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Abstract Under minimal condition, we prove the local convergence of a critical multi-
type Galton—Watson tree conditioned on having a large total progeny by types toward
a multi-type Kesten’s tree. We obtain the result by generalizing Neveu’s strong ratio
limit theorem for aperiodic random walks on Z<.
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1 Introduction

In [14], Kesten shows that the local limit of a critical or subcritical Galton—Watson
(GW) tree conditioned on having a large height is an infinite GW tree (in fact a
multi-type GW tree with one special individual per generation) with a unique infinite
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spine, which we shall call Kesten’s tree in the present paper. In Abraham and Delmas
[2], a sufficient and necessary condition is given for a wide class of conditionings
for a critical GW tree to converge locally to Kesten’s tree under minimal hypotheses
on the offspring distribution. Notice that condensation may arise when considering
subcritical GW trees, see Janson [12], Jonnson and Stefansson [13], He [9] or Abraham
and Delmas [1] for results in this direction. When scaling limits of multi-type GW
tree are considered, one obtains as a limit a continuous GW tree, see Miermont [17]
or Gorostiza and Lopez-Mimbela [16] (when the probability to give birth to different
types goes down to 0). In this latter case, see Delmas and Hénard [6] for the limit on
the conditioned random tree to have a large height.

In the multi-type case, Pénisson [19] has proved that a critical d-type GW process
conditioned on the total progeny to be large with a given asymptotic proportion of
types converges locally to a multi-type GW process (with a special individual per
generation) under the condition that the branching process admits moments of order
d + 1. Stephenson [24] gave, under an exponential moments condition, the local con-
vergence of a multi-type GW tree, conditioned on a linear combination of population
sizes of each type to be large, toward the multi-type Kesten’s tree introduced by Kurtz
et al. [15]. The aim of this paper is to give minimal hypotheses to ensure the local
convergence of a critical multi-type GW tree conditioned on the total progeny to be
large toward the associated multi-type Kesten’s tree, see Theorem 3.1. When the off-
spring distribution is aperiodic, the minimal hypotheses is the existence of the mean
matrix which is assumed to be primitive. Furthermore, we exactly condition on the
asymptotic proportion of types for the total progeny of the GW tree to be given by the
(normalized) left eigenvector associated with the Perron—Frobenius eigenvalue of the
mean matrix.

If the asymptotic proportion of types is not equal to the (normalized) left eigenvector
associated with the Perron—Frobenius eigenvalue of the mean matrix, then under an
exponential moments condition for the offspring distribution, it is possible to get
a Kesten’s tree as local limit, see [19]. However, without an exponential moments
condition for the offspring distribution, no results are known, and results in [1] for
the mono-type case suggest a condensation phenomenon (at least in the subcritical
case). Conditioning large multi-type (or even mono-type) continuous GW tree to have
a large population in the spirit of [6] is also an open question.

The proof of Theorem 3.1 relies on two arguments. The first one is a generalization
of the Dwass formula for multi-type GW processes given by Chaumont and Liu [5]
which encodes critical or subcritical d-multi-type GW forests using d random walks
of dimension d. The second one is the strong ratio theorem for random walks in 74,
see Theorem 4.7, which generalizes a result by Neveu [18] in dimension one. The
proof of the strong ratio theorem relies on a uniform version of the d-dimensional
local theorem of Gnedenko [7], see also Gnedenko and Kolmogorov [8] (for the
sum of independent random variables), Rvaceva [22] (for the sum of d-dimensional
i.i.d. random variables), or Stone [25] (for the sum of d-dimensional i.i.d. lattice
or non-lattice random variables), which is given in Sect. 4.2, and properties of the
Legendre—Laplace transform of a probability distribution. As we were unable to find
those latter properties in the literature, we give them in a general framework in Sect.
4.1, as we believe they might be interesting by themselves.
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The paper is organized as follows. We present in Sect. 2 the topology on the set of
the multi-type trees and a sufficient and necessary condition for the local convergence
of random multi-type trees, see Corollary 2.2, the definition of a multi-type GW tree
with a given offspring distribution and the aperiodicity condition on the offspring
distribution, see Definition 2.5. Section 3 is devoted to the main result, Theorem 3.1,
and its proof. The last section collects results on the Legendre-Laplace transform in
a general framework in Sect. 4.1, Gnedenko’s d-dimensional local theorem in Sect.
4.2, and the strong ratio limit theorem for d-dimensional random walks in Sect. 4.3.

2 Multi-type Trees
2.1 General Notations

We denote by N = {0, 1, 2, .. .} the set of nonnegative integers and by N* = {1, 2, ...}
the set of positive integers. For d € N*, we set [d] = {1, ..., d]}.

Letd > 1. We say x = (x;,i € [d]) € R4 is a column vector in R?. We write
1=(,....,1) e R, 0=(0,...,0) € R? and denote by e; the vector such that
the i-th element is 1 and others are 0. For vectors x = (x;,i € [d]) € R? and
y=(0i,i € [d]) S Rd we denote by (x, y) the usual scalar product of x and y, by x”
the product ]_[l X3 by x| = Z?zl Ix;| and || x || = +/{x, x) the ¢! and ¢? norms
of x, and we write x < y (resp. x < y)if x; < y; (resp. x; < y;) forall i € [d].

For any non-empty set A C R?, we define span A as the linear subspace generated
by A (i.e., span A = {Z:’zl o;yi; @ €R,y; € A,i € [n],n € N*})and for x € R,
we denote x + A = {x +y: y € A}. For A and B non-empty subsets of R¢, we denote
A—B={x—y;x €A,y € B}

For a random variable X and an event A, we write E[X; A] for E[X14].

2.2 Notations for Marked Trees

Let d € N*. Denote by [d] the set of types or marks, by U= Un=o(N¥)" the set
of finite sequences of positive integers with the convention (N*)? = {6} and by
U=U,=o ((N*)” X [d]) the set of finite sequences of positive integers with a type.

For a marked individual u € U, we write u = (u, M(u)) with iz € U the individual
and M(u) € [d] its type or mark. Let |u| = |u| be the length or height of u defined
as the integer n such that u=(uy,...,u,) € (N*)". If 4 and 0 are two sequences in
L{ we denote b/y 10 the concatenation of the two sequences, with the convention that

40 = 4if o = Yandiid = Dif it = . Foru, v € U, we denote by uv the concatenation
of u and v such that uv = 0 and M(uv) = M(v) if |[v| > 1; Muv) = M) if
|[v] = 0. Let u, v € U. We say that v (resp. ) is an ancestor of u (resp. ﬁ) and write
v < u (resp. 0 < i) if there exists w € U such that u = vw (resp. w € U such that
0= ow).

A tree € is a subset of / such that:
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e For every ii € t, there exists ki [t] € N such that, for every positive integer £,
ul e tiff 1 < ¢ < kg[t].

A marked tree t is a subset of I/ such that:

(a) The set t = {ii; u € t} of (unmarked) individuals of t is a tree.
(b) There is only one type per individual: for u, v € t, & = ¥ implies M(u) = M (v)
and thus u = v.

Thanks to (b), the number of offspring of the marked individual u € t, k,[t],
corresponds to k;[t]. In what follows we will deal only with marked trees and simply
call them trees. N

Denote by @y = (8, M(¥¢)) € U the root of the tree t and write ¢ instead of ¥
when the context is clear. The parent of v € t\@; in t, denoted by Pa, (t), is the only
u € tsuch that |u| = |v] — 1 and u < v. The set of the children of u € t is

C,(t) ={v et, Pa,(t) = u}.

Notice that k,[t] = Card (C(t)) for u € t. We set k, (t) = (k\[t],i € [d]), where
fori € [d]

k{P[t] = Card ({v € Cu(t); M(v) =i})

is the number of offspring of type i of u € t. We have Zie[d] k,(f)[t] = ky[t]. The
vertex u € t is called a leaf if k,,[t] = 0, and let Lo(t) = {u € t, k,[t] = 0} be the set
of leaves of t.

We denote by T the set of marked trees. For t € T, we define [t| = (|t©],i € [d])
with [t@] = Card ({u € t, M(u) = i}) the number of individuals in t of type i. Let
us denote by Top = {t € T : Card (t) < oo} the subset of finite trees. We say that a
sequence v = (v,,n € N) C U is an infinite spine if v, < v,41 and |v,| = n for
all n € N. We denote by T the subset of trees which have one and only one infinite
spine. For t € Ty, denote by vy the infinite spine of the tree t. Let T be the subset of
T such that the infinite spine features each type infinitely many times:

']I‘/l ={teTy; Vield], Card ({v € v¢; M((v) =i}) = o0}.
The height of a tree t is defined by H (t) = sup{|u|, u € t}. For h € N, we denote

by T = {t € T; H(t) < h} the subset of marked trees with height less than or equal
to h.

2.3 Convergence Determining Class

For h € N, the restriction function 7, from T to T is defined by r;,(t) = {u € t, |u| <
h}. We endow the set T with the ultra-metric distance d (t, t') = 2~ maxtheN.®=r, (1)}
The Borel o -field associated with the distance d is the smallest o -field containing the
singletons for which the restrictions (r;, h € N) are measurable. With this distance,
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the restriction functions are continuous. Since Ty is dense in T and (T, d) is complete,
we get that (T, d) is a Polish metric space.
Lett,t' € T and x € Lo(t). If the type of the root of t’ is M (x), we denote by

t (', x)=tU{xv,vet])

the tree obtained by grafting the tree t’ on the leaf x of the tree t; otherwise, let
t ® (t', x) = t. Then we consider

T(t,x) ={t® (', x),t e T}

the set of trees obtained by grafting a tree on the leaf x of t. For t € T, it is easy to
see that T(t, x) is closed and also open.

Set F = {T(t,x); t € To,x € Lo(t) and M (W) = M(x)} U {{t}; t € To}.
Following the proof of Lemma 2.1 in [2], it is easy to get the following result.

Lemma 2.1 The family F is a convergence determining class on To U T.
We deduce the following corollary.

Corollary 2.2 Let (T,, n € N*) and T be random variables taking values in To | J T.
Then the sequence (T,, n € N*) converges in distribution toward T if and only if we
have for all t € T lim,— 400 P(T, = t) = P(T =t) and for all x € Lo(t) such that
M(@) = M(x):

lim P(T, € T(t, x)) = P(T € T(t, x)).

n——+00

2.4 Aperiodic Distribution

Let us consider a probability distribution F = (F(x),x € Z%) on Z4. In order to
avoid degenerate cases, we assume that there exists xg € 74 such that:

0 < F(xg) < 1. (D

Denote by supp (F) = {x € Z%, F(x) > 0} the support set of F and by Ry the
smallest subgroup of Z? which contains the set supp (F) — supp (F).

Definition 2.3 A distribution F on Z is called aperiodic if Ry = Z.

For x € Z4, let G, be the smallest subgroup of Z¢ that contains —x + supp (F).
According to the next lemma, an aperiodic distribution is called strongly aperiodic in
[23, p. 42].

Lemma 2.4 [fx € supp (F), then Gy = Ry. The distribution F is aperiodic if and

only if Gy = Z¢ for some x € supp (F) or equivalently if and only if G, = Z% for
allx € 7°.
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Proof Letx € Z%. Let z € Ry. There exists n,n’ € N and x;, x/, y;, ¥/ € supp (F)
for all i € N* sucI} that Y7, (vi — xi) — Z?;l(y; — x/) = z. This implies that
Yo i)+ (= x) =Y (i —x) =Y (yf —x) = zand thus z € G,.
This gives Ry C Gy.

For x € supp (F), we get G, C Rp and thus G, = Ry. The end of the lemma is
obvious. O

2.5 Multi-type Offspring Distribution

We define a multi-type offspring distribution p of d types as a sequence of proba-
bility distributions: p = (p®,i € [d]), with p@ = (pD(k), k € N¥) a probability
distribution on N?. Denote by f = (f(1, ..., f@) the generating function of the
offspring distribution p, i.e., fori € [d] and s € [0, 114:

FOs) = E[s¥, )

with X; = (X l.(j ), j € [d]) arandom variable on N with distribution p(i). Denote by
mij = stf(i)(l) = E[le] € [0, +o0] the expected number of offspring with type j
of a single individual of type i. Denote by M the mean matrix M = (m;;; i, j € [d])
and set (m@; i, j € [d]) = M" for n € N*, Following [3, p. 184], we say that:

1

— p is non-singular if f(s) # Ms.
— M is finite if m;; < +ooforalli, j € [d].
— M is primitive if M is finite and there exists n € N* such that for all i, j € [d],
ml(;') > 0.
By the Frobenius theorem, see [3, p. 185], if M is primitive, then M has a unique
maximal (for the modulus in C) eigenvalue p. Furthermore, p is simple, positive
(p € (0, 400)), and the corresponding right and left eigenvectors can be chosen to be
positive. If p = 1 (resp. p > 1, p < 1), we say that the offspring distribution and the
associated multi-type GW tree are critical (resp. supercritical, subcritical).
Recall the definition of an aperiodic distribution given in Definition 2.3.

Definition 2.5 Let p = (p®), i € [d]) be an offspring distribution. We say that p is
aperiodic, if the smallest subgroup of Z¢ that contains U?:l (supp (p®)—supp (p" )))
is Z4.

For an offspring distribution p, we shall consider the following assumptions:

(Hj) The mean matrix M of p is primitive, and p is critical and non-singular.
(H) The offspring distribution p is aperiodic.

2.6 Multi-type Galton—Watson Tree and Kesten’s Tree

We define the multi-type GW tree t with offspring distribution p.
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Definition 2.6 Let p be an offspring distribution of d types and « a probability distri-
bution on [d]. A T-valued random variable 7 is a multi-type GW tree with offspring
distribution p and root-type distribution «, if forall# € N, t € T®™, we have:

kDT kSOt

g P k).

Py (ri(t) = t) =a(M@) []

uet,lul<h

We deduce from the definition that for t € Tq, we have

AR P )

!
Btz = 0) = aM#) [ [ == p" P ).

uet

The multi-type GW tree enjoys the branching property: an individual of type i gener-
ates children according to p® independently of any born individual, for i € [d].

Let p be an offspring distribution of d types such that (Hj) holds. Denote by
a* (resp. a) the right (resp. left) positive normalized eigenvector of M such that
(a,1) = {(a,a*) = 1. Those eigenvectors correspond to the eigenvalue p = 1. Notice
that a is a probability distribution on [d]. The corresponding size-biased offspring
distribution p = (pV, i € [d]) is defined by: for i € [d] and k € N¢,

p@ (k). A3)

Nt (k. a*)
PO = =

i

For « a probability distribution on [d], we also define the corresponding size-biased
distribution & = (@ (i), i € [d]) by, fori € [d]:
*

a;

a@) =a()

— @)

(o, a*)

Definition 2.7 Let p be an offspring distribution of d types whose mean matrix is
primitive, and let & be a probability distribution on [d]. A multi-type Kesten’s tree t*
associated with the offspring distribution p and with the root-type distribution « is
defined as follows:

— Marked individuals are normal or special.

The root of t* is special and its type has distribution &.

A normal individual of type i € [d] produces only normal individuals according
to p.

A special individual of type i € [d] produces children according to 5. One of
those children, chosen with probability proportional to aj where j is its type, is
special. The others (if any) are normal.

Notice that the multi-type Kesten’s tree is a multi-type GW tree (with 2d types).
The individuals which are special in 7* form an infinite spine, say v*, of ¥, and the
individuals of 7*\v* are normal.
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Let r € [d]. We shall write P, (d1), resp. P, (dt™*), for the distribution of 7, resp.
¥, when the type of its root is r (i.e., « = §, the Dirac mass at r). From [15], we get
that for 1 € N, t € T™ with M (%) = r, and x € Ly(t) with |x| = h and M(x) = i:

P (r(r") = t. v = x) = £ B, () = V). )

r

Notice that if M is primitive and p is critical or subcritical, then a.s. Kesten’s tree
7* belongs to T;. The next lemma asserts that there are infinitely many individuals of
all types on the infinite spine.

Lemma 2.8 Let p be an offspring distribution of d types satisfying (Hy) and « a
probability distribution on [d]. Then a.s. the multi-type Kesten tree T* belongs to T.

Proof Recall that a* = (a},i € [d]) is the normalized right eigenvalue of M such
that (a*, a) = 1. By construction, the sequence (M (v;), n € N) is a Markov chain
on [d] and transition matrix Q = (Q;,;, i, j € [d]) given by

kja (i *
Qij =PMQ@) =jIMup) == Y mp@(k) = mij,
k=(ky,...kg)eNd :

where we used (3) for the definition of p and the definition of the mean matrix M
for the last equality. Since a* is positive and M is primitive, we deduce that Q is also
primitive. This implies that the Markov chain (M (v}), n € N) is recurrent on [d] and
hence it visits a.s. infinitely many times all the states of [d]. O

The next lemma will be used in the proof of Theorem 3.1. In the next lemma, we
shall consider a leaf x of a finite tree t with type i and the root of type . However, we
will only use the case i = r in the proof of Theorem 3.1.

Lemma 2.9 Let p be an offspring distribution of d types satisfying (Hy) and r € [d].
Let © be a GW tree with offspring distribution p and t* be a Kesten's tree associated
with p. For all t € To with M%) = r, x € Lo(t) with M(x) =i € [d], and k € N¢
such that k > |t|, we have:

af Pi(ltl =k —It| + &)
ar Pr(lz| = k)

]

P,(z € T(t, )| |t] = k) = P.(t* € T(t, x)). (6)

Proof Since t* has a unique infinite spine v* and t € Ty, we deduce that t* € T(t, x)
implies that x belongs to v* and we get in the same spirit of (5) that:

P, (t* € T(t, x)) = Z_l* P,(t € T(t, x)). %)

r
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We have, following the ideas of [2]:

P (r € T(t,x), [t|=k) = Y Pr(t =t® (t', X)) Ljigqe.v)|=k)

t'eTy

=Y Pr(r € T(t, ) Pi(r = ) jigqe.v) =)
t'eTy

=Py (t € T(t, ) Y Pi(r = ) wimi—jt)4e;)

t'eTo
=Pr(r € T(t, x)Pi(I7] =k — [t| + &),

where we used the branching property of the multi-type GW tree for the second
equality. Use (7) to deduce (6). O

3 Main Results
3.1 Conditioning on the Total Population Size

Recall that under (H;), we denote by a = (a¢, £ € [d]) and a* = (aj, £ € [d]) the
positive normalized left and right eigenvectors of the mean matrix M associated with
the eigenvalue p = 1 such that (a, a*) = > a; = 1. The proof of the following main
theorem is given in Sect. 3.3.

Theorem 3.1 Assume that (Hy)and (Hy)hold. Let (k(n), n € N*) be a sequence of N4
satisfying lim,_, » |k(n)| = 400 and lim;,_, o k(n)/|k(n)| = a. Let T be a random
GW tree with critical offspring distribution p and root-type distribution o, and T,
be distributed as t conditionally on {|t| = k(n)}. Then the sequence (t,,n € N¥)
converges in distribution to the Kesten’s tree T* associated with p and a.

Remark 3.2 Let t be a critical GW tree with offspring distribution p satisfying (Hj).
We can consider t conditionally on the event that the population of type i, | @ |, is large.
According to Proposition 4 in [17], the random variable |z?| is distributed as the total
number of vertices of a critical mono-type GW tree under M () = i, or as the total
number of vertices of a random number of independent mono-type critical GW trees
with the same distribution under M () # i. In particular, we deduce from [2] that,
if p¥) is aperiodic, the key equality lim,_, 100 P(|T®| =n — b) /P, (|t @ | =n) = 1
holds for any b € Z. And following the proof of Theorem 3.1 after Eq. (19), we easily
get that T conditioned on |7 ()| being large converges locally to Kesten’s tree. See [24]
for a detailed proof.

Remark 3.3 The local convergence of a multi-type critical GW tree t conditioned on
the number of vertices of one fixed type being large to a Kesten’s tree has been proved
in [24]. It would be easy to extend Theorem 3.1, with the same minimal conditions
(H)) and (H3) to a conditioning on an asymptotic proportion per types for d’ types,
with d’ < d by using the constructions from [20] or from [17]. The idea is to map a
multi-type GW tree t with d types onto another GW tree t/ with d’ < d types and
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offspring distribution p’ so that the size of the population of types 1 to d’ of T and t’
is the same. Then the key Eq. (19) is now replaced by the one for ¢/ which holds if
the offspring distribution p’ satisfies (H) and (H3). Then the proof follows as in the
proof of Theorem 3.1 after Eq. (19).

Remark 3.4 The change in offspring distribution given in Section 1.4 of [19], when
it exists, allows to extend Theorem 3.1 to subcritical multi-type GW trees. In order to
consider an asymptotic proportion of types different from the one given by the (positive
normalized) left eigenvector associated with the Perron—-Frobenius eigenvalue, one has
to change the offspring distribution, see Theorem 3 of [19]. However, this requires
exponential moments for the offspring distribution.

We end this section by using Theorem 3.1 to extend results of [ 1] on mono-type GW
tree in the following sense. Let T be a mono-type GW tree (that is d = 1) with critical
aperiodic offspring distribution ¢ = (¢(£),£ € N). Let f; denote the generating
function of g and Q@ = {y > 0; f,(y) < 400} its domain on (0, +00).

Let d > 2 and assume that Card (supp g) > d + 1. Since ¢ is critical, we
have 0 € supp ¢g. Let Ay, ..., Az be a partition of supp ¢ such that 0 € A; and
Card (A1) > 1. Weset (i) = Z/ZeAi q(£) for all i € [d]. Notice that « is a positive
probability distribution and «(1) > ¢(0). We set |t| = (|t?|,i € [d]) where |t@
be the number of individuals of t whose number of offspring belongs to A;.

For x = (x;,i € [d]), we set m, := Zie[d]xi inf A; and for y € Q:

hy(y) = Z X nyCAi(i/)/)) with  fa, (y) = Z yiqe) foralli e [d].
A

ield] LeA;

Corollary 3.5 Let q be a critical aperiodic offspring distribution. Let & = (a (i), i €
[d]) € R be suchthat@ > 0and (@, 1) = 1, so that & is a non-degenerate proportion.
Assume that:

mg < 1 (8)

and
there exists a (unique) y € Q such that hg(y) = 1. O]
Let (k(n),n € N*) be a sequence of N satisfying lim,_ o |k(n)| = 400 and

lim, 0 k(n)/|k(n)| = @. Let t be a random mono-type GW tree with offspring
distribution g, and t, be distributed as t conditionally on {|t| = k(n)}. Then the
sequence (t,,n € N*) converges in distribution to the Kesten’s tree T* associated
with the offspring distribution g = (q(£), £ € N) where fori € [d], £ € A;:

&)

o
10=75"nY

q(0).

Notice that if @ = «, then condition (8) holds as Card (A;) > 1 and ¢ is critical,
and condition (9) also holds with y = 1 as g is critical. We deduce that if & = «,
then § = ¢ and T% = t* is simply the Kesten’s tree associated with the offspring
distribution ¢g. We now comment on the conditions (8) and (9).
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Remark 3.6 One can see that condition (8) is almost optimal. This is easy to check
in the binary case. Assume g(0) +¢g(1) +¢(2) =1, g(0)g(1)g(2) > 0, A; = {0, 1}
and A = {2}. Since we always have |[t(1| > |7, then any asymptotic proportion
has to satisfy a(1) > @(2) thatis mgzg = 2a(2) < 1.

Remark 3.7 Fori € [d], let P; ,, denote the distribution of a random variable Z taking
values in A; such that P; ,(Z = ¢) = l{geA,.}yeq(E)/fA, (y). In particular, we have
hg(y) = Zie[d] a(i)E; ,[Z]. An elementary computation gives that d,E; ,[Z] =
y‘lVar i,y (Z). Using that Card (Ay) > 1, we get Var 1 ,,(Z) > 0 and thus hg{ is
positive on Q. We deduce that, if it exists, the root of Eq. (9) is then unique. Since
lim, .0 g (y) = mg, we deduce that condition (8) implies 45(0+) < 1. A necessary
and sufficient condition for the existence of a root to (9) is that limy,4g hg(y) > 1,
with R = sup Q the radius of convergence of the series f,. A sufficient condition
to get this latter condition is for example limy, 4 g fq’(y) = 400 or even the stronger
condition R = +o00.

As noticed earlier, for @ = «, as ¢ is critical, we get that (1) = 1. So in this case
no further hypothesis is needed. We also deduce that if @ (i) > «(i) for all i € [d]
such that f4, (1) > 0, then we have hz(1) > hy(1) = 1. And thus, in this particular
case also, the root of (9) exists without further assumptions on ¢.

Proof of Corollary 3.5 We consider artificially that 7 is a d-dimensional multi-type
GW tree, by saying that an individual u € 7 is of type i if the number of offspring of
u belongs to A;. The corresponding root-type distribution is « and the corresponding
offspring distribution p = (p®, i € [d]) is defined as follows: fork = (ki, ..., ky) €

NY,
- kD) ( 1kl
Oy =1 _ a (kD) k 10
P (k) = Ljkjeay) w@ \x ) (10)
where we recall thata* = [T 14y @ (/)% and [k| = 37,4 ki, and we use the following

notation for the multinomial coefficient (lil) = |k|!/T1; c[4) ki!- For simplicity we shall

still denote the corresponding multi-type GW tree by t. We define o* = (a*(i),i €
[d]) with o™ (i) = ZKGAL, Lg(€)/a(i) so that (o, 1) = («, @™) = 1. Notice that o™ is
positive as (1) > g(0) and 0 € A;. It is easy to check that the mean matrix is given
by M = (a«*)T a. Its only nonzero eigenvalue is 1 and & and «* are the nonnegative-
associated left and right eigenvectors. The mean matrix M is primitive as all its entries
are positive. We get that condition (H7) holds. Notice (H>) holds as we assumed ¢ is
aperiodic.

We first consider the case @ = «. (As noticed just after Corollary 3.5, condition
(8) holds and condition (9) also holds with y = 1). We easily deduce from Theorem
3.1 that if (k(n),n € N*) is a sequence of N4 satisfying lim,,_, o k(n)/lk(n)| = «
with lim,_ 4+ |k(n)] = +o00, then t,, which is distributed as T conditionally on
{|z] = k(n)}, converges in distribution to the (d-type) Kesten’s tree t* associated with
the offspring distribution p and root-type distribution «.

Let £* be the mono-type Kesten’s tree associated with g. We shall check that t* is
distributed as T* seen as a multi-type GW tree, where an individual u € T* is of type
i if the number of offspring of u belongs to A; and that u is normal if it has a finite
number of descendants (i.e., Card ({v € T%; u < v}) < +00) and special otherwise.
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Lett € Top and x € Ly(t). Fori € [d], we set x; = {X,i} and t; = {x;} J{t\{x}),
the tree which is equal to t except for the leaf x which is of type i instead of M (x).
We denote by T(t, x) the set of trees obtained by grafting trees on the leaf x of t
with possibly changing the type of x, that is, T(t, X) = Uie[d] T(t;, x;). We write
Pa(dt*) = ), c1a1 @ (1P, (dT*). We have for i € [d]:

a(r)
a*(r)

Py (t* € T(t;, xi)) = o™*(i) Z Pr(t € T(t;, x)) = ™ () P(r € T(t;, x;)),

reld]

where we used (7) for the first equality and (4) as well as (&, «™) = 1 for the second.
Using that P(z € T(t;, x;)) = a(i))P(r € T(t, x)) and (o, «*) = 1, we deduce that:

Py (t* € T(t, X)) = Z a*()P(r € T(t;, x;)) = P(z € T(t, X)).
ield]

Using (7) in the mono-type case, we get P(t* € T(t,x)) = P(r € T(t, x)) and
thus Py (z* € T(t,x)) = P(* € T(t,x)). It is left to the reader to check that
F' ={T(t,x); t € To, x € Lo(t)} is a separating class on T'}. Hence 7* is distributed
as T* and can thus be seen as the (mono-type) Kesten tree associated with the offspring
distribution ¢.

We now shall condition on a general asymptotic proportion @ € R? satisfying
condition (8) and condition (9). We assume that there exists a root to the Eq. (9),
say y. This root is unique according to Remark 3.7. The probability g defined in
Corollary 3.5 is a critical (as y is a root of (9)) and aperiodic (as ¢ is aperiodic) and
thata(i) = ), 4; 4(0) forall i € [d]. Let T be a mono-type GW tree with offspring
distribution g (which can also be seen as a multi-type GW tree where the type of an
individual is A; if the number of its offspring lies in A;). We deduce that for all t € T,
we have:

Py =t) = [ [Gkalth = y V' T B, (r = 1),

uet

where I' = (a(i)/fa,(y), i € [d]). In particular, for all k € N, the random tree ,,
which is distributed as t conditionally on {|t| = k}, has the same distribution as the
random tree 7,,, which is distributed as T conditionally on {|7| = k}. According to the
first part, since ¢ is critical aperiodic, we deduce that if (k(n), n € N*) is a sequence
of N¥ satisfying lim,_, o0 k(1) /|k(n)| = & with lim,_ o |k(n)| = 400, then 7,, and
thus t,,, converges in distribution to the mono-type Kesten’s tree T* associated with
q. O

3.2 Around the Dwass Formula
Let v be arandom GW tree with critical offspring distribution p. We have no assump-

tion on p for the moment. For i, j € [d], we define the total number of individuals of
type i whose parent is of type j:
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Bij = Card ({u € T, M(u) =i and M(Pa(u)) = j}) .

And we set B = (B;;; i, j € [d]). Notice that Zje[d] Bjj = |z@.
Let (X;¢; € € N*) fori € [d] be d independent famili;:s of independent random
variables in N¢ with X; ¢ having probability distribution p). For i € [d], we consider

the random walk S; , = ZZ:I X forn € N*with S; 0 = 0. Fork = (ky, ..., kg) €
Nd, weset Sy = ) ield] S;.k; - We adopt the following convention for a d-dimensional
random variable X to write X = (X/), j € [d]), so that we have in particular S,.(’]n) =

Zz IX(J) Fork € N and r € [d], we define the matrix Sk, r) = (S;j(k,r); i, j €
[d]) of size d x d by:

Sijle, 1) = =S + (S + Lymipliiz). (an

The following lemma is a direct consequence of the representation of Chaumont
and Liu [5] for multi-type GW process, which generalizes the Dwass formula to the
multi-type case.

Lemma 3.8 Let v be a random GW tree with critical offspring distribution p. For
reldlandk e (N*)d, we have:

1
Pzl =k) = ﬁE[det(S(k, r); Sy +e =k].
ield) i

Proof For k = (k;j;i, j € [d]) € N9%d  we denote, for j € [d], by «; the column
vector (k;j,1 € [d]). We deduce from Theorem 1.2 in [5] that, for r € [d], k =
(ks ... ka) € N,k = (k53 1, j € [d]) € N9*¢ such that

k=e + Y ki, (12)
jeld]
we have:
P(Sjk; = «j)
P, (B = k) = det(A(k) — k) ]_[ T, (13)

Jeld]

where A(k) is the d x d diagonal matrix with diagonal k. Notice that additional
hypotheses on the offspring distribution p were required in Theorem 1.2 from [5].
However, for fixed «, (13) is a finite algebraic expression of p. According to [5], it
holds in particular for all p such that there exists a finite constant¢ > 2and p® (k) > 0
if |k| < c and p¥ (k) = 0if [k| > ¢ forall i € [d]. This gives that (13) holds for all
p-

Because of (12), we have:

P.(|t| =k, B=«k) =P, (B = k). (14)
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Thanks to the definition of S(k, r), we have that A(k) — « is equal to the transpose of
S(k, r) on ﬂje[d] {Sj)k_/ = Kj } By summing (14) and thus (13) over all the possible
values of « such that (12) holds, we get:

Pr(tl=k) = ) BB =) jme, 15, 05)
K

1 .
= m Zdet(A(k) — 1) Lgme, Yy k) POV € [, Sk, =K))
K

1
= —— E[det(S(k, r)); e + Sp =k].
Hie[d] ki

m}

In order to compute the determinant det(S(k, r)), instead of using a development
based on permutations, we shall use a development based on elementary forests, see
Lemma 4.5 in [5] and Formula (15) below. (As we are interested in computing the
determinant of a matrix whose all columns but one sum up to 0, we shall only consider
forests reduced to one tree).

Recalll =(1,...,1) € R4. For r € [d], we consider 7, the subset of Ty of trees
with root of type r, and having exactly d individuals, all of them with a distinct type:

T, ={teToy; [t| =1, and M (@) = r}.

Fort € 7, and j € [d]\{r}, let ji denote the type of the parent of the individual of
type j: jt = M(Pa(u;)), where u ; is the only element of t such that M (u;) = j. We
shall use the following formula to give asymptotics on det(S(k, r)).

Lemma 3.9 Forr € [d] and k € (N*)?, we have:

detSk. =Y ] Sj.t{)kh.
teZ, jeld\{r}

Proof We follow the presentation of [5]. We say that a collection of trees is a forest.
A forest f = (tj, j € J) is called elementary if the trees are pairwise disjoint and if
the forest contains exactly one individual of each type, that is, Y jes It = 1. LetF
denote the set of elementary forests. For f € F, set u; the individual in f of type i,
which belongs to a tree of f say t;, and write it = M (v) for the type of the parent
v = Pay, (t;) of u; if [u;] > O and if = O if |u;| = 0.

According to Lemma 4.5 in [5], we have for k = (k;;;1, j € [d]) € RAxd

det(c) = (=D > T «je» (15)
feF jeld]
with the convention that ko ; = — Zie[d] Kij-
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Thanks to Definition (11) of S(k, r), this implies that for r € [d] and k € (N*)4,
we have: 0
J
det(S(k, r)) = Z ]_[ Sitk, (16)
feF jeld
with the convention that if jr = 0, then S;ff’)kjf = 1{;—,). Notice that I jeld] Sﬁf )"u
if the forest f is not reduced to a single tree whose root is of type r. To conclude, use
that jy = ji if the forest f is reduced to a single tree t. O

Let (5( ie; £ € N* i € [d]) be a sequence of random variables independent of
(Xi.¢; € € N*,i € [d]) with the same distribution.

For a finite subset K of N, we shall consider partitions A“X) = (AKX ... AK)
of K such that inf A{{ < .-« < inf Af. Fort € 7,,i € [d], recall that u; is the
individual in t of type i. Denote by C;(t) = {j € [d]; ji = i} the set of types of the
children of u; in t. Let A¢ be the family of all A = (m, (A" ¢ [d]), with
m= (my,...,mq) € N4 such that, for all i € [d], m; = 0 if Card (Ci(t)) = 0 and
1 <m; < Card (C;(t)) if Card (C;(t)) > 0. For convenience, we may write m_4 for
m. With this notation, we set:

m;

mA—Z ZXlZv G(-A) 1_[ 1_[ 1_[ Xl(jﬁ)’

ield] =1 ield] t=1 . AC<‘>

with the convention that ) ", = O and [[, = 1, and for k = (ky, ..., kq) € N4 such
that k; > d foralli € [d]:

Bumy) =[] i

ield] (ki —mq)!

Since X; ¢ for i € [d], £ € N* takes values in N¢ and > ield] ZZ";I Card (A? (t)) =

d — 1, we deduce that: .,
- -1
0<G(A < ‘ ,,,A‘ . a17)

We have the following result.

Corollary 3.10 Forr € [d] and b,k € (N®Y such that k > d1, we have:

E[det(S(h, 1) S =b1= " > Ben ) E|G(A): Sy + Skoma =b).
te7, Ach¢

Proof Forr € [d],t € T,,and k € (N*)d, we have:

[T sih =11 TI >

jeld\r} ield] jeC;(t) t=1
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Using the exchangeability of (X; ¢; £ € N*) for all i € [d], we easily get for b, k €
(N*)4 such that k > d1:

Bl T[] s%%:S=b[=Y BimaE [G(A); Sma + Skomy = b].
jeld\{r} Aeh¢

Then use Lemma 3.9 to conclude. |

3.3 Proof of Theorem 3.1

We assume that (H1) and (H3) hold. Let r € [d]. Letb € N4, We have, using Lemma
3.8 and Corollary 3.10, for every k > b + 1 such that P, (|t| = k) > O:

[Liciay®i = bi) Pr(It| =k —b)
Hie[d] ki Pr(Iz| = k)
_ E[det(S(k — b,r)); Sk—p +e€ =k —b]
B E[det(S(k,7)); Sk + e, = k]
Sier Lodcn, BebMAOE[GA: Sy + Secpoma =k —b e, |

Zte’]} ZAGA( Bk(m.A) E I:G(A)s SWm_A + Sk—m_A =k— er]

(18)

The next lemma is an extension of the strong ratio limit theorem given in [1]. Its
proof is postponed to Sect. 3.4. Recall that a is the positive normalized left eigenvector
of the mean matrix M. (Notice that no moment condition is assumed for G or H).

Lemma 3.11 Assume that (Hy) and (H>) hold. Let G and H be two random variables
in N and N4, respectively, independent of (X;¢; £ € N*,i € [d]) and such that
P(G=0) < landa.s. G <|H|® for some ¢ > 1.

Set (k(n),n € N*) and (sp,n € N*) be two sequences in N? satisfying
lim,— |k(n)] = +00 and lim,— k(n)/|k(n)| = lim,— o0 s,/lk(n)| = a. Then
for any given m, b € N, we have:

lim E[G; H + Sk()y—m = sn — b] -1
n=>00 E[G; H + Sk(n) = s5y] .

Let (k(n), n € N*) be asequence of elements in N9 such that lim,,_, o |k (n)| = 400
and lim,,— oo k(n)/|k(n)| = a. Since P(G(A) = 0) < 1 and thanks to (17), we deduce
from Lemma 3.11 that:

E[G (A S + Ski—p-ma = k() b — /]
lim

=1.
1 B[ GA): S+ Skim-ma = kn) — &
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We also have:

Bimy—p(ma) !

n——+00 Bk(n) (mA)

Since all the terms in (18) are nonnegative, and lim,_ 4+~ ]_L.E[d] (ki(n) —b;i)/ki(n) =

1, we deduce that:
P,(|t| = k() —b) _

lim — 1. (19)

n—>+oo  Pp(|t] = k(n))

Then, using Lemma 2.9 (with i = r in (6)), we obtain that, for all » € [d], t € Ty and
x € Lo(t) such that M(x) = r, lim,— 4 P, (7, € T(t, x)) = P.(z* € T(t, x)). Of
course, we have for t € Ty and n large enough that P (7, =t) =0 = P, (z* = t).
We deduce from Corollary 2.2 that (z,,, n € N*) converges in distribution toward 7*
under P, for all r € [d].

Let « be a probability distribution on [d]. Lett € Tgand x € Ly(t). Setr = M (%)
and i = M(x). We have using (6) that:

() P, (z € T(t, x), [t| = k()
Py (z, € T(t, = -
(o & ) = o (D P (el = k()
_ a(r)ar
X e @i T ()

P.(z* € T(t, x)),

where

Pj(z| = kn))

0 = B e = k)t e’

with the convention that I'; (n) = 400 if P;(|t| = k(n) — [t| + ;) = 0. Lett’ € Ty
and x” € t’ such that M(x) =i and P;(z* € T(t', x")) > 0 (which is possible thanks
to Lemma 2.8). Using (6) and the convergence of (t,, n € N*) toward t* under P;,
. P;(|z|=k . .
we deduce that lim,,_, 4 oo % = a;f/a;‘. Then use (19) (with r = i) to
deduce that lim,,_, 4o 'j (n) = a’l'.‘/a;k for all j € [d]. Using the definition (4) of &,

we deduce that:

a(r)ar

- P, (* € T(t, x)) = Py (™ € T(t, x)),
ng[d]a(J)aj

lim Py(7, € T(t,x)) =
n——+00

where Py (dt*) =), ca) & ()P, (dt™). This proves Theorem 3.1, assuming Lemma
3.11. O

3.4 Proof of Lemma 3.11

We assume (Hp). In particular, this implies that P(X; 1 = 0) > O for some i € [d].
Without loss of generality, we can assume this holds fori = d: P(X;1 = 0) > 0.
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Recall that a is the normalized left positive eigenvector of the mean matrix M
such that |a| = 1. In particular, a is a probability on [d]. Set vy = 0 € N¢~! and
fori € [d — 1], setv; = (vfl), ...,vl.(d_l)) € N¢=1 such that vl.(J) = 1y for
jeld—1].LetY = (U, V) be arandom variable in N9 x N?~1 guch that fori € [d],
P(V = v;) = a;, and the distribution of U conditionally on {V = v;}is p‘!).

Recall Definition 2.3 of an aperiodic probability distribution.

Lemma 3.12 Under (Ha), the distribution of Y on Z2?~" is aperiodic.

Proof Recall vy = 0 € N~ Let H be the smallest subgroup of Z>¢~! that contains
supp (F) — supp (F), with F be the probability distribution of Y. In particular, we
have that H contains (supp (p)) — supp (p?)) x {v4} forall i € [d] and thus their
union. Since (Ha) holds, we deduce that H contains Z¢ x {v4}. This implies also that
(0, v;) belongs to H for all i € [d], and thus H = Z24-1, O

Forx € RY and z = (z1,...,2q4) € RY, we set 8(x,2) = (X,21,...,24-1). By
definition of Y and since a is the left eigenvector of the mean matrix with eigenvalue
1, we have E[Y] = §(a, a).

We consider (Y¢, ¢ € N*) independent random variables distributed as Y. We set
Wy = 7}_ Yo Lets € N9 and k € (N*)?. We have:

P (W = 8(s, k) = DOP(Sg =s) with D(k) = _ [Ta". o
Hie[d] i! iG[d]

Recall G and H given in Lemma 3.11. We set H' = §(H, 0) € N>¢~!, We get for
k,m, s and b in N:

E[G; H+ Sx-m =5 —b1  D(k) E[G; H + W = 8(s, k) — 8(b, m)]
E[G; H+ S =s]  D(k—m) E[G; H' + Wy = 8(s, k)] '

(21)

Thanks to Lemma 3.12 and (H,), the distribution of ¥ on Z2~! is aperiodic.

Since 0 < G < |H|¢ we also have 0 < G < |H'| and P(G = 0) < 1. Let

(k(n),n € N*) and (s,, n € N*) be two sequences in N¢ satisfying lim,,_, oo [k(n)| =

400 and lim,_, 0 k(n)/|k(n)| = lim,_~ s,/|k(n)| = a. Notice, this implies that

lim,,— 0 6 (s, k(n))/|k(n)| = E[Y7]. We deduce from Lemma 4.11, which is stated
and proved in Sect. 4.5 that:

fim E[G; H + Wik =im| = 8(su, k(n)) — 8(b, m)] _
n——+00 E[G; H + W\k(n)| = 8(sy, k(n))]

Then notice that lim,,_, 4 oo D(k(n))/D(k(n) —m) = 1 aslim,_, yo k(n)/|k(n)| = a.
And use (21) to get:

E[G; H + Sk(n)—m = Sn — b] .

im 1.
n—+o0 E[G; H 4+ Skn) = snl
This ends the proof of Lemma 3.11, assuming Lemma 4.11. O
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4 Remaining Proofs
4.1 Preliminary Results

For x € R9 and § > 0, let B(x, §) be the open ball of RY centered at x with radius
8. For any non-empty subset A of R, denote: cv A the convex hull of A, cl A the
closure of A, int A the interior of A, aff A = x¢ + span (A — xp) the affine hull of A
where x(y € A and, if A is convex, ri A the relative interior of A:

nA={xeaA, affAﬂB(x,(S) C A for some § > 0}.

Notice that, for A convex, we have int A = ri A if and only if aff A = RY. For a
function f on R? taking its values in R [ J{+o0}, its domain is defined by dom(f) =
{x e RY: f(x) < o0}

Let F be a probability distribution on R? and X be a random variable on R? with
distribution F. Denote by supp (F) the closed support of F: x ¢ supp (F) if and only
if P(X € B(x,8)) = 0 for some § > 0. Denote also by cv (F) the convex hull of
its support, aff (F) and ri (F') the affine hull and the relative interior of cv (F). We
define ¢ the log-Laplace of X taking values in (—oo, 4-00] as:

0(6) = log( [“>]), 6 e RY. 22)

The function ¢ is convex, ¢(0) = 0 (which implies that ¢ is proper), and lower
semicontinuous (thanks to Fatou’s lemma). Its conjugate, v, is defined by:

Y(x)= sup ((8,x)—p®), xeR (23)
fedom(p)

We recall that ¢ is a lower semicontinuous (proper) convex function. Since ¢ (0) = 0,
we deduce that ¥ is nonnegative. We first give a general lemma on the domain of .

Lemma 4.1 Let F be a probability distribution on R%. We have ri (F) = ri dom ().
If ¥ (x) = 0, then we have x € ri dom(4).

Proof Let x ¢ cl ri (F) = cl cv (F). According to the separation theorem, there
exists @ € RY and ¢ > 0 such that a.s. (@, X — x) < —e. This gives that for all
t >0, ¢(0) —t(0,x) < —te and thus ¥ (x) > sup,.,te = +oo. This implies that
dom(yr) C clri (F).

Let x € ri (F). By translation invariance, we can assume that x = 0. We set
h(@#) = E[max(0, min(1, (#, X)))]. The function & is continuous and, since 0 €
ri (F), itis nonzero on A = {0 € aff (F), |6] = 1}. Thus A has a strictly positive
minimum on A. Since P((6, X) > 0) > h(6/]6]) for & # 0, we deduce that a =
infgeatr (F)\{0) log(P((0, X) > 0)) is finite. For 6 € R, let O denote its orthogonal
projection on aff (F). If 0 = 0, then ¢(0) = 0, otherwise we have ¢(0) = ¢(6f) >
log(P((6F, X) > 0)) > a. We deduce that ¢ > a and we get ¥ (x) = ¥ (0) < —a.
We deduce that x € dom(y). This implies that ri (F) C dom (/).
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We deduce that ri (F) C dom(yy) C cl ri (F), which gives that ri (F) =
ri dom ().

We denote by 9(F) = cl ri (F)\ri F the relative boundary of dom(y). Let
x € d(F). Let X be a random variable with probability distribution F. According
to the separation theorem, there exists g € R4 such that a.s. (g, X —x) < 0and
P({(g, X — x) < 0) > 0. This implies that ¢(g) < (g, x) and thus ¥ (x) > (g, x) —
¢(q) > 0. This gives that ¥ (x) = 0 implies x € ri dom(y/). O

We have the following corollary.

Corollary 4.2 Let X be a random variable on R¢ with probability distribution F. If
X is integrable, then E[X] belongs to ri dom(y) and ¥ (E[X]) = 0.

Proof Jensen’s inequality implies that ¢(6) > (0, E[X]). This gives (0, E[X]) —
©(0) < 0. Then use (23) and that ¥ is nonnegative to deduce that ¥ (E[X]) = 0. Use
Lemma 4.1 to conclude. O

For 6 € dom(yr), we define a probability measure on R? by:
dPy(X € dx) = 9% =9@ gp(X € dx). (24)

We denote by mg and Xy the corresponding mean vector and covariance matrix if they
exist, i.e.,

myg = Eg[X] = E[X e X)=9@] = Vp@©®) and Ty =Covg(X, X). (25

We set Zr = int dom(g) the interior of the domain of the log-Laplace of F. Notice
that X under Py has small exponential moment for 6 € Zr and its mean and covariance
matrix are thus well defined for @ € Zr. For a symmetric positive semi-definite matrix
3, we denote by | X| its determinant. The elementary proof of the next lemma is left
to the reader.

Lemma 4.3 Let F be a probability distribution on R%. For any compact set K C I,
we have:
sup |Xg| < +oo and sup [Eg [lX — m9|3] < +00. (26)
fekK 0eK

We set O = int cv (F) the interior of the convex hull of the support of F.

Lemma 4.4 Assume OF is non-empty and bounded. Then the application 0 +— mg
is one to one from R¢ onto O and continuous as well as its inverse. In particular, for
any compact set K C Op, there exists r such that K C {my; |0| <r}.

Proof 1Tt is easy to check, using Holder’s inequality, that if OF is non-empty then ¢
is strongly convex on its domain. If OF is bounded, then X is also bounded and the
function ¢ is finite on R4, so that dom(p) = R4, as well as differentiable throughout
R?. This implies that ¢ is smooth on R in the sense of [21] Section 26. According
to Theorem 26.5 in [21], this implies that V¢ is one to one from R? onto the open set
D = V(p(Rd), continuous, as is ch_l. Furthermore, according to Corollary 26.4.1
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in [21], we have ri dom(y) C D C dom(y). Since D is open, we deduce that
D = ri dom(y/) = int dom(y/). Then, use Lemma 4.1 to get that D =ri (F) = OF.
O

Recall Definition 2.3 for an aperiodic probability distribution.

Lemma 4.5 Assume F is an aperiodic probability distribution on Z¢. Then, we have
that O is non-empty and that for any compact set K C I,

inf |Xg| > 0. (27)
0eK

Proof Since F is aperiodic, we have aff (F) = R<. This implies the first part of the
lemma.

Let & € Zr be such that |[Zy| = 0. Then there exists # € R?\{0} such that
(h, Xph) = 0. This implies that Pg-a.s. (h, X) = ¢ with ¢ = (h, myp). This equality
also holds P-a.s. as the two probability measures P and Py are equivalent. Since
aff (F) = RY, we get h = 0. Since this is absurd, we deduce that |¥y| > O for all
0 € Zr. Then use the continuity of 6 +— |¥y| on ZF to get the second part of the
lemma. O

4.2 Gnedenko’s d-Dimensional Local Theorem

Recall the definitions of ¢, Py, mg and Xy given by (22), (24) and (25) and that
Zr = int dom(¢). The next theorem is an extension of the one-dimensional theorem
of Gnedenko [7], see also [22,25].

Theorem 4.6 Let F be an aperiodic probability distribution on 7Z¢ such that Ir is
non-empty. Let (X¢, £ € N*) be independent random variables with distribution F
and set S, =Y _y_, Xy for n € N*. Then for any compact subset K of I, we have:

lim sup sup |n9/2|Sg|V/2Py(S, = s) — (2r) 42 e @I /2] — o (28)

n=>00 gek ce7d

with 2,0, s) = n= Y2512 (s — nmg).

The end of this section is devoted to the proof of Theorem 4.6. This proof is a
straightforward extension to the one-dimensional case. For completeness, we give it
in detail.

Let K C Zr be compact. Thanks to Lemmas 4.3 and 4.5, we have |¥y| > 0 and

%, 172 is well defined. We define:

Y =n" 12552 (X) —mg) and fy(t) = By [e“ﬁ Y>] . (29)
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By the inversion formula, we know that for s € 74:

O 1 L L

(77‘[,7T)d L
[ [ s,
(77‘[,77)d L

=/ E, 'ei<nl/22;/2u,Y)]" o122 21, 2,0.9) g,
(—n,n)d L

In order to simplify the notation, we shall write z for z,(6, s). By considering the
change in variable t = nl/zEé/zu, we obtain:

Qr)'Po(Sy = 5) = n"9?Zy|7 12 /j fo)" e 10D dr,
6

where Jp = {r € R? : n_l/zE{;l/zt € (—m, m)4}. We set:

1,(0) = n9/2 56| V2P (S, = 5) — )42 e 1717 /2

Notice that

Qrydl2 e~ uz||2/2=/ o 1P /2-i2) g
R4

We obtain:
(27T)d 1,(0) = / (IJH (1) fo (t)n —e le11? /2> e—i<f,Z) dr.
R4

Let (C,,, n € N*) be a sequence of positive numbers such that:

lim C, =00 and lim n~ /126D, — . (30)

n—o00 n—oo

We deduce, using the expression of %, ! based on the cofactors, that 8 +—> X, s

- 2 1. - . .
continuous on Z. This implies that || %, 124 =% 1t) is continuous in (6, t)
onZp x R?. We deduce that:

c| = sup (¢, E;lt) < 00. 3D
0ek, |t|=1

S - d. imol; —1/25-1/2, 2

et J = {t € R ||t|| < C,}, sothat t+ € J; implies || n X, 7t <
n~le 3 ||2 < n_lch,%. Thanks to (30), we get there exists n; finite, such that
Ji C Jpforalln >n;andallf € K.
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Fore € (0,1) and n > ny, we obtain:

@m)11,0)] = / 1@ S = eV dr < 11+ 1 2O)+103O) + L,
R

(32)
with

2
L) = [ [fo@)" —e 1772 qr,
Ji

1,2(0) =/J [foI"dt,  1,3(0) =/ | fo()["dt,
2,0

J30

and [, 4 = fff e~ 1117 /2 4s as well as Jo = {t € RY; || 1] > C,andn~!'/?

13, %00 < e}, Jsg = {t € Jo: n=V2| 5, "% || = &}. The proof of the The-

orem will be complete as soon as we prove the converge of the terms 7, ; to O for
i €{l,...,4} uniformly for 6 € K (notice the terms I, ; do not depend on s € 7).

4.2.1 Convergence of I, 4

Notice that /,, 4 does not depend on 8. And we deduce from (30) thatlim,,_, o I,, 4 = 0.
4.2.2 Convergence of I, 3

Seth (0, u) = |Eg[e!™X1)]|foru € RYand L = {u € [-27+e,2m—el?; || u || > &}.
Since F is aperiodic, we deduce from Proposition P8 in [23, p. 75] that 2(0, u) < 1

foru € L. Since h is continuous in (@, ¢) on the compact set K x L, there exists § < 1
such that h(0,u) <§on K x L. We getfor 6 € K:

1,3(0) < n??|24|1/2 / RO, w)" 1) du < n?2| 29|12 27)458",

(=7, m)4
where we used that | fy(¢)] = h(0,u) with ¢ = nl/zE;/zu for the first inequality
and that / is bounded by 8 on {u € (—m, 7)%; || u || > €}. Thanks to (26) we have
SUpgeg | 29| < oo and since § < 1, we get lim,,—, oo SUpycg 11,3(0) = 0.
4.2.3 Convergence of I, 2

From (26), we have

ar = sup Bg[|| X1 —mg |I*)] < oo and a3 := sup Eg[|| X1 — my ||I°] < co.
feK ek
(33)

Using c; defined in (31), we can choose & small enough such that

82a2 + eazcy < 1. (34)
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Recall Y = n_l/zﬁe_l/z(& — myg). By the symmetry of %y, we get that

Ey [ll Y ||2] = %Ee[ﬂﬁ — mg, Ee_l(Xl _ m0)>]
A .
=Y [mGone ] =2 )
j=1¢=1

Using similar computations, we obtain:

B [ 2] = 1L (36)

n

Recall notations a3 in (33) and ¢ in (31). For ¢t € J 9, we get:

2 2
Izl 21l
gazcy < )

n

(37)
where we used n~=1/2 || X, "t < e (33) and (31) for the second inequality and
(34) for the last. Recall ap given in (33). From (34) and since ¢ € J; g9, we get:

- 3
Eo 166, )P | < n 720 55201 Balll X = mg 1) <

—12

— 2
Eo [, 2] < 1072202017 Balll X1 = mo 12 < %02 < 1. (38)

We deduce that, forall @ € K and ¢ € J2 4,

(t,Y)
| fo ()] = [Egle' 1] |_‘1— [W tl —zEg U //el“dudsdv}
<1- Ee[l(iY 2] [/W //

]Ee[l(l Y)%] L Balltr, )]
2 6

Il 217 ||r||2_1_||r||2

2n 6n 3n

dudsdvi|

=1-

1 —

)

where we used that Eg[Y] = 0 for the first equality, that Eg[(z, Y)z] < 1 for the first
inequality (see (38)) and (36) as well as (37) for the last inequality. Therefore, we get
that:

12\
m(@)s] Ife(t)l”dtsf (1— Il ) dts/ eI 3 gy,
o oo 3n It1>C

Since lim C, = oo, we deduce that lim,—, oo SUpyc g 1,2(6) = 0.
n—0o0

@ Springer



J Theor Probab (2018) 31:757-788 781

4.2.4 Convergence of I, 1

Since | fp(t)| < 1, we have:

Lfo ()" — e P2 <) (1) — e I/ | < g (n, 1)) + ng(n. 1), (39)

where
2 2
t t
hon,0) = fo) — 1+ L and g, 1y = [emter? /e 4 LI
n 2n
Since0 <x+e*-1< x2/2 for x > 0, we get fort € Ji:
lel* oy 4
ng(n,r) < 8 <n C,. (40)
n

Since Eg[Y] = 0and Eg [(t, Y)*] = || # |* /n, see (36), we deduce that:

' £, Y)?
ho(n, 1) = Eg [e’(”Y>—1+i(t, yy+ L0 }

2

Let L, = n%. We have:

M. t,Y)?
lhg(n,1)| < Eqg )e’<f'Y>—1+i<r,Y>+< i }
. t,Y)?

=Ky (e'<f~Y>—1+i<z,Y>+< 2> 2 X1 — me ||<L,,i|
(| ey . (t,Y)?

+Eo | [T 14 Y) + o[ ) X =g || = Ly

L
< 2 Eo [l )P X0 = mol < Lo | +Eo [0, )% | X0 —mo || = Ly |

where we used |e/* —1 — i + "‘72| < min(|a|?/6, a?) for « € R for the second
inequality. We have:

Egll(t, Y) %5 1| X1 —mg | < L]
=By [ (6, V)21 07 255 P00 = o)l Il Xo = mo || < L]

= w2 1 e LaBo [ (1, 7)?]
=n2 1P /er La,
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where we used c; defined in (31) for the inequality and (36) for the last equality.
Holder’s inequality gives:

B 1120 %0 =mo 1= L] < B {10 O] Bt 1 =g 12 L)1
o |6, Y)7 Il Xy ol =Ln|=<Eg|l(, 0 1 ol = Ln)"".
Using a3 defined in (33), we get:
Bo [1t6, V)P] < n 32105, 20 1B [I X0 = mo 1P] <0326 11 P as.
Using Tchebychev’s inequality and a, defined in (33), we get:
Po(]l X1 —mg || = L,) < g [ll X1 —mg ||2] L2 <aL;>
This gives:
Eo [(6 %5 1 X0 =mo | = L] < n”ler 112630y * L,
Forr € Jy, thatis || ¢ || < C,, we get:
nlhg(n, t)| < %n71/4C2\/c_1+ n71/6c1C5a§/3a§/3.

Using (39) and (40), we deduce there exists a constant ¢ which does not depend on ¢,
6 and n such that for ¢t € Ji, 0 € K, we have:

o) —e 1P 2| < e AC3 4071 /5C2 401 CP.
We deduce that for 0 € K:

L@ = [ 1fo@)" —e 11P2) < (=143 4 n=1/6¢2 4 n~Lchy2d e,
Ji
Recall that lim,,—, o n~1/12+6D €, = 0. This implies lim,— o supyc g 11.1(6) = 0.

4.3 Strong Ratio Limit Theorem

Recall Definition 2.3 for an aperiodic probability distribution. Consider an aperiodic
distribution F on Z?. Let X be a random variable with distribution F. Recall the
function ¢(0) = log E[e!?-X)] defined in (22) and its conjugate ¥ defined in (23). We
state the following strong ratio theorem, which is of interest by itself. However, in this
paper we used the extension of the strong ratio theorem given in Sect. 4.5.
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Theorem 4.7 Let F be an aperiodic probability distribution on Z2. Let (X, £ € N*)
be independent random variables with the same distribution F. Let S, = Y ;_, X¢
forn € N* Forallm € Nand b € 74 we have:

P(S, =5, — b
im Cnmm =5 =B (41)
n—00 P(S, = sn)

where the sequence (s,, n € N*) of elements of ¢ satisfies the following conditions:

(a) sup,cns |2 < o0,
(b) lim, 00 ¥ () = 0.

Remark 4.8 Assume that X, with distribution F, is integrable. Thanks to Corollary 4.2,
E[X] belongs to ri dom (), the relative interior of the domain of ¥ and ¥ (E[X]) =
0. According to Theorem 1.2.3 in [4], the function i is relatively continuous on
ri dom(vr). Therefore, if the sequence (s;,, n € N*) of elements of dom(y/) satisfies
lim,,_, o0 5, /n = E[X], then (a) and (b) of Theorem 4.7 are satisfied. Notice also that if
F is aperiodic (as assumed in Theorem 4.7), then Lemmas 4.5 and 4.1 imply ri dom ()
is the (non-empty) interior of dom () which is also equal to O = int cv (F).

4.4 Proof of Theorem 4.7

We adapt the proof of Neveu [18]. We first state a preliminary lemma.

Lemma 4.9 Let F be an aperiodic probability distribution on 7. Let (s,, n € N*)
be elements of 7¢ satisfying (a) and (b) of Theorem 4.7. Then, for all b € 7% and

m € 7Z, we have lim,_, o ¢(,1+,,l17) =0.

Proof Assume that (a) and (b) of Theorem 4.7 hold. Let x be a limit of a converging
subsequence of (s,/n,n € N*). Since ¢ is lower semicontinuous and nonnegative,
we deduce from (b) that ¥ (x) = 0. Thus, the possible limits of subsequences of
((sp +b)/(n +m), n +m > 1), which are also the possible limits of subsequences
of (s,/n, n € N*), are zeros of . Then, using the second part of Lemma 4.1 and the

continuity of ¥ on the interior of its domain, we deduce that lim,,_, Iﬂ(fﬂr—t,l,’) =0.
O

Since F is aperiodic, using elementary arithmetic consideration and Lemma 4.9, we

see it is enough to prove (41) form = 1 and b € Z¢ satisfying p := P(X| = b) > 0.

We set N, = Card ({¢ < n; Xy = b}). Since fora € 74 the conditional probability
P(X, = b|S, = a) does not depend on ¢ (when 1 < £ < n), we get:

E Ny P(Sy,—1 =a—Db)

[ n P(S, =a)

Snzai|=]P)(Xn=b|Sn=a)=p
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For ¢ > 0, we have:

Nn- J—
P(Sp—1 =a—b) ‘: ‘E[T’Sﬂ_a] B ‘< EH%_M;Sn:a]
P(S, = a) pP(S, = a) = pP(S, =a)
<fyB@ 42)
p p
with

P —p| > ¢)

Rn(a) - P(Sn =a) :

Thus, the proof will be complete as soon as we prove that for all ¢ > O,
lim, 00 Rp(sy) = 0.
By Hoeffding’s inequality, see Theorem 1 in [11], since N, is binomial with param-

eter (n, p), we get:
(' Ny 0
n

We give a lower bound of P(S,, = s,,) in the next lemma, whose proof is postponed
to the end of this section.

- 8) < e 43)

Lemma 4.10 Let F be an aperiodic probability distribution on Z9. Let (X;, £ € N*)
be independent random variables with the same distribution F. Let S, = > j_; X
forn € N*. Then for 0 < n < 1, Ko compact subset of OF, (s,, n € N*) a sequence
of elements of 74 such that sp/n € Ko, there exists some nog > 1 such that forn > ny
we have:

P(S, = sn)enlﬁ(s,,/n) >(1- 77)”~

Using (43) and Lemma 4.10 with 1 — n = e_ez, we get:

IP’( Ny _ p‘ > s) )
Rn (Sn) = . < 26_’18 +ny(sn/n) .
P(Sy = sn) -
Since lim (s, /n) = 0 by assumption, we get the result. O
n—o0

Proof of Lemma 4.10 Since F is aperiodic, Lemma 4.5 implies that O is non-empty.

We first assume that the support of F' is bounded. In particular, the domain of
¢ defined by (22) is R4, Recall notation (24) as well as myg = Eg[X] and Xy =
Cov ¢(X, X). Let Ko be a compact subset of Op. According to Lemma 4.4, there
exists a compact set K C R? such that Koy C {mg,6 € K}. According to Theorem
4.6, we have that for all ¢ > 0, there exists ng such that for all n > ng:

sup sup nd/2|29|1/2]}1>6(5n =) — (2:1)“”2 e—u,,(@,s) <,
0eK se7d
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with

— el —
1y(0.5) = (s —nmg, Xy (s nmg))’
2n

So we get that for all n > ng, 6 € K:

Py(Sy = sn) > 2n) 925|712 e tun@sn) _py=d/2 53| 71/2¢

—1/2 —1/2
> 2wn)~ 4% ( sup 1241 g tun@sn) _p=d/2 <inf |Eq|> s.
gek gekK

We deduce that for all n > ng:

—1/2
sup Py (S, = s,) > 2n)~%* | sup |2,
feK qgekK

-1/2
x e~ foek un(@o5n) _py=d/2 (ing A €.
qek

Since s;,/n belongs to {mg; 6 € K}, we get that infgcg u, (6, s,) = 0. Thanks to
(26) and Lemma 4.5, we can also choose ¢ > 0 and § > 0 both small enough so that

(2m)~4/2 (sup,ex |Eq|)71/2 — (infgek |Eq|)71/26‘ > 8. Then we deduce that for all
n = ngp:

sup Py (S, = s,) = sup Pg (S, = s,) > n4%§ > 0.
AeRd ek

Using (23), we get:

sup Py (S, = s,) = sup P(S, = s,) ltsn)=ne @) — p(g, = g,) eV /M)
HeRd HeRd

This gives, for some § > 0, for all n > ny:
P(S, = s,) eV /M > 5,712 5 0, (44)

This gives Lemma 4.10 when the support of F is bounded.

Let F be a general aperiodic probability distribution on Z¢, and X arandom variable
with distribution F. Let M > Osothat 8y = P(|X| > M) < 1.Let X™ be distributed
as X conditionally on {|X| < M}. Let (X é"’ , £ € N) be independent random variables
distributed as XM, and set S,]l” = ZZ:] X?’I. We have:

PSM = 5,) = P(Su=sn, [Xel sMforl<t=n) P(S,=sn)
" P(X| = M)" - (I =a)"
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Let F); be the probability distribution of X and ¢y defined by (22) with F replaced
by Fuy and vy defined by (23) with ¢ replaced by ¢ys. Since F is aperiodic, we get
that F)y is aperiodic for M large enough. We get:

P(S, = 5,) "V O/ = P(SY = 5,) "V O/ (1 — 8 )p)"
= P(SM = 5,) " VM /M) @A (a/m)
n ’

where we define AM(s) = 1//(s) 1//M(s) and 1//M(x) = Supgerd ({60, x) — @u(0))
with @7 (0) = log (E [ 1{‘X‘<M}]) so that ¥y (x) = Y (x) — log(1 — 8y).

Notice that the sequence of continuous finite convex functions (¢y, M € N¥)
is non-decreasing and converges pointwise to the convex function ¢ (which is not
identically +o00 as ¢(0) = 0). By definition, the sequence of convex functions
(Um, M € N*) is non- increasing and VYu > . Therefore, the sequence con-
verges to a function say v such that ¢ > . Thanks to Theorem B.3.1.4 in [10]
or Theorem I1.10.8 of [21], 1// is convex and (wM, M e N¥) converges to w uni-
formly on any compact subset of ri dom (/). Theorem E.2.4.4 in [10] gives that the
closure of ¥ (defined in Definition B.1.2.4 in [10]) is equal to ¥. Thanks to Propo-
sition 1.2.5 in [4], we get that ri dom(l/}) = ri dom(yr), and on this set, we have
1/~/ = . Since ri dom(¢¥) =ri (F) = OF, see Lemmas 4.1 and 4.5, this implies that
limps— 400 Ay = 0 uniformly on any compact subset of OF.

Notice that Ay < 0. Therefore, for any y > 0, Ko compact subset of O, there
exists My such that for M > My, 0 > Ay > —y on Ko. We deduce from (44) with
S, and ¥ replaced by S,i” and vy that for some § > 0 and y > 0, there exists ng > 1
such that for all n > ng:

P(S, = sn) eV (sn/n) > sn=d/2 e

This completes the proof. O

4.5 An Extension of Theorem 4.7

We shall need the following extension of Theorem 4.7.

Lemma 4.11 Let F be a probability distribution on N4 which is aperiodic on ze
Let (Y,,n € N*) be independent random variables distributed according to F and
set Wy = Y y_, Yy for n € N*. Assume that E[|Y1|] < +o0. Let G and H' be two
random variables in N and N¥ | respectively, and independent of (Y,,, n € N*) such
that P(G = 0) < 1 and a.s. G < |H'|® for some ¢ > 1. Let (w,,n € N*) be a
sequence ode/ such that lim,,_, y oo w, /n = E[Y1]. Then for any given £ € N and b

€ Nd/, we have: )
E[G; H +W,_; = —-b
fim T Wae =wa —b1_ (45)
n—00 E[G; H + W, = w,]

Proof Since F is aperiodic and by elementary arithmetic consideration, it is enough
to prove (45) for £ = 1 and b € N? satisfying p = P(Y; = b) > 0. Let & > 0. Using
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similar arguments as in (42), we get:

1‘55+&,
PP

’IE[G; H + W,_1 =w, — b]
E[G; H + W, = w,]

and

n

E[G; H + W, = wy]

IE[G; 1Mo _p| > g, H/+Wn:w,,]

Rn =

’

with N, = Y y_, 1{y,=»}. Choose g € N*and h € N“ suchthatg = P(G = g, H' =
h) > 0. We have:

|wn|“P(‘%—p‘ >8> |wn|c2672ne2
< < ,
"7 gqPWy=w,—h) T gqP(W, =w, —h)
where we used G < |H'|¢ a.s. and that H' + W,, = w,, implies H' < wy, for the
first inequality, and inequality (43) for the second. Notice that for all &’ > 0 we have
|lwy ¢ < exp(¢n) for n large enough.
Then use Lemma 4.10 and Remark 4.8 to conclude that if lim,_, 4 w,/n =

E[Y7], then lim,_,1 R, = 0. Since ¢ > 0 is arbitrary, we get lim,_, |
E[G; H/+Wn—l:wn_
E[G; H'+W,=wj,]

b | = 0, which gives the result. |
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