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High Dimensional PDEs

Examples:

(i) Electronic Schrédinger equation: d = 3n, n = # of particles

(i) Fokker-Planck equations: d = 3K, K = length of bead string for
polymer model

(iii) Parameter dependent (stochastic) PDEs: d = ~

Core task for (i), (ii): solution of high dimensional elliptic PDEs
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Motivation

Curse of Dimensionality, Tractability - Novak,Wozniakowski

u(xi,...,Xq), N(e,d):= #lininformation for accuracy e

@ Intractable:

imint 129NED) g
e=0,d—o0 14+ d
@ Weakly tractable:

£e—0,d—0 5_1 —+ d

@ Polynomially intractable:

AC,s,g st N(d)<Ce%d9, Vee(0,1)

ueC>®,|ullcc <M, keN: ~ polynomially intractable igpm/| -
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Motivation
Remedies?...

@ “Excessive” regularity (Korobov spaces)
@ “Hidden sparsity” with respect to a

“problem dependent dictionary”

Separation of variables, tensors...

r(e)
u(x) = u(xi,...,xq) € C° u(x) = > Uk (x1) - Uk a(Xa)
k=1
N(e, d) ~ c—d/s or Codz—1/s N(e,d) ~ r(&-)‘gd1+1§€—1/s
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Tractability

Tractability of High-Dimensional PDEs

o Au=f?
@ u cannot be queried directly

@ “Inversion Complexity” — “Representation Complexity”

THEOREM: [D./DeVore/Grasedyck/Siili]

The inversion complexity of the high-dimensional Poisson problem is
computationally polynomially tractable

@ Important tools: exponential sums of operators, canonical format
@ What about more general diffusion coefficients

div(aVu) = f, ae R
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A NaSty Pitfall [de Silva...]

Un1 Q@ Up2 ®Un3 + Vp1 & Vpo @ Vns

n(a+1ie)®bzc —na®(b—1e)®(c+1f)
= nabect+exkbrc—nakbc+avwexc
1
—a®b®f+ﬁa®e®f

— eRbct+rapexrkc—akbef

... The limit of rank-2 tensors can have rank 3 ... best approximations
don’t exist ...
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Tensor Formats
Stable Tensor-Formats

de Silva, Lathauwer, Hackbusch, Falco, Grasedyck, Oseledets,
Schneider...

@ Subspace based methods (Grassmann manifolds)

@ Orthogonal projections, SVD, existence of best approximations...
@ But,only inRY,  f(vy,...,vg),veT =T x - Tg #(J) < o0
@ Extension to ¢»(J7%), #(J) = oo, by Hilbert-Schmidt

“background basis” ~~ function spaces... But: scaling problem!
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Tensor Formats
Tucker/Hierarchical Tucker Format

View U = (Uy,,....vq)(y,....vy)c7e @S Order-d-tensor

Mode frames: UY) € 65(7),j=1,...,d, (UP Uy = 54, k1 e N

u=>" S wule ouUhuPe - oud = 3 adl

keNd

K=t kg
U,((j) = (Okn)nen ~> @a=1U

Hierarchical Tucker (H-T)-format:
hierarchical factorization of (a)ycne
rank r ~ rank-vector r ¢ N9

How to find good mode frames?
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Tensor Formats

WOI’khOrSG SV D. « « [DeLathauwer, Hackbusch, Khoromskij...]

e i
o Matricization: V= (V,),eq0 ~ M = (Vor oo sisssvs e e 761

Tucker ranks: rank;(u) := dim range(Ml(,i)), i=1,...,d

o Tucker Format: SVD for M{ ~- left singular vectors U,((i) -~ HOSVD

d
<SS+ CIF2 Y #suppi(u), supp(u):= | J suppz

=1 zerangeMS)

e Hierarchical Tucker Format: #HSVD
[Espig, Grasedyck, Hackbusch, Kolda, Khoromskij,Oseledets,...]

Successive SVD for M{™ = (U, 1, )y c 7ol e sl @ C {1,....d}

d
<d ||"'|?>o + C(m;’:lx 7,-)2 Z #supp;(u)
=1

, .., lgpm
e Projections:  [lu — Py sul| < v2d =3 inf{|lu—v||: v e H(F)} ‘ng
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High-Dimensional Diffusion Equations Where do we Stand?

PDEson Q :=Qq x--- x Qq

Model problem:
d . -
Au=—>" 0Oy(adyu)+cu, a(u,v):=(v,Au): H'(Q)x H'(Q) = R

ij=1

For f € (H'(Q))' find u € H := H'(Q) such that

a(u,v)=(f,v),ve H

@ A has finite (Tucker-) rank
@ When A= (04 @l®-- @I+ +l0---0l0d)

f “tensor-sparse” = u = A~'f “tensor-sparse”

[D/DeVore/Grasedyck/Siili] I_gpm/\,_
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High-Dimensional Diffusion Equations Where do we Stand?

Some Obstructions

@ Stable tensor formats not defined for functions (except perhaps
L>(DY))
@ A:H — H isomorphism, i.e., ||[u— V| ~ ||f — Av||w

d
H= ﬂ L2(Q1 ) Q- ® Lg(Qj,1 ) ® H' (Qj) & L2(Qj+1 ) ®-Q® Lg(Qd)
J=1

does not have a “cross-norm”
e A~':H — H has infinite rank because eigenvalues have the form

A =Mu + +Adyy, veEND

~ a “scaling trap”
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High-Dimensional Diffusion Equations Where do we Stand?

Tensor methods for Opertor equations

So far... [Ehrlache, Falc6, Hackbusch, Khoromskij, Kressner, Mohlenkamp/Beylkin, Nouy, Oseledets, Schneider,...]
@ initial reduction to a fixed discrete system
@ accuracy considerations detached from continuous solution
@ approximation error and residuals are measured in the same
(Euclidean) norm - “scaling trap”
@ accuracy and rank growth cannot be controlled simultaneously
@ PGD...convergence, ranks?... [raico, Chinesta, Ladevez, Nouy,..]
What is different here... (building on existing tools +...)
@ Transformation into an equivalent co-dimensional problem on
6(TJ9)
@ Use stable tensor formats on /5(79)
@ Establish correct mapping properties by diagonal scaling ~~
infinite ranks
@ Control ranks by adaptive separable scaling a rOX|mat|ons—
exponential surzs i P oo gM/\f
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High-Dimensional Diffusion Equations Basic Strategy

Reduction to Problem in /5(79)

“Universal background” basis: Q:=Qq x -+ x Qq
() =thy, @ - @b, v e T ONB.for Lp(Q) ~

d iy
V= {(; 22|w)—5w,, — 551¢V}V€Jd Riesz-basis for H C L,(Q)

Au=f < Au=1f, A= (s;1a(@/)y,wﬂ)s;1)yvﬂej, f= (<f, s;1¢,,>)yej

-~

S-1Ts! s1g

r(A) = [|Al[|A7"] < 1

UeH < U= (U),ese € la(T9) igpm/| -
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High-Dimensional Diffusion Equations Basic Strategy

Scheme: Perturbed “Ideal lteration”

U = Cey ) (P s (U + w(f = AUK))) > Ju— U < pllu — k|l p < 1

@ keep the uX in hierarchical Tucker format
@ C., k) coarsening of mode frames
@ P, k) HSVD projection to near-optimal subspaces
~» simultaneous control of ranks and mode frame sparsity

@ control tolerances so as to ensure convergence
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High-Dimensional Diffusion Equations Basic Strategy

Some New Conceptual Ingredients...

@ Tensor-Compression-Coarsening Lemma: a> 1,b < 1

u—v| < P WV — ul| < C inf u-—w
lu-vi<n = [Puapv-ul<C _inf u—w|

@ Contractions:

70(u) = (Wﬁi)(u))y,.ej = (( Z |uy|2)12) ~

1 3eeesVie 1, Vigt 55 Vd vieJ

(') (u) = (Z ‘U % 2 ) 7rz(/i)('DlU(u),r'»') < 7Tl(li)(u)’ ved

~~ sparsity of 7()(u) « joint sparsity of ith mode-frames
@ Exponetial sum approximation to (non-separable) scaling matrices
S = (S6uu)ypucgo iNA=8""TS™!

r d

= (St + +Sau,) 2 ~Zwke akSV—ZwkHe “% igpmy| _

W. Dahmen (RWTH Aachen) High Dimensional Operator Equations



High-Dimensional Diffusion Equations Basic Strategy

Controlling Rank Growth

Lemma:

Fix o« > 0. Let HU = VH <, set W, = qu(1+a)77v = PU(V),qd(1+o¢)n V.
Then
lu—wy| < (1+ga(1 +a))n

and

[rank(wy,)| . < min{|r|_ : rsuch that IW,rank(W) < r: [u—W| < an}.

@ Combine with coarsening: similar result for C,,R,,

‘ CoRop (v)
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High-Dimensional Diffusion Equations Basic Strategy

Exponential Sums Braess/Hackbusch

THEOREM:

Let a(x) := In(1 + &%), w(x) := 27— "/2(1 + e~*)~", and for given h > 0,
nt,n- €N, let

n+
Phmen- () = Y hw(kh)e ® Nt (1)

k=—n—

Let 6o € (0,1), fix h € (0, WEM)}, nt > Na“(éo) = [h~"max{2, \/|Indo|}],
then

1 o
|7t — Phoo(B)] < 7 forall t € [1,0). (2)

Furthermore, for any ¢ > 0 and for all n= > [h—‘(ln 213 + lIne|)], we have

|<ph7n+,oo(t) — <ph,,,+,nf(t)| <e forallte[l,00). (3)
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High-Dimensional Diffusion Equations Basic Strategy

The Algorithm

Ideal lteration:

u =u"+w(f - Au"), n=0,1,2,...., A=S'TS™' f=8""g

Approximate separable scaling:

oy (22 5 a
= Z Wmk€k1 @ D€kg, (Ckj)yu =€ " "4, S:=8

k=—m

1SS~ ~1, IS(8™" =S5 Wl < nllvl if mZ[inyl,C max_|v]

supp vV

Perturbed Iteration:

un—H _

Cm(n)an(n) (ﬁn + W(Smym(n)gns(n (Smm na( n)sm774(n ) ))

~f ~A i_§||g m"
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High-Dimensional Diffusion Equations Main Result

What is to be shown?...Sparsity Notions...

Benchmarks/Assumptions:

@ uis tensor sparse: u € R (l2(J9)) = R, i.e. for y(r) / 0o (eg. ~(r) = &™)

su r) inf lu—wl|! = [|ullz <
sup {7(r) inf lu—w||} = lullr: < o

i.e. optimal ranks for target accuracy ¢ satisfy r(z) <~ "'(|ullr~ /=)
@ 7((u) e AS = AS(lp(T)), 1 <i<d, ie.

\' S ns inf v_zll — v
€ A" & sup {Supngnl\ 1} =: [V]as < 00}

@ The low-dimensional components of A are s*-compressible with s* > s
y(r) = e, c-accuracy: ~ d?|logz|!/==1/s

Show that the approximate solution u. produced by the iteration has this

sparsity igpm/\
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High-Dimensional Diffusion Equations

Main Result

Convergence and Complexity

THEOREM:

Assume that problem has some excess regularity:

for e > 0 the Algorithm produces a u. with |ju —u.|| < e s.t.:
rank U-|oc < C(d)|log [y (||u]|z~ /<)

d

>~ #(supp(r( (Z e D (u)as/2)

i=1

1

[ucllrr < C(d)[|ull=, ZIIW (uo)flas < O O’)ZIIW

i=1 i=1

#(ops) < C(d)|log=|°< (Zmax{nw(' )Las, IO (B)Las} )

u)|| as

a) High-dim PDE: C(d) < d"%, b < In db) Parametric PDE: C(d) < d * V"
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Experiments

Preliminary Numerical Tests

Test problem —Au =1, u € H}((0,1)?), d = 4,8,16,32.

0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600

x-axis: iteration number, y-axis: residual estimate an - An(u,-)H (dots),
current error tolerance (lines) igpm/\,_
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Experiments
Preliminary Numerical Tests

d=4,8,16,32

10" 10°

x-axis: estimate of relative residual ||Au — f|| / ||f||, .
y-axis: max. ranks of u; (o) and of intermediate quantities (+) LQDQ/\,.
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Experiments

Concluding Remarks

I
+
.
.
L
‘.
..
‘.

@ wider applicability

@ weak tractability

@ Poisson: polynomial tractability (p.evore/arasedycisiiy .

@ dependence of cond,(A) on d igpm)|,
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Experiments
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