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Abstract

We study the local limit in distribution of Bienaymé-Galton—Watson trees conditioned
on having large sub-populations. Assuming a generic and aperiodic condition on the off-
spring distribution, we prove the existence of a limit given by a Kesten’s tree associated
with a certain critical offspring distribution.
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1. Introduction

The local limit of large Bienaymé—Galton—Watson (BGW) trees has been extensively stud-
ied in recent years. The classical result of Kesten [21] describes the local limit of a critical or
subcritical BGW tree conditioned on reaching at least height 4: it converges locally in distribu-
tion as 4 tends to infinity to the so-called size-biased tree or Kesten’s tree, which is a tree with
an infinite spine. We refer to Section 2.5 for a precise description of Kesten’s tree.

Over the years, motivated by various points of view from theoretical probability, combi-
natorics, biology, or physics, other conditionings have been considered, such as a large total
population [13, 20], a large number of leaves [9, 18], a large number of protected nodes [1],
and the existence of an individual with a large number of out-degree or children [14, 15].
Janson [16] surveyed the local limit of BGW trees when conditioned on a large total popula-
tion, and Abraham and Delmas [3, 4] provided a general framework, which describes in full
generality the local limit of critical or subcritical BGW trees conditioned on having a large sub-
population. Note that in [3, 16, 18, 29] the local limit may exhibit a condensation phenomenon,
as one node of the limiting tree has an infinite number of children. With other conditioning,
such as a large population at late generation [2, 6], or with exponential weight given by the total
height of the tree among trees with a given large total population size [12], the local limit is a
tree with countably many infinite branches. The local limit of large multi-type Galton—Watson
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trees has also been considered in [7, 25], and also in [26, 28, 31] when conditioning on a linear
combination of the sizes of the sub-populations with a given type.

One can also consider scaling limits of BGW trees (seen as metric space), the so-called Lévy
continuum trees, as initiated by Aldous [8] and generalized by Duquesne and Le Gall [11]. Let
us mention that there is a large recent literature on this subject. In particular, Marzouk [23]
considered the scaling limit of random trees with a prescribed degree sequence, and Kargin
[19] and Kortchemski and Marzouk [22] the scaling limit of BGW trees conditioned on its
total population size and the number of leaves.

Motivated by these last works, we investigate the local limit of BGW trees when condition-
ing on its total population size and the number of leaves being large. More generally, let A =
(A)ieqi, 77> where J € N* and [a, b]l = [a, )] NN (with N* = {1, 2, ...} and N=N* U {0}), be
a finite collection of pairwise disjoint subsets of N. Intuitively, for a BGW tree with offspring
distribution p, we have the number of nodes with out-degree in A; of order p(A;) times the total
population size of the BGW tree when it is large (where p(A) =), 4 p(n) for A C N); see
[17, 30] for a precise statement. In this paper we choose an arbitrary probability distribution
o = (aj)ieq1,gy on [1, J1, called a direction, and we want to condition the BGW tree to be large
with the asymptotic proportions of nodes with out-degree in A; equal to «; for all i € [1, J]
up to a normalizing constant. This normalizing constant is equal to 1 if A is a partition of the
support of the offspring distribution. We note that, if the complement of A, say Ao, has posi-
tive probability (p(Ap) > 0), there is, in our setting, no condition on the nodes with out-degree
in Ag. Our main objective is to prove the local convergence of such a BGW tree conditioned
on having large sub-populations, identify the local limit as a Kesten’s tree that is a random
tree with an infinite spine, and describe the possible directions and conditions on the offspring
distribution for such a convergence to hold.

Our present result generalizes [3, 4], which are devoted to the uni-dimensional case J = 1.
Let us stress that other conditionings than population size are considered in [3] and that condi-
tionning on one given sub-population to be large might lead to a local limit having an infinite
spine as in [3] or to a condensation phenomenon (that is, a tree having a node with infinite
out-degree) as presented in [4]. The condensation phenomenon for a nongeneric offspring
distribution is an open question for J > 2.

More precisely, let p = (p(n)),en be a probability distribution on N; its support is supp (p) =
{n € N: p(n) > 0}. We assume that p is nontrivial in the sense that p(0) > 0 and p({0, 1}) < 1.
We denote by 1(p) € (0, +-00] its mean. We denote by 7, a BGW tree with offspring distribu-
tion p. Note that we do not even assume that w(p) is finite; however, since p(0) is positive, the
tree 7, is finite with positive probability. For a locally finite discrete tree t, we denote by La(t)
the number of its nodes with out-degree (or number of children) in A. For example, Ly(t) rep-
resents the total number of nodes in the tree t, Ly+(t) its number of internal nodes, and Lyg;(t)
its number of leaves. We simply denote by L 4(t) the vector of the number of nodes in t with
out-degree in the finite collection A of pairwise disjoint sets:

L) = (La,(®))icp1.sy €NV with N=NU {oo}. (1)

For instance, if A = ({0}, N*), the vector L 4(t) represents the couple (number of leaves,
number of internal nodes) of the tree t.

In Theorem 4.1 we completely characterize the nontrivial probability distributions p’ on
N such that supp (p') C supp (p) and the distribution of the BGW trees 7, and 7,, condi-
tionally on L4 are the same, that is, more formally, for all n= (n;)ic1,47 € N/ such that
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P(L 4(T,) =mn) > 0 (and, thus, P(L 4(7,) =n) > 0), we have
dist (7, | La(Tp) =m) =dist (T | LA(T,) =n).

Such probability distributions are called (p, A)-compatible. The (p, A)-compatible probability
distributions can be continuously parametrized by a parameter (6, 8) in a subset of [0, +00] X
Rfr. Recall that Ay denotes the complement of Uieﬂl’ s Ai in N, which might be empty or not.
When the parameter 6 is positive and finite, then the (p, .A)-compatible probability distribution
Do, associated with the parameter (6, B) is given by

Do, g(n)y=Bif" p(n) forneA;andie [0, J], where So = o~

The fact that such exponentially tilted probability distributions are (p, .A)-compatible was
already observed in [4] for J/ =1 and in [31] for the multi-type BGW tree setting; see also the
recent preprint [26]. In comparison with these papers, we give here an exhaustive description of
the (p, A)-compatible probability distributions under a very mild hypothesis on the offspring
distribution p. In particular, it is possible to observe degenerate cases when the parameter 6
can take the values 0 and oco; see (21) and (22).

For x = (x))ief1.) € R’, we set x| =",y 1xil the L' norm of x. As in [25], it is inter-
esting to have a fixed (asymptotic) proportion of sub-populations, and thus, consider the local
limit of 7, conditionally on {L 4(7,) = n} when n/|n| converges to some direction « € Ri such
that || = 1, as |n| tends to infinity. Thus, it is natural to consider among the (p, .A)-compatible
probability distributions those which are in the direction o = (c;);e[1,s7, that is,

Do,p(Ai)oc o forallie[l, J].

From this, we can write « as a function of (6, ), (but for some pathological cases, see Remark
3.3 for details), and similarly B as a function of (6, «). This gives an elementary reparametriza-
tion (pg,«) of the family (pg,g) by the parameter 6 and its direction . The family (pg g) is
explicitly given in Lemma 5.1 and the possible directions in Proposition 5.1. In particular, if
the entries of « are all positive then « is a possible direction. Furthermore, if « is a possible
direction then the set I, C [0, +oc] of possible values for the parameter 6 is an interval; see
Section 5.2. As observed in previous works, the existence of a critical parameter 9, such that
u(pe,.«) =1 is a key point to obtain the local limit of the conditioned BGW tree. Proposition
5.2 asserts that the mean function 6 — u(pg o) is increasing when (pg o) < 1, and thus, there
is at most one such critical parameter 6. Let us stress this result is not obvious as the map
0 — (pg.«) is not monotone in general (see the example in Remark 5.2). When the critical
parameter 6, exists, the distribution p is called generic for the direction a, and we set

Pa =Dg,,« (and, thus, u(py) = 1). ()

We provide necessary and sufficient conditions for p to be generic in the direction « in
Theorem 5.1 that are similar to those obtained in [4] when J = 1. We do not study further
the relation between the sets A = (A;)ie1,y7 and the fact that p is generic, and refer to [4]
again to appreciate the complexity already when J = 1. For example, the offspring distribution
p is generic for any direction « if {0} C Ap (that is, the conditioning does not involve the
number of leaves), p(1) =0 and 0 < p(0) < 1 (this rules out most of the pathological cases),
and p has all exponential moments (this rules out all possible condensation phenomena). Let us
mention that if Ag is empty then p can not be generic in all directions, and there are even more
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restrictions on the directions for which p is generic if some of the other A; are singletons. For
instance, if p(0) + p(2) = 1 with 0 < p(0) < 1, the BGW tree is binary and, for .A = ({0}, {2})
almost surely (a.s.), we have Li)(7,) = L2)(7,) + 1; then one can check that there is only
one direction for which p is generic given by o = (%, %) and that the corresponding critical
probability distribution p,, is given by py(0) = py(2) = %

Let 7;,* denote the Kesten’s tree associated with the probability distribution p when
u(p) = 1, that is, the local limit in distribution of 7, conditioned to have height at least 4, as
tends to infinity. Before giving the main result of the paper, we recall the following hypotheses.

(H1) p is a nontrivial probability distribution on N (there is no moment condition). Without
loss of generality we assume that the sets A = (A;);e[1,s7 are pairwise disjoint subsets
of the support of p.

H2) o€ Ri with |a| =1 is a possible direction (this condition is always satisfied if all the
entries of o are positive).

(H3) pis generic in the direction «.

(H4) p is aperiodic in the sense of Definition 6.1. (In particular, being aperiodic depends on
the sets A and the direction «; see also Remark 6.1.)

We are now ready to state the main result of the paper. Recall that L 4(t), defined in (1),
denotes the number of nodes in the tree t with out-degree in the finite collection A of pairwise
disjoint sets, 7, is the BGW tree with offspring distribution p, and that 7, is the Kesten’s tree
associated with p, defined in (2).

Theorem 1.1. Assume that hypotheses (HI)-(H4) hold. We have the local limit in
distribution

dist (7 | La(Tp) = m) ——> dist (T)

along any sequence (n) in N’ such that the sub-populations are large, that is, lim |n| = oo;
the conditioning is legit, that is, P(LA(T,) =n) >0, and the direction is strictly a, that is,
limjy| 0 N/IN| = & and, with a = (a;)ieq1,7] and m = (ny)icq1,47, for all j € [1, J],

OthO:anO. 3)

Remark 1.1. (On the strict convergence of the sequence n to the direction «..) To be complete,
we also refer to Lemma 6.1 on the existence of a sequence of n in N” satisfying the hypothesis
above. Assume that the offspring distribution p is generic in the direction o and that o has
some zero entries. We provide in Section 6.5 an example where removing condition (3) on the
sequence of n = (n;)je1,77 such that limjy— oo n/|n| = & prevents us from obtaining the local
limit of conditioned BGW trees from Theorem 1.1.

The proof of Theorem 1.1 relies on two ingredients. The first one is the use of Rizzolo’s
transformation from [27] to reduce the problem to the Ay empty case. The second is the
existence of a local limit for multi-type BGW trees conditioned to the sub-populations of
each type to be large (with the proportion given by the positive left eigenvector of the mean
matrix) obtained in [3]. One could also use the results of Pénisson [25], but this would require
stronger hypothesis; see Remark 6.4 for further comments. We note that Corollary 3.5 in

https://doi.org/10.1017/apr.2025.10028 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.10028

Conditioning Bienaymé—Galton—Watson trees to have large sub-populations 349

Abraham et al. [7] gives Theorem 1.1 in the very specific case where u(p) =1, p(Ag) =0,
and the direction « is that naturally given by p: «; = p(A;).

Remark 1.2. (Conditioning on the total population size and the number of leaves.) Motivated
by the scaling limits of BGW trees conditioned on its total population size and the number
of leaves to be both large considered in [19, 22], we give as a consequence of the theorem
above the corresponding local limit of such BGW trees in Remark 6.2. Conditioning on the
total population size and the number of leaves amounts to considering A; = N* N supp (p) and
Az ={0}. Note the directions « can be written as (a, 1 — a). As explained in Remark 6.2, we
have to consider two cases.

If the support of p is reduced to two elements, say 0 and k (with k> 2 as p is nontrivial),
then hypothesis (H4) is not satisfied. However, in this case the conditioning is equivalent to
conditioning on the total population size and the existence of the local limit is then given by
[4, 16]. Furthermore, there is only one possible direction for which p is generic; it is given by
a=1/k.

If the support of p is not reduced to two elements then, provided the smallest subgroup
in Z containing {x —y: x, y € supp (p) N N*} is Z itself, hypothesis (H4) holds. In this case,
hypothesis (H2) is satisfied if and only if a € (0, 1). It is easy to check that p is generic in the
direction « if and only if there exists a positive finite root (which is then 6) to

2(0) =p(0) + ad g (0),

where g(0) is the probability generating function of p. The critical probability measure
Do 1s given by py(0)=1—a and pa(n)zeg_lp(n)/g’(%) for n € N*; and we can apply
Theorem 1.1.

Remark 1.3. (On nongeneric distribution.) If p is not generic in the possible direction o
because of condition (i) in Theorem 5.1 then, as in the J =1 case studied in [3], we con-
jecture the existence of a condensation phenomenon at the limit: the existence of a node of
the local limit at finite height with an infinite degree. The first step to prove this would be
considering the condensation for nongeneric multi-type BGW trees. Note that the others con-
ditions in Theorem 5.1 might happen for probability distributions with bounded supports; see
Remark 5.3(a).

The rest of the paper is structured as follows. We introduce in Section 2 the general notation
and the framework of discrete trees, BGW trees, and Kesten’s tree. We define the (p, A)-
compatible probability distributions in Section 3 and characterize all the (p, .A)-compatible
probability distributions in Section 4 (handling the degenerate cases 6 € {0, 400} and the 0 ¢
Ao case are delicate). We study in Section 5 the existence of the critical parameter 6, and, thus,
the probability distribution p, that appears in the limiting Kesten’s tree from Theorem 1.1.
Eventually, we prove the main theorem in Section 6; see Theorem 6.1 as well as Remark 1.1.

2. Background and notation

2.1. General notation

We denote by R* = (0, co) (respectively N* = {1, 2, .. .}) the set of positive real numbers
(respectively integers) and by R = [0, oo) (respectively N = {0, 1, .. .}) the set of nonnegative
real numbers (respectively integers). For i, j € N such that i <j, note that [i, j] = NN [i, j]. Let
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J € N*. For x = (x})je[1,7] € R/, we set |x| = ZJJZI |x;|. We consider the simplex

Ay={xeR,: |x|=1}.

We set 1R’ (respectively 0 € R’) the vector of R’ with all its coordinates equal to 1
(respectively 0).

Let p = (p(n)),en be a probability distribution on N and supp (p) = {n € N: p(n) > 0} be its
support. For A C N, we set

pA)=Y p(m) and ga(r)=y_ r'p(n) forr=>0,

neA neA

where the sum over an empty set is 0 by convention. In particular, we have g4 = 0 for any set
A C N such that p(A) = 0. We also denote by p4 the radius of convergence of ga:

pa =sup{r>1: ga(r) < +oco}. 4

For simplicity, when A = N, we write g(r) = gn(r) and p = pn. We write the mean of p by

wp)="_ np(n).

neN

We say that a probability distribution p is critical (respectively subcritical) if u(p) =1
(respectively u(p) < 1). The probability distribution p is nontrivial if

p(0)>0 and p0)+p(l)<1. %)

2.2. The set of discrete trees

We consider ordered rooted trees in the framework of [24]. More precisely, let U =
U0 N*)" be the set of finite sequences of positive integers with the convention that
(N*)0 = {(#}. Note that H (i) = n, the generation or the height of u if u = (u1, . .., u,) € (N*)".
For u, v € U, denote by uv the concatenation of u and v, with the convention that uv =u ifv=10
and uv = v if u = (. The set of ancestors of u is the set

An(u) = {v e U : there exists w € U such that u = vw}.

The most recent common ancestor of s C U/, denoted by M(s), is the unique element u of
NuesAn(u) with maximal height H(u). Let < be the usual lexicographic order on /.

A tree t is a subset of U/ that satisfies J et; if uet then An(u) Ct; for uet, there
exists k,(t) € N*, called the out-degree of u, such that, for every i € N*, ui € t if and only if
ie[l, k,(t)]. The vertex @ is called the root of t. The vertex u €t is called a leaf if k,(t) = 0.
We set k,(t) = —1 if u € t. Let La(t) be the number of vertices of the tree t whose out-degree
belongs to A C N:

La(t)=Card (La(t)) with La(t)={uect: k,(t)cA}.

We simply write fit = Ly(t) for the cardinal of t, and L, (t) for L,(t) when n € N. Note that we
have

D ku®=rt—1. (©)

uet
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Then we get from (6),
Lo®) =1+ Y (k= DLe(t). )

keN*
For u € t, we define the subtree above u by {v € U : uv € t} and the fringe subtree by

s={uveld: uvet} ®)

We denote by T the set of trees, T the subset of finite trees, and T the set of trees with
only one infinite branch:

T = {teT\TO: Tim HM({u € t: Huw) =n)) = oo}.

Let H(t) = sup{H(u): u € t} be the height of the tree t and, for h € N*, let T = {t e T: H(t) <
h} be the set of trees with height less or equal to /.

2.3. Local convergence of trees

For he N and a tree te T, let r,(t)={u € t: H(u) <h} be the tree t truncated at level /.
Let (T))nen and T be T-valued random variables. We say that the sequence (7;,),cN converges
locally in distribution towards T if, for all # € N and t € T?,

lim P(rp(T,) =t) =P(ru(T) =1), €))
n—+00
and writing dist(7) for the distribution of the random variable 7', we denote it by

lim dist(7,) = dist(7T).
n—oo

For t € T and x € Ly(t), we consider a the set of trees T(t, x) = {t ® (f, X): te T}, where
tet,x)={uetfUfw: vet)

is the tree obtained by grafting t on the leaf x of t. We recall from [4, Lemma 2.1], that if
(Tynen and T are Ty U Ti-valued random variables, then the sequence (7},),en converges
locally in distribution towards T if and only if, for all t € T and x € Ly(t),

lim P(T, € T(t, ) =P(T € T(t, x)) and lim P(T, =) =B(T =1 (10)

In practice, when dealing with conditioned BGW trees, checking conditions (10), when the
local limit has an infinite spine, is usually easier than checking condition (9); see [5, Section
3.2] for more details and examples.

2.4. BGW trees

Let p be a probability distribution on N. A T-valued random variable t is a BGW tree
with offspring distribution p if kg(7) is distributed as p and the branching property is satisfied:
for n € N*, conditionally on {ky(t) = n}, the subtrees (S 1(T)y . vt Sn('l,')) are independent and
distributed as . We denote by 7, the BGW tree with offspring distribution p. For all finite
trees t € T, we have

P(T,=t) =] [p(ku(®) = [ ] ). (11)

uct neN

with the convention that 0° = 1. When (5) holds and p is critical or subcritical, then a.s. 7, is
finite (that is, 7, € Tp) and in this case (11) completely characterizes the distribution of 7,.
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2.5. Kesten’s tree

Let p be a critical probability distribution on N (and, thus, u(p) = 1) satisfying (5). We
denote by p* = (p*(n))nen, With p*(n) = np(n), the corresponding size-biased distribution. The
so-called Kesten’s tree, ’7;,*, is a T';-valued random tree defined as the local limit in distribution,
when 7 tends to infinity, of a BGW tree conditioned to have a height larger than n:

nli)ngo dist(7, | H(T)) =n) = dist(’7;7*).

Informally, it is the skeleton of a two-type BGW tree, where individuals are of type s (survivor)
or n (normal); the root is of type s; each individual of type s has a random number of children
with offspring distribution p*, all of them of type n but for one uniformly chosen at random
that is of type s; each individual of type n has a random number of children with offspring
distribution p, all of them of type n. Its distribution is completely characterized by IP(7;* €
T1) =1 and (recall p is critical)

(T, =1

P
P(T; € T(t, x) = P for all t € To and x € Lo(t). (12)

We refer to [4, Section 2.4] for more details on this equality.

Remark 2.1. (On (12).) Let p be critical. Let r;l“(7;*) denote the Kesten’s tree 7;,* whose spine
is cut at level 2 > 0. By summing (12) over x a leaf of t at height /# and then summing over t,
we deduce that, with F' a nonnegative function defined on T,

* * _ L 0
E[F(r,(T, D] = 20) E[Z;, F(Tp)], (13)

where 22 is the number of leaves of the BGW tree 7, at height 4. (From here it is elementary
to deduce the well-known formula E[G(rh(7;]*))] = E[Z), G(r;(T,))], which also characterizes
the distribution of Kesten’s tree.) We derive from (13) that, for a given & > 0, Kesten’s tree
is distributed as a biased BGW tree with weight Zg /p(0) on which is grafted an independent
Kesten’s tree at a uniformly chosen leaf of height A.

3. Definition of the distribution pg g

In this section we lay the groundwork for identifying the offspring distributions, as used in
Theorem 4.1, such that the corresponding conditioned BGW trees have the same distribution.
This leads us to consider exponentially tilted probability distributions (nondegenerate case)
derived from an initial offspring distribution as well as some limiting (or degenerate) cases.

Let p be a probability distribution on N satisfying (5). Recall that A = (A});eq1,/7 are pair-
wise disjoint nonempty subsets of supp (p) and that Ag is the complement of Uje1 /4, in
supp (p). Note that Agp may be empty.

For a probability distribution g on N, we consider the probabilities of the sets A:

q(A) = (g(A1), .. ., q(Ap) € [0, 11,

For a finite tree t, let L 4(t) be the number of nodes in t with out-degree in the finite collection
A of pairwise disjoint sets:

LAt =(La,(t), ..., La, () e N
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We extend the definition of the generic probability distribution with respect to a subset of
N in [4] to the generic probability distribution with respect to a family of subsets. Intuitively,
an offspring distribution p is generic if there exists a critical offspring distribution p’ such
that conditional distributions of the BGW trees 7, and 7,, are the same; and we see that the
Kesten’s tree associated with p’ appears then as the local limit of the BGW 7, with some
asymptotic conditioning. For this reason, we also investigate the family of compatible offspring
distributions, that is, those offspring distributions for which the distribution of the conditioned
BGW tree is identical.

Definition 3.1. (Generic probability distribution.) Let p be a probability distribution on N
satisfying (5). Let A= (A))je1,7], With J € N*, be pairwise disjoint nonempty subsets of
supp (p)-

(i) (p, A)-compatible probability distribution: we say that a probability distribution p’ is
(p, A)-compatible if p’ satisfies (5), supp (p’) C supp (p), and for all n € N/ such that
P(L 4(7,7) =n) > 0 (and, thus, P(L 4(7,) =n) > 0), we have

dist (7, | La(Tp) =mn) =dist (Ty | LA(Ty) =n). (14)

(ii) Generic distribution: we say that p is generic for A in the direction o € Ay if there exists
a critical (p, A)-compatible probability distribution p” such that

P(A=(1-pA)a withp'(Ap) < 1.

Remark 3.1. (On the one-dimensional case.) When J = 1, Definition 3.1(ii) reduces to the
definition of the generic probability distribution with respect to the set A| C N with o« = 1.

Remark 3.2. (Positivity of a.) If p is generic for A in the direction o € A; with 0 € A; for
some j € [1, J], then we have «; > 0. Indeed, the probability distribution p’ from Definition
3.1(ii) is (p, A)-compatible and, thus, p(A;) = p’(A() «;, with p'(A) > 0; since p” also satisfies
(5), we deduce that p’(A;) > p'(0) > 0, which then gives «; > 0.

We now introduce a set of parameters that will allow us to describe all the compatible
probability distributions. We set

Jo={€ll,J]: supA; < o0}.
Definition 3.2. (The set of parameters Pa (p, A).) Let p be a probability distribution on N sat-
isfying (5). Let A = (A)je[1,47, With J € N*, be pairwise disjoint nonempty subsets of supp (p).
Forp=(61, ..., ﬂj)eRi, we set
Jg={ell,JI: g;>0} and Jp={0}UJj. (15)

The set Pa (p, A) C [0, +00] x R{r of parameters is defined as follows.

(i) Non degenerate case: the parameter (9, 8) € R x ]R{r belongs to Pa (p, A) if

Z Biga)=1, where fo=0"". (16)
JjeTgp
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(ii) Degenerate case: the parameter (8, 8), with 6 € {0, +o0} and B eRfr, belongs to

Pa(p, A) if
Z Bi=1, where Bo=p(1) l{1ea}» (17)
JjeTgp
and
if 9 =0 then 0 ¢ Ao, (18)
if & = +o0 then Ag C {0, 1} and Jg C Joo- (19)

For simplicity, we write J* and J for J, /;‘ and Jg. Note that J* might be empty in the
nondegenerate case, and that 7* is nonempty in the degenerate cases thanks to (5).

We now define the family of probability distributions indexed by the parameter (0, 8). In
the nondegenerate case the probability distribution puts weight on either all elements of A; or
none of them for each j € J; in the degenerate case the probability distribution puts weight
either on the minimal element of A; for some j€ J or on the maximal element of A; for
someje J.

Definition 3.3. (Probability distribution pg g.) Let p be a probability distribution on N satis-
tying (5). Let A = (Aj)jeq1.s7, With J € N*, be pairwise disjoint nonempty subsets of supp (p).

For (8, B) € Pa(p, A), we define the probability distribution pg g = (pg,p(n)),  as follows,
where the unspecified probabilities are set to 0.
(i) Non degenerate case: if 6 € R’ then we set
Po.p(n)=p;0"p(n) forje J andneA,. (20)
(i) Degenerate case at 0: if 6 =0 then we set
po,g(n)=p; forjeJ and n=minA,. 20
(iii)) Degenerate case at infinity: if 6 = 400 then we set
Doo,p(n)=p; forje J and n=maxA;. 22)

Conditions (16) and (17) ensure that pg g is indeed a probability distribution. In the
next remark, we consider some particular cases of the probability distributions pg g. For
convenience, for the BGW trees, we write

To.p = 7;30./3'

Recall that g4, =0 if Ag = . We consider the equation g4,(6) =6 on Ry which has at least
one root and at most two. It is elementary to check that

Omin =min{0 € Ry : g4,(0) =6} € [0, 1), (23)

and that the second root, if it exists, belongs to (1, +00). We deduce from (16) that, in the non-
degenerate case, if the parameter (6, 8) belongs to Pa (p, A) then 6 > Opiy. In the degenerate
case, Lemma 3.1 states that if (0, 8) belongs to Pa (p, A) then 6 > O;, = 0. Conversely, we
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indeed check that 6y, is the infimum of the values 6 for which there exists a 8 such that pg g
is a (p, A)-compatible probability distribution (this a consequence of Theorem 4.1, (37), (39),
and the comment thereafter).

Lemma 3.1. We have Onin = 0 if and only if 0 & Ao.

Remark 3.3. (On particular cases.) Recall 1 (respectively 0) denotes the vector of R’ with all
its coordinates equal to 1 (respectively 0).

(i) Case 6 =1 and B =1: we trivially have p(,1)=p, and thus, (1,1)ePa(p, A). In
particular, we get 7, =71 1.

(ii) Case 6 = 0: the support of pg g is equal to {1} U {minA;: j e [[1, J]} or to {minA4;: je
[1, J1} according to 1 belonging to Ag or not.

(iii) Case 6 = oo: the support of peo g is equal to {1} U {maxA;: j € Jx} or {maxA;: je
Jso} according to 1 belonging to Ag or not.

(iv) Case B =0:if (9, B) € Pa(p, A) then we have that 8 = 0 is equivalent to pg ¢(Ag) = 0. In
this case, we have 0 € (0, +00) (as (5), which implies that p(1) < 1, and (17) rule out the
case 6 € {0, +o0}) and that 6 is a root of g4,(0) =0 by (16). Thus, 6 can take the value
Omin (only if Oy > 0 and then 0 € Ag), and possibly another value, say 6y € (1, +00).
We also have that u(pg o) = ggo (0), so that py_. ¢ is subcritical and, if 9y exists, pg,,,0 is
supercritical. In conclusion, for pg ¢ not to be supercritical, we need 0 € Ap and € = Opyin.

In order to (partially) remove the particular case 8 = 0, we set

Pa™ (p, A)={(0, B) € Pa(p, A): B # 0}, (24)

Pa** (p, A) if 0 ¢ Ao,

Pa* (p, A) =
P A= bt (0, 4) U (O, 0 i0 € A,

(25)

Recall that we are interested in conditioning the BGW tree 7, on the event {L 4(7,) =n}
for some n € R/ and that, under some mild assumptions, we prove in Theorem 4.1 that Top
similarly conditioned has the same distribution. For this to be meaningful, we shall at least
check that the tree 7y, g conditioned to have a finite number of nodes in Aj is finite. The purpose
of the next lemma is indeed to check this condition provided that (8, 8) belongs to the set

Pa* (p, A).
Lemma 3.2. (Conditional finiteness of 7y g.) Let (6, B) € Pa(p, A). We have

P(Tg.5 & To, sup La;(Tp,p) < +00)=0 ifand only if (6, B) € Pa* (p, A).
jeJ*

Proof. 1f B # 0 then there exists j € [1, J] such that g; > 0. This gives that a.s. on the event
{To.p & To} we have Ls,(Tp,p) = +00 and, thus,

P(To.p & To, sup La,(Ts.) < +00) =0.
jeJ*
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If B =0, we deduce from Remark 3.3(iv) that if (0, 0) € Pa(p, A) then we have either
0 = Omin > 0, (0, 0) € Pa* (p, A), pg o is subcritical; or 6 > Opin, (0, 0) € Pa* (p, A) and py o
is supercritical. In the former case, we get P(7y ¢ € To) =0 and in the latter case,

P(7,0 € To, sup La;(Tp,0) < +00)=P(Tg,0 & To) > 0.

jeJ*

This gives the result. O
We now restrict our study to the case where pg g is nontrivial.

Definition 3.4. (Compatible parameter.) The parameter (0, B) is (p, .A)-compatible if (6, 8) €
Pa* (p, A) and the probability distribution py g satisfies condition (5).

We now characterize the (p, .A)-compatible parameters. For 7 C [0, J], we set

Az=]JA;

jeJ

Lemma 3.3. (Characterization of the compatible parameters.) The parameter (0, )€
Pa* (p, A) is (p, A)-compatible if and only if

(1) for 6 € (0, +00), we have 0 € A 7 and p(A 7 N {0, 1}°) > 0;
(ii) for @ =0, we have 0 € A 7+ and maxe 7+ min (4;) > 1;

(iii) for 6 =400, we have Aj, = {0} for some jo € J* and maxe 7+ max (A;) > 1 (and Ag C
{1} and J* C Jwo)-

Proof. By construction, we have supp (pg,g) C supp (p). Since p(0) > 0, there exists jo €
[0, /1 such that 0 € Aj,.

Let 6 € (0, +-00). The condition 0 € A 7 in Lemma 3.3(i) is equivalent to 8j, > 0 and, thus,
to pg,(0) > 0. The condition p (A7 N {0, 1}¢) > 0 is clearly equivalent to pg g({0, 1}) > 0.
Therefore, conditions in Lemma 3.3(i) are equivalent to pg g satisfying the nondegeneracy
condition (5).

Let 6 =0 (and, thus, O € Ag). The condition 0 € A7+ in Lemma 3.3(ii) is equivalent to
Bj, > 0 and to pg g(0) > 0, as min Aj, = 0. Since {min A4;: j € J*} Csupp (Pg,g) C {minA;: je
J*}U{1}, we deduce that max;e s+ min(A;) > 1 is equivalent to pg ({0, 1}°) > 0. Thus,
conditions in Lemma 3.3(ii) are equivalent to py g satisfying (5).

Let & = +o00. The conditions jo € J* and Aj, = {0} in Lemma 3.3(iii) are equivalent to
Do,5(0) > 0 (note that, by (17), pg,g(Ap) > 0 if and only if 1€ Ao, and then 0 € Ag implies
that pg g(0) = 0). Eventually the condition max;c 7+ max (4;) > 1 is also clearly equivalent to
Do.p ({0, 1}“) > 0. Thus, conditions in Lemma 3.3(iii) are equivalent to pg g satisfying (5). O

4. The (p, A)-compatible probability distributions

Recall that p is a probability distribution on N satisfying (5) and A = (A)je[1,s7, With
J € N*, are pairwise disjoint nonempty subsets of supp (p). This section is devoted to the
following exhaustive characterization result that identify all the (p, A)-compatible probability
distributions; taking into account the degenerate cases adds extra technicalities.
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Theorem 4.1. (Characterization of the compatible probability distributions.) Let p be a prob-
ability distribution on N satisfying (5). The probability distribution p' is (p, A)-compatible if
and only if p' = pg. g for some (p, A)-compatible parameter (0, p).

As being (p, A)-compatible implies, by definition, that p is nontrivial (that is, condition
(5) holds), we only consider the probability distributions pg g satisfying the conditions of
Lemma 3.3.

The end of this section is devoted to the proof of this result. We first prove that pg g are
(p, A)-compatible, provided condition (5) holds; see Lemma 4.1 for the nondegenerate cases
and Lemma 4.2 for the degenerate cases. Then we prove that all (p, A)-compatible probability
distributions are of the form py g, distinguishing according to 0 € Ag in Lemma 4.3 or 0 ¢ Ag
in Lemma 4.4, where the proof of the latter is more technical.

We set e? = 0 and, forje 1, J],

d=(,....d)eN withed =14

In particular, we have ZJJ: 1 ¢ =1. Note that P(7T, =t) > 0 implies that t e T and k,(t) €
Ajo,p forall u e t.

Lemma 4.1. Under the assumptions of Theorem 4.1, if the parameter (0, B) is (p, A)-
compatible with 6 € (0, +00) then the probability distribution pg g is (p, A)-compatible.

Proof. We suppose that the parameter (6, f) is (p, .A)-compatible (which implies that pg g
is nontrivial) and that 6 € (0, +-00). We prove that the probability distribution pg g is (p, A)-
compatible. Recall that 7 = {0} U {j e [1, J]: B; > 0}.

Note that IP’(LA(%,;;) = n) > 0 implies that n; =0 for all j € J*, where n=(ny, ..., ny).
Using the definition of py g, we obtain, for t € Ty such that P(7, =t) > 0 and Ly4,(t) =0 for
JgJ,

P(To.p =t =] [ Bo.pku(t)

uet

=[1 TI B¢ “ptkt)

JeJ uelayt)

=P(T,=t)0" ' ] ,3].LAJ'“)
e
~p(T, =00~ T] o).
jeT*

where we used (6) for the third equality, and ) e La; (t) =it as well as Bpf = 1 for the fourth
equality. As IP(7, =t) = 0 implies that P(7y g =t) = 0, we deduce that, for n € N/,

PLATop)=m= Y  P(Top=)+P(Top&To, La(To.p)=m)

teToy, Lo(t)=n

= > PTp=0

teTo, L a(t)=n

=P (La(T)=n) 07" [ 80)",
jeg*

where we used Lemma 3.2 for the second equality.
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So for every n € N/ such that ]P’(LA(’Te,ﬂ) = n) > (0, we have IF’(LA(7;,) = n) > 0, and for
every t € T such that L 4(t) =n, we get

P(To,p =t|La(To,p) =m) =P(T) =t | LA(T,) =m).

Hence, the probability distribution pg g is (p, .A)-compatible. O

Lemma 4.2. Under the assumptions of Theorem 4.1, if the parameter (0, B) is (p, A)-
compatible with 6 € {0, +00} then the probability distribution pe g is (p, A)-compatible.

Proof. We first consider the case § = +o0c. For simplicity, we write p’ = poo g and 7' =
T, 8- We suppose that the parameter (oo, 8) is (p, A)-compatible. As p’ is nontrivial, it follows
that 8 € Ri\{()} and, thus, J* # @. In particular, we have Ag C {1}, thanks to (19) and Lemma
3.3(iii). We prove that the probability distribution p’ is (p, A)-compatible.

Note that P(L 4(7") =n) > 0 implies that nj = 0 for all j ¢ J*, wheren = (n1, . .., ny), and,
by (6), that
Z nj(maxA; — 1) = —1. (26)
jeJ*

To simplify notation, recall that we write Ly for Ly for k € N. Fix such n € N’ and consider
the set To, ={te€ To: La(t)=mn and P(7’ =t) > 0}, which is clearly not empty. Using (6),
it follows that, for t € Ty ,, Zjej* ZkeAj Liy(t)(k — 1) = —1. We deduce from (26) that, for
k & Ag, we have Li(t) =n; if j € J* and k = max A;, and L;(t) = O otherwise.

Let te Ty ,. We distinguish two cases according to 1 belonging to Agp or not. First, we
consider the case 1 € A, that is, Ag = {1}, elementary computation gives

P(T' =t| La(Th=m=c"" p()"",
with, as J* # 0, c positive and finite given by
€= Z p(HH O L P(T' ¢ Ty, La(T)=n) = Z p(H)E®),
€Ty L 4(t)=n €Ty Lo(t)=n
Similarly, we have
P(T, =t| La(Tp) =n)=c" p(1)"1®.

This readily implies that p’ is (p, A)-compatible.
Secondly, we consider the case 1 € Ap, that is, Ag = . It follows that the set Ty, is finite.
Similarly to the first case, we show that, with ¢ = Card (T ,) > 1,

P(T' =t| La(T)=n)=P(T, =t| La(T,) =m)=c"".

This readily also implies that p’ is (p, A)-compatible.
Eventually, the & =0 case can be handled similarly using }_;c 7« nj(minA; —1)=—1
instead of (26). O

Lemma 4.3. Under the assumptions of Theorem 4.1, if the probability distribution p’ is (p, A)-
compatible and 0 € Ay then we have p' = pg g for some (p, A)-compatible parameter (6, B).

Proof. For k e N, let t; denote the tree with the root having k children, all of them being
leaves (that is, kg(ty) =k and ity =k + 1).
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We assume that 0 € Ag and p’ is (p, A)-compatible. For simplicity, we write 7 for 7,,. We
have p(0) > 0 and p’(0) > 0 since p and p’ satisfy (5). Let j € [0, J] be such that p'(4;) > 0.
There exists k; € A; such that p’(k;) > 0. We have

PLAT) =€) >P(T' =t;;) =p'(k;)p'(0)" > 0.

This also implies that P(L 4(7,) = ¢/) > 0 as supp (p') C supp (p). In particular, thanks to (14),
we have, for any k € A;,

P(T =t | LA(T) =€) =P(T, =tx | La(Ty) =¢).
This gives
p'(k)p' (0)F p(k)p(0)*

PLA(T)=¢) PLA(T)=¢)

that is,

p'(k) = Bi6*p(k) 27)
with @ = p(0)/p'(0) > 0 and Bj = P(L A(T") = ¢€)/P(L A(T,) =€) > 0. Note that § and f; do
not depend on k € A;. For j =0, we have p'(Ag) > 0 as p’(0) > 0. For k=0 € Ao, we deduce
from (27) that By = p’(0)/p(0) = 1/6. For j € [0, J] such that p’(Aj) =0, (27) also holds with
Bj =0. Note that when g =0, we have P(L4(7")=0)=1 and P(L4(7,)=0) <1, which
entails the fact that o =P(LA(T") = 0)/P(L4(T,) =0) > 1, or equivalently, 6 € (0, 1). This
proves that p’ = py_g, the latter being defined in (20) as 6 € (0, +00).

To conclude, note that condition (16) holds as p’ is a probability distribution and
Bo=1/6. O

Lemma 4.4. Under the assumptions of Theorem 4.1, if the probability distribution p’ is (p, A)-
compatible and 0 & Ao then we have p' = pg g for some (p, A)-compatible parameter (0, p).

The proof of this lemma is more technical and relies on the following result whose proof is
postponed to the end of this section. We introduce the sets

T ={iell,J]: p'4)) >0},
T ={jeJ*: Card (4)) > 2}.

Note that once Lemma 4.4 is proved, then [J* coincides with 7, E as defined in (15).

Lemma 4.5. Assume that 0 & Ay and let p’ be a (p, A)-compatible distribution. We have the
following properties.

1. The map £ — (p’(ﬁ)/p(ﬁ))l/(l_l) is constant over {£ € Ay: £ > 2}.

2. Assume that there exists £ € Ay such that £>2 and k', k €A; with j € J** such that
k' > k> 0. Then we have

PkY>0 < p'k)>0 and p'(¥)>0.
Furthermore, if these conditions hold then we also have, witha =€ — 1 and B =k’ —k,

p’(k))“ . (p(k))“ 5
OF = —= 0)F. 28
(p/(k/) rer=(10) o (28)
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3. Assume that there exist i,j € J**, £, k; € A; such that £ >k; >0 and p'(k;) > 0, and
kj, k € Aj such that kj > k>0 and p'(kj) > 0. Then we have p'(£) > 0 and p'(k) > 0 as
well as, witho =€ — k; and B =k; — k,

YD)\ ¢ / k; B
p’(k)“p/(@ﬁ:(%) (%) pk)*p(e)P. (29)
-] 1

Proof of Lemma 4.4. We assume that 0 ¢ Ay, that is, without loss of generality, 0 € A1, and
that p’ is (p, A)-compatible. Since p and p’ satisfy (5), we get p(0) > 0 and p’(0) > 0. So, we
can define 81 = p’(0)/p(0) > 0. By considering trees with vertices having zero or one child, we
get

1eAy = p'(1)=p(1). (30)

Recall the set J7* ={j € [1,J]: p'(Aj) > 0}. We set B; =0 for je[1,J]\ J* in accordance
with the definition of the pg g. Note that J* is nonempty as 1€ J*. For je J%, let k; be
an element of A; such that P (kj) > 0. For je J*\ J**, we have A; = {k;} and, whatever the
value of 6, which will be defined later on, we set 8; = 0= kip/ (kj)/p(ky) if 6 € (0, +00) and
Bj =p'(kj)/p(kj) otherwise; this is also in accordance with the definition of the py g. We now
have to consider the value of p’(¢) for £ € Aj and j € {0} U J**.

We first consider the case J** = . In particular, it follows that A| = {0}. Then we have
either that p’(Ag) = p’(Ag N {1}) or there exists kg € Ag such that kg > 2 and p’(kg) > 0. In the
former case, using (30) and By = p(1) 1{1e4,), the probability distribution can be written as a
Do,g with 8 = 0. In the latter case, using Lemma 4.5(i) and (30), we deduce that (20) holds
for all £ € Ag with a common 6 € (0, 4-00) (given by the constant value of the map in Lemma
4.5(i)) and Bo = 1/0; thus, the probability distribution p’ can be written as a pg g with 6 €
(0, +00).

We now assume that J** # (. From Lemma 4.5(iii), only the following three cases are
possible.

(C1) Forall j € J**, we have k; = min A;, p'(k;) > 0 and p'(4; \ {k;}) =0.
(C2) Forall j € J**, we have kj = max Aj, p'(k;) > 0 and p'(4; \ {k;j}) =0.
(C3) Forall j e J**, we have p/(k) > 0 for all k € A;.

We investigate each case separately. In (C1) we deduce from Lemma 4.5(ii) that p/(£) =0
for all £ € Ag with £ > 2. Thus, using (30), it follows that the probability distribution p’ can be
written as a pg, g with 6 =0.

In (C2) since p’(0) > 0, we deduce that A| = {0} and that if j belongs to J** (and, thus, to
J*) then sup A; is finite. Then we use Lemma 4.5(ii) to deduce that there is no element £ > 2
in Ay, that is, Ag C {1}. Thus, using (30), it follows that the probability distribution p’ can be
written as a pg g with 6 = +00.

In (C3), to fix ideas, let i = min J** and consider that k; = minA; and £ = min A; \ {k;}.
This uniquely determines B; and the 6 € (0, +00) solution of, for k" € {k;, £},

P (K= Bio* p(k). G1)

Then for k” € A; larger than ¢, we use Lemma 4.5(iii) and, in particular, (29), with j =i, k; = k"
and k = ¢ to deduce that p’(k”) can also be written as in (31). For j € J** with j # 1, set k=
min A; and define §; by

P (k) = Bio*p(h). (32)
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Then we use Lemma 4.5(iii) and, in particular, (29), with k; > k (and k; € A;), to deduce that
(32) holds for k replaced by k;. Then for £ > 2 in Ag, we use Lemma 4.5(ii) to obtain p'(£) =
6 =1 p(¢) (which is also consistent with (30)). We deduce that the probability distribution p’
can be written as a pg g with 6 € (0, 4-00). This concludes the proof. U

Proof of Lemma 4.5. Without loss of generality, we assume that 0 € Aj. In the following
description of trees we do not give the precise number of leaves, as it is determined through (7).
The argument is based on considering two well-chosen trees t and t’ such that L 4(t) = L 4(t).
Recall that we write Ly for Ly and k € N.

We prove part (i) of the lemma. Assume that there exist k, k' € Ag such that min (k, k') > 2.
Consider a tree t having only leaves and o = k' — 1 > 0 vertices of out-degree k (that is, L (t) =
a) and a tree t" having only leaves and B = k — 1 > 0 vertices of out-degree k’ (that is, Ly (t') =
B).Seta=1+ (K — 1)(k — 1) > 1. Thanks to (7), we get Ly(t) = Lo(t') = a, and thus,

Lit)=La(t)=n withn=aqae'.

Assume that p'(k) > 0. We have P(L 4(7,y) =n) > P(T,y =t) =p'(k)*p’(0)* > 0, and thus,
P(LA(T,) =n) > 0. We set

c= > 0.
P(LA(T,)=n)

Then, we apply (14) to the trees t and t’ to obtain
P/ p'(0)* = cp(k)® p(0)* and  p'(K)’ p'(0)* = cp(k)’ p(0)°.

This readily implies that p/(k’) is positive (as k' € Ay implies that p(k’) > 0) and that
(0’ (k) /p(k)/* =D = (' (k') /p(K')"/* =D This gives Lemma 4.5(i).

We now prove part (ii) of the lemma. Assume that there exist k' > k > 0, which are elements
of Aj withje J ** and £ > 2, which is an element of Ag. Note that j can possibly take the value 1
when 1 € 7** (that is, Card (A) > 2). Consider a tree t having only leavesand e =¢ — 1 >0
vertices of out-degree k' (that is, Ly/(t) = ) and a tree t’ having only leaves, 8 =k' —k >0
vertices of out-degree £ and, if k > 0, o vertices of out-degree k (that is, Ly(t') = 8 and, if
k>0, Li(t)=a).

We first assume that k > 1 (which is automatically satisfied if j > 2). Thanks to (7), we get
witha=1+a(k’ —1)=1+a(k— 1)+ B(£ — 1) that Ly(t) = Lo(t") = a, and thus,

Liat)=Lat)=n withn=ae' +ae'. (33)

Assume that p/(k") > 0. We have P(L4(Ty) =n) > P(Ty =t) =p'(k)*p'(0)* > 0, and thus,
P(LA(T,) =mn) > 0. We set

P(LA(Ty) =m)
c=—"—""—— >
P(LA(Tp) =m)
Then, we apply (14) to the trees t and t’ to get
P/ PO =cp®)* p(0)* and  p'(K)* p'(©)F p'(0)* = ep(k)® p(£)’ p(0)*.

This readily implies that p(k) and p’(£) are positive (as k € Aj and £ € Ag imply that p(k) and
p(L) are positive). Similarly, assuming that p’(k) and p’(£) are positive implies that p/(k) is
positive. Note also that (28) is obvious.
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We now consider the case k=0 and, thus, j=1 (as 0€A;). We have La, (t)=
L)+ Lyt)=14+ak' — ) +a=14+C— DK and Ly, (t)=Lo(t)=1+BL—-1)=1+
(¢ — DK, which implies that (33) still holds. We then conclude similarly as in the case k > 0.
This gives Lemma 4.5(ii).

Finally, we prove part (iii) of the lemma. Assume that there exist i, j € J**, k; > k > 0 that
are elements of Aj, £ > k; > 0 that are elements of A;, with p/(kj) > 0 and p/(k;) > 0. Note that
i and j can be possibly equal and can possibly take the value 1 when 1€ J**. Consider a
tree t having only leaves, @ = £ — k; > 0 vertices of out-degree k; and, if k; >0, B=k; — k>0
vertices of out-degree k; (that is, Lk_/.(t) =« and, if k; > 0, Ly, (t) = B) and a tree t’ having only
leaves, B vertices of out-degree £, and, if k > 0, o vertices of out-degree k (that is, Ly(t') = 8
and, if k > 0, Li(t') = ).

We assume that kK > 1 and k; > 1, and leave the cases k =0 (and, thus, j = 1) and/or k; =0
(and, thus, i = 1) to the reader as the proof can be handled very similarly; see also the end
of the proof of Lemma 4.5(ii). Thanks to (7), we get with a=1+a(kj— 1)+ Bk; — 1) =
1 +a(k— 1)+ B(€ — 1) that Ly(t) = Lo(t') = a, and thus,

Lat)=La(t)=n withn=ae' +ae + Be'.

We have ]P’(LA(’E,/) =n) > ]P’(7;7/ =t) :p’(kj)"‘ p’(k,-)‘6 p'(0)* > 0; thus, P(LA(T,)=mn)>0.
We set

P(LA(Ty) =)
C=——T—""2>
P(LA(T,)=n)

Then, we apply (14) to the trees t and t’ to get
Pk p' (ki) p'(0) = ep(kp)* p(ki)” p(0)*
and
P& p'OF p'0) = cpk)® p(e) p(0)“.
This readily implies that p’(k) and p/(¢) are positive (as k € A; and £ € A; imply that p(k) and
p(£) are positive). Equation (29) is then obvious. This gives Lemma 4.5(iii). O
5. Existence of a critical (p, .A)-compatible distribution

In Section 5.1 we first provide a new parametrization (pg o) of the (p, A)-compatible prob-
ability distributions (pg,g) adapted to the direction « that appears in Theorem 1.1; this entails
a discussion on the possible values of «. Then, in Section 5.2 we study the mean function
0 — oo = (po,«) for a given possible direction «; and we provide in Section 5.3 necessary
and sufficient conditions for the existence of (a unique) 6, such that py, o is critical, that is, p
is generic. Recall Ay is the simplex of R’.

5.1. Parametrization of the (p, .A)-compatible probability distributions using their
direction

We define the direction of a probability distribution p’ with respect to A.

Definition 5.1. (Direction of compatible probability distributions.) The direction o € A of a
(p, A)-compatible probability distribution p’ such that p’(Ag) < 1 is defined by

a=a'p(A) witha=1-p'(A9)>0. (34)
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Because by definition p’ is nontrivial, see (5), we see below that the set of possible
directions is

A} = AJ\AY, (35)
where the set of ineligible directions are given by
J
A3=U{a eAyia;=0if 0€Ajora;=1 if AgUA; C {0, 1}}.

j=1
We use a parametrization of the probability distribution pg g using the parameter 6 and its
direction & € AY. Recall that pg g(Ao) = 1 if and only if 8 = 0; see Remark 3.3(iv). Recall the
set of parameters Pa™* (p, A) defined in (24), where the 8 = 0 cases are removed, and the set of
(p, A)-compatible parameters given in Definition 3.4. The direction map D: (0, 8) — (0, «)

given by (34) is defined on the subset of Pa** (p, .A) of (p, A)-compatible parameters; and it is
clearly injective.

Definition 5.2. (Compatible ~ parameters.)  The  parameter (0,«a)=D(@, ) is
(p, A)-compatible if (0, B) is (p, A)-compatible (and 8 # 0).

We write pg o for pg g when (0, o) =D(0, B), and it satisfies (5) when (0, B) is (p, A)-
compatible. Note that, for @ € A%, the set

Tp={ell,Jl: i>0={ell,J]: o> 0}

is by definition nonempty; we also denote it by 7, or simply [7* when there is no ambiguity on
the parameter. For the convenience of the reader, we give explicit formulas for the probability
distributions py , using (34) and Lemma 3.3. To simplify the expression we set

g1 =1—=p(Dl{1eay) > 0. (36)
Lemma 5.1. (The probability distributions pg o.) Let @ € Aj and 6 € [0, +00] be such that the

parameter (6, a) is (p, A)-compatible. The nonzero terms of the probability distribution pg
are given as follows. (Recall that 0 € A7 and p (Aj N {0, I}C) >0.)

() If0 € (0, +00) then we have ga,(0) <0, ga;(0) < +oo for j€ J* and
Po.o(k) =01 p(k) for k € Ao,

0 — g4, (6)

Po.a(k) =a; 0 pk) forkeAjandje J*.
84,(0)

(ii) If0 =0 then we have 0 & Ay, maxje 7+ (Aj) > 1, pg.o (1) =p(1) if 1 € Ag and
Po.a(k)=0ajqr fork=minA;andje J*.

(iii) If @ =+4o0 then we have Ao C({l}, Ajy={0} for some joeJ*, JT*C Jx,
maxje 7+ max (4;) > 1, pg (1) = p(1) if 1 € Ag and

Po.ak)=ajq; fork=maxA;andje J".
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For o € A7, it follows that py o =p1,s With B; = p(A() o;/p(A;) satisfying (5), and thus,
that (1, @) is (p, A)-compatible. So A7 is indeed the set of all possible directions of (p, A)-
compatible probability distributions. We however complete this picture with the following
result.

Proposition 5.1. (Possible directions.) For every a € A%, there exists 6 € (0, 1) such that (0, o)
is (p, A)-compatible, that is, such that (8, B) is (p, A)-compatible for some B € Rfr with B #0
and a is the direction of pg g.

Proof. We recall the convention g4, =0 if Ag =#. Let us first prove that there exists 6 €
(0, 1) such that 6 > g4,(0). If 0 € Ag then g4,(0) = p(0) > 0 and g4,(1) < 1, so there exists fy €
(0, 1) such that 6y = ga,(6p), and then gﬁ,o(Go) < 1. This implies that 6 > g, () for 8 € (6, 1).
If 0 & Ap then g4,(0) =0 and g4, (1) < 1, so O is the only root of & = g4,(#) in [0, 1], and thus,
0 > ga,(0) for 6 € (0, 1).

Let us now fix 8 € (0, 1) such that 6 > g4, (0). We set, for all j € [1, J],

0 — 0
Bi=a 840(0) -
094, (0)
and By =6~ Since Zle aj =1, we have
> Bga @ =0""ga @)+ Y 070 —ga®)=1.
Jelo,J1 JelJl
Hence, condition (16) is satisfied. Moreover, we have
Po.p(AG) =1~ Po.p(A0)=0"" (0 — ga,(6)) > 0.
Finally, o € Aj (and, thus, o & Ag) insures that pg g satisfies Lemma 3.3(i), that is, pg g is
nontrivial. O
5.2. Properties of the mean of pyg
For o € Aj, we consider the following set:
Iy ={0 €0, +o0]: (0, «) is (p, A)-compatible} . 37
Note that 1 € I,. Note p 7 as the radius of convergence of > je7 8A; OF, equivalently,
pg =min py; € [1, +00]. (38)
jeJ
We define
Omin =1nfl, €[0,1) and Omax =suply €[1, p 7] 39)

On the one hand, note that Oy, is the only root of g4,(f) =6 in [0, 1), so this definition is
consistent with (23), and thus, 6, does not depend on «. On the other hand, we have that
Omax depends on the support of « as

Omax = max (p7+, sup{0 € [1, pa,): ga,(0) <0}) with o7+ = n }11 PA;- (40)
j
We also have that (Bmin, fmax) C I and that 6 — py , is continuous on /, for the norm of the

total variation. The next result is a direct consequence of Lemma 5.1 (the first point is also in
Lemma 3.1).
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Lemma 5.2. We have
(1) Omin =0 if and only if 0 € Ao,
(ii) Omin € Iy if and only if 0 & Ag and max;e 7+ min (4;) > 1,
(iii) if 0 € Ag then we have I, C (0, +00).
In order to consider finite means, we set, for o € A7,
I, ={0€ly: pga <+oo}, where pg o = 11(py.a) € [0, +00] 1)

is the mean of py o. Note that I, C I}; U {Omax}-

We are now interested in the existence of a critical probability distribution among the (p, .A)-
compatible probability distributions pg o with a given direction & € A%, that is, in the existence
of 0 € I, such that g o = 1.

For a € Aj and 6 > 0 such that Zjej* gAj(G) < +00, we set

Ho(0) =) ajhi(6), (42)
jeJ*
where for j € J*, hj(0) = min A; and, for 6 > 0,
084,®)  EX0X1(xeny]
ga;(0)  E[0X1ixeay]

where X is distributed according to p. For 6 € I, N R* , using Lemma 5.1(i), we have

hi(6) =

0 — ga,(9)
Ho.a = 8)y(0) + —— " H, (6). 43)
Recall g from (36). Using Lemma 5.1, if 0 € 1, we have
mow=>0—=q1)+q1 Y ajmin4 (44)
jeJg*
and if +o00 € I, we have
Hooa=(1—q)+q1 »_ ajmaxA;. (45)
jeJ*

We now recall some elementary properties of the function 4;; see also [16, Lemma 3.1] for a
part of the proof. Note that if A; is a singleton, say {k;}, then the function £; is constant and equal
to kj. Recall that PA; is the radius of convergence of 8A; and that lim,_, Pa; 8A; (x)= gAj(ij),
with the limit being possibly infinite.

Lemma 5.3. Ler j € [[1,J] with Card(Aj)>2. The function h; defined on [0, pa;) is c!
and increasing, with h]’ >0 on (0, pa). If pa;=—+00 or if ga;(pa;) =—+00, then we have
lim9_>pA]_ hj(@) =Ssup Aj.

As an immediate application, we get the following result (we only need to take care of
the 6 =0 case, where H,(0) = Zjej* ajminA;, and of the 6 = 400 case, where H,(00) =
Zjej* aj sup A; if minje 7+ pj = +00).

Corollary 5.1. (Regularity of wg o.) The map 6 — g o is continuous on 1, finite on Ig, and
C"' on (Omin, Omax) and also on [0, Omay) if 0 € L.
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5.3. Generic distributions

Note that 1 € I,; however, we do not assume a priori that 1 € I(g as p1,o might have infinite
mean. Recall that p 7 = minje 7 pa;; see (38).

In the next lemmas we give preliminary results on the existence of 6 € I, for pg o to be
subcritical/supercritical according to 0 belonging to Ag or not.

Lemma 5.4. Assume that 0 € Ag and let o € A}

(1) There exists 6 € I, such that pg o < 1.
(ii) If pg = 400 then there exists 0 € 1y such that pg.o > 1.

Proof. As 0 € A, it follows that, using Lemma 5.2, I, N[0, 1] = (Bmin, 1]. By continuity,
we deduce from (43) that

Jim i, = 84 (Omin) < 1.

This gives Lemma 5.4(1).
We now prove part (ii) of the lemma. On the one hand, if there exists k € Ag such that k > 2,
then the function g4, is strictly convex and limg_, o g4,(0)/6 = +00 as pa, > pg7 = +00. We

deduce that g4,(0max) = Omax and, as Omax > 1, that gj% (fmax) > 1. By continuity, we deduce
from (43) that

. o
6%‘19{,111“ MO,a = gA(,(Qmax) > 1.

On the other hand, if Ag C {0, 1} then it follows that g4,(6) = p(0) + (1 — g1)6. Thus, there is
no root of g4,(6) =6 on (1, +00), but we have
0 — 0
lim 8400 _
06— 00 %
Then, we use Lemma 5.3 and (43) to deduce that

li —(1 — ) . _ —
Jim g =10 =q)+aq Yo aisupAi>(l—g+q ) o=1,
jeJ* jeJg*

q1 > 0.

where, for the inequality, we used the fact that sup;c 7+ supA; > 1 as pg o is nontrivial and
sup Ag < 1. This gives Lemma 5.4(ii). O

Recall that Joo = {j € [1, J]: supA; < o0}.

Lemma 5.5. Assume that 0 ¢ Ay and let a € A}

(1) There exists 6 € 1, such that pg o <1 if and only if

Z ajminA; < 1. (46)
jeT*
(i1) If pg = 400 then we have g o < 1 for all 6 € I, if and only if

AgC(l}, J*CJw. and > ajmaxAj<l. (47)
jeJx
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Proof. We prove part (i) of the lemma. We first assume that Zje g+ ejminA; < 1. By
assumption, 0 € Ap and 0 €A 7+ as 1 €I, and pj , satisfies (5). According to Lemma 5.2,
we have Opin = 0.

If 0 € I, we deduce from (44) that oo =1 —q1 + g1 Zjej* ajminA; < 1.

If O & Iy, that is, max;c 7+ min (4;) < 1, it follows that Zjej* ajminA; < 1 as0 € A 7+, that
is, min A; = 0 for some j € J* and a; > 0. We then deduce from (43), using the fact that g
defined in (36) is positive, that

lei%lw’“ =(1—-q1)+aq Zj ajminA; < 1.
JjeT*

So by Corollary 5.1, there exists 6 € (0, 1] such that pg o < 1.

In conclusion, condition (46) implies that o <1 for some 6 € I.

Let us now assume that Zjej* ajminA;j > 1 (and, thus, 0 € I, by Lemma 5.2). Using (43)
and the fact that the A; functions are nondecreasing (see Lemma 5.3 and the fact that A; is

constant and equal to k; when A; is reduced to the singleton {k;}), it follows that, for 6 €

I, N (0, +00),
0 — ga,(0) .
Moo = 81/40(9) + —ge 2 Z o min A;
jeg*
0 — ga,(0)
> g, () + — ge 0

=14 E[X — DO "ixeag],

where X has distribution p. Since 0 € Ag, we deduce that E[(X — X1 l{xeap}] is nonnegative
and, thus, g o > 1. Thanks to (44), we also have pg > 1, and thus, pg o > 1 for all 0 € I,
(note that, for 6 =400, if it belongs to I, thanks to (45) we get (oo« > M0, > 1). This
completes the proof of Lemma 5.5(i).

We now prove part (ii) of the lemma. If Ay C {1}, we get Onin = 0 by Lemma 5.2 and 031 =
+00 as ga4,(0) = (1 — q1)0 < 0 and p7 = +o00; see (40). This gives us that (0, +00) C I, and
we have

oo =1—q1+qiHy(0) fortheta € I,. (48)

So, if (47) holds, we have thanks to Lemma 5.3 that pg o, < 1 for 6 € (0, +00) C I,. We
also get (o, < 1, respectively too,o < 1, Whenever 0 € I, respectively +o00 € I,,. This gives
us that g o < 1 forall 6 €1y,.

Let us assume that Ay C {1} and sup A; = 400 for some j e J* (that is, J* ¢ Jx). Since
pg =400, Lemma 5.3 gives us that limgy_, o 1g,o = +00.

We now assume that Ag C {1}, J* C J~o, and Zjej* o;ymax A; > 1. Let jo € J* such that
0 € Aj,. If Aj, = {0}, it follows that Onax = +00 belongs to I, and (48) implies that pooq > 1.
If Card (Aj,) > 2 then it follows that minjc 7+ max A; > 1 and max;e 7+ maxA; > 1 (as pg o
satisfies (5)), and thus, Zjej* ajmax A; > 1. Using (48), it follows that limg_ o0 1, > 1. In
both cases, there exists 6 € I, such that ug o > 1.

We now assume that Ag ¢ {1}. Then the function g4, is increasing and strictly convex. As
pg =00, we deduce from (40) that Oyax € (1, +00) is the maximal root of g4,(6) =6, and
thus, gAO(HmaX) > 1. Then, it follows from (43) that limg4g,,, 1o, = gl’% (Bmax) > 1.

In conclusion, if (47) does not hold then there exists 6 € I, such that pg o > 1. U
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Recall that 7** = {j € J*: Card (4;) > 2}. We now consider the following condition:
AgN{1}#£0 or JT*™ £0. (49)

Proposition 5.2. (Monotonicity of 6 > g o.) Let o € A,

(i) Assume that (49) does not hold. Then I, = Igl = [0, +oc] and the map 0 — pg o (as well
as the map 0 — g o) is constant.

(i1) Assume that (49) holds. Then dgjig.o > 0 on the interval {6 € Ig D oo < 1}. If this set is
not empty then its minimum is Onin. Furthermore, there exists at most one element 6 € I,
such that (g o = 1.

Remark 5.1. (19, independent of 6.) Recall that g1 =1 — p(1)1{1eay)-

(a) If (49) holds and the map 6 +— g « is constant, then pg o > 1.

(b) If (49) does not hold, that is, Ag C {1} and A; is a singleton, say {k;} for all je J*
(with one of the k; equal 0 and another larger than 1 in order for py o to be nontrivial),
then Iy, = [0, +o00] and e o =(1 —q1) +q1 Zjej* aj kj € (0, +00). Thus, we recover
Proposition 5.2(i).

(c) Consider the example: Ag = (1, k} with k>2, @ € A} and A; = {k;} for je J* (and,

thus, J** = @) such that k = Zje T ajk;. Note that H,, is constant and equal to k and
that the mean g o is constant as

16,0 =p(1) + k0 p(k) + (1 — p(1) — 6 p(k)H(0) = 1 + (1 — p(1))(k — 1).
Thus, part (a) of this remark is not void.

Remark 5.2. (Is g, monotone in 67) Consider the probability p defined by p(2) = % and
p0)=p@) = }‘; J=1 (and, thus, « = 1) and A = {0, 4} (and, thus, Ag = {2}). It follows that
I1 = (0, 2) as, by Lemma 5.2(ii), Omin = 0 & I1 and Omax = 2 by (40). It is elementary to check
that limg_.0+ pe,1 =0, g1 =1 for 8 ~0.36 and that dgug,1 <O if and only if 6 € [6p, 01]
with 6p >~ 1.24 and 6 >~ 1.92. This provides an example where the function 6 — g  is not
monotone.

Proof of Proposition 5.2. Let 0 € I}; NR?. Let Xy be a random variable with distribution

Po.«- We have
P(Xg € A))=6""ga,(0) and g}y (6) =E[Xp11x,ea,)]-
We set
f©)= w =P Xy ¢ Ao),
so that 19,4 = gy (6) +£(0)Ha(0). We get
3o 16,0 = 84y (0) +[(O)H (6) +f'(0)He (6). (50)

(This expression can possibly be equal to 400 if 6 =6nax.) We have Hy(0) € (0, +00] as
6 > 0. We have H,(0) =0 if J** =@ and, by Lemma 5.3, H,(0) € (0, +00] otherwise. We
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also have ggo @)=0if Ag C {0, 1} and gXO (0) € (0, +o00] otherwise. Finally, we have f(8) > 0

and )
f’(9)=w=9*w[(l — Xo)l(xyeap]s (51
which is finite as 6 € Ig. Note that ;g ¢ = E[Xp], which is finite, and thus,
01 0)=TE [(Xo — D1x,¢ap)] + (1 — 116.0)- (52)

Case 0 € Ap: we first assume that 0 € Ay, and thus, I, CR% and Oy & Iy; see Lemma 5.2.
We consider 6 € Ig such that ug o < 1. We deduce from (52) that f'(0) =0 if J* is reduced
to a singleton, say {jo}, with A;; = {1} and ug o =1, and that f/(9) > 0 otherwise (as 0 € Ag).
Note that it is not possible to have Ag C {0, 1}, Aj, = {1} and J* = {jo} together as pg o is
nontrivial, so at least gxo(é) € (0, +oo] or E[(Xg — 1)1(x,¢a0}] > 0. The latter implies that
F1(0)>0 as ppq < 1. Since f(8) >0 and Hy(9) > 0, we deduce from (50) that dgug e >0
on {0 61};: Moo <1}.

Case 0 & Ag: we now assume that O ¢ Ag. This implies that Oni, = 0. The function f has
a continuous extension at 0 given by f(0) = g1 > 0; see (36). We distinguish according to Ag
being empty or reduced to {1} and Ag N {1} # .

Subcase Ay C {1}: we consider the subcase Ag C {1}. The function f is constant and equal
to g1, and pp o =1 —q1 + q1Hy(0). If T** = and, thus, (49) does not hold, then we have
Po.a(kj) = g1 for A; = {k;} and j € J*. Thus, Proposition 5.2(i) is obvious.

If J** #@ then we deduce from Lemma 5.3 that the functions H, and 0 > pg o are
increasing on I};.

Subcase 0 & Ag and Ay N {1}€ # @: we get, in particular, that O,x < +00. We introduce an
auxiliary parameterized function defined on Ig for y > 0 by

my (0) = g4, (0) +y f(0). (533)

Note that m,, (0) = (1 — gq1) + g1y > 0. On the one hand, direct computation yields

my(0)=my, )+ Y (k—y)0"'p(k). (54)
keAgn{1}c

We deduce that if y < min (Ap N {1}“) and, in particular, if y < 2, then m;, >0 on Ig. (Note
that m;, is finite on Ig except possibly at f,x in the case where it belongs to Ig.) On the other
hand, if there exists 6, € Igl such that m, (6;) < 1, we deduce that y <1 if 6, =0 and, from

(53), that
1—g, (6y) 60y — 0.8, (6y)
y< M T T MY g, =,
f6:) Oy — 8Ap (04)
In conclusion,
there exists 6, € I}, such that m, (6,) <1 = m/, > 0. (55)

Now, we go back to the function 6 — (g . Assume that there exists 6, Ié such that
Mo, o < 1. We set py = g, o, V&« = Hy(05), and my = m,, . By construction, we have m,(6x) =
1« <1 and, as H, is nondecreasing, for 6 € I(g,

(0 = 0:) (1o, —mx(0)) = (0 — 0:)(Ho(0) — Ho (6:))f (0) = 0.
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This implies that dp—p, Uo.« > M, (6x), and thus, is positive thanks to (55). We find that
d9/o.« > 0on {6 elg: Moo <1}.

In conclusion, if Ag C {1} and J** =0 then 0 + g, is constant; if Ao N {1} #P or
J** £, we have dgug,o >0 on {0 € I};: Mo« <1}, this set is either empty or equal to Ig(
or of the form Ig N[0, 6], and it contains at most one element 6 such that g o = 1. O

Recall that p 7 is the radius of convergence of the function Zje 7 84; and Iy is an inter-
val of [0, 4+-o0] defined in (37). We have the following theorem on the characterization of the
probability distribution p to be generic in the sense of Definition 3.1(ii). Recall that assum-
ing Condition (49) is not very restrictive as otherwise the map 6 — pg o 1S constant; see
Proposition 5.2.

Theorem 5.1 (Generic distribution.) Let p be a probability distribution on N satisfying (5). Let
A= (A))jeq1,47, with J € N*, be pairwise disjoint nonempty subsets of supp (p). Let o € A7 and
assume that (49) holds. The distribution p is not generic for A in the direction « if and only if
one of the following conditions holds:

() pg <00, g, (p7) =1, 87(p7) <00, and
I =gy (pg)

; (56)
pT — 84y(0T)

Hy(pg) < pg

(i1) 0 € Ag and Zje]* ojminA; > 1;
(iil) Ap C {1}, py =00 and Zje]* ajsupA; < 1.

Remark 5.3. (Direction and generic distribution.) A probability distribution might not be
generic in all the directions; and it may happen that it is generic only in one direction.

(a) Suppose that supp (p) = [0, 3] and A = ({0}, {2, 3}), and thus, Ag = {1}. Consider the
direction o = (a1, ).

e The distribution p is generic for A in the direction « if and only if a € [%, %].

o Ifay € (%, 1) then Theorem 5.1(ii) holds since 0 ¢ Ag and ijzl ajmin (Aj) = 2ap > 1;
and in this case all the pg o are subcritical.

o Ifar €(0, %) then Theorem 5.1(iii) holds since Ag C {1} and 2/2:1 ajsup (Aj) =3az <
1; and in this case all the pg o are supercritical. '

(b) Suppose that supp (p) = {0, 2} and A = ({0}, {2}). Note that (49) does not hold. In
this example any probability distribution p’ such that supp (p") = supp (p) is (p, A)-
compatible. The direction of p’ is given by (p'(0), p'(2)). We recover that, for all
directions in A3, there exists a (p, .A)-compatible probability distribution. However, the
probability distribution p is generic for .4 only in the direction (%, %).

Proof. We simply write M, and m, for the supremum and infimum of {ug«: 6 €1},
respectively. Let — be the usual logical negation.
We first prove that
pg<+oo and —(i) = My, >1. 57)
If p.7 < oo and ggo(pj) > 1, then we have Ap N {0, 1}¢ # @, the function g4, is strictly convex.
So there exists 6* € (Omin, p7) such that g4,(60*) < 6* and ggo(e*) = 1. Note that 6* € I, and
use (43) to deduce that pg+ o > 1.
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If p7 < o0, ggo(,oj) <1, and g 7(py) = 00, then we have p7 > 1 and p 7 & I, (by Lemma
5.1(1)). Since ggo(,oj) <1, we deduce that g4,(0.7) < p.7, and thus, Omax = p 7 by (40). Since
g7(pg) =00, we deduce there exists j € J* such that pA; = P7> 8a;(pg) =00 as well as
sup Aj = +o0. This implies by Lemma 5.3 that H,(po7) = +00 and, hence, by continuity that
limg4g,,,, H6,a = +00.

If py <00, 8y, (07) < 1. 87(pg) <00, and

1—g,,(07)

_— (58)
PT — 8A0(PT)

Ho(pg7) = p7

then we have gs,(p7) < p7, and thus, Omax = p7 belongs to I,. Using (43) and (58), we
deduce that g, .« > 1.

This proves that (57) holds.

We now consider the 0 € Ay case. Thanks to Lemma 5.4(i), we have m, < 1. So p is generic
in the direction « if and only if M, > 1. If Theorem 5.1(i) holds then Omax = p 7 belongs to I,
and by (43) and (56) it follows that g, « < 1, which by Proposition 5.2 implies that M, < 1;
thus, p is not generic in the direction «. Now assume that Theorem 5.1(i) does not hold. If
pg < —+oo then we use (57) to deduce that M, > 1 and that p is generic in the direction o. If
pg =400 then we use Lemma 5.4(ii) to show that M, > 1, and thus, p is also generic in the
direction «. This proves the theorem in the 0 € Ag case.

We now consider the 0 ¢ Ag case. If Theorem 5.1(ii) holds, we deduce from Lemma 5.5(i)
that my > 1, and thus, p is not generic in the direction «.

We now assume that ZJ-E T min A; < 1. Thanks to Lemma 5.5(i), it follows that my < 1.
So p is generic in the direction « if and only if M, > 1. If p 7 = oo, we deduce from Lemma
5.5(ii) that Ag C {1} and Zjej* ajsup A;j < 1 are equivalent to M, < 1, that is, p is not generic
in the direction «. We eventually assume that p 7 < oo. If Theorem 5.1(i) holds then Omax = o7
belongs to Iy, (e, <1, and My, <1 by Proposition 5.2, and thus, p is not generic in the
direction «. If Theorem 5.1(i) does not hold then we use (57) to deduce that M, > 1 and that p
is generic in the direction w. O

6. Local limit of large Galton—Watson trees

We give the main theorem, see Theorem 6.1, on the local limit of conditioned BGW trees in
the next section. Its proof relies on a transformation of BGW trees from Rizzolo (see Section
6.2) and a direct application of local limit theorems for multi-type BGW trees from [7] (see
Section 6.3).

6.1. Main result

Let p be a probability distribution on N satisfying (5), and let A = (A;);[1,/7, With J € N¥,
be pairwise disjoint nonempty subsets of supp (p). Let & € A7 be a possible direction; see (35).
We assume that the distribution p is generic for 4 in the direction « (recall Theorem 5.1).
Thus, there exists a (unique) 6,, € I, such that

Do’ =DPo,.« 18 critical. 59)

Recall that 7; denotes a BGW tree with offspring distribution ¢ and ’7;* the corresponding
Kesten’s tree when j1(g) < 1. Recall that |n| is the L'-norm of n € N,
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Lemma 6.1. If p is generic for A in the direction o € A then there exists a sequence M™),en
in N’ such that

P(LA(Tp) =n") > 0, (60)
™
lim |n"| = oo, im —— =a, (61)
m—00 m—00 |n(m)|
and for allm €N, j € [1, J], withn® =@\, ..., aJ"),

Proof. Since p is generic for A in the direction o € A%, there exists a critical (p, A)-
compatible distribution p, with direction . Thus, by Definition 3.1 of the (p, .A)-compatible
probability distribution, it is enough to find a sequence m™),,en such that (60)—(62) hold,
with 7, replaced by 7,,.

Let 7;,(,:’ ) be distributed as 7Tp, conditioned to have n vertices. Note that, for all finite M > 0,
there exists n > M such that the probability of 7,, having n vertices is positive. Recall that
Li(t) denotes the number of vertices in t with out-degree k. According to [16, Theorem 7.11],
along the sequence {n € N: P(§7,, = n) > 0}, the following convergences hold in probability
for all k € N:

_ P
n LT —— pa(k).
n—oo
Since (n_lLk(7l'n(;Z )))keN is a random probability distribution on N, we also get

_ P
max [~ Lay(Ty") = pa(4))] —— 0. (63)
jeJ o n—00

In particular, for m € N* large enough, we deduce that there exists a tree t"! such that
gt > m; P(Tp, =) > 0; and, with n = ("™, ..., n{") =L@, n™ =0 if @; =0
and, for all j € J%,

(m)

B pa(A))

_ < !
N 1 — pa(Ao)

T m

Recall also that P(7,, =t) > 0 implies that P(7, =t) > 0. This and the fact that « is the
direction of py, that is, py(4;)/(1 — pa(Ao)) = aj, completes the proof. O

Recall that
J*={ell,J]:¢j>0} and J={0}UJ".
ForACN,wewriteA—1={a—1:acAlandA—A={a—b: a, be A}. We define
T =|_J A, where Ajj=Aq — 1 and A} =A; — A, for j € T*. (64)
jeJ
Definition 6.1 (Aperiodicity.) Let p be generic for A in the direction & € A%. The probability

distribution p is aperiodic for A in the direction « if 6, € (0, +00) and the smallest subgroup
of Z that contains Ty, is Z.
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Remark 6.1 (On aperiodicity.)

(a) If0 € Ag then —1 € A/, and thus, the distribution p is aperiodic for A in the direction .
(b) If p is aperiodic for A in the direction « then (49) holds.

(c) Looking carefully at the proof of Lemma 6.3(iii), it would be more natural to consider
I}, defined as [y in (64) but with A; replaced by A; N supp (pg). For 6, € (0, +00),
this yields no modification as I" (/1 =T',. However, for 6, € {0, oo} (which is ruled out
in Definition 6.1), the set I',, is reduced to {0} (as Aj N supp (pa) is either a singleton of
empty). So, with the more natural definition that p is aperiodic for A in the direction «
if the smallest subgroup of Z that contains I'}, is Z, then we still have 6, € (0, 00).

We now state the main result. Note that we do not assume that p has a finite mean.

Theorem 6.1. (Local limit of conditioned BGW tree.) Let p be a probability distribution on N
satisfying (5). Let A= (A))jer1,47, with J € N*, be a family of pairwise disjoint nonempty sub-
sets of supp (p) and consider the direction a € A. We assume that p is generic and aperiodic
for A in the direction a (and, thus, 0, € (0, +00)). If(n(m))meN is a sequence in N/ satisfying
(60)—(62) then we have

st (Ty | LaTy) =0™) > dist (7).

We refer to Remark 1.1 and the details of its proof given in Section 6.5 for the usefulness
(m)

of condition (62), thatis, oj =0 = n; = 0 for the sequence (n™),,cx.

Remark 6.2. (Conditioning on the total population size and the number of leaves.) Note that
conditioning on the total population size and the number of leaves, or equivalently, on the
number of internal nodes and the number of leaves, corresponds to A; = N* N supp (p) and
Ay ={0}. Note that Remark 6.1(b) that the case A; reduced to a singleton is excluded from
Theorem 6.1, but then it is equivalent to conditioning on the number of leaves, as considered in
[4].) Provided the assumptions on genericity and aperiodicity are satisfied, this case is included
in Theorem 6.1 whereas it is excluded a priori in [7, Corollary 3.5].

Remark 6.3. (On the case J** =@ and Ao =¥ or Ag = {1}.) Let jo € J* be such that A;) =
{0}. Note that o, € (0, 1). Since J** =@ and Ay C {1}, the aperiodic hypothesis is not satisfied.
However, condition (7) implies no choice on Ly, so that we can, without loss of generality,
replace Ag by Aj =AU {0} and remove jy from J*, as well as « by &’ € R{r_l with a]f =
a;/(1 — ajy) for je[1, J1\ {jo}. Then the conditioning is the same and the distribution p is
aperiodic for A" = (A))je[1,47\(jo) in the direction o’

Using this trick, we see that the local convergence of Theorem 6.1 holds in this case, even
though p is not aperiodic.

The next two sections are devoted to the proof of the theorem. In Section 6.2, for a tree t
such that £ 4(t) # ¥, we describe a map from £ 4(t) onto a multi-type tree, which is a direct
extension of [27]. Then, in Section 6.3 we use [7] on the local limit of multi-type BGW trees
to conclude.

From now on the direction & € A} is fixed and py, given by (59), is the unique critical prob-
ability distribution (p, .A)-compatible with the direction «. In particular, we have p(py) = 1.
By construction, we have py(4;) = 0 if oj = 0 for j € [1, J]. Since only the indices j such that
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S

FIGURE 1. A tree t on the left with Ay = {2}, A = {1, 3}, A = {0} and the tree tA after the map on the
right. We represent type 0 with o, type 1 with ¢, and type 2 with e.

«j is positive are pertinent, for a sequence X = (x;)e[1,47, We consider the subsequence
X' = () (65)
where we recall that 7* = {j € [1, J]: oj > 0}. For example, we write L 4x(t) = (LAj(t))jej*.

6.2. Extension of Rizzolo’s transformation

In the following, we use the framework for multi-type trees from [7, Section 2]. For a tree
t such that £ 4(t) # @, we describe a map from £ 4(t) onto a multi-type tree, which is a direct
extension of [27].

The vertex u € t is said to have type j € J, which we denote by et(u) =, if k,(t) € A; so
that (t, e¢) can be treated as a J-type tree. Note that tll = {u e t: e¢(u) = i}. In order to remove
the O-type vertices, following [27], we build a bijection ¢ (depending on (t, e¢)) from t\t!!
to a tree t* with a J *-type ec4, which preserves the types, that is, e.a(d(u)) = et(u) € J*.
Furthermore, if t° is empty (which is automatically the case if Ag = #) then we have t =t
and ¢ is the identity map (and, thus, ey = eg4).

Let (t, e¢) be a J-type tree such that ﬁ(t\t[m) =n > 1. Following [4], we define recursively
a sequence of growing J*-type trees (t;, eg, )re1,n) and identify the last one as (tA, egA).
The map ¢ is a by-product of this construction. Denote < the lexicographic order on I/. Let
U] < - - - < uy, be the ordered list of vertices of t\t[O]. Then, we define recursively:

o ¢(uy) =4, t1 = {/}, and e, (V) = ex(u1);

o for 1 <k <n,let M(ug—_1, ux) € {uy, ..., ux—1} be the most recent common ancestor of
ur—1 and uy and s the fringe subtree of t above M (ux—1, ur); see (8).

Note that v =min{u € s: et(u) # 0} (for the lexicographic order). Then we set ¢(u) as the
concatenation of ¢(v) and (kg()(tx—1) + 1) and consider the tree

te =t U{pGup)},

and the type map ey, coincide with e, ; on t;_; and ey, (¢(ur)) = et(ux). (This ensures that ¢
preserves indeed the types.)

It is obvious that (ti, eg )kef1,n) 1S a sequence of (increasing) multi-type trees. Let
(tA, eia) = (t,, er,) and we view ¢ as a bijection from t\t! to t, which preserves the types.
See Figure 1 for an example of t and t* and their types.

Note that Ly, (t) = Card {u € tA: eqa(u) =j} is the total population size of type j (which is
equal to 0 if j & 7). For the J*-type tree (tA, ei4), we denote by #tA the vector of the total
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population size of each type in J* of t:
st =L 4+ (t) e NI, (66)

Let 7, be a BGW tree with critical offspring distribution p,. Let 7y 4 be distributed as 7y
conditioned to have at least one vertex with out-degree in Af, that is, on {L 4(7y) # 0}, and,

with a slight abuse of notation, we set (7:;4, 67;,4) as the J*-type tree associated with 7y
by the previous construction. The proof of the next result, which is left to the reader, is an
adaptation of the proof of [27, Theorem 6].

Lemma 6.2. The random tree (’7;“4, eTA) is a multi-type BGW tree with types in J*.

The root of 7;"4 is of type e7-(¥) = j with probability «; for j € J * Let pA® = (p]f‘l’“‘)je T
be the offspring distribution of the 7 *-type BGW tree (TaA, 67;,4), where pJA‘a, a probability
distribution on N7 is the offspring distribution of an individual of type j. To describe p/A’a,

we introduce several intermediate random variables.

(A1) Let X be a random variable on N distributed according to py.
(A2) Let X’ be distributed as X conditionally on {X € A;}.

(A3) Let (X,Q)ieN be independent random variables distributed as X — 1 conditionally on {X €
Ap}.

(A4) Let N be a geometric random variable with parameter pg(Ag).

We assume that the random variables X/, (X?),-GN, and N are independent. We adopt the
convention inf J = +00. [resumes]

(AS) SetT=inflneN*: Y7 X0=—1}.
(A6) SetY;= X + vaz _11 XlQ on the event {N < T} and Y; = O otherwise.

(A7) Conditionally on the above random variables, let Z; be a binomial random variable with
parameters (Y}, r), where

r=PWN<T)e(,1]. ©7)

(A8) Conditionally on the above random variables, let XjA = (XjA(i))iE 7+ be a multinomial
random variable with parameter (Z;, o*).

Then, the probability distribution ij’a is defined as the law of XjA conditionally on {N < T}.

Recall that pA"" is said to be aperiodic, if the smallest subgroup of 77" that contains

Ujeg+ (supp (p]A’a) — supp (ij’a)) is ZJ". The mean matrix M = (mje)j eeg+ of pAe s
defined by

mj =E[X(0) | N < T1. (68)

The offspring distribution pA is critical if the spectral radius of the mean matrix M is one.
We have the following properties. Recall that 6, is the unique 6 € [0, +00] such that py 4 is
critical.
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Lemma 6.3. (Properties of the offspring distribution pA’“ .) Let p be a probability distribution
on N satisfying (5), such that it is generic for A in the direction a € A.

(1) The offspring distribution pA"" is critical and o™ is the left eigenvector of the mean

matrix associated with the eigenvalue 1.

(ii) We have my > 0 forall j, £ € J* andj # jo, where jo € J is defined by 0 € A;,. Ifjo € J*
then we have mjy =0 for all £ € J* either if Aj, = {0} and Ay C {1} or if 6, =0, and
that mjy > 0 for all £ € J* otherwise.

(iii) The offspring distribution pA"" is aperiodic if and only if p is aperiodic for A in the
direction o (and, thus, 0y ¢ {0, +00}).

Proof. We prove part (i) of the lemma on the criticality of pAe. By construction and (68),
the entries of the mean matrix M are given by, for j, £ € J*,

mje =EIXA(O) |N < T)=E[Z | N < T) oy = E[Y oty

In particular, the mean matrix has rank one and «* is the left eigenvector associated with the
nonzero eigenvalue, say p. Since the mean matrix has nonnegative entries and a* has positive
entries, we also find that p is the Perron-Frobenius eigenvalue and, thus, the spectral radius of
M. Since M has rank one, we also find that p is the trace of M:

p=Y ElYjle.
jeT*

We now compute r[E[Y;] using (67):

N—1 N—1 N—1
E[Y;]=E [(Xj +> X?) 1{N§T}] =rEX]1+E [Z X?} —E [Z X?I{NzT}:| .
i=1

i=1 i=1

Using the strong Markov property of (X?),-EN* at the stopping time 7 and its definition (see
(AS)), we get

Nl N—1
E[Y}]=rE[X]+E [Z X?:| -(1-r (—1 +E [Z X?D
i=1

i=1

N-1
=1+rIE|:Xj—1+ZX?:|

i=1

m; mo — pa(Ao)
g i gy —)
! (pamj) PalAS)

mj my — 1
=1 +r < J + )5
Pa(Aj)  palAf)

where my = ZkeAK kpo (k) for £ € J. As pq is critical, it follows that Zjej m; = 1. Recall that
aj = pa(Aj)/pa(Ag) for j € T*. Therefore, we obtain
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o — 1 —mo Mo — 1
TS 5 - i
jeT* jed* pOt(A poz(A e Pot(A ) pot(A())

This ensures that pA"" is critical.

We now prove part (ii) of the lemma on the positive entries of the mean matrix. Let j €
J*. We deduce from (68) and (A8) (where o* has positive entries) and (A7) (where r > 0)
that (mj¢)gc 7+ are all positive if P(Y; =0) <1 and all zero if P(¥;=0) =1. Note that T =
1 a.s. implies that Ag = {0}, and thus, ¥; >0 a.s. on {N <T}, so P(Y;=0)=1 implies that
P(T > 2) > 0. We deduce that P(Y; = 0) = 1 is equivalent to P(X) =0)=1and P(N =1) =1 or
IP’(X? =0)=1. Thus, P(Y; =0) =1 is equivalent to 0 € A;, po(A; N {0}) =0, and py(Ap) =0
or pe(Ap N{1}°) =0, that is, 0 € Aj, po(A; N {0}°) =0, and py(Ap N {1}°) =0. To conclude,
note that these conditions are equivalent to either A; = {0} and A9 C {1} or 0 € Aj and 6, = 0.

We now prove part (iii) of the lemma on the periodicity of pA"”. Thanks to (A8) and the fact
that o* has positive entries, we deduce that pAe s aperiodic (in Z7 ") if and only if the smallest
subgroup of Z that contains I' = UjE 7+ (supp (Law(Z; | N <T)) — supp (Law(Z; | N <T))) is
Z. From the definition of the law of Z; given in (A7), we consider the two cases r=1 and
r < 1. We also remark that » =1 if and only if T = +o00 a.s. or N =1 a.s., which corresponds
to 0 & Ag N supp (py), that is, 0 € Ag as py(0) > 0.

In the easy 0 € Ag case (and, thus, 6, € (0, +00)) we find on the one hand that X >0
almost everywhere, and as P(N = 1) > 0, we deduce that P(Y; > 0) > 0, and thus, that {0, 1} C
supp (Law(Z; | N < T)). This implies that pA*“‘ is aperiodic. On the other hand, we also find
that p is (A, a)-aperiodic; see Remark 6.1(a).

We now consider the 0 ¢ Ag case, that is, r =1 and, thus, Z;=Y; and a.s. T =+o00. If
Pa(Ap) > 0, we have P(N =k) > 0 for all ke N, and if py(A9) =0, we have a.s. N=1 and
Ap Nsupp (py) C {1}. In both cases, we deduce from (A6) that

supp (Law(Z; | N < T)) = supp (Law(Y; | N < T))
= supp (Law(X’ | N < 7)) + N(A% — 1),

where NB={nb : ,n €N, b € B} and Aj =Aop N supp (po). We setAj‘?‘ =A;j Nsupp (py) forj €
J* and note that A}" =supp (Law(X’/ | N < T)). We then find that

r=|J @r—a9 | Jza«g -
e
If 6, € {0, +o0}, we find that Aj C {1} and A“ are singletons for j € J*, so that ' = {0}. If
Oy € (0, +00), we find that " = Fa, which is deﬁned in (64).
Thus, pA“ is aperiodic if and only if 6, & {0, 400} and the smallest subgroup in Z
containing I'y is Z, that is, p is aperiodic for 4 in the direction . O

6.3 Proof of Theorem 6.1

Recall (10) on the characterization of the local convergence in distribution when the con-
sidered random trees are either finite or with a unique infinite spine. As p is generic for A in
the direction «, there exists by Lemma 6.1 a sequence (n),,cny satisfying (60)—(62). Since pq
is (p, A)-compatible, we have, for m € N, t € Tg, and x € Lyoy(t), with Ty =7, and 7, = T*
that

P(7, € T(t, x) | La(Ty) =n"™) =P(T € T(t, x) | L4(Ty) =n™).
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We first prove that lim, oo P(7, € T(t, x) | LA(T,) =n) =P(T; € T(t, x)). For je
[1, JT, recall that & € N/ is the vector with all its entries equal to O but the jth, which is equal
to 1, and that e® = 0. Set jo € [0, J] such that 0 € Aj, and set

b=eP.
We have
P(Ty € T(t, ), L4(T) =n"™)
=2 P(Ta=t& @ 0) it qop=no)

EETO
1 o~
- Pa(0) ~Z P(Ta =) P(Ta = 1)1 {LA®=n"—L 4(t)+b}
tETQ
= oF T =) PLu(Te) = n™ — L4(t) + b)

= P(T;" € T(t, 0) P(LA(Te) =0 — L4 +b),

where we used the fact that p, is critical (and, thus, 7 is a.s. finite) for the first and third
equalities and (12) for the last equality. Recall x* from (65), which is the restriction of the
sequence X indexed by [1, J] to the indices J*, and that L 4« (t) = (LAj(t))jE 7+. We get

P(7o € T(t, x) | LA(To) =n™)
P(La(Te) =n" — La(t) +b)
P(LA(Ty) =n(m)
P(L 4+ (T) =n"* — L 4+(t) + b*)
P(L 4+(Ty) = nim=*)

where we used the fact that L4,(74) =0 for j¢J (and, thus, P(7y € T(t, x)) =P(7, €
T(t, x)) =0 if La;(t) #0 for some j ¢ J) as well as the fact that m"™),cn satisfies (62)
for the second equality. Now we apply the extension of Rizzolo’s transformation for 7, to

get a J*-type BGW tree 7:;4 such that tt7:;4 =L 4+(Ty) (see definition (66)). Hence, (69) is
equivalent to

= IP’('Y;* e T(t, x))

= P(T7 e T(t, x)) , (69)

PHTA = n* — L 4+(t) + b*)

—nmy —
P(To € T(t, x) | La(Te) =0") =P(7; € T(t, x)) BT A = nime) (70)
We consider the following condition that appears in Lemma 6.3(ii):
ApC {1} and Aj,={0} forsomejoe J". (71)

We first assume that (71) does not hold. The hypothesis of Theorem 6.1 and Lemma 6.3 ensure

that assumptions (H1) (on the offspring distribution being critical and the mean matrix primi-

tive) and (H3) (on the aperiodicity of the offspring reproduction) hold in [7] and that «* is the

positive normalized left eigenvector of the mean matrix (see the hypothesis in [7, Lemma 3.11]

where a = o* and use the fact that (n™, m e N)is a sequence in N satisfying (60)—(62)), so

that the strong ratio theorem or, more precisely, [7, Equation (19)] holds, which entails that
P(574 = n* — L 4+(t) + b¥)

li =1 72
e P(TA = nome) (72)
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We deduce from (70) and (72) that, for all t € Ty and x € L) (t),
lim P(7, € T(t, x) | LA(T,) =n"™) = P(T € T(t, x)).
Second, for t € T, it is obvious from (61) that
lim P(7,=t| La(Ty) =n") =P(T;' =) =0.

The result thus follows from the fact that the family {(T(t, x), te Ty, x e Lo(t)} U Ty is
convergence determining for the local convergence in T U T}.

We now consider that (71) holds. We first check that it is enough to consider the Ao = ¥J case,
where the Rizzolo’s transformation is the identity map. Indeed, if Ay # @, that is, Ag = {1},
then the Rizzolo’s transformation corresponds to discarding individuals with only one child.
This amounts to replacing the offspring distribution p (respectively pg o) by p’ (respectively
Py.o = ©)o.a), where p'(k) = p(k)/q1 for k # 1 and p'(k) = 0 for k = 1. Then, note that 6 such
that py , is critical is exactly 6, so without confusion, we can also replace py by p), = (p')a-
In conclusion, using this modification amounts to only considering the following case:

Ap=¢ and Aj, ={0} forsomejoe J". (73)

Note that this case is ruled out in [7, Corollary 3.5]. However, a slight modification of the
proofs in [7], which we sketch in Section 6.4 (take d = Card (J*) and d = j therein), allows us
to obtain (72), which we now read as, for a sequence m™, meN)in N/ satisfying (60)—(62),

o PETe=0"" —Lp®+b*) _
m— 00 PHTy = n(m)*) -

1, (74)

where 7, is seen as a multi-type BGW tree, where a node ue Ty as type j eJ *if ku(’Ta) €A;.
Note that the corresponding offspring distribution is p = (p*);c 7+, wWhere p? = (p(’)(k))keNJ*
is a probability distribution on N " whose nonzero terms are given by

. K
p?(k) = 1% Mult(k, «*) for [k| € A;,

PalAj

and Mult(k, o*) is the probability that a multinomial random variable with parameter (|k|, «™*)
takes the value k. Furthermore, the type of the root is distributed as o*. With this setting, we
emphasize that (74) is exactly Equation (19) in [7], up to a relabeling. Once (74) is established,
then we complete the proof as in the case where (71) does not hold.

We now give the properties of the offspring distribution p and the type of the root (recall
that (73) holds and that the Rizzolo’s transformation is the identity map); under assumption of
Theorem 6.1, we have the following assertions.

1. The type of the root is distributed as «*.
2. pi0)=1.

3. By Lemma 6.3(ii), the mean matrix M = (m;;); je7+ is such that, for j € J*, we have
mjj € (0, +o00) for i # jo and m;; = 0 otherwise.

4. By Lemma 6.3(i), p is critical and «* is the left eigenvector with eigenvalue 1.

5. By Lemma 6.3(iii), p is aperiodic.
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6. Since py satisfies (5) and A9 =@, we deduce from the definition of p that there exists
a type j € J* such that the individual of type j has two children or more with positive
probability, that is, p is nonsingular.

In particular, the offspring distribution p satisfies hypothesis (75)—(78) from Section 6.4. To
conclude, we refer to Section 6.4 on how to get [7, Equation (19)] under this set of hypotheses.

Remark 6.4. (On related work.) The case Ao =@ and Card (4;,) > 2, where jo € [[1, J] is such
that 0 € Aj, (compare with condition (71)) could be handled using [25, Theorem 5.1] on multi-
type BGW processes. (We also believe that condition (AS) there, which amounts to saying
that, for each j € [1, J], there is k € A; such that k + 1 € A;, could certainly be relaxed.) Note
that the moments condition considered there does not allow us to consider directions « such
that 6y = Omax (this case might indeed exist). The possible vector a = (ay, . . ., ay) considered
in [25] (which is associated with the critical BGW multi-type process) corresponds in our
framework to a; = 6,0/p(A;) for j € [1, J] and the direction v that appears in [25, Equation
(5.1)] corresponds to «. In our approach, we first fix the direction o and then give sufficient
(and almost necessary) conditions for the existence and uniqueness of the critical parameter
Oy, and thus, how to choose the parameter a given the direction .

6.4. On the proof of (74)

In this section we quickly revisit the proof of Equation (19) in [7], using slightly different
assumptions in order to take into account the particular case (71) from Section 6.3. In this
section only, we stick to the notation introduced in [7]. Let d > 2 and set [n] =[1, n] for
neN* Let p=(p®, ie[d]) with p@ = (pP(Kk), k € N%) being probability distributions on
N¢. We assume that

PO =1. (75)

Foriel[d], letX; = (Xy), J € [d]) be arandom variable on N with probability distribution p(i).
In particular, we have X; =0 a.s. We consider the generating function f = (f, i € [d]) of p
defined by

. 0
fO=E|[]s" |. wheres=(sy. jeld)elo, 11
jeld]

We consider the mean matrix M = (m;; i, j € [d]) with m;; = E[Xi(j )]. We assume that
mjj € (0, +o0) forallie[d—1], je[d]; (76)

note that mg; = 0 for all j € [d]. In particular, the matrix M is not primitive, as there is no n € N*
such that M" has only positive finite entries; note that M primitive is part of assumption (H1)
in [7] (this condition is mainly used to apply Perron-Frobenius theorem on the existence and
uniqueness of a left and right eigenvector having nonnegative entries, and their corresponding
eigenvalue is in fact the spectral radius of M). We recall that p is critical if the spectral radius
of M is 1 and that p is nonsingular if f(s) # Ms. We assume that

p is critical and nonsingular; a7
note that this is the other part of assumption (H1) in [7]. We also assume that

p is aperiodic, (78)
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that is, the smallest subgroup of Z¢ that contains Uie[d] (supp (p) — supp (p©)) is Z itself;
this corresponds to hypothesis (H3) in [7].

For i € [d], let e; denote the vector of R? with all its entries equal to 0 except the ith that is
equal to 1. Using Perron-Frobenius theorem for the matrix M reduced to the first d — 1 lines
and columns, and using the fact that the dth line of M is zero and the other entries are positive,
we deduce that

e the eigenvalue 1 is simple;

o there exists two left eigenvectors with nonnegative entries: the vector e; with eigenvalue
0 and a vector a € R having positive entries with eigenvalue 1;

e there exists a unique right eigenvector a* = (a*(i), i € [d]) with eigenvalue 1, whose
entries are positive except for the dth entry that is zero, i.e. a*(d) = 0.

This result is the reason why we can remove the primitive assumption of M.

Then the results on the Dwass formula for BGW multi-type trees from [7, Section 3.2]
also hold, as the expressions therein are algebraic in the entries of p. (For example, Lemma
3.8 holds, but note that both terms of the equality therein are zero if r =d.) Now Equation
(19) of [7] is then a direct consequence of the Dwass formula and the technical Lemma 3.11
therein. This latter result, proved in Section 3.4, is also a direct consequence of Lemma 3.12,
which asserts that an intermediate random variable Y on Z2¢~! has an aperiodic distribution,
and of Lemma 4.11, which is a variant of the strong ratio theorem for the random walk with
increments distributed as Y. Now looking carefully at the proof of Lemma 3.12, we see that p
is assumed to be aperiodic (this is (H>) therein and (78) here) and that hypothesis (H7) is only
used at the end of the proof to show that P(X; = 0) > 0; but this is clearly the case if (75) holds.
To conclude, note that Lemma 4.11 on the strong ratio theorem requires only that the law of ¥
is aperiodic (which is provided by Lemma 3.12) and that Y is integrable. By the construction
of Y given in Section 3.4, we note that Y is integrable if and only if the mean matrix M has
finite entries, which is hypothesis (76). In conclusion, we find that Equation (19) of [7] holds
(note that the root has to be of type r # d otherwise the numerator and denominator are both
Zero).

Remark 6.5. (On the extension to the main result of [7] under hypothesis (75)—(78).) We leave
to the interested reader the construction of the corresponding Kesten’s tree (see [7, Section
2.6]), where here individuals on the infinite spine can not have type d (in particular, the root
does not have type d). (For example, Lemma 2.9 therein holds provided i, r belong to [d — 1].)
Then, assuming that (75)—(78) hold, we have the analogue of Theorem 3.1 therein on the local
convergence in distribution, towards the Kesten’s tree of the BGW multi-type tree (with the
root not being a.s. of type d and with offspring distribution p) conditioned to have a population
of type i equal to k(n); for i € [d] with lim,,—, oo k(n);/|k(n)| = a(i), where |k(n)| = Zje[d] k(n);
and lim,,— oo |k(n)| = o0.

6.5. Details for Remark 1.1 on the condition n; =0 if &; =0

We consider the following example: a probability distribution p such that supp (p) contain-
ing but not reduced to {0, 2}, 1 &€ supp (p), J =2, A= (A1, Ap) is a partition of supp (p) (that
is, Ag = @) with A1 = {0, 2} and A> C 3 4+ 2N. Note that Ay # ). We set

a=YP9Y 0 io0) (79)

/p(2)
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We consider the direction o = (1, 0). It is elementary to check that p is generic for A in
the direction « and that p, = (py(n))neN is given by py(0) =py(2) = % The distribution p is
however not aperiodic for A in the direction «, but thanks to Remark 1.2 we still have the
convergence of 7 conditionally on L 4(7) = (n, 0), with n odd going to infinity, locally in
distribution towards the Kesten’s tree 7.

For n odd going to infinity, we check that the distribution of 7~ conditionally on L 4(7") =
(n, 1) does not converge locally to the distribution of 7, and thus, condition (62) is required
in general to get the local limit of conditioned BGW trees from Theorem 6.1. To do so, we
simply check the positivity of the limit, for n odd going to infinity, of

Bi(n)

P (kg(T) # 2| LA(T) =(n, 1)) = B’

where

Bi(n)=P (ky(T) #2,La(T)=(n,1)) and Ba(n) =P (LA(T)=(n,1)).
Before going further, we recall that the number of planar binary trees with n leaves is
1 2n—-2
f] n=_ )
n\n—1
(in particular, f7 ,41 is the so-called nth Catalan’s number) and that f , = [z"]zC = ("~ 11c,
where we simply write C for C(z) = (1 — +/1 — 4z)/2z. Recall also that 2C2—C+1=0. We

deduce that the number of planar forests with k binary trees and n > k leaves is given by
Jin= [Z"1ZFCk = [7*K1CF, and that according to [10, Equation (B.5)]:

k (2n—k—1 2n—k—1 2n—k—1
fk,n=—<n >:<” )—(" ) forn>=k>1.  (80)
n n—1 n—1 n

Weset fy, =0if k> n.

Let n > k be odd integers. On the event ky(7) =k and L 4(7) = (n, 1), it follows that 7 can
be seen as a forest of k trees grafted on the root and with the forest having (n + k)/2 leaves and
(n — k)/2 internal nodes, all of them binary. We deduce that

P (kg(T) =k, LA(T) = (n, 1)) = p(k)p(0)" 072 p2) =012 1o,

and thus,

Bi(m) = (pO)pQ))Y"* Y frwnriyaplk)d.

keAy, k<n

A tree t such that L 4(t) = (n, 1) can be decomposed as a binary tree with £ leaves, and on one
of those £ leaves one grafts a forest with k € A (and k < n) binary trees with (n + k)/2+ 1 —¢
leaves; and in total the tree t has (n + k)/2 leaves, (n — k)/2 binary branching nodes, and one
node with out-degree k. Thus, we have

(n—k)/2+1

Bymy= Y pkp@) " p@) "N b fe oo (81)
keAy, k<n =1
=(POpQ@)Y"? > Frminpapk)d,

keAy, k<n
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where, forn> k> 1,

n—k+1

Fin= Y Ui cfinti-c

=1
We give an explicit formula of Fy ;.

Lemma 6.4. We have

2n—k Zn—
Fin= Jen forn>k>1.
n

Proof. We have

Fin=1["1GC)YZCt =" o ( k+1 o k+1)
n+1
=k n+l]k+ 1zk+1CkJrl k+ fk+1 ntl-
Then, we use (80) to conclude. .

We now consider that A; is unbounded. Let ¢ € (0, 1) and write

Bi(n, &) = Z S, (k)72 P(K) d,

k€eAj, k>en

Bs(n, &) = Z Fie (k2 pk) a,
k€A,, k<en

By(n, e) = Z Fk,(n+k)/2p(k)ak’
k€Aj, k>en

so that using the two latter terms, we can rewrite B, (n) as

Ba(n) = (pO)p(2)"? (B3(n, &)+ Ba(n, €)). (82)

For k > en, we have

n 1
Fi(nthy)2 = sz,<n+k)/2 =2 Sie.(nthy/2-

This implies that
1
By(n, &) < — B(n, ¢). (83)
&

We now assume that A) =3 + 2N and there exists b € (0, 1) and M > 1 finite such that
M1 §p(k)b_k < M for k € Ap. Then, we have, with 2m=n+ 3 and k =3 + 2¢,

Byn,e)<M Y Figiky (ab)
ke3+2N,k<en
<M(@by Y Fipaemie (@b

LeN,l<em

=M(ab)_2m+3(1 + (ab)2)2m—3 Z (

LeN{<em

2m—3

,m+£ 1— m—3—{
m+€> (1-=r) ,
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with 7/(1 — r) = (ab)* and, thus, r = (ab)?/(1 + (ab)?). As r < 1, we deduce that

2m—3
> (’" €>rm+£(1—V)m_3_e=P(H1§XS(1—i—e)m)EP(XS(l—l-S)M),
LeN,l<em m+

where X is binomial with parameter (2m — 3, r).

We now assume that ab > 1 and that ¢ is small enough so that ab > (1 4 ¢)/(1 — ¢). This
yields 2r > 1 + ¢, so that for m large enough, we have (1 + &)m < r(2m — 3). We deduce from
[32, Theorem 2.1] that, with j = | (1 + &)m] and x=r(2m —3) —j + 1,

PX < (14 &)m) / .
IP(X—:J)SQ,—X‘F x2+4(1—r)]

Since limy;,— so X = +00 and lim,— o (x +j)/j = 2r/(1 + ¢€), we deduce that

PX <(1+¢&)m) . r(l —e)
im ———=¢9 with¢pg=———"-
m—oo  P(X=)) 2r—=(1+e¢)

Recall that n = 2m — 3. So for large enough n, we have, with ¥’ =3 +2¢' and ¢’ =j —m =
lem], and thus, n + k' = 2j,

Ba(n, £) < 2coM(ab)" 23 (1 + (ab)2)2m73 (ij— 3) Pl — p)Pm=3
=2coM Fy (n1)/2 (ab)¥.
Note that j > (1 + &)m — 1 and, thus, k¥’ > en + 1, so that
Bi(n, €) < 2coM? Ba(n, ¢). (84)
Hence, using (83), we obtain

1 + 2coM?
By(n, &) + Ba(n, ) < —— " (n, ).
£

From the definition of B;(n, ¢), it follows that
(PO)p(2)"* Bi(n, &) =P (ky(T) = en , La(T) = (n, 1)).
We deduce from (82) that

Bi(n, ¢) £
> >0,
By (n) 1 4+ 2coM?

liminf P (ky(T) > en | La(T) = (n, 1)) = lim inf
n—oo n—oo

provided that there exists b € (0, 1) and M > 1 finite such that Ml < p(k)b_k <M for k e
As =3+ 2N and ¢ > 0 is chosen so that ab > (1 + ¢)/(1 — ¢), with a defined by (79).

In conclusion, under the above hypothesis, the distribution of 7~ conditionally on {L 4(7") =
(n, 1)} does not converge locally to the distribution of 7. as n tends to infinity, whereas
the distribution of 7 conditionally on {L 4(7) = (n, 0)} converges locally to the distribution
of 7. Furthermore, conditioning on {L 4(7) = (n, 1)} and letting n tend to infinity gives a
condensation at the root with positive probability.

https://doi.org/10.1017/apr.2025.10028 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2025.10028

Conditioning Bienaymé—Galton—Watson trees to have large sub-populations 385

Acknowledgements

We thank the two referees for their precious work and whose comments allowed us to
improve the presentation of the results. H. Bi would like to extend his gratitude to R. Abraham
and J.-F. Delmas for their exceptional hospitality during his visit to CERMICS, where this
work was carried out.

Funding information

There are no funding bodies to thank relating to this creation of this paper.

Competing interests

There were no competing interests to declare that arose during the preparation or publication
process of this paper.

(1]
(2]
[3]
(4]
(5]
(6]
(71

(8]
(91

[10]
[11]

[12]
[13]

[14]
[15]

[16]
[17]
[18]

[19]
[20]

[21]

[22]

References

ABRAHAM, R., BOUAZIZ, A. AND DELMAS, J.-F. (2017). Local limits of Galton-Watson trees conditioned
on the number of protected nodes. J. Appl. Prob. 54, 55-65.

ABRAHAM, R., BOUAZIZ, A. AND DELMAS, J.-F. (2020). Very fat geometric Galton-Watson trees. ESAIM:
Prob. Statist. 24, 294-314.

ABRAHAM, R. AND DELMAS, J.-F. (2014). Local limits of conditioned Galton-Watson trees: the condensation
case. Electron. J. Prob. 19, 1-29.

ABRAHAM, R. AND DELMAS, J.-F. (2014). Local limits of conditioned Galton-Watson trees: the infinite spine
case. Electron. J. Prob. 19, 1-19.

ABRAHAM, R. AND DELMAS, J.-F. (2015). An introduction to Galton-Watson trees and their local limits.
Preprint. Available at https://arxiv.org/abs/1506.05571.

ABRAHAM, R. AND DELMAS, J.-F. (2019). Asymptotic properties of expansive Galton-Watson trees. Electron.
J. Prob. 24, 1-51.

ABRAHAM, R., DELMAS, J.-F. AND GUO, H. (2018). Critical multi-type Galton-Watson trees conditioned to
be large. J. Theoret. Prob. 31, 757-788.

ALDOUS, D. (1991). The continuum random tree. I. Ann. Prob. 19, 1-28.

CURIEN, N. AND KORTCHEMSKI, I. (2014). Random non-crossing plane configurations: A conditioned
Galton-Watson tree approach. Random Struct. Algorithms 45, 236-260.

DEUTSCH, E. (1999). Dyck path enumeration. Discrete Math. 204, 167-202.

DUQUESNE, T. AND LE GALL, J.-F. (2002). Random trees, Lévy Processes and Spatial Branching Processes.
Astérisque vi+147.

DURHUUS, B. AND UNEL, M. (2023). Trees with exponential height dependent weight. Prob. Theory Related
Fields 186, 999-1043.

GEIGER, J. AND KAUFFMANN, L. (2004). The shape of large Galton-Watson trees with possibly infinite
variance. Random Struct. Algorithms 25, 311-335.

HE, X. (2017). Conditioning Galton-Watson trees on large maximal outdegree. J. Theoret. Prob. 30, 842-851.
HE, X. (2022). Local convergence of critical random trees and continuous-state branching processes. J. Theoret.
Prob. 35, 685-713.

JANSON, S. (2012). Simply generated trees, conditioned Galton-Watson trees, random allocations and
condensation. Prob. Surv. 9, 103-252.

JANSON, S. (2016). Asymptotic normality of fringe subtrees and additive functionals in conditioned Galton-
Watson trees. Random Struct. Algorithms 48, 57-101.

JONSSON, T. AND STEFANSSON, S. O. (2011). Condensation in nongeneric trees. J. Statist. Phys. 142,
277-313.

KARGIN, V. (2023). Scaling limits of slim and fat trees. J. Theoret. Prob. 36, 2192-2228.

KENNEDY, D. P. (1975). The Galton-Watson process conditioned on the total progeny. J. Appl. Prob. 12,
800-806.

KESTEN, H. (1986). Subdiffusive behavior of random walk on a random cluster. Ann. Inst. H. Poincaré Prob.
Statist. 22, 425-487.

KORTCHEMSKI, I. AND MARZOUK, C. (2023). Large deviation local limit theorems and limits of bicondi-
tioned planar maps. Ann. Appl. Prob. 33, 3755-3802.

https://doi.org/10.1017/apr.2025.10028 Published online by Cambridge University Press


https://arxiv.org/abs/1506.05571
https://doi.org/10.1017/apr.2025.10028

386

[23]

[24]
[25]

[26]
[27]
[28]
[29]

[30]
[31]

[32]

R. ABRAHAM ET AL

MARZOUK, C. (2022). On scaling limits of random trees and maps with a prescribed degree sequence. Ann. H.
Lebesgue 5, 317-386.

NEVEU, J. (1986). Arbres et processus de Galton-Watson. Ann. Inst. H. Poincaré Prob. Statist. 22, 199-207.
PENISSON, S. (2016). Beyond the Q-process: various ways of conditioning the multitype Galton-Watson
process. Latin Amer. J. Prob. Math. Statist. 13, 223-237.

POUDEVIGNE, R. AND THEVENIN, P. (2025). Existence of critical tiltings and local limits of general size-
conditioned Bienaymé-Galton-Watson multitype trees. Preprint. Available at https://arxiv.org/abs/2503.11501.
Ri1zzoLo, D. (2015). Scaling limits of Markov branching trees and Galton-Watson trees conditioned on the
number of vertices with out-degree in a given set. Ann. Inst. H. Poincaré Prob. Statist. 51, 512-532.
STEPHENSON, R. (2018). Local convergence of large critical multi-type Galton-Watson trees and applications
to random maps. J. Theoret. Prob. 31, 159-205.

STUFLER, B. (2019). Local limits of large Galton-Watson trees rerooted at a random vertex. Ann. Inst. H.
Poincaré Prob. Statist. 55, 155-183.

THEVENIN, P. (2020). Vertices with fixed outdegrees in large Galton-Watson trees. Electron. J. Prob. 25, 1-25.
THEVENIN, P. (2023). Critical exponential tiltings for size-conditioned multitype Bienaymé-Galton—Watson
trees. Preprint. Available at https://arxiv.org/abs/2310.12897.

ZHu, H., L1, Z. AND HAYASHI, M. (2022). Nearly tight universal bounds for the binomial tail probabilities.
Preprint. Available at https://arxiv.org/abs/2211.01688.

https://doi.org/10.1017/apr.2025.10028 Published online by Cambridge University Press


https://arxiv.org/abs/2503.11501
https://arxiv.org/abs/2310.12897
https://arxiv.org/abs/2211.01688
https://doi.org/10.1017/apr.2025.10028

	Introduction
	Background and notation
	General notation
	The set of discrete trees
	Local convergence of trees
	BGW trees
	Kesten"2019`s tree

	Definition of the distribution "026E30F tilde p_"026E30F theta, "026E30F beta
	The (p,"026E30F mathcal A)-compatible probability distributions
	Existence of a critical (p, "026E30F mathcal A)-compatible distribution
	Parametrization of the (p, "026E30F mathcal A)-compatible probability distributions using their direction
	Properties of the mean of p_"026E30F theta, "026E30F alpha
	Generic distributions

	Local limit of large Galton"2013`Watson trees
	Main result
	Extension of Rizzolo"2019`s transformation
	Proof of Theorem 6.1
	On the proof of (74)
	Details for Remark 1.1 on the condition n_j=0 if "026E30F alpha_j=0

	Acknowledgements
	Funding information
	Competing interests
	References

