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Decentralizing in electricity systems: a few main
ingredients

Decentralize = a few reasons / needs

emergence of local actors → new (local) decision-takers

⇒ coordinate local VS global with prices, incentives
Natural framework for bilevel models + mechanism
design [Gkatzikis 2013, Tushar 2014]

huge and complex problems

⇒ (stochastic) decomposition = ”fictively” decentralize

local data / information (privacy concerns...)

⇒ Design of (strategic) information exchange scheme
[Crawford 1982, Larrousse 2014]
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Being flexible... in practice!

Beginning of the year suscribe to ”smart flexibility offer”?

Each day of a (long) year

Off-line = before real-time

ex before being back home for Electric Vehicles

1 play a dynamics (Best-Response Dynamics) between
different consumers (players)

2 find a stable configuration of consumption decisionS
(Nash equilibrium)

On-line = in real-time

ex when plugged-in at home for Electric Vehicles

1 individually apply stable consumption decision

End of the year suscribe again?
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Numerically: test Texan DSM...

Day by day 30 Texan Electric VehicleS (+ furnaceS)
flexibility → numerical setting

DISTRICT nonflexible load ℓ0 = (ℓ0,1, · · · , ℓ0,T )
→ real-data

system cost functions

Ct(ℓt) = C̃ (ℓ0,t +
∑
i

ℓi ,t)

with ℓi ,t power of flexible load i at time t

Electric Vehicles flexibility constraints based on
DAILY real data

FIXED energy need Ei

available charging period

max (resp. min) power ℓi (resp. ℓi = 0)
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Demand-Side-Management? Back to models...

2 flexibility mechanisms = 2 billing mechanisms for
flexible consumption

Daily-Load-Proportional (DLP) [Mohsenian-Rad 2010]

bi (ℓi , ℓ−i ) =
Ei∑
j Ej

∑
t

Ct (ℓt)

with ℓt =
∑

i ℓi ,t and ℓ−i = (ℓ1, · · · , ℓi−1, ℓi+1, · · · , ℓI )

Hourly-Load-Proportional (HLP) [Jacquot 2017]

bi (ℓi , ℓ−i ) =
∑
t

ℓi ,t
ℓt

×Ct (ℓt)
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Game? ”Formal“ definition

Game G under ”normal form“

Players flexible consumers I

Actions/strategies flexible consumption profile

Li =

{
ℓi = (ℓi ,t)t=1,··· ,T s.t. ℓi ,t ≤ ℓi ,t ≤ ℓi ,t ,

∑
t

ℓi ,t = Ei

}

Cost function

Ci (ℓi , ℓ−i ) = bi (ℓi , ℓ−i ) + fi (ℓi )

with bi = bDLP
i or bi = bHLP

i

Remark ”add“ ∀t,
∑

i ℓi ,t ≤ ℓt → ”generalized game“
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Game? Play in practice?
Need other players current decisions

→ possible implementation = Best-Response-Dynamics

Input
(
ℓ
(k=0)
i

)
i
, η,K for stopping criterion

Initial iteration k = 0

while
∑

i ∥ℓ
(k)
i − ℓ

(k−1)
i ∥22 ≥ η and k ≤ K do

Next iteration k = k + 1

for i ∈ {1, · · · , I} do

(I) Solve a pb for i : minℓi Ci (ℓi , ℓ
(k)
−i ) with

ℓ
(k)
−i = (ℓ

(k+1)
1 , · · · , ℓ(k+1)

i−1 , ℓ
(k)
i+1, · · · , ℓ

(k)
I )

(II) Choose ℓ
(k+1)
i minimizing Ci (·, ℓ

(k)
−i )

end for

end while
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Coordination dynamics: convergence?

Convergence of BRD? Yes! Thanks to potential property

Definition

G potential game if it exists a function Φ (potential) s.t.

∀i , ∀ℓi , ℓ′i ∈ Li ,∀ℓ−i ∈ L−i ,
Ci (ℓ

′
i , ℓ−i )− Ci (ℓi , ℓ−i ) ≥ 0 ⇔ Φ(ℓ′i , ℓ−i )− Φ(ℓi , ℓ−i ) ≥ 0

Proposition (Mohsenian-Rad et al. 2010)

GDLP potential game with

Φ(ℓ) =
∑
t

Ct(ℓt) +
∑
i

E

Ei
fi (ℓi )

Proposition (Jacquot et al. 2017)

If Ct(ℓt) = a1,tℓt + a2,t (ℓt)
2, GHLP potential game with

Φ(ℓ) =
∑
t

a2,t
2

[
(ℓt)

2 +
∑
i

(ℓi ,t)
2

]
+ a1,tℓt +

∑
i

fi (ℓi )
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Coordination dynamics: convergence? (2)

Convergence of BRD? Yes!

Point of convergence?

Proposition

In a finite (resp. ”infinite“) potential game
Best-Response-Dynamics converges to a (resp. ϵ) Nash
Equilibrium.

N.B. finite game = finite number of players with finite
strategy sets

Definition (Nash, 1951)

ℓ∗ =
(
ℓ∗i , ℓ

∗
−i

)
Nash Equilibrium if
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Coordination dynamics: convergence? (3)

Convergence of BRD? Yes!

Existence/uniqueness of point of
convergence?

Proposition (Mohsenian-Rad et al., 2010)

There exists a unique point of convergence of BRD in GDLP,
unique Nash Equilibrium of this game (= unique point of
minimum of ΦDLP).

Proposition (Jacquot et al., 2017)

If Ct(ℓt) = a1,tℓt + a2,t (ℓt)
2, same replacing ”DLP“ by

”HLP“

Remark existence + uniqueness also obtained with more
general system cost functions Ct using ”concave games” of
[Rosen, 1965] (but NOT convergence of BRD...)
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Coordination dynamics: convergence? (4)

Convergence of BRD? Yes!

In practice!
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Coordination dynamics: convergence? (5)
Convergence of BRD? Yes!

Speed? Numerically (with
fi = 0)...
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Coordination dynamics: convergence? (6)
Numerically

Total load profiles with on/off peak scheduling

Figure: Real data = all nonflexible (top), on/off peak (bottom)
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Coordination dynamics: convergence? (7)
Convergence of BRD? Yes!

Total load at Nash Eq. (fi = 0)

Figure: For DLP (top) and HLP (bottom)
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Obtained equilibrium: efficient? (2)

Supergame for game-theory researchers = find smallest
possible bound on Price of Anarchy

1 ≤ PoA ≤ 1 + bound(design)

Proposition (Mohsenian-Rad et al. 2010)

In GDLP, boundDLP = 0

Proposition (Jacquot et al. 2017)

If Ct(ℓt) = a1,tℓt + a2,t (ℓt)
2, in GHLP

boundHLP =
3

4
sup
t

1

1 +
a1,t
a2,tℓt

with ℓt =
∑

i ℓi ,t

Numerically boundHLP ≤ 0.0015
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Introduce fairness in flexibility mechanisms

Original idea of [Baharlouei, 2014]

→ fairness?

Definition (Baharlouei, 2014)

Using marginal contribution of i to system cost

Vi = minimal syst. cost with I−minimal syst. cost with I\{i} ,

fairness index F is

F = sup
ℓ∗∈LNE

∑
i

∣∣∣∣∣ Vi∑
j Vj

− bi (ℓ
∗)∑

j bj(ℓ
∗)

∣∣∣∣∣
N.B. LNE = set of Nash Equilibria
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Introduce fairness in flexibility mechanisms (2)
Efficiency-fairness tradeoff with texan Electric Vehicles
(fi = 0)
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Introduce effort in flexibility mechanisms

Individual effort of being flexible?

→ deviation from preferred/nominal consumption profile ℓ̂i

Ci (ℓi , ℓ−i ) = (1− α)bDLP,HLP
i (ℓi , ℓ−i ) + α

∑
t
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Rules designer at upper level

Demand-Side-Management operator = leader at upper level

minimize
(Ct)t

∑
t Ĉt (

∑
i ℓi ,t)

s.t (ℓ1, · · · , ℓI ) Nash Equilibrium of G ((Ct)t)

Flexible consumers at lower level → study of previous section
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[Busic 2016]: coordinating by playing dice

Step by step, in maths

flexible electrical applianceS (discretized) states as
Markov chains

xi ,t+1 = xi ,tPζ

with Pζ parametrized by ζ controlled by DSM operator

mean-field limit

µt(x) = limI→+∞
1
I

∑I
i=1 1{Xi,t=x}

ℓt =
∑

x µt(x)ℓ(x)

aggregate consumption of flexible electrical appliances
becomes a system to be controlled with ζ
→ [Busic 2016] strict positive-real condition
(automatics!)
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[Busic 2016]: coordinating by playing dice (2)

Step by step, in practice

DSM operator updates ζ using a Proportional-Integral
controller (PI)

ζ(t) = KP (ℓt − ℓref) + KI

∫ t

0
(ℓt − ℓref)dt

ζ(t) sent to all electrical appliances

law of large numbers does the rest: each electrical
appliance (independently) rolls a dice, and switch to a
new consumption level according to Pζ and the value of
the dice

Figure: Source https://fr.fotolia.com/tag/”jeu de dés”
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[Busic 2016]: coordinating by playing dice (2)
Step by step, in practice

DSM operator updates ζ using a Proportional-Integral
controller (PI)

ζ(t) = KP (ℓt − ℓref) + KI

∫ t

0
(ℓt − ℓref) dt

ζ(t) sent to all electrical appliances

law of large numbers does the rest: each electrical
appliance (independently) rolls a dice, and switch to a
new consumption level according to Pζ and the value of
the dice

Figure: Source https://fr.fotolia.com/tag/”jeu de dés”
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Concluding remarks: nothing with nobody!

Figure: French people protesting before Paris COP...

”All things are difficult before they are easy“
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DSM: integrating consumers by playing?

Figure: Cityopt - save energy (and money!) together
Source http://blog.experientia.com/united-energy-economy-experientia-helps-

wrap-cityopt-nice-pilot-project/
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Flexible load scheduling = routing in parallel-arcs
networks

Reinterprete flexible elec. consumption game GHLP with
[Orda et al. 1993]

O D

t = 1, C1

t = 2, C2

· · ·

t = T , CT

Figure: Network of the equivalent routing game.

→ ℓi ,t = flow routed by i on arc t
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