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Abstract

Bifurcating Markov chains are Markov chains indexed by a full binary tree represent-
ing the evolution of a trait along a population where each individual has two children.
Motivated by the functional estimation of the density of the invariant probability mea-
sure which appears as the asymptotic distribution of the trait, we prove the consistency
and the Gaussian fluctuations for a kernel estimator of this density based on late gen-
erations. In this setting, it is interesting to note that the distinction of the three regimes
on the ergodic rate identified in a previous work (for fluctuations of average over large
generations) disappears. This result is a first step to go beyond the threshold condition
on the ergodic rate given in previous statistical papers on functional estimation.

Keywords Bifurcating Markov chains - Kernel estimator - Density estimation -
Bifurcating autoregressive process - Binary trees - Fluctuations for trees indexed

Markov chains

Mathematics Subject Classification (2020) 62G05 - 62G07 - 62G20 - 60J80 - 60F05

1 Introduction

Bifurcating Markov chains (BMCs) are a class of stochastic processes indexed by
regular binary tree and which satisfy the branching Markov property (see below for
a precise definition). This model represents the evolution of a trait along a popula-
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tion where each individual has two children. The recent study of BMC models was
motivated by the understanding of the cell division mechanism (where the trait of an
individual is given by its growth rate). The first model of BMC, named ‘“‘symmetric”
bifurcating autoregressive process (BAR), see Sect. 3.2 for more details in a Gaussian
framework, was introduced by Cowan and Staudte [6] in order to analyze cell lineage
data. In [12], Guyon has studied more general asymmetric BMC to prove statistical
evidence of aging in Escherichia Coli. We refer to [3] for more detailed references on
this subject. Recently, several statistical works have been devoted to the estimation of
cell division rates, see Doumic et al. [11], Bitseki et al. [4] and Hoffmann and Marguet
[14]. Moreover, another studies, such as Doumic et al. [10], can be generalized using
the BMC theory (we refer to the conclusion therein).

In this paper, our objective is to study the functional estimation of the density of the
invariant probability measure p associated with the BMC. For this purpose, we develop
a kernel estimation in the Lz(u) framework under reasonable hypothesis (which are
in particular satisfied by the Gaussian symmetric BAR model from Sect. 3.2). This
approach is in the spirit of the L2 (1) approach developed [2]. In BMC model, the evo-
lution of the trait along the genealogy of an individual taken at random is Markovian.
Let us assume it is geometrically ergodic with rate « € (0, 1), with w is its invariant
measure. In [2], three regimes where identified for the rate of convergence of averages
over large generations according to the ergodic rate of convergence « with respect to
the threshold 1/+/2. It is interesting, and surprising as well, to note that the distinction
of those three regimes disappears for the rate of convergence when considering the
kernel density estimation of the density of u, see Theorem 3.5. (In [12], for different
reasons, the distinction of the three regimes disappears also for additive functionals
of the BMC with martingale increments.) However, let us mention that some further
restriction on the admissible bandwidths of the kernel estimator is to be taken into
account in the supercritical regime (i.e., @ > 1/ V2), to be precise see Condition (11)
which is in force for Theorem 3.5. Furthermore, we get that estimations using different
generations provide asymptotically independent fluctuations, see Remark 3.8 (see also
the form of the asymptotic variance in Theorem 4.8 and Remark 4.9 in a more general
framework); this phenomenon already appears in [7]. The convergence of the kernel
estimator in Theorem 3.5 relies on different type of assumptions:

— Geometric ergodic rate « € (0, 1) of convergence for the evolution of the trait
along the genealogy of an individual taken at random, see Assumption 2.3.

— Regularity (density and integrability conditions) for the evolution kernel P and
the initial distribution of the BMC, see Assumptions 3.1, and 3.2. The former is in
the spirit of [2] (see Assumption 4.2 which is a consequence of Assumption 3.1).

— Regularity (isotropic Holder regularity) of the density of p with respect to the
Lebesgue measure on § = RY, see Assumption 3.4 (i).

— Regularity of the kernel function K and on the bandwidth given in Assumption
3.3 and Assumption 3.4 (ii)—(iii).

— A condition on the bandwidth given in Equation (11) which add a further restriction
only in the supercritical regime o > 1/+/2.

Eventually, we present some simulations on the kernel estimation of the density of
. We note that in statistical studies which have been done in [4, 5, 11], the ergodic rate
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of convergence is assumed to be less than 1/2, which is strictly less than the threshold
1/+/2 for criticality. Moreover, in the latter works, the authors are interested in the
non-asymptotic analysis of the estimators. Now, with the new perspective given by the
present results, see in particular Remark 3.6, we think that the works in [4, 5, 11] can
be extended to the case where the ergodic rate of convergence belongs to (1/2, 1).

The paper is organized as follows. We introduce the BMC model in Sect. 2 as well
as the L? ergodic assumption. We define the kernel estimator and state the main results
on the estimation of the density of u, see Theorem 3.5 (consistency and asymptotic
normality), in Sect. 3.1. The proofs of those results rely on a general central limit
theorem, see Theorem 4.8 in Sect. 4. In Sect. 3.2, we illustrate our results by studying
the symmetric BAR, and we provide a numerical study in Sect. 3.3. Sections 4.2 and 5
are dedicated to the proofs of the main results.

2 Bifurcating Markov Chain (BMC)

We denote by N the set of nonnegative integers and N* = N\ {0}. If (E,E) is a
measurable space, then B(E) (resp. By (E), resp. B+ (E)) denotes the set of (resp.
bounded, resp. nonnegative) R-valued measurable functions defined on E. For f €
B(E), we set || f |loo = sup{|f(x)|, x € E}. For a finite measure A on (E, £) and
f € B(E) we shall write (A, f) for f f(x)dA(x) whenever this integral is well
defined, and || f[l2) = (A, F2Y2 For n € N*, the product space E” is endowed
with the product o-field £2". If (E, d) is a metric space, then £ will denote its Borel
o-field and the set Cp (E) (resp. C+ (E)) denotes the set of bounded (resp. nonnegative)
RR-valued continuous functions defined on E.

Let (S, .) be a measurable space. Let Q be a probability kernel on S x ., that is:
Q(-, A) is measurable for all A € ., and Q(x, -) is a probability measure on (S, .¥)
forall x € S. For any f € B,(S), we set for x € S:

(0F)(x) = /Sf(y) 0(x. dy). ()

We define (Qf), orsimply Q f, for f € B(S) as soon as the integral (1) is well defined,
and we have Q f € B(S). For n € N, we denote by Q" the nth iterate of Q defined
by Q° = I, the identity map on B(S), and Q"*! f = Q"(Qf) for f € By(S).

Let P be a probability kernel on § x .#®2, that is: P(-, A) is measurable for all
Ae.”% and P(x, ) isa probability measure on (§2,.7%%) for all x € S. For any
g € Bp(S3) and h € By(5?), we set for x € S:

(Pg)(x) = /2 gx,y,2) P(x,dy,dz) and (Ph)(x) = [2 h(y,z) P(x,dy,dz).
S S

(2)

We define (Pg) (resp. (Ph)), or simply Pg for g € B(S>) (resp. Ph for h € B(S?)),

as soon as the corresponding integral (2) is well defined, and we have that Pg and Ph

belong to B(S).
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We now introduce some notations related to the regular binary tree. We set T =
Go = {#}, Gy = {0, 1}* and Ty = Uo<y<x Gr fork € N*, and T = (J, . G,. The
set Gy corresponds to the kth generation, T} to the tree up to the kth generation, and
T the complete binary tree. For i € T, we denote by [i| the generation of i (|i| = k if
andonly ifi € Gy)andiA = {ij; j € A} for A C T, where ij is the concatenation
of the two sequences i, j € T, with the convention that ¥i = i) = i.

We recall the definition of bifurcating Markov chain from [12].

Definition 2.1 We say a stochastic process indexed by T, X = (X;,i € T), is a
bifurcating Markov chain (BMC) on a measurable space (S, .%’) with initial probability
distribution v on (S, .¥) and probability kernel P on S x . ®2 if:

— (Initial distribution.) The random variable Xy is distributed as v.
— (Branching Markov property.) For any sequence (g;, i € T) of functions belonging
to B, (S>), we have for all k > 0,

E[ [ &Xi. Xio. Xinlo(X;: j € Tk)] =[] Paix.
i€Gy i€Gy

Let X = (X;,i € T) be aBMC on a measurable space (S, .#’) with initial probabil-
ity distribution v and probability kernel P. We define three probability kernels Py, P;
and Qon S x .7 by:

Py(x,A)=Px,AxS), Pi(x,A)=Pkx,SxA) for(x,A) €S x.¥,and
1
Q= E(PO + Pp).

Notice that Py (resp. Pp) is the restriction of the first (resp. second) marginal of P to S.
Following [12], we introduce an auxiliary Markov chain Y = (¥, n € N) on (S, .¥)
with Yy distributed as Xy and transition kernel Q. The distribution of Y,, corresponds
to the distribution of X;, where I is chosen independently from X and uniformly at
random in generation G,,. We shall write E, when Xy = x (i.e., the initial distribution
v is the Dirac mass at x € S).

Remark 2.2 1f the Markov chain Y is ergodic and if u denotes its unique invariant
probability measure, then Guyon proves in [12] that, when S is a metric space, for all

f e,

|An|_1 Z f(Xy) —— (i, f) in probability, where A, € {G,, T,}.
n—oo

ueh,

One can then see that the study of BMC is strongly related to the knowledge of
. However, when it exists, the invariant probability u is generally not known. The
aim of this article is then to estimate p and study, under appropriate hypotheses, the
fluctuations of the estimators of .

We consider the following ergodic properties of O, which in particular implies that
w is indeed the unique invariant probability measure for Q. We refer to [9] Section
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22 for a detailed account on Lz(u)-ergodicity (and in particular Definition 22.2.2 on
exponentially convergent Markov kernel).

Assumption 2.3 (Geometric ergodicity) The Markov kernel Q has an (unique) invari-

ant probability measure y, and Q is L?(u) exponentially convergent, that is there
exists a € (0, 1) and M finite such that for all f € L?(u):

1Q"f — (s ) lp2uy < Mo || fll 2, foralln € N. 3

3 Main Result

3.1 Kernel Estimator of the Density u

The purpose of this Section is to study asymptotic normality of kernel estimators for
the density of the stationary measure of a BMC. Assume that S = RY, withd > 1, and
that the invariant measure p of the transition kernel Q exists is unique and has a density,
still denoted by u, with respect to the Lebesgue measure. Our aim is to estimate the
density u from the observation of the population over the nth generation G, of over
T,, that is up to generation n. For that purpose, assume we observe X" = (X, )yca,
where A, € {G,, T,}, i.e, we have 2"t! — 1 (or 2") random variables with value
in S. We consider an integrable kernel function K € 5(S) such that f cK(x)dx =1
and a sequence of positive bandwidths (h,,n € N) which converges to 0 as n goes

to infinity. Then, we can define the estimation of the density of u at x € S over
individuals A,, € {T,, G,,} with kernel K and bandwidth (%,, n € N) as:

B, @) = 1Al " 0y 2 7 Ko, (6 = X, )

ueh,

where for i > 0 the rescaled kernel function K}, is given for y € S by:
Kn(») =h™"PKn"y).

Those statistics are strongly inspired from [16, 18, 19]. For # > 0 and u € T, we set:

Kpxp(x) = Ey[Kp(x — Xy)] = /S Kp(x —y)u(y)dy.
We have the following bias-variance type decomposition of the estimator Za, (x):
a, (x) = p(x) = B, (x) + Va, n, (), (%)
where for 7 > 0 and A C T finite:
Bp(x) =h"PKyxpu(x) — p(x) and Vapu(x)
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= 117 23 (K = X,) = Ky
ueh

Our aim is to study the convergence and the asymptotic normality of the estimator
1A, (x) of w(x). This relies on a series of assumption on the model, that is on P, Q
and w, and on the kernel function K as well as the bandwidth (%,, n € N).

We first state a series of assumption of the density of the kernel P and the initial
distribution v with respect to the invariant measure.

Assumption 3.1 (Regularity of ‘P and vy) We assume that:

(i) There exists an invariant probability measure p of Q and the transition kernel
‘P has a density, denoted by p, with respect to the measure u®2, that is, for all
x e S:

P(x,dy,dz) = p(x,y, 2) u(dy)u(dz).

(ii) The following function § defined on S belongs to L2(u), where:

12
b(x) = ( /S a(x, y)zmdy)) , ©)

with g(x, y) = 27! fS(p(x, y,2) + p(x,z,y)) n(dz), the density of Q with
respect to .
(iii) There exists k; > 1 such that b, € L®(i), where for k € N*:

b = Q7 1p.

(iv) There exists kg € N, such that the probability measure vQ% has a bounded
density, say vg, with respect to u:

vQ*(dy) = vo(y)e(dy) and |lvgllse < +00.

On the one hand, Conditions (i), (ii) and (iv) can be seen as standard L2 condition
for ergodic Markov chains. On the other hand, even in the simpler symmetric BAR
model presented in Sect. 3.2, it may happen that b has no finite higher moments (which
are used in the proof of the asymptotic normality to check Lindeberg’s condition using
a fourth moment condition, see also Assumption 4.2). This motivated the introduction
of Condition (iii).

Then, we consider the R¢-valued case and assume further integrability condition
on the density of P and O, and the existence of the density of p with respect to the
Lebesgue measure.

Assumption 3.2 (Regularity of | and integrability conditions) Let S = R? with
d > 1. Assume that Assumption 3.1 (i) holds.
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(i) The invariant measure p of the transition kernel Q has a density, still denoted
by u, with respect to the Lebesgue measure.
(i) The following constants are finite:

Co= sup (n(®) +qx, »u®»)), (7
x,yeRd

Cy = sup / dx u(x)n(Mn@px, y, 2), (8)
y,zeRd JRY

2
C2=/ dx pu(x) sup (/ dyu(y)h(y)u(z)(p(x,y,z)+p(x,z,y))> :
R4 zeRd \JR?
)

Following [17, Theorem 1A] (which we consider in dimension d, see Lemma
6.1 below), we shall consider the following assumptions. For g € B(R"), we set
legll,= (fs lg(y)|? dy)!/P. Then, we consider condition of the kernel function.

Assumption 3.3 (Regularity of the kernel function and the bandwidths) Let S = R4
withd > 1.

(i) The kernel function K € B(R?) satisfies:

1K oo < +00, 1K Iy < 400, K Il < +oo, /R/“x)dx
=1 and lim [x]K(x)=0. (10)
|x]— 400

(ii) There exists y € (0, 1/d) such that the bandwidths (,, n € N) are defined by
hy, =27,

The following regularity assumptions on 1, the kernel function K and the bandwidth
sequence (h,, n € N) will be useful to control the bias term in (5). We follow Tsybakov
[20], chapter 1. For s € R4, let |s] denote its integer part, that is the only integer
n € Nsuchthatn <s < n+ 1 andset {s} =s — |s] its fractional part.

Assumption 3.4 (Further regularity on the density wu, the kernel function and the
bandwidths) Suppose that there exists an invariant probability measure 1 of Q and
that Assumptions3.2 (i) and 3.3 hold. We assume there exists s > 0 such that the
following holds:

(i) The density  belongs to the (isotropic) Holder class of order (s, . .., s) € R¢:
The density v admits partial derivatives with respect to x;, forall j € {1, ...d},
up to the order |s] and there exists a finite constant L > 0 such that for all
x=(x1,...,x3), R reRand je{l,..., d}):

alsly olsl
— () = ———(x)| < L|x; — 1],
x]LSJ ! BxLSJ !
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where (x_;, t) denotes the vector x where we have replaced the jth coordinate
x; by t, with the convention BO/L/E)x? = .

(ii) The kernel K is of order (|s], ..., s]) € N We have f]Rd [x*K(x)dx < o0
andexf K(x)dxj =0forallk € {1,...,[s]}and j € {1,...,d}.

(iii) Bandwidth control The bandwidths (h,, n € N) satisfy lim,_ « |G| h2+ = 0,
thatis y > 1/(2s +d).

Notice that Assumption 3.4-(i) implies that u is at least Holder continuous as s > 0.

The following theorem, which proof is given in Sect. 4.2, provides the consistency
and the asymptotic normality of the estimator fra, (x) of u(x), for x in the set of
continuity of w.

Theorem 3.5 (Convergence and asymptotic normality of the kernel density estimator)
Letd > 1. Let X be a RY-valued BMC with kernel P and initial distribution v, K a
kernel function and (h,, n € N) a bandwidth sequence such that Assumptions 2.3 (on
the geometric ergodicity), 3.1 (on the regularity of P and of v), Assumptions 3.2 (on
the density of u and P ), Assumptions 3.3 (on the kernel function K and the bandwidths
(hn, n € N)), and Assumptions 3.4 (on the density i, K and (h,,n € N)) are in force.

Furthermore, if the ergodic rate of convergence a (given in Assumption 2.3) is such
that @ > 1//2, then assume that the bandwidth rate y (given in Assumption 3.3 (ii))
is such that:

247 = 242, (11)

Then, for x in the set of continuity of u and A,, € {G,,, T, }, we have the following
convergence:

a, (x) LEN u(x) in probability, (12)
n—0oo

A 2032 Gy (0) — n(x) =25 G in distribution, (13)
n—0oo

where G is a centered Gaussian real-valued random variable with variance
2
| K115 w(x).

Remark 3.6 The bandwidth must be a function of the geometric ergodic rate of con-
vergence via the relation 277 > 2a? given in Eq. (11). Notice this condition is
automatically satisfied in the critical and subcritical case (@ < 1/4/2) as y > 0.
In the supercritical case (@ > 1/+/2), the geometric rate of convergence o could
be interpreted as a regularity parameter for the bandwidth selection problems of the
estimation of 1 (x), just like the regularity of the unknown function w. With this new
perspective, we think that the results in [5] could be extended to« € (1/2, 1) by study-
ing an adaptive procedure with respect to the unknown geometric rate of convergence
a.

Remark 3.7 We stress that the asymptotic variance is the same for A, = G, and
A, = T,. This is a consequence of the structure of the asymptotic variance o2 in (28)
and (39), and the fact that lim,,—, o |T,|/|G,| = 2.
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Remark 3.8 One can prove that the estimators |G,_¢|!/ zhrdlé 2@ (B, ,(x) — u(x)) are
asymptotically independent for £ € {0, ..., k} for any k € N. This result relies on
the additive structure of the asymptotic variance o> in (28), see also Remark 4.9 or
consider the functions f; , = Zl;lift given by (37) in the proof of Theorem 3.5.

Now, for the applications (e.g., obtaining confidence interval for w), it would be
interesting in Theorem 3.5 to replace 1 (x) in the expression of the asymptotic variance
by an estimator. For that purpose, we consider (z,,, n € N), asequence of real numbers
suchthat @, — O0asn — 4-00. We consider the set A belonging to {G,,, T, }. We will
allow A, and A’ to be identical. For two numbers a and b, we seta vV b = max{a, b}.
Then the following result is a direct consequence of Theorem 3.5.

Corollary 3.9 Under the hypotheses of Theorem 3.5, we have

~ — d/2 -~ (d) C e o
(K llay/Tas @) V @)~ 1A 2R (T, (6) — p(x)) ——> Z indistribution,

where Z is a centered Gaussian real-valued random variable with variance 1.

3.2 Application to the Study of Symmetric BAR
3.2.1 The Model
We consider a particular case from [6] of the real-valued bifurcating autoregressive

process (BAR), see also [2, Section 4]. More precisely, let a € (—1, 1). We consider
the process X = (X,,u € T) on S = R where for all u € T:

Xu0 = aX, + &0,
X1 =aXy, + ey,

with (g,, u € T) an independent sequence of real Gaussian N (0, o2) random vari-
ables independent of Xy, with o > 0. Then the process X = (X,,u € T) is a BMC
with transition probability P given by:

P(x,dy,dz) =

< (y —ax)* + (z —ax)*
exp | —

- ) ayaz = Q. v, o)

2no?

where the transition kernel Q of the auxiliary Markov chain is defined by:

1 (y —ax)?
Gt )

We have Q f(x) = E[ f(ax + 0 G)] and more generally:

Q(x,dy) =

Q" f(x) =E[f (a”x+ 1—a2 aaG>], (14)
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where G is a standard N (0, 1) Gaussian random variable and o, = 6/+/1 — a?. The
kernel Q admits a unique invariant probability measure p, which is A/(0, oaz) and
whose density, still denoted by u, with respect to the Lebesgue measure is given by:

J1 — g2 _2y,2
I —a exp<—M>. (15)

MO T 27

The density p (resp. ¢) of the kernel P (resp. Q) with respect to £ ®? (resp. 1) is given
by:

p(x,y,2) =qx, y)q(x,z) (16)

and

. 9) 1 (v—a0? (1 —a?)y?
X, = —-—exp|—
a Y V1 —a2 P 202 202

— 1 e—(azyz+az,\¢2—2(1):,\))/202 )

S JV1=a?

In particular, we have:

_ 1 (x — ay)2
n(x)q(x,y) = WCXP <_T> :

3.2.2 Regularity of the Model, and Verification of the Assumptions

We first check that Assumption 2.3 on the geometric ergodicity holds. Since g is sym-
metric, the operator Q (in L?(u)) is a symmetric integral Hilbert—Schmidt operator.
Furthermore, its eigenvalues are given by 0,(Q) = (a", n € N), with their algebraic
multiplicity being one. So Assumption 2.3 holds with @ = |a] asa € (—1, 1).

We check Assumption 3.1 on the regularity of P and vy. Condition (i) therein holds
thanks to (16). Recall b defined in (6) and 6, = 6/+/1 — a?. It is not difficult to check
that for x € R:

2 2
h<x>=(1—a4>‘”“exp( £ 2 ) (17)

1+ a2 202

and thus h € L2(u) (thatis fRZ q(x, )2 1w(x)p(y) dxdy < 400). Thus Condition (ii)
holds.

We now consider Condition (iii), that is hy = Q¥ 'p belongs to LO() for some
k > 1. We deduce from (14) and (17) that there exists a finite constant C such that:

2k 2
hk(x)zgk—lhm:ckexp( S )

1 + a2k ﬂ

@ Springer



Journal of Theoretical Probability

So we deduce that by belongs to LO(w) if and only if a** < 1/5, which is satisfied for
k large enough as a € (—1, 1). Thus, Condition (iii) holds.

Remark 3.10 As we shall see, Assumption 3.1 (iii) (the 6th moment of % being finite
for some k € N*) is used to check (25) and (26) from Assumption 4.2, see Sect. 4. So
one could ask if those two inequalities could hold without Condition (iii). In fact, using
elementary computations, it is possible to check the following. For k1 = 1, (25) holds
for |a| < 37!/% and (26) also holds for |a| < 0.724 (but (26) fails for |a| > 0.725).
(Notice that 271/2 < 0.724 < 3714 ) For k; = 2, (25) holds for |a| < 3~/¢ and (26)
also holds for |a| < 0.794 (but (26) fails for |a| > 0.795). So we see that checking
(25) and (26) is rather tricky. This motivated the introduction of the stronger Condition
(iii) from Assumption 3.1.

We now comment on Condition (iv) from Assumption 3.1. Notice that vOF is the
probability distribution of a* Xy + 0,4/1 — a2k G, with G a N'(0, 1) random variable
independent of Xg. So Condition (iv) holds in particular if v has compact support
(with kg = 1) or if v has a density with respect to the Lebesgue measure, which we
still denote by v, such that ||dv/du ||, is finite (with kg = 0). Notice that if v is the
Gaussian probability distribution of A/ (m, ,og), then Condition (iv) holds if and only
if po < 0, and mgy € R, or pg = o, and mg = 0.

We now check Assumptions 3.2 on the regularity of p and on the integrability
conditions on the density of P and Q. Condition (i) holds, see (15) for the density of
w with respect to the Lebesgue measure. We now check that Condition (ii) holds, that
is the constants Cp, C| and Cy defined in (7), (8) and (9) are finite. The fact that Cy is
finite is clear. Notice that:

Cy = sup / dx u() @) plx, y, 2)
y,z€Rd J R

= sup / dx (Mg (x, y)g(x, 2) < C3.
y,zeRd JR

We also have, using Jensen for the second inequality (and the probability measure
n(y)g(x, y)dy):

2
C = 4/ dx p(x) sup (/ dy M(y)h(y)M(Z)CI(Xvy)q(x,z))
Rd Rd

z€Rd

2
<4C3 /Rd dx p(x) (/Rd dyu(y)h(y)q(x,y)>

<4C5 101175, -
So, we get that the constants Co, C1 and C» are finite, and thus Condition (ii) holds.
Since the function p given in (15) is of class C*° with all its derivative bounded,
we get that the Holder type Assumption 3.4 (i) holds (for any s > 0).
Many choices of the kernel function, K, and of the bandwidths parameter y satisfy
Assumptions 3.3 and 3.4 (ii) and (iii). Eventually, as d = 1 and o = |a|, we get that
Equation (11) becomes 2V > 2a?, which holds a fortiori if 2a*> < 1.
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3.3 Numerical Studies for the Symmetric BAR Model

In order to illustrate the central limit theorem for the estimator of the invariant density
u, we simulate ngp = 500 samples of a symmetric BAR X = (XL(,“), u € T,) with
different values of the autoregressive coefficient « = a € (—1, 1). For each sample,

we compute the estimator /14, (x) given in (4) and its fluctuation given by
a2 ~
& = 1Al 2 (@, (0) = 1)) (18)

for x € R, the average over A, € {G,,, T, }, the Gaussian kernel

K(x) = e /2 (19)

1
N2
and the bandwidth i, = 27" with y € (0, 1). Next, in order to compare theoretical
and empirical results, we plot in the same graphic, see Figs. 1 and 2:

— The histogram of ¢, and the density of the centered Gaussian distribution with
variance u(x) || K ||% = nu(x)(2/7)~" (see Theorem 3.5).

— The empirical cumulative distribution of ¢, and the cumulative distribution of the
centered Gaussian distribution with variance pu(x) || K ||% = u(x)(Zﬁ)*l.

Since the Gaussian kernel is of order s = 2 and the dimension is d = 1, the bandwidth
exponent y must satisfy the condition y > 1/5, so that Assumption 3.4-(iii) holds.
Moreover, in the supercritical case, y must satisfy the supplementary condition 2V >
202, thatis y > 1 + log(az)/log(Z), so that (11) holds. In Fig. 1, we take o« = 0.5
and o = 0.7 (both of them corresponds to the subcritical case as 2> < 1) and
y = 1/5+ 1073, The simulations agree with the results from Theorem 3.5. In Fig. 2,
we take o = 0.9 (supercritical case) and consider y = 0.696and y = 1/5+ 1073, In
the former case (11) is satisfied as y = 0.696 > 1 + 10g((0.9)2)/ log(2), and in the
latter case (11) fails. As one can see in the graphics Fig. 2, the estimates agree with
the theory in the former case (y = 0.696), whereas they are poor in the latter case.

3.4 The Model of Asymmetric BAR

Now, we study an extension introduced in [12] of the symmetric BAR . We consider
the real-valued Gaussian bifurcating autoregressive process (BAR) X = (X, u € T)
where Xy is arbitrary and for all u € T:

Xuo = aoXy, + bo + €40

(20)
X =a1 Xy + b1 + &y,

with ag, a; € [—1, 1], bg, b1 € R and ((¢,0, €41), u € T) an independent sequence
of bivariate Gaussian N (0, I') random vectors independent of Xy with covariance
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C0E o 1a _ empirical vs theoretical 0 1 a _ empirical vs theoretical
a =05 x=-13 A =Gis cumulative distribution a=0Ta=-18 A =G cumulative distribution
S g S g
2 Bl
% = %
s s
. 2 e I 2
g = z ° z 32 2 2
2 2 = 3 2 = |
S S
2 =
= a < a
S S
< s s s
< [ — < T T T T < T T T 1 D e
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(a) =05 (b) =07
Fig. 1 Histogram and empirical cumulative distribution of ¢, given in (18) with x = —1.3, n = 15,

Ap =Gpandy =1/5+ 1073, We consider the (subcritical) ergodic rate of convergence: « = 0.5 and
a = 0.7 (Color figure online)

empirical vs theoretical
cumulative distribution

empirical vs theoretical
cumulative distribution

[

=09; 2 =-13; A, =G5 a=09 z=-13; A, =G5

1.0

=

g g AT T T T 17T g | I N R B g B T T T T T
06 -02 02 06 2 -1 0 1 2 2 -1 0 1 2
(a) y=0.696 () y=1/5+1073
Fig. 2 Histogram and empirical cumulative distribution of ¢, given in (18) with x = —1.3, n = 15,

A, = Gy and the ergodic rate « = 0.9 (supercritical case). We consider the bandwidth exponent y = 0.696
(which satisfies (11)) for the two left graphics and y = 1/5 + 1073 (which does not satisfy (11)) for the
two right (Color figure online)

matrix, with ¢ > 0 and p € R such that |p| < o2

2
_ (o r
F_(p 02).

Then the process X = (X, u € T) is a BMC with transition probability P given by:

2

1 o
P(x,dy,dz) = —————= exp (——
2w/t — p? 2(c* — p?)

glx,y, z)) dydz,
with

g(x,y,2) = (y —aopx — bo)* — 2p02(y — apx — bo)(z — arx — by)
+(z —ajpx — b])z.
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The transition kernel Q of the auxiliary Markov chain is defined by:

O(x, dy) = (e,(y,aox,,,o)z/z,,z +e,(y,alx,bl)z/2,,z) dy.

1
242702

This process admits an invariant probability measure © which is the law of the random
variable Y, defined by

o0
Yoo := Y A1Ay... Ar 1 B, Q21
k=1

where Ay = ag, and By = by, + ¢, with (¢;, k € N*) and (&, k € N¥) two inde-
pendent sequences of i.i.d. random variables, independent of Xy. Each ¢, is centered
Gaussian random variable with variance o> and each ¢; has a Bernoulli law with
parameter 1/2, that is P(¢x = 0) = P(¢ = 1) = 1/2. Since the transition Q has a
density with respect to the Lebesgue Measure, it follows that the probability measure
W also has a density, denoted by u, with respect to the Lebesgue measure. To our best
knowledge, the analytic expression of this density is unknown. Note, however, that an
approximation of the density u has been proposed in [8, 15]. We do not have any infor-

mation on the ergodic convergence rate, except that it is bounded by ,/ (ag + alz) /2
(see, for example, the calculus in [12]). We will estimate the invariant density x in a
compact set D C R. For that purpose, we use the estimator iig, (x), for all x € D,
given in (4), with the Gaussian kernel K defined in (19). Since the ergodicity rate is
unknown, we have to develop a method based on data in order to select the bandwidth.

3.5 Bandwidth Selection by Cross Validation Method

To select optimal bandwidth, we choose the bandwidth 2 which minimizes the mean
integrated squared error

E [ [ @, - M(X))de] - [ |, (x)dx} — R [ [ e, (xm(x)dx}

+ / uz(x)dx.

Since the last term of the previous equality does not depend on #, it suffices to choose
the bandwidth 2 which minimizes the function J defined by

J(h) :=E |:/ ﬁén (x)dx:| —2E |:/ ne, (x),u(x)dx:| .

Now, J (h) can be approximated by

_ R 2 R
Ty = [ 7%, 0005 = == 3 (o,

ueG,
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where g, [—u] is the kernel density estimator of . computed without the observation
X,,. The motivation for considering the second approximation come from Remark 2.2.
Let H := {h1, ..., h;;} be a bandwidth grid. H is a subset of (0, 1]. Replacing J by
7, we get that 71 defined by

-~

h:=arg minher(h),

is an approximation of the optimal bandwidth for the estimation of the invariant density
. This method is known in the literature as the leave one out cross-validation (see,
for example, [20], Section 1.4). Now, in the numerical studies, instead of /ig, defined
in (4) , we use the estimator fig, defined by

fg, (1) =G 'h2 Y Kp(x — X,) Vx eR.

ueG,

Remark 3.11 We do not study here the theoretical properties of fg,. We let this for
future work.

3.6 Numerical Studies for the Asymmetric BAR Model

We consider two examples of the model (20):

(case 1) (ag, bg, a1, b)) =(0.5,0,0.7,0),0 =1and p = 0.
(case 2) (ag, bg,a1,b;) =(1,0,0.5,0),0 =1and p =0.

In the second example, we allow the evolution of the new pole to be instable. We have
simulated the invariant distribution using the formula (21). Next, we have plotted in
the same graph the histogram of data from the simulation of the invariant distribution
and, using corollary 3.9, the 90% level confidence band for invariant density on the
interval D = [—4, 4]. For the case (ag, bo, a1, b1) = (0.5,0,0.7,0), 0 = 1 and
p = 0, we plot in Fig. 3 the confidence band for one sample and ten samples of
the process (X, u € G13), simulated using (20). The bandwidths selected, using the
previous cross validation, for the ten samples are

hcyv = (0.24,0.21, 0.25,0.24, 0.24, 0.23, 0.24, 0.25, 0.24, 0.26).

We do the same thing for the case (ag, bo, a1, b1) = (1,0,0.5,0),0 = 1 and p = 0.
The bandwidths selected in this case are

hcyv = (0.31,0.32, 0.33, 0.27, 0.30, 0.32, 0.30, 0.32, 0.29, 0.30).

One can observe that the selected bandwidths in the second case are greater than those
selected in the first case. This is due to the fact that in (case 2), we are certainly in the
supercritical case. Indeed, is this case, the upper bound of the geometric ergodic rate of
convergence is equal to /(1 + 0.52)/2 = 0.791. This also certainly explains why the
invariant distribution is more flattened in the second case, while it is more peaked in
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(a0, b0, a1,b1,0,p) = (0.7,0,0.5,0,1,0); (a0, bo, a1,b1,0,p) = (0.7,0,0.5,0,1,0);
z € [-4,4]; ue Gys z € [-4,4]; u e Gy3
] 4 A F| -
3 3
] ] 4
zg S & <
i LR
TS T o5
(=] 7 (=] 7
g g
S T T T 1 S T T T 1
4 -2 0 2 4 4 -2 0 2 4
X X
(a) Confidence band for one sample (b) Confidence band for ten samples

Fig.3 Histogram of the invariant distribution (simulated using the formula (21)) and the 90% level confi-
dence band for invariant density for one sample (left) and ten samples (right). In red, the upper bound of
the confidence bands and the lower bound in blue (Color figure online)

(a0, bo, a1,b1,0,p) = (1,0,0.5,0,1,0); (a0, bo, a1,b1,0,p) = (1,0,0.5,0,1,0);
z € [—4,4; ue Gy z € [—4,4); ue Gy

R .

f=1

]
z ° Z
S o | S

S

g

S T T T ]

4 -2 0 2 4
X X
(a) Confidence band for one sample (b) Confidence band for ten samples

Fig.4 Histogram of the invariant distribution (simulated using the formula (21)) and the 90% level confi-
dence band for invariant density for one sample (left) and ten samples (right). In red, the upper bound of
the confidence bands and the lower bound in blue (Color figure online)

the first case. (The upper bound of the geometric ergodic rate of convergence is equal
to /(0.72 + 0.52) /2 = 0.61.) In Fig. 4, one can observe that the upper and the lower
bounds of the confidence bands overlap for different samples. The cross-validation
method seems to be less efficient in this case, that is when the evolution of one of
the poles is allowed to be instable. Choosing locally the bandwidth would certainly
improve the construction of the confidence bands. This last question will be addressed
in future work, in the same vein as the work done in [5] but considering this time the
geometric ergodic rate of convergence as an unknown regularity parameter.

@ Springer



Journal of Theoretical Probability

4 Seeing the Main Result in a More General Framework

The proof of Theorem 3.5 given in Sect. 4.2 relies on a general central limit result for
additive functionals of BMC presented in the next section.

4.1 A General CLT for Additive Functionals of BMC

In the spirit of [2], we introduce the following series of assumptions in a general
L?(11) framework, with increasing conditions as the geometric ergodic rate o exceed
the critical threshold of 1/+/2. In fact, we believe that the general framework presented
in this section may be used also for others nonparametric smoothing methods for BMC
than the one presented in Sect. 3.1.

Let X = (X, u € T) be a BMC on (S, .¥) with initial probability distribution v,
and probability kernel P. Recall Q is the induced Markov kernel. We present some
inequalities in the next remark.

Remark 4.1 By convention, for f, g € B(S), we define the function f ® g € B(5%)
by (f ® g)(x,y) = f(x)g(y) for x, y € S and introduce the notations:

1
[Bymg=7(f®g+e®f) and [&'=[®[.

Notice that P(gQsym1) = Q(g) forg € B, (S).For f € B,1(S),as f®f < f2®sym1,
we get:

P(f&%) =P(f ® ) = P(f> ®yn 1) = Q(2). 22)

Assume p is an invariant probability measure of Q. By Cauchy—Schwarz we have for
fog e L2y
IP(f @I <P(f2@ DP(I® ¢ <4Q(f) g, (23)
(PN =20 fllzzq gl - (24)
In the spirit of Assumption 2.4 and Remark 2.5 in [2], we consider the following
hypothesis on asymptotic and non-asymptotic distribution of the process.

Assumption 4.2 (L%(u) regularity for the probability kernel P and density of the
initial distribution)
There exists an invariant probability measure p of Q and:

(i) There exists k; € N and a finite constant M such that for all f, g € L?(n):

IPQ" £ ® Q) Il 20 < MILF N2 g 12, (25)

and forall 4 € Lz(u), and allm € {0, ..., k1 }:

1P (Q"P(Q" f @ym Q'8) ®oym Q1) |

L2 ()
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SMINF il gz ANz - (26)

(i1) item:kO There exists kg € N, such that the probability measure vk has a
bounded density, say v, with respect to u:

vQ*(dy) = vo(y)e(dy) and |lvgllee < +00.

The next family of three assumptions are related to the sequence of functions which
will be considered.

Assumption 4.3 (Regularity of the approximation functions in the subcritical regime)
Let (fe.n, n = £ > 0) be a sequence of real-valued measurable functions defined on
S such that:

(i) There exists p € (0, 1/2) such that sup, > ;>0 27"” || fe.nll oo is finite.
. 1/2
(i) The constants ¢ = sup,> ;=g | fe.nllp2(u) and g2 = sup,=,=q |l Q(fe%n) ||O£> are

finite.
(iii) There exists a sequence (¢, n > € > 0) of positive numbers such that A =
SUp,,>¢>0 d¢,n 18 finite, lim,, .0 8¢, = O for all £ € N, and foralln > £ > 0:

(o | fonl) + Lt PSen®@D)] < 8ens
and for all g € B4(S):

1P fe.nl ®sym O8) ”Lz(u) <dnlg ”Lz(;/,) . (27)

(iv) The following limit exists and is finite:
n
2 g —¢ 2
0% = lim 2;2 | fenll7 2, < oo (28)
(=

Remark 4.4 We stress that (i) and (ii) of Assumption 4.3 imply the existence of finite
constant C such that for alln > ¢ > 0:

(o ) < W fenlPo i, f2) < C 322 and (u, f,) < C32%7.

We will use the following notations: for n € N, set f, = (fr.n, £ € N) with the
convention that f; , = 0if £ > n; and for k € N*:

1/k
(i) =9 | fen gy a0 gelin) = sup| QUL (29)

In particular, we have ¢; = sup,,>( c2(f,) and q2 = sup, > g2(f»)-
For the critical case, 2a2 = 1, we shall assume Assumption 4.3 as well as the
following.
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Assumption 4.5 (Regularity of the approximation functions in the critical regime)
Keeping the same notations as in Assumption 4.3, we further assume that:

n
™ lim ny 27428, =0. (30)

n—o0
=0
(vi) Foralln > ¢ > 0:

1R fenDlloo < 8¢.n- €1y

For the supercritical case, 202 > 1, we shall assume Assumptions 4.3, 4.5 as well
as the following.

Assumption 4.6 (Regularity of the approximation functions in the supercritical
regime)

Keeping the same notations as in Assumption 4.5, we further assume that Assumption
2.3 holds with 2> > 1 and that:

sup 2a%)" 782 < 4oo and, foralll € N, lim 2a?)" %2 =0. (32)
’ n—00 ’

0<t<n

Notice that condition (32) implies (30) as well as A < 400 and lim,,— o0 8¢, =0
for all £ € N (see Assumption 4.3 (iii)) when 20> > 1.
Following [2], for a finite set A C T and a function f € B(S), we set:

Mu(f) =) f(Xi). (33)
ieA

We shall be interested in the cases A = G, (the nth generation) and A = T, (the tree
up to the nth generation). We shall assume that p is an invariant probability measure
of Q. In view of Remark 2.2, one is interested in the fluctuations of |G|~ Mg, (f)
around (u, f). So, we will use frequently the following notation:

f=F—(uf) forfeL(w. (34)
Let f = (f¢, £ € N) be a sequence of elements of L' (w). We set for n € N:
Nug() = Gal 772D " Mg, _, (fo) (35)
=0

The notation N, y means that we consider the average from the root ¥ up to the nth
generation.

Remark 4.7 The following two simple cases are frequently used in the literature. Let
f € L'(u) and consider the sequence f = (f, £ € N). If fo = f and f; = O for
¢ € N*, then we get:

Nug(H) = Gl ™2 Mg, ().
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If f; = f for £ € N, then we get, as |T,| = 2" — I and |G, | = 2"

Nug(D = 1Gu |~ 2 My, (f) = V2 — 271 Tl ™2 Mr, (f).

Thus, we will easily deduce the fluctuations of M, (f) and Mg, (f) from the asymp-
totics of N, ¢().

The main result of this section is motivated by the decomposition given in (5). It
will allow us to treat the variance term of kernel estimators defined in (4). The proof
is given in Sect. 5 for the subcritical case (¢ € (0, 1/ «/5)), with « the rate defined
in Assumption 2.3; it follows closely the approach given in [2]. For the critical case
(¢ = 1/+/2) and the supercritical case (& € (1/+/2, 1), the proof is an adaptation of
the subcritical case and it is therefore omitted; the interested reader can find the details
in [1]. Recall N, ¢(f) defined in (35).

Theorem 4.8 Let X be a BMC with kernel P and initial distribution v, such that
Assumption 2.3 (on the geometric ergodic rate a € (0, 1)), Assumption 4.2 (on
the regularity of P and of v) and Assumption 4.3 (on the approximation functions
(fe.n,n = £ > 0)) are in force.

Furthermore, ifa = 1/+/2 then assume that Assumption 4.5 holds; and ifa > 1/~/2
then assume that Assumption 4.5 and Assumption 4.6 hold. Then, we have the following
convergence in distribution:

(d)
N”,V)(fl’l) ? Gs
n— oo

where §, = (fo.n, £ € N) and the convention that fo, = 0 for £ > n, and with G a
centered Gaussian random variable with finite variance o2 defined in (28).

Remark 4.9 Assume agz = limy—oo |l fon ”iz(u) exists for all £ € N; so that

o2 defined in (28) is also equal to Y,y 2 ‘o7. According to the additive form
of the variance o2, we deduce that for fixed k € N, the random variables
<|Gn|’1/2MGn4(ﬂ,n), Lefo,..., k}) converges in distribution, as n goes to infin-
ity toward (G¢, ¢ € {0, ..., k}) which are independent real-valued Gaussian centered
random variables with variance Var(G¢) = 2_6062.

4.2 Proof of Theorem 3.5
We suppose that § = RY, with d > 1, and that Assumptions 3.1, 3.2 hold. Let K be a
kernel function satisfying Assumption 3.3 (i) and bandwidths (h,, n € N) satisfying

Assumption 3.3 (ii). For x € R?, we define the sequences of functions (f;', £ € N)
given by:

— X —
FrO) = Kn (=) =h; K (Tey> fory € RY.
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We consider the sequences of functions:

PO = (00 > 0> 0), 9= (f4. n=0>0) and f'=(f),. n>020),
(36)

defined by:
shift X d 0 _ Xl 37
f,n - Jn—-0> ln _fn an fZ,n_fn {¢=0}- ( )

Let x be in the set of continuity of p. Thanks to Bochner’s recall results in Lemma
6.1 of Appendix, we have:

S 2 = Jim (i (F5) = n@) 1K 1. (38)

The proof of the following lemma is not difficult and left to the reader (see, for example,
[2] for more details).

Lemma 4.10 Under the assumption of Theorem 3.5 and when considering any of the
sequence " £14 or £0, the Assumptions 4.2, 4.3, 4.5 and 4.6 hold with o* defined
by (28), respectively, given by:

@M =2u() 1K 113, (@ D)? =2ux) K13 and (0% = pnx) K 3.

(39)
The subcritical case and A, = T,. We have the following decomposition:
~ VIGal
o, () = (%) = ———5 Nu g (fn) + B, (x), (40)
T |l

where f, = (fr.n, £ € N) with the functions f; , = f definedin (37)forn > £ > 0
and fy, = 0 otherwise; N, g is defined in (35) with f replaced by §,; and the bias
term:

By, (x) = o |hd/2 Z 2", fon) = wx) = (o by K (hy ! (x = ) — ().

Since lim, o0 [GplhY = 00 as y < 1, we get that lim,,—, G| /2 /T, 097% = 0.
Thus, as a direct consequence of Theorem 4.8, we get the following convergence in
probability:

lim VGl
m ——-5

N 00 |T | d/z n @(fﬂ) - O

Next, it follows from Lemma 6.1 that lim,,—, o Bp, (x) = 0. This gives Equation (12)
on the consistency of the estimator.
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Using the value of 0 = o' in (39), thanks to Theorem 4.8 and the decomposition
(40), we see that to get the asymptotic normality of the estimator (13) it suffices to
prove that:

lim |T,|"2ne? B, (x) = 0. A1)
n—oo
Using that:
d
p(x = hyy) = p(x) =Y (w1 = hyi, .o, Xj = hayj, Xji1, .. Xa)
j=1
= (X1 = ApY1s s Xjm1 = Mgy i1, X Xjtls oo Xd)),

the Taylor expansion and Assumption 3.4, we get that, for some finite constant C > O:

Tl 285 B, ) = 1Tl | [ h K @ = y(ndy = n()|

T )

[ KOt = hy) = ()
(haly; )
Cy/|T,lhd /K !
< \WZ () =
< Cy[Tul k.

ThenEq. (41) follows, since lim,,_, oo | T}, |s,2,5 +d = (. This ends the prooffor A, = T,.
The subcritical case and A, = G,. The proof is similar, using instead the functions
fen = [}, defined in (37).

The critical and supercritical cases. The proof follows the same lines, using Theorem
4.8 in the critical and supercritical cases and the decomposition (40).

5 Proof of Theorem 4.8 in the Subcritical Case (2a? < 1)

Recall the definition of My given in (33) and of f = f — (u, f) in (34). We follow
the approach of [2]. In order to study the asymptotics of Mg, _, ( f ) as n goes to infinity
and ¢ is fixed, it is convenient to consider the contribution of the descendants of the
individual i € T, _, forn > £ > O:

NS () =Gl ™ P M,y (), 42)

where iG,_j;—¢ = {ij, j] € Gy—jij—¢} C Gy—¢. Forall k € Nsuch thatn > k + ¢,
we have:

Mg, () =V1Gul D NE () =VIGal Nfy().

lEGk
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Let§ = (fe, £ € N) be a sequence of elements ole(pL). Wesetforn € Nandi € T);:

n—|i| n—|i|
Nui(H) =D N (fo) =Gl ™2 Y Mig,_,_ (fo). (43)
=0 £=0

We deduce that Zie@k Nyi(f) = |(Grn|’1/2 Z;g M(Gn%(f@). For k = 0, we recover
Eq. (35).

We consider the notations of Theorem 4.8. Recall that f,, = (fy ,, £ € N) with the
convention that fy , = 0 for £ > n. In the following proofs, we will denote by C any
unimportant finite constant which may vary from line to line (in particular C does not
depend on n nor on f,).

Remark 5.1 Recall kg given in Assumption 4.2 (iii). Recall that from Assumption 4.3
(ii), the sequence f, is bounded in Lz(u). We have

ko—1
Nug(fn) = NYS ) + 1Gal ™72 M, () (44)
=0
where we set:
n—ko
NG =1Gal ™2 > Mg, (fen)- (45)
£=0
Using the Cauchy—Schwarz inequality, we get
ko—1 ko—1
Gl ™21 M, (fa—e)] < Cerx(DIG™? + 1G> >~ M, (| futn)-
=0 =0

(46)

Since the sequence f,, is bounded in Lz(u) and since kg is finite, we have, for all
e f{0,.... ko — 1}, limy— o0 |G, ~"2Mg, (| fu—e.n]) = O a.s. and then that (used
(46))

ko—1

. —1/2 7 _

1im (G| 72 ) Mo, (fa-0)] =0 as.
=0

Therefore, from (44), the study of N, ¢(f,) is reduced to that of N ,Ekg] (fn) defined in
(45).

Let (p,, n € N) be a non-decreasing sequence of elements of N* such that, for all
A >0

pn<n, lim p,/n=1 and lim n— p, —Alog(n) = +o0. a7
n—oQ

n—o0
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In the rest of the paper, when there is no ambiguity, we write p for p,,.

Leti, j € T.Wewritei < jif j € iT. We denote by i A j the most recent common
ancestor of i and j, which is defined as the only u € T such thatif v € Tand v < i,
v < j then v < u. We also define the lexicographic order i < j if eitheri < j or
vOxiandvl < jforv=iAj.Let X = (X;,i € T) be a BMC with kernel P and
initial measure v. Fori € T, we define the o -field:

Fi ={Xy;u € Tsuchthat u <i}.
By construction, the o-fields (F;; i € T) are nested as F; C F fori < j.

Recalling N, ;(f) defined in (43), we define forn € N, i € G,_,, and f, the
martingale increments:

Ap,i(f) = NuiGn) = E[Nai(5)1 Fi] and Ay (fa) = Z Api(fn). (48)

i€Gy—p,

Thanks to (43), we have:

Pn n
D NuiGn) =1Gal ™2 " Mg, (fen) = 1Gal ™ Y My (fuicn)-

i€Gy—p, £=0 k=n—py

Using the branching Markov property, and (43), we get fori € G, _,:

pn
E[No.i ()| 1] = B [No.i ()] Xe] = G ™2 Y Ex, [ Mg, (fen)]
=0

Assume that n is large enough so that n — p,, — 1 > ko. We have:
lkol ey _ ko
N,y () = A + Ry’ (n) + Ri(n),

where N rE/f%] () is defined in (45), A, (f) is defined in (48) and:

n—pp—1
R () = 1Gul ™2 > Mg, (fa—i) and Rim)= Y E[Nui(fu)lF].
k=ko i€Gp—p,

We have the following result:

Lemma 5.2 Under the assumptions of Theorem 4.8 (2a?* < 1), we have that
: [ko] :
lim E (Nn o) — A,,(f,,)) =0
n—00 ’
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2
Proof We deduce from Remark 5.5 in [2] that E [(N,Elf%] (1) — An(fn)) <apnc;

for a sequence (ap,,n € N) which converges to 0 and does not depend on the
sequences . O

We consider the bracket of the martingale A, (f,) given by V(n) = Y
E [An,i(f2)?|F;]. Using (43) and (48), we write:

i€Gu—p,

Pn 2
V) =IG,™" ) Ey (ZMG,,M@,”))
=0

i€Gn_p,

—Ry(n) = Vi(n) +2V2(n) — Rz (n), (49)

with:

Pn
Vi =Gl Y Y Ex [Me,  (fen)?].

i€Gy_p, £=0

=16, Y Y Ex Mo, (funMe, ()],

i€Gy—p, 0<l<k=<py,

Ry = > E[N.iGlXi],

i€Gy—p,
where N, ; (f) is defined in (43).

Lemma 5.3 Under the assumptions of Theorem 4.8 (2a> < 1), we have that R>(n)
converges in probability toward 0.

Proof We deduce from Remark 5.7 in [2] that E[|Ry(n)|]] < C c%an for a sequence
(an, n € N) which converges to 0 and does not depend on the sequence f,. O

Lemma 5.4 Under the assumptions of Theorem 4.8 (20t2 < 1), we have that V,(n)
converges in probability toward 0.

Proof First, we have the following preliminary results. Let f € L?(11) and recall that
1/2

f = f—{w f). We deduce from (i, f) = (1, Qf) < 19f lloo < 1 QD) Il o
that:

19F e <21 QU 1L and 1 Q(F) oo < 411 Q) lnc - (50)

Note that thanks to Assumption 4.3 we have, for all k, £,r € N, and j > O:

Tim (s fen @ fe)l =0 and - Tim |1, P (Q frn @oym Q7 fin )} =0.
(51)
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Indeed, we have thanks to Assumption 4.3 (iii):

(bt Fin @ Foudl < 1Q e lloo (s 1 Fenl) < 41 QF2, 12 (e | ficnl) < 42 S5

We also have thanks to Assumption 4.3 (iii), for g = Q/~!| f; ,| and r = 0:

2P (Q fen ®sym Q1 frn )1 = (. P (1 fanl @iy Q2 ))

< <Ma P (1 ®sym Qg)><ﬂa |fk,n|)
+ 1P| fi.n| Bsym Qg) ”LZ(M)

=20gliz2eu) Okn
=< 2¢2 8k.n>

and for r > 1 using (50) and that (1, P(1 ®sym h)) = (1, h) :

1, P (Q fin @ym Q7 fen )| = (1, P (1 @ym Q) 19 il < 20280

Then use that for all £ € N fixed, we have lim,—, o 8¢, = 0 to conclude that (51)
holds.
Using (76), we get:

Va(n) = Vs(n) + Ve(n), (52)
with

Vs =1Gal™" Y D 277 (fin @ ) (X,

i€Gy_p 0<t<k=<p

P 1

—k—
Ve(n) = |Gn|_1 Z Z Z 2P—l+r Qp—l—(r+k)

i€Gy_p 0<t<k<p r=0
(P (2 fen ®om @ fun) ) (Xo).
First, we consider the term Vg(n). We have:
Vs(n) = |Gu_p| ™' Mg,_,(He.n).
with

Hen = Z hz((nzr 1y+k<py and hfﬁ,r = r—t gp-1=0r+k)

0<l<k
r>0
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Define

H6[n](fn) = Z hk,(i,r 1{r+k<p}a (53)

0<l<k
r>0

with i, =270, P (Q fin Bym @ fun)) = (0. b, )
We set Agn(fa) = Hon — HY" (fn) = Zoggkm}ﬁ, — hice.r) L gi<p)» so that
r=
from the definition of Vg(n), we get that:

Vo(n) — HY" (1) = 1Gup| ™! Mg,_, (A6, ().

We now study the second moment of |(G:n_,,|’1 Mg, _,(Ag,n(fn)). Using (77), we get
forn — p > ko:

G| 2B [ Mg, (Aon())?] = C1Gupl ™ D 27 1 Q7 (Aol 72
j=0

We deduce that

Q7 Ao 2y = 3 WIS, = hucer o, Lirvksp)

0<t<k
>0
S C Z 2}’—Z ap—l—(r+k)+j
0<t<k
r=0
|| P (Q fk n ®sym Qk “_rfl n) " {r+k<p}
< CCZOl] Z = Zap (r+k)ak €+2r 1{r+k<p} (54)
0<t<k
rzki
+Cal Y 27tarth (55)
0<t<k
0<r<k;—1
1P (Q Fen ®m @ fen) N, Aisiepy (56)

where we used the triangular inequality for the first inequality; (3) for the second; (25)
for r > k1 and (3) again for the third. The term (55) can be bounded from above using
(50) and

IP(Q" fin ®sym @ fed 12 < 1Qfenlloe 1P(Q" fin @ym Dl 2,
<2qpc¢y ask > ¢,
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and thus (54) and (55) imply that

1Q7 (A6 (Fa)) 2 < Cealea+anad Y 27 Lol =tF2r g )
0<t<k

r=>0
= Ca(aa+q)a’, (57)
where we used that } o ,_; >0 2r~tak=t+2r s finite for the last inequality. As
Z?‘;O(Zaz)j is finite, we deduce that:
e )2 -2 2
E| (Vo) = H )| =1Gu-p| 2 E[Me,, (Asn(G))?]

< C3(e2+q)* 2707 (58)
We now consider the term Vs(n) defined just after (52):
Vs(n) = |G|~ Mg,_, (Hs ).
with

HS,n = Z h,(:z l{kSp} and h,(:z = Z_Z Qp_k (fk,an_sz,n) .
0<t<k

We consider the constant

H' o) = Y heilpepy with b =270, fin @ fo). (59)
0<t<k

We set As.u(fa) = Hsn — H' (F) = X<y (") — hi.¢) L=p). so that from the
definition of V5(n), we get that:

Vs(n) — H'(50) = 1Gu—p| ™' M, (Asn ().

We now study the second moment of |(Gn_p|_1 Mg, , (As_,(fn)). Using (77), we get
forn — p > ko:

n—p
Gamp| 2E [Ma,, (Asn(a)?] < € 1Gupl ™ 3227 1Q7 (s 720 -
j=0

We also have that:

1Q7 (Asn (i) 2 < D QM) = hicell 2, Likzp)
0<t<k
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<C Y 27PN fen @ funll 2 Lizpy: (60)
0<t<k

where we used the triangular inequality for the first inequality and (3) for the
last. The term (60) can be bounded from above using || fk’an*‘ Sfenll L2 =

I fenll 20y I1Q57 fen oo < €202 as k > £. This implies that

197 (As.n(Ga) 12y < Crqr /.

As Z?‘;O(Zaz)j is finite, we deduce that:

2
B [(VS(n) - HS[n](f”)> :| =Gy—p| °E [MGn-p (As,n(fn))z] < Caoq2 7.

(61)
We deduce from (58) and (61), as V,(n) = V5(n) + Vg(n) (see (52)), that:
E [(Vz(n) _ Hz[”](fn)ﬂ e (c‘z‘ + q%) 2= it HY(f)
= HY"\ () + HI (). (62)

Since according to (ii) in Assumption 4.3 ¢ and g are finite, we deduce that
lim,, 0o V2 (1) — HY"'(§,) = 0 in probability.
We now check that lim,,_, oo HY"(f,) = 0. Using (53) and (59), we get that:

MGl < >0 27 fen @ fun)l
k>¢>0
+ 2 27 P (Q fen Bym T Fon )1

k>¢>0
r>0

Recall the definition of A in Assumption 4.3 (iii). Thanks to (3) and (24) we have:
(s fin @ fon)l < Gk,
[P (Q fin Bym @ fon )| = € a2, (63)

Since Y gy 27 kTt + 3 0<p <k 27 a2 s finite, we deduce from (53), (59),
- r>0

(51) and dominated convergence that lim,_, Hz["](fn) = 0. This implies that
lim,,_ 5 V2(n) = 0 in probability. O

Recall Vi (n) defined after (49). We have the following result.

Lemma 5.5 Under the assumptions of Theorem 4.8 (20?2 < 1 ), we have that Vi (n)
converges in probability toward o defined by (28).
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Proof Using (75), we get:

Vi(n) = V3(n) + Va(n), (64)
with
P o~
Vi) = |Gul ™" Y Y 27t P (7 ) (X,
i€Gy_p =0
p—1 p—t—1

Va) =[G, |71 Y0 D0 DT 2Tk R (p (0 frLe?) ) (o).

i€Gp_p =0 k=0
We first consider the term V4(n). We have:
Va(n) = |Gpp| ™' Mg,_, (Ha.n),
with:

Hiom Y Wiy and K =20 Qr -0 (p (047, 0?)).
£>0, k>0

Define the constant

H G = 3 headisepy with hex =200 P (Q4fa®?)). (65)
£>0, k>0

We set Aqn(fa) = Han — H{" (2) = 220 120(h") — hex) esx<p), s0 that
from the definition of V4(n), we get that:

Van) — H" ) = 1G—p| ™" Mg, (Agn ().

We now study the second moment of |(Gn,p|_1 Mg, , (A4,n(§n)). Using (77), we get
forn — p > ko:

n—p
G p | 2 E [ Me,_, (Agn())?] = C1Gumpl ™ D 27 1Q7 (Al 24 -
j=0
Using (22) and (50), we obtain that for all 0 < k < ki, [ P(Q" fen®) Il 12, <
I Qfgn 2 < 4q%. We deduce that:

Q7 Aan G 2y < D WM = hescll o, Lierk<p)
>0, k>0
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<cC Z k=t P=1=WHR+ | p (Qkﬁ’n(@z) I, Lierk<
050 k>0 ()
<cdal Y 2ttty
£>0, k>ky
+Cal 30 2P (O @), e

>0
0<k<k;

<C(G+4p)al,
where we used the triangular inequality for the first inequality;(3) for the second; (25)

for k > k; and (3) again for the third; (22) and (50) for the last. As Z?‘;O(Zaz)j is
finite, we deduce that:

2
E [(V4<n> — H' G ) ] = (G p P E[ Mg, (Asn ()] = € (G + a3 27077,

(66)
We now consider the term V3(n) defined just after (64):
Vs(n) = |G|~ Mg,_, (H3.0).
with
Hyn =Y 0" Vezp and h{" =27Qr~(72,).
=0
We consider the constant
H () =Y helyepy with he =27, f2,) = (. hy”). (67

£>0

We set A3 (fn) = H o — HY' () = Y pno(hY” — he) 1e<p), 50 that from the
definition of V3(n), we get that:

Vs(n) — HY" (1) = 1Gp| ™! Mg, _, (A3, (). (68)

We now study the second moment of |(Gr,1_p|’1 M(anp (A3,,(fn)). Using (77), we get
forn — p > ko:

n—p
Gamp| 2B [ Mes,_, (A n ()] < € 1Gupl ™ D 27 1Q7 (A3 n () 200 -
j=0
()
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Recall ¢k (f,) and gi (f,) defined in (29). We have that

1Q7 (A3 () 2y < N QIRE = hell 2y Lie<p)
>0

<CY 2P G gy Lie<p) with g = f7,
>0

P
=218 ll2g0 =0y + 227 1P Qg N2 Ljipts0)
=0

< Cai(f) 27 1=y + C Y27l TP Q7 1l 12
=0
< Ci(f) 27 i) + C g3 (fu) o, (70)

where we used the triangular inequality for the first inequality; (3) for the third and
(50) for the last inequality. As Z?’;O(Zoﬂ)f is finite, we deduce that:

2
E [(V3(n) — H () } = (Gu—pl E[Me, , (A3 ()]
<C(n 2" +Cai(2 " P (D

As Vi = V4 + V3, we deduce from (66) and (71) that:
2
E [(vl () — H{" (1)) } = C (@G + a0 270 + i 2™).

with " (5,) = H{" (5) + HY" (5). Since ¢} (1) < ¢3(Fa) 2o (fn) < Cp €3 () 2277
with p € (0, 1/2) and some finite constant C,, according to (i) in Assumption 4.3, and
since lim,,_, oo p/n = 1 so that 2-n(1=2p) < p=(n=p) (at least for n large enough), we
deduce from (ii) in Assumption 4.3 that:

E [(vl (n) — H" (fn>)2] <C (d+as+Cpe3) 2707 (72)

and thus lim,,_, o0 Vi (n) — H"(f,) = 0 in probability.
We check that lim,,—, oo H}"(f,) = 0. Recall (see (67) and (65)) that:

G =27, f2) Lepy and [HY(F)]
>0

= Y 2w P (Q ).

>0, k>0

Thanks to (22) and (3), we have:
~ ~ 2
(e, P (Qkfe,n@)z))l <1 Q fenlli2gy < Ca® Il fenllFa,, < Ca™ .
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Using Assumption 4.3 (iii), we get that

it PGen®)] < 10t PFen®@) + (i, frn)? < A+ A)spp.  (73)

We deduce from (51) (for k > 1) and the previous upper-bound (for k = 0) and
dominated convergence that lim,,_, oo H F](fn) =0.

We now prove thatlim;, , oo H3["](fn) =02 Wedefinea? =3 7_o 27 || fon IIZLZ(M),
so that by Assumption 4.3 (iv), lim,— O’nz = 2. We have:

n p 14
IH G — o2l < Y0 270w 20 + Y 27 s fen) < G277+ A 2708,
t=p+1 =0 =0

Then use dominated convergence to deduce that lim,,_, o |H3[” ](fn) — cr,%| = 0. This
implies that lim, . », Vi(n) = o2 in probability. O

Using (49), we have the following result as a direct consequence of Lemmas 5.3,
5.4 and 5.5. Recall V (n) defined in (49).

Lemma 5.6 Under the assumptions of Theorem 4.8 (20> < 1), we have that V (n)
converges in probability toward o> defined by (28).

We now check the Lindeberg’s condition using a fourth moment condition. Recall-
ing A, i (f,) defined in (48), we set

Rs) = Y E[anitin)]. (4)

i€Gy—p,

Lemma 5.7 Under the assumptions of Theorem4.8 (2a? < 1), we getlim,_, o0 R3(n) =
0.

The proof of Lemma 5.7 is omitted since it uses the same arguments as in Lemmas
5.4, 5.5 and the same sort of techniques as were used in the proof of Lemma 5.11 in
[2].

We can now use Theorem 3.2 and Corollary 3.1, p. 58, and the Remark p. 59 from
[13] to deduce from Lemmas 5.6 and 5.7 that A, (f,) converges in distribution toward
a Gaussian real-valued random variable with deterministic variance o' defined by
(28). Using Remark 5.1 and Lemma 5.2, we then deduce Theorem 4.8.
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Appendix
In this section, we recall the following result due to Bochner (see [17, Theorem 1A]
which can be easily extended to any dimension d > 1).

Lemma6.1 Let (h,,n € N) be a sequence of positive numbers converging to
0 as n goes to infinity. Let g : R? — R be a measurable function such that
./]Rd lg(x)|dx < +4oo. Let f : R? — R be a measurable function such that
Iflloo <400, fga |f(MIdy < +00 and lim|y|— o0 [X| f (x) = 0. Define

gn(0) = Iy /R S F0 @ = )g(ndy.

Then, we have at every point x of continuity of g,

lim g,(x) = g(x)/ S(dy.
n— 400 R

We also recall useful results on BMC which are recalled in [2].

Lemma6.2 Let f, g € B(S), x € Sandn > m > 0. Assuming that all the quantities
below are well defined, we have:

E [Mg,(f)] = 1Gal Q" f(x) =2" Q" f (x),
n—1

]Ex [MGn (f)2] —n Qn(fz)(X) 4 Zzn-‘rk Qn—k—l (7) (Qkf ® Qkf)> (X),
k=0
(75)

E\ [Mg,(f)Mg, (8)] =2"Q" (Q" " f) (x)

+ mf 21k @k (P (Qhg @gym Q) ) (). (T6)

k=0
Lemma 6.3 Let X be a BMC with kernel P and initial distribution v such that (iii)

Sfrom Assumption 4.2 (with ko € N) is in force. There exists a finite constant C, such
that for all f € B4(S) all n > ko, we have:

Gl ' ElMe, (N1 < C I flligy and (Gl ™'E|[Me, ()]

n
2
<CY 219" f iz - (77)

k=0
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