(+h)(o&
ε
*%_� #bL_\`%g)(+bL_�xl*

h
d�bLkl&u[c$/bL(o&en+*y]^*%(onon+*%kl&^bL&Ux;&U*axl*y`cbL_v$/*%&)�/*%_\`c*�*%_

h
Ä

w�bL]e]^*%_vgU*%&9:

	f½ ¿�
2[L`%klnogJ[5g)(s RÁ{ÔµZ1dlno(+t'k\*%&�dfbLkl&Ut'k\bL(7klg)(ono(+hU*%&�nS[� #bL&)]^*Ñml(ono(o_\"9[5(o&U*
aε(u, v) =

∫

Ω ∇u∇v +
1
ε

∫

∂Ω uv −
∫

∂Ω ∂nuv +
∫

∂Ω ∂nvu
dlnoklg�Lg©t'k\*

aε
d�*%&)]^*%g©x X bLmlgU*%_l(o&©kl_\*,$1(ogU*chUhU*jxl*~`cbL_v$/*%&)�/*%_\`c*

bLdlg)(o]u[5n+*�:

�
C ���������������������� !����"$#%�&"'��() ����*"'��+,�����-����()������#!�."'�����/(-#%�0���1�������32'�3"'���'#%"'�� !� h 465.���7()����"083"�2'�1���*9:�32'���."'�

��; �����< .���3��2'�������>=@?A; #!��"�2'�!B

�



Ê������ � � �1���l�Õ���

���
	�������	 ¼ Ï bL(og
G = (G1, G2, . . . , Gd)

kl_{$/*c`%gU*%kl&	xl*!�v[5k\hUhU(+*%_l_\*chB`c*%_vg)&U"c*chB&U"cx;kl(ogU*chB(o_\xl"R6
d�*%_\x\[5_vgU*ch9:
8�: Ï bL(og

M
kl_\*~]u[5g)&)(+`c*

n × d
0lt'k\*%non+*	*ch)g©nS[!n+bL(Åx;kÉ$/*c`%gU*%kl&

MG
Ä

�;: Ï bL(og
M1

kl_\*O]u[5g)&)(+`c*
n1×d

*%g
M2

kl_\*�]u[5g)&)(+`c*
n2×d

: ¾ bL_l_\*%&¢kl_\*�`cbL_\x;(og)(+bL_e_\"c`c*chUhJ[5(o&U*
*%g	h)k;ÐuhJ[5_vgU*ehUkl&Bn+*chB]u[5g)&)(+`c*ch

M1
*%g

M2
dfbLkl&	t'k\*

M1G
*%g

M2G
hUbL(+*%_'gzxl*chB$/*c`%gU*%kl&Uh

(o_\xl"%df*%_\x\[5_'gUh9:

���
	�������	 Æ Ï bL(og
(Wt, t ≥ 0)

kl_É]^bLkl$/*%]^*%_vg�ml&Ub��©_l(+*%_Â:
8�:jw�[5n+`%kln+*%&

E(WuWv)
*%g,*%_Éxl"cx;kl(o&U*znS[!$L[5n+*%kl&,xl*

E

(

∫

s

0 Wudu
∫

t

0 Wvdv
) :

�;:jÃ�k\*%non+*	*ch)g©nS[!n+bL(Åxl* ∫

s

0 Wudu
*%g±x;k�`cbLkldln+*

(
∫

s

0 Wudu,
∫

t

0 Wvdv)
0\d�bLkl&

s ≤ t
:

�;:jw�bL]e]^*%_vg7df*%klg«6FbL_�h)(o]Hkln+*%&!nS[Én+bL(�x;k�`cbLkldln+*
(
∫

s

0 Wudu,
∫

t

0 Wvdv)
×Én X [5(+xl*�xl*

2
�v[5k\h«6

h)(+*%_l_\*ch©(o_\xl"%d�*%_\x\[5_vgU*chDÄ
� :��µnok\h©�/"%_\"%&J[5n+*%]^*%_vg~`cbL]e]^*%_vg�df*%klg«6FbL_�h)(o]zkln+*%&�n+*~$/*c`%gU*%kl&

(
∫

t1

0
Wudu,

∫

t2

0
Wudu, . . . ,

∫

tn

0
Wudu

)

,

dfbLkl&
0 ≤ t1 ≤ t2 ≤ . . . ≤ tn

Ä

���
	�������	 � Ï bL(og
(Mn, n ≥ 0)

kl_\*±]u[5&)g)(o_l�v[5n+*jd2[5&�&J[5dldfbL&)g©×	kl_\*±r\nog)&J[5g)(+bL_
(Fn, n ≥ 0)

gU*%non+*
t'k\*

M0 = 0
*%g�tvkl(Ó$/"%&)(sr2*	t'k\*~d�bLkl&±gUbLklg

n ≥ 0
0
E(M 2

n) < +∞
:

¹ _�xl"Rr\_l(og±kl_�dl&Ub'`c*chUhUk\h
< M >n

d2[5&©&U"c`%kl&)&U*%_\`c*H*%_Édfb�h@[5_vg
< M >0= 0

*%g	i

< M >n − < M >n−1= E

(

(Mn − Mn−1)
2 |Fn−1

)

.

8�: Ù bL_'g)&U*%&�t'k\*
(< M >n, n ≥ 0)

*ch)gOkl_�dl&Ub1`c*chUh)k\h�`%&UbL(+hUhJ[5_'g901dfb�h)(og)(s ÂgU*%n�t'k\*
< M >n

*ch)g
Fn−1

6P]^*ch)kl&J[5mln+*�:
�;: Ù bL_'g)&U*%&,tvk\*

E

(

(Mn − Mn−1)
2 |Fn−1

)

= E
((

M2
n − M2

n−1

)

|Fn−1

)

,

*%g�*%_�xl"cx;kl(o&U*!tvk\*
(M2

n− < M >n, n ≥ 0)
*chUg,kl_\*

Fn

6P]u[5&)g)(o_l�v[5n+*!dlkl(+hjtvk\*
E(M2

n) =
E(< M >n)

:
�;: ¹ _�_\bLgU*

< M >∞= limn→+∞ < M >n

: ¹ _�h)kldld�b�hU*Ét'k\*
E(< M >∞) < +∞

:
Ù bL_'gU*%&�t'k\*�nS[HhUkl(ogU*

(Mn, n ≥ 0)
*ch)g�kl_\*jhUkl(ogU*jxl*Bw�[5k\`U4'p�x\[5_\h

L2 *%g©tvk X *%non+*~`cbL_v$/*%&)�/*
xlbL_\`z[5kÉhU*%_\h

L2 $/*%&Uh,kl_\*B$�[5&)(S[5mln+*z[5n+"9[5gUbL(o&U* M∞

:
� : Ï bL(og

(Fn, n ≥ 0)
kl_\*yh)kl(ogU*�`%&UbL(+hUhJ[5_'gU*�xl*�g)&)(omlk\h7gU*%non+*�tvk\*

F0 = {∅,Ω}
: Ï bL(og

X
kl_\*

$L[5&)(S[5mln+*z[5n+"9[5gUbL(o&U*	&U"c*%non+*BgU*%non+*	t'k\*
E(X) = 0

*%g
E(X2) < +∞

: ¹ _Éd�b�hU*ei

Mn = E (X|Fn)
�;: Ù bL_'g)&U*%&,tvk\*

M0 = 0
*%g±t'k\*

(Mn, n ≥ 0)
*ch)g©kl_\*B]u[5&)g)(o_l�v[5n+*�:

�;: Ù bL_'gU*%&,tvk\*
E(< M >∞) < +∞

*%g�*%_Éxl"cx;kl(o&U*zt'k\*
Mn

`cbL_v$/*%&)�/*Hx\[5_\h
L2 :

��� ÜfEÀQ#CLA\Af=Rà���� �{CLA2EÀMU=RMeÞ%K\=
M∞ = X

?@Q©=%E�?c=RK1à+=RÝu=RA2E�?RQ
X
=@?%E�Ýu=@?@K1M«N �Rào=~Ü;NLM!M)N@Ü/Ü;CLM%E

! àoNuEÀMRQ'�RK
F∞

=RA#"v=RAfGLM)TJ=,Ü;NLM	àUß =RAl?c=%Ý �%ào=
∪n≥0Fn

V

�



�;��� � ��� �����D�����

����� §��O§±³! >¬

8�: ¾ "c`%&)(o&U*zh)k\`c`%(o_\`%gU*%]^*%_vgjn+*~dl&)(o_\`%(odf*�02n+*ch,[c$�[5_vgJ[5�/*chj*%g±n+*ch±`cbL_'g)&J[5(o_vgU*ch~xl*BnS[7dl&UbL��&J[5]e]u[Ø6
g)(+bL_ EF=RÝ�ÜDàsN/EF= :

�;:��µ&U"chU*%_vgU*%&�nS[	��
 < :;Ôµ_�xlbL_l_\*%&±kl_�*RZl*%]edln+*	x X klg)(ono(+hJ[5g)(+bL_Â:
�;: ¾ "Rr\_l(o&,n X�;TRMRQáEPN�"'= :�� _v$/*%_'gU*%&,kl_Éx;(S[5��&J[5]e]^*zxl*z`%nS[LhUhU*ch±x;(s»Ó"%&U*%_vg,xl*z`c*%nokl(Åx;kÉ`cbLkl&Uh9:

� ¬µ¯,Ì�¬¢¦D�f¡U� §±ª��,¯©�f¡)¦��!Ì�¡J´j°!�

� : ¾ bL_l_\*%&HnS[Éxl"Rr\_l(og)(+bL_Õx;k�x;(S[5��&J[5]e]^*yxl*u|YbL&UbL_\bL(�*%g!xl*^nS[ag)&)(S[5_l��klnS[5g)(+bL_Õxl* ¾ *%nS[5kl_2[9p
x X kl_�*%_\hU*%]zmln+*^xl*7d�bL(o_vgUh�:ÂÔµ_�xlbL_l_\*%&zxl*chB*RZl*%]edln+*chzx X klg)(ono(+hJ[5g)(+bL_ dfbLkl&	xl*ch~&U*c`J4\*%&U`U4\*ch
�/"cbL]^"%g)&)(+tvk\*ch�h)(o]edln+*ch9:

�;:��µ$/b't'k\*%&Y[5k7]^bL(o_\hµkl_^[5no�/bL&)(og)4l]^*©df*%&)]^*%g)gJ[5_'gYxl*©`9[5n+`%kln+*%&µnS[�g)&)(S[5_l��klnS[5g)(+bL_uxl* ¾ *%nS[5kl_2[9p
x X kl_�*%_\hU*%]zmln+*zxl*BdfbL(o_'gUh±x\[5_\h±n+*~dlnS[5_Â: Ù *%_'g)(+bL_l_\*%&�hJ[7`cbL]edln+*RZ;(ogU"�:

�;: ¾ "c`%&)(o&U*	n+*ch±*%_l_vkl(+h,_vkl]^"%&)(+t'k\*ch,d�bLkl$L[5_'g© P[5(o&U*B"c`U4\bLk\*%&,n+*ch�[5no�/bL&)(og)4l]^*ch,�/"cbL]^"%g)&)(+t'k\*ch9:
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E(I) =

∫

Ω
(I − I0)

2 + λ
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Ω
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