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Context
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Model reduction using PGD

[Chinesta et al. 2010, 2011][Nouy 2010]
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PGD modes

Qd(§7 t) =k ) fd(§7 t) o= 200513y
N, = 50, N, = 1000

I—>accuracy of solution Uy, (g, t) ¢ of quantities of interest](um)?

s (cuaranteed) estimation of the global/local error
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Post-processing

[Ladeveze & Chamoin 2012]
We stop PGD sub-iterations with a problem in space

mmmp- for each PGD mode Mg & [1, m]
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Post-processing

mmmpp () s equilibrated with Z Gmoi®; in a FE sense, VT
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Constitutive relation error (CRE)

getting guaranteed and computable a posteriori error bounds

one way which can be described with different words
(CRE, equilibrated residuals, flux-free,...)

Steady thermal problem

/klu-Zu*dQ:/fdu*dQ%—/ I sl SAN LR =R
Q Q Y

Primal approach (Ritz-Galerkin) : yields an upper bound to the potential energy

e |l — ully = 8l — [lull - Z/QkZu V(4 —u)dQ = 2[Ep(4) — Ep(u))
; Dual approach: produces a lower bound to the potential energy
; A 2 A 112 2 1 A A

g —dlly =Tllally —llgllg =2 | 79 (@~ 9)d?=2[Fe(g) - ETC@]
U ~Ey(u) 11



Constitutive relation error (CRE)

Prager-Synge equality

1a — ully + 11§ — qllg = 2[Ee(g) + Ep(@

Hypercircle property

i

e Technical point: construction of ¢

|—> post-processing of the approximate solution 4,

(use of Galerkin properties in the FE context)

|—> provides for asymptotic convergence properties [Ladeveze & Pelle 2004]

L( |t — ully < Ecre(t,q) < Cllu— ull, 12



Construction of (

[Ladeveze 75, Ladeveze et al 10, Pled et al 11]

Use of classical techniques (hybrid flux - EET - EESPT) for FEM with two steps:

1) Definition of equilibrated fluxes on element edges (by means of prolongation

condition with gh = kZuh ) .

1

local systems around
each FE node

N“>

K

2) Solution of a local problem at the element level (use of PGD (offline))

Tl mmmPp- implemented in a C++ plateform
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Extension of CRE

Definition in the unsteady case

Fundamental results

? ex ~ ex ~ ex ~ A A
E u® —all[5 + |llg —g\|\3+/c(u —0)ipdQ = E¢pp(i, )

llg™ =11+ | elues = 0}d® = 5Bl )

1
0" = 5@ +kY0)

mmmp- ocuaranteed bounding of global and local errors
Rem : can be generalized to time-dependent nonlinear problems with dissipation

I—> dissipation error [Ladeveze & Moés 98, Chamoin et al. 07]
( e5is(X,Y) =po(X)+* (V)= XY 14
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CRE applied to PGD solution

(fLAL, Q) is admissible (compatible+equilibrated) if :

. /(A].Vu*dQ:/(fd cﬁu)u*dﬂ—/ e 0N e AT
Q Q 9,2

q

E— (um, g(um)) is not SA in a FE sense, but (um, qm) is!!!
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EcoRrE

Error estimate
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mmmmlp- convergence for m=3

mmmmp- o5y mptotic value = discretization error
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Splitting of error sources

h,At) (uh,At e U?rzAt)

S
|
S
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total error PGD truncation error discretization error

estimated with a discretized reference model

\

post-processing of (um, qm)to get an admissible solution (ﬁ

in the sense of the new reference problem (weaker sense in space and time)
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Splitting of error sources

0.4

T T
z
ECRE

2
035 .= = Epap

2 2
- -ECRE EPGD

0.3

—p after 3 modes, discretization
error is dominating

025\
0.2} -
0.15F |
|

0.05}

Possible to split space/time discretization errors
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Adaptivity

IDEA : the model is adapted mode after mode
by comparing contributions of error sources

04 Y ] Y Y

—— compute mode
035 L o1
¥ ' PGD error dominant
£ 025 | | compute mode 2
02} g
PGD error dominant
015
01 v compute mode 3
0.05 | ) ‘ discretization error dominant
0 1 1 | 3 _—
_— 1 > 3 4 ) B
- " local refinement of mode 3 mesh
E@’ ¢ : T . insile T ‘ PGD error dominant
Ly i b

compute mode 4

e first PGD modes give general aspects : coarse approximation is sufficient

j ® next modes need more accuracy : fine discretization required 20
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Error on a Qol

An optimal PGD decomposition for Uy, is usually not optimal for I(um)

\

use of goal-oriented techniques

Adjoint problem
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T solution U = influence function (impact of global error on local error)
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Goal-oriented error estimation

From an admissible solution (ﬂ, é)

— |[(ueaz) T I(um) i ]corr(ga é)‘ = E CRE X ECRE

I-»optlmlzed bounding possible

T“" [Chamoin et al 08, Pled et al 12]

B | Sources splitting
M = o vy =i — i R o = o))

m
\ . 4 N

discretization error PGD truncation error

[ s~ indicators are computed after changing reference problem 23



Solving the adjoint problem
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mmmmp- [0calized solution, with high gradients

mmmmp- 2 priori enrichment + PGD comput.

[Chamoin & Ladeveze 2008]

Z 90] ha’n,al(aj t)—|— ~T€S(£B,t)

N e
residual term Computed with PGD

local enrichment -~ Zwes JATES (¢
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— requires more PGD modes than for global adaptation

— discretization error becomes rapidly dominating

LI"\ — space-time refinement different from the global case
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91, 92, g3, 94] = [0.1,0.1,0.2,0.05]
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SA solution

[Ladeveze & Chamoin 2012]

Equilibrium in a FE sense V/(£,p) € Z X ©
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.
loading

At the end of sub-iterations to compute each PGD mode Mg & [1, m]
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SA solution

— / AW, " d0 + / (QYIYy =0 Vy* eV
Q) Qs

) / Ty @ Ay, @ W, 0h*dQ + / (T ® A, @ ATHQIT VS A2 =0 Voo* € Vs
Q Q

> (11, —cI';;, ® A, ® A_l{Q}T o QO) satisfies FE equilibration

A == o = 28



Goal-oriented error estimate
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Goal-oriented error estimate

SUPgco LCRE - EcrE
|I(um) = [corr|
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Jo Ecre - EcredP
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Adaptivity
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® Steady state case

Optimization with PGD

oA e b B B R v e e

/ Lo (BN Um, — q,))dp
o5 3

@, auto-equilibrated (in a FE sense)

Vi*dQ = 0
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Conclusions and prospects

o reliable control/adaptation of PGD approximation for global/local error based
on CRE = robust virtual charts

o guaranteed bounds to assess performances of PGDs (pb dependent) and
various error sources

o case of numerous parameters : integration issues (reference points)

o various 3D & complex multi-parameter pb (PhD P.E. Allier)

< nonlinear problems

o optimal PGD strategy based on CRE
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