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Context
etric Uncertainty
alerkin formulation

Parametric model uncertainty :

@ A model M involving uncertain input parameters D
@ Treat uncertainty in a probabilistic framework : D(0) € (©, X, du)
@ Assume D = D(&(6)), where & € RN with known probability law

The model solution is stochastic and solves :
M(U(E):D(§)) =0 as.

Uncertainty in the model solution :
@ U(&) can be high-dimensional

@ U(&) can be analyzed by sampling techniques, solving multiple
deterministic problems (e.g. MC)

@ We would like to construct a functional approximation of U(&)

Ug) = ) ukWi(é)
k
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Context
etric Uncertainty
alerkin formulation

An example

Consider the deterministic linear scalar elliptic problem (in )

Findue Vsit.: a(u,v) =b(v), Vv eV
where
a(u,v) = /Qk(x)Vu(x) - Vv(x)dx (bilinear form)
b(v) = / f(x)v(x)dx (4 BC terms) (linear form)
e < k(x) S:and f(x) given (problem data)
V (= H(2)) deterministic space (vector space).
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Context
etric Uncertainty
alerkin formulation

Stochastic elliptic problem

@ Conductivity k, source field f (and BCs) uncertain
@ Considered as random :
@ Probability space (©, X, du) :

E[h]z/@h(ﬁ)du(e), he12(0,du) = ]E[hz] < .

@ Assume 0 < ¢y < ka.e.in © x Q, k(x,-) € L3(©,dy) a.e.in Q and
feL2(Q,0,du)

Variational formulation : Find U € V®L2(©,du) s.t.
A(U,V)=B(V) YVeVaL?0,du),
where A(U, V) =E[a(U, V)] and B(V) = E[b(V)].
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Context
Parametric Uncertainty
Galerkin formulation

Stochastic Galerkin problem

Stochastic expansion :
o Let {W,, Wy, Wy, ...} be an orthonormal basis of L3(©, du)
@ W e V®L?©,du) has for expansion

W(x,0) = io Wa (X)Va(0), wa(x)eV

a=0

@ Galerkin problem : (truncated)
Find {uwo,...,up} st.for4=0,...,P

Z aa,g(ua, V[@) = bﬁ(VIB), Vvg €V
with @, 5(u, v) == [ E[kV. V] Vu- Vvdx, bs(v) := [ E[fWs] v(x)dx.

Large system of coupled linear problem, globally SPD.
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Context
Parametric Uncertainty
Galerkin formulation

Stochastic parametrization

@ Parameterization using N independent R-valued r.v. £(6) = (&1 -+ - &)
@ Let = C RN be the range of £(6) and p its pdf
@ The problem is solved in the image space (=, B(Z), p¢)
U(8) = U(&(0)) Stochastic basis : W, (&)
@ Spectral polynomials (Hermite, Legendre, Askey scheme, ...)  (chanen ana

Spanos, 1991], [Xiu and Karniadakis 2001]
@ Piecewise continuous polynomials (Stochastic elements, multiwavelets,
. ) [Deb et al, 2001], [olm et al, 2004]

@ Truncature w.r.t. polynomial order : advanced selection strategy ovite ot
al, 2010]

Size of dimS” - Curse of dimensionality
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Context
Parametric Uncertainty
Galerkin formulation

Stochastic Galerkin solution

U(X,€) = Y20 _o Ua(X)Va(8)

Find {up, ... up} s.t. >°, @a,p(Ua, Vg) = bg(vg), YVg—g,. p €V
@ A priori selection of the subspace S*
@ Is the truncature / selection of the basis well suited ?
@ Size of the Galerkin problem scales with P + 1 : iterative solver
@ Memory requirements may be an issue for large bases
Paradigm :

@ Decouple the modes computation (smaller size problems, complexity
reduction)

@ Use reduced basis representation : find important components in U
(reduce complexity and memory requirements)

Proper Generalized Decomposition *

*. Also GSD : Generalized Spectral Decomposition
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Context

Parametric Uncertainty

Galerkin formulation
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Definition
Algorithms
An example

Proper Generalized Decomposition

Separated representation

The rank-m PGD approximation of U is [Nouy, 2007, 2008, 2010]

m<P
U(x,0) ~ UT(X,0) = > ta(X)Aa(0), Ao €S°, Ua €V.
a=1

Interpretation : U is approximated on
@ the stochastic reduced basis {1, ..., Am} of ¥
@ the deterministic reduced basis {u,...,un} of V

none of which is selected a priori
The questions are then :

@ how to define the (deterministic or stochastic) reduced basis ?
@ how to compute the reduced basis and the m-terms PGD of U ?
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Definition
Algorithms
An example

Proper Generalized Decomposition

Optimal L>-spectral decomposition

POD, KL decomposition

U™(x,0) = Zm: Ua(X) Ao (6) minimizes E [Hum - UHﬁZ(Q)]
The modes u,, are the an?dominant eigenvectors of the kernel
E[U(x,)U(y,")]:
[ B, ey = Bun(0). oz =1
The modes are orthonormal :
Aa(0) = /Q U(x,0)ua(x)dx
However U(x, 6), so E [u(x, -)u(y, -)] is not known !

@ Solve the Galerkin problem in V" @ S*'<” to construct {, }, and then
solve for the { A\, € S*}.

@ Solve the Galerkin problem in V" @ S to construct {\. }, and then solve
for the {u. € V"} with dim V¥ < dim V",

See works by groups of Ghanem and Matthies.

O. Le Maitre PGD for stochastic PDEs



Definition
Algorithms
An example

Proper Generalized Decomposition

Alternative definition of optimality

A(-, ) is symmetric positive definite, so U minimizes the energy functional
1
J(V)=ZA(V.V) - BV)

We define U™ through
m
JWU™ = mn J Us Ao | -
0= 9, (o)

@ Equivalent to minimizing a Rayleigh quotient
@ Optimality w.r.t the A-norm (change of metric) :

IVIa=E[a(V, V)] = A(V, V)

O. Le Maitre PGD for stochastic PDEs



Definition
Algorithms
An example

Proper Generalized Decomposition

Sequential construction :

Fori=1,2,3...

vev,BesP vev,BesP

Jiu)= min 7 (ﬁv+ i)\ju/) = mn J <Bv+ U,-,1>
The optimal couple (), u;) solves simultaneously
@ a) deterministic problem ui =DM, U™
A Av) = Bwv) = A (U ), wrew
@ b) stochastic problem N =S(u, U™
A\u, Bu) = B(Bu) — A (U pu), VB es”

O. Le Maitre PGD for stochastic PDEs



Definition
Algorithms
An example

Proper Generalized Decomposition

Sequential construction :

Fori=1,2,3...

vev,BesP vev,BesP

i—1
JAjuj))= min J <BV+Z)\juj> = min j(ﬂv+ U,-,1)

The optimal couple (), u;) solves simultaneously

@ a) deterministic problem ui =DM\, U™
/ Vui-Vvdx =E {7/ NkvU ! ~Vvdx+/ )\,-fvdx} , V.
Q Q Q
@ b) stochastic problem A= S(u, U™

E {)\,ﬂ/ﬂ kVu,v-Vu,-dx} :E[fﬁ (/Q kv Uy -Vu,dx+/ﬂfu,-dx)], vA.

O. Le Maitre PGD for stochastic PDEs



Definition
Algorithms
An example

Proper Generalized Decomposition

Sequential construction :
Fori=1,2,3...

i—1
T(Aiuj) = Lemin o T (ﬁV+Z/\ij> = _min J(BV+U"1)

= vev,BesP

The optimal couple (), u;) solves simultaneously

@ a) deterministic problem ui =D\, U™
/ Vu;-Vvdx =E {—/ Nk U1 -Vvdx+/ A,'fvdx} . V.
Q Q Q
@ b) stochastic problem =S, U™

E {,\,5/Q kVu,qu,'dx} :E[—ﬁ (/ﬂ kv y-! 'Vu,'dx—f—/ﬂfu,-dx)}, V8.

@ The couple (\;, u;) is a fixed-point of :
Ai=S8o0D(N,:), ui=DoS(uj-)
= arbitrary normalization of one of the two elements.

Algorithms inspired from dominant subspace methods
Power-type, Krylov/Arnoldi, ...

O. Le Maitre PGD for stochastic PDEs



Definition
Algorithms
An example

Proper Generalized Decomposition

Power Iterations

Q Set/=1
@ initialize \ (e.g. randomly)

© While not converged, repeat

a) Solve : u =D\ U~")
b) Normalize u
c) Solve : A = S(u, U—1)

Q Setuy=u, =2\
Q !/« I+ 1,if I < mrepeat from step 2
Comments :

@ Convergence criteria for the power iterations (subspace with dim > 1 or
clustered eigenvalues) (Nouy, 2007,2008]

@ Usually few (4 to 5) inner iterations are sufficient

O. Le Maitre PGD for stochastic PDEs



Definition
Algorithms
An example

Proper Generalized Decomposition

Power Iterations

@ Same as Power lterations, but after (u;, )/) is obtained (step 4) update of
the stochastic coefficients :

o Orthonormalyze {uy,...,us} (optional)
e Find {/\1 yeeey )\/} s.t.

I / /
A (Z UXi, Y Uiﬁi) =B (Z Uiﬁi) . VBizt,..1 € xS°
= =1 P

@ Continue for next couple

Comments :
@ Improves the convergence
@ Low dimensional stochastic linear system (/ x /)

@ Cost of update increases linearly with the order / of the reduced
representation

O. Le Maitre PGD for stochastic PDEs



Definition

Proper Generalized Decomposition

Algorithms
An example
Arnoldi,
Q Set/=0
Q Initialize A € S”
Q For/=1,2,...
o Solve deterministic problem v’ = D(\, U')
o Orthogonalize : v,y = U’ — 2;241*1(u’, upa

Elltr i pgq) < eorl+ I" = m then break
o Normalize uy,
@ Solve A = S(uy, U

QI+
@ Find {\,..., N} st

/ / /
A (Z UNi, Y U/ﬁi> =B (Z U/ﬁi> , Bz, €S
= i—1 p

Q If / < mreturn to step 2.

O. Le Maitre PGD for stochastic PDEs



Definition
Algorithms
An example

Proper Generalized Decomposition

Summary

@ Resolution of a sequence of deterministic elliptic problems, with elliptic
coefficients E [A\2k| and modified (deflated) rhs
dimension is dim V"

@ Resolution of a sequence of linear stochastic equations
dimension is dim SP

@ Update problems : system of linear equations for stochastic random variables
dimension is m x dim SP

@ To be compared with the Galerkin problem dimension
dim V" x dimsP
Weak modification of existing (FE/FV) codes
(weakly intrusive)

O. Le Maitre PGD for stochastic PDEs



Definition
Algorithms
An example

Proper Generalized Decomposition
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Definition
Algorithms
An example

Proper Generalized Decomposition

Example definition

7=695 - - =695
M (Marl
Jes05 | |
L (Limestone)
-- z=350
=295 ~-1~
z=200 z=200
D (Dogger) B
z=0 z=0
o
i g
g

X=

@ Rectangular domain 25,000 695 (m)
@ 4 Geological layers : D (Dogger), C (Clay), L (Limestone) and M (Marl)
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Definition
Algorithms
An example

Proper Generalized Decomposition

Test case definition (cont.) : uncertain Dirichlet boundary conditions

ha Variation lineaire de h4 ah3 h3
M
hs L h2
i C
he ‘ D ‘hl
A Head (m) | Expectation Range | distribution
Ahy +51 +10 Uniform
Ahy 3 +21 +5 Uniform
Ahyg -3 +2 Uniform
Ahy s -110 +10 Uniform
Ahg 4 -160 +20 Uniform

Heads at boundaries are taken independent

O. Le Maitre PGD for stochastic PDEs



Definition
Algorithms
An example

Proper Generalized Decomposition

Example definition (cont.) : Uncertain conductivities

Layer ki median  k; min ki max distribution
Dogger 25 5 125 LogUniform
Clay 310 310=7 31075 | LogUniform
Limestone 6 1.2 30 LogUniform
Marl 310-° 110=% 110~ | LogUniform
Conductivities are taken independent
Parameterization

@ 9independentr.v. {1, ...

7&9} ~ U[07 1]9

@ Stochastic space SP : Legendre polynomial up to order No
@ dimS” =P+ 1 = (9 + No)!/(9!No!)

O. Le Maitre PGD for stochastic PDEs




Definition
Algorithms
An example

Proper Generalized Decomposition

Deterministic discretization :
@ P — 1 finite-element
@ Mesh conforming with the geological layers

700

0
0 200 400 600 800 1000 1200 1400

@ Ne = 30,000 finite elements

@ dim(V") ~ 15,000

@ Dimension of Galerkin problem : 8.2 105 (No = 2),
3.310% (No = 3)
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Definition
Algorithms
An example

Proper Generalized Decomposition

Convergence

Galerkin residual (left) and error (right) norms as a function of m (No = 3)

1 1
‘ ‘ PoWer —é— ‘ ‘ POV\‘/eI’ —E—
0.1 Power-Update —=— o Power-Update —=—
Arnoldi-P-Update —e— 0.1 Arnoldi-P-Update —e— 4
0.01 Arnoldi-F-Update —e— Arnoldi-F-Update —e—
0.001 E 0.01
S re0sf 1 5
2 5 oom
& 1e-05 | E
1e-06 B le-04
1e-07 =
1le-05
1e-08 |
1e-09 L L L L L L L 1e-06
0 5 10 15 20 25 30 35 40 0
m m
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Proper Generalized Decomposition

CPU times (No = 3)

Definition
Algorithms
An example

1
‘ PoWer —a—
Power-Update —=—
0.01 ¢ Arnoldi-P-Update —e—
Arnoldi-F-Update —e—
Full-Galerkin ——
le-04 [
©
=
% 1le-06
jo}
4
1e-08
le-10
le-12 L L L
0 10000 20000 30000 40000
CPU time (s)

Residual

0.1
0.01
0.001
le-04
1le-05
1e-06
1le-07
1e-08
1le-09

T T

Power —&—
Power-Update —=— o

Arnoldi-P-Update —e—

Arnoldi-F-Update —e—

0 500

1000 1500 2000 2500 3000 3500
CPU time (s)
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Hierarchical
Further improvements (linear models) (Damped) V

Full separation

So far, deterministic / stochastic separation :

m

Um(x,g) = Um(x,£1,. .. 7€N) = Zu,(x)A,(&,. .. 7&\1)7

r=1

where A(&) € S.
Does not address high-dimensionality issue whenever N is large.

However, if the & are independent, S has a tensor product structure,
S=S1®---®SnN,
we can think of a decomposition of the form

UT(x,8) = D> ur()A (&) - A (&),

r=1

where now \/(¢;) € S;.

O. Le Maitre PGD for stochastic PDEs



Hierarchical Di
Further improvements (linear models) (Damped)

Full separation

Extension of the previous algorithms for the computation of

m
UT(x,€) = > ur(X)Ar (&) AT (&),
r=1
is straightforward :
@ same deterministic problems

@ stochastic and update problems for the (separated) A, are substituted
with alternated direction resolutions : iterations over sequence of
one-dimensional problems.

For instance, stochastic problem(s) in direction i : find A € S; such that

E{(A;...A...)\}") (A}...B...A],V)/QkVur-Vurdx}

:E[— (A;,../a...xlﬁ) (/ kv U1 .Vurdx+/furdx>}, VB ES;.
Q Q

O. Le Maitre PGD for stochastic PDEs



Further improvements (linear models)

Full separation

Clearly, using
UT(x,8) = D> ur()A (&) - AN (&),
r=1

we trade convergence with complexity reduction.

This can be mitigated using using a R,-rank approximation of the stochastic
coefficients :

V) = 3 u(x) (z A6 Aﬁ;,«sN)) |

r'=1
with a greedy-type approximation of low rank approximation of A,.

@ Extension of the algorithms is immediate
@ R, can be made rank dependent

o Efficient implementation requires separated representation of the
operator.

O. Le Maitre PGD for stochastic PDEs



Hierarchical Decomposition
Further improvements (linear models) (Dar

An example : diffusion

@ Independent random conductivities over 7 sub-domains, with same
distribution (log-normal) : N =7
(] 8/21,7 = |_|10(R), sodimS = 117

Dimension of Stochastic Space 117

1 —
RIS
Ry=10 —x—
Ry=15 —5—
1 6
5
F Hos 4 '
3 8 _
R .
F 1o
1
0 oy
S
0.0001
8 105 Y
1e-05
[} L L -1 1 10 100
1 -0.8-0.6-0.4-02 0 0.2 0.4 0.6 0.8 1 R,
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erarchical Decomposition
Further improvements (linear models) (Damped) Wave equation

Wave equation (Deterministic)

Consider the deterministic wave equation,
—wPpu(x) — V - (RVu(x)) = f(x), inQ
uxeo)=0

@ w is the frequency

@ p the density

@ i = k(1 —ifw) € C the wave velocity with k, 5 > 0
Let L»(2) = L»(£2, C) with inner product and norm

(1, V)o = Re ( / u*(x)v(x)dsz), I e = (U, U)a,

The weak formulation : Find u € H}(Q, C) such that
a(u,v) —b(v) =0 Vv e Hy(Q),

with the bilinear and linear forms
a(u,v) =Re [—wz/ utvdQ + / RVU" - Vv dQ} , b(v) =Re {/ f*vdﬂ] .
Q Q Q

O. Le Maitre PGD for stochastic PDEs



Hierarchical Decomposition
Further improvements (linear models) (Damped) Wave equation

Wave equation (Stochastic version)

Take now w, p and « as second order random variable defined on a
probability space P = (O, Yo, ).
We extend L»(Q) and HJ(Q) to L2(Q, ©) and H} (R, ©) by tensorization, and
we assume

U(x,0) € Lx(Q,0) < E{(U(-),U(:))a} < .

Variational form of the stochastic wave equation
Find U € H} (2, ©) such that

AU, V)—B(V)=0, VYV eH(Q0),

where

AU, V):E{Re [—wz(e)/ﬂU*(G)V(@)dQ—i—/ﬂm(G)VU*(Q)-VV(O) dﬂ}}

B(V) = E{Re [/Q V(0) dQ] }

O. Le Maitre PGD for stochastic PDEs
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Hierarchical Decomposition
Further improvements (linear models) (Damped) Wave equation

PGD approximation

We seek for U € H}(Q,0) = H}(Q) ® L»(©) has the separated form

r=o00

Ux,0) =S ux)0), u e H(Q), \ € La(O),

following the PGD approach based on the deterministic and stochastic
problems

ug =D(UR=', Xg):  A(UR™' + ugAg,vAR) — B(vAg) = 0,9v € HI(Q)  Deter. problem
Ar=SWUF" ug):  AWUF 4+ ugig, upB) — B(upB) = 0,¥B € L,(©)  Stoch. problem

and update problem :
given u,—1,....r compute A\,—1,....g such that

O. Le Maitre PGD for stochastic PDEs



Hierarchical Decomposition
Further improvements (linear models) (Damped) Wave equation

PGD-Arnoldi algorithm

Assume rank-R approximation has been obtained.
@ Initialization : set A € [»(©), /=0
@ Arnoldi subspace generation :
e Setw = D(UR, )
Forr=1,...,R+ 1w+ (w,u)q
If h=(w,w)q < e break
Set/«+ I+1,ugy =w/h
Set \ = S(UF’Y7 UR+1)
Repeat for next Arnoldi vector

© Update solution : set R < R+ / and solve

R
A (Z UrAr, u,/,B) —B(uxB) =0, VB€ely(®)andr' =1,...,R.
r=0
© Check residual to restart at step 1 or stop

Advantage : limited number of deterministic problem solves to generate the
deterministic basis.

O. Le Maitre PGD for stochastic PDEs



Hierarchical Decomposition
Further improvements (linear models) (Damped) Wave equation

Stochastic parametrization

We introduce a finite set of N independnt real-valued r.v. & = (&1 ... &) with
uniform distribution on = = 1. The random frequency, density and stiffness
are parametrized using &,

(w7 R, p)(e) — (UJ? R, p)(g(a))a
and U is sought in the image probability space :

R

H(2,Z) 2 U(x, &(0) = > ur(X)Ar(€(6)).

r=1

° U(x,) is expected to be smooth a.s. : need for a limited number of
spatial modes to span the stochastic solution space,

@ U(-, &) can exhibit steep and complex dependences with respect to the
input parameters.

The complexity of the mapping € € = — U(-, &) € H} () reflects in the
stochastic coefficients A,(&) and calls for appropriate discretization at the
stochastic level.

O. Le Maitre PGD for stochastic PDEs



Hierarchical Decomposition
Further improvements (linear models) (Damped) Wave equation

stochastic multi-resolution framework

Presently, we use piecewise polynomial approximations at the stochastic
level :

@ = is adaptively decomposed into sub-domains through a sequence a
dyadic (1d) partitions
@ A tree structure is used to manage the resulting stochastic space

@ Multi-resolution analysis is used to control the local adaptation
(anisotropic refinement of the partition of =)
@ Stochastic and update problems are solved independently over the
sub-domains (efficient parallelization)
(see [Tryoen, LM and Ern, SISC 2012])

O. Le Maitre PGD for stochastic PDEs



Hierarchical Decomposition
Further improvements (linear models) (Damped) Wave equation

PGD-Arnoldi with Adaptation at the Stochastic level

Given the approximation U and a stochastic space S”
@ Arnoldi iterations to generate orthonormal uy 1, ... Uy, Uusing A € S”
Q setrer+1

© While not satisfying accuracy criterion, repeat

@ Solve the update problem for {\y,..., A} in S”
@ Enrich adaptively S"

@ Compute residual norm
@ If not converge restart at step 1.
Observe :

@ Same approximation space for all stochastic coefficients (ease
implementation and favor parallelization)

@ Continuous enrichment, no coarsening

@ Successive Arnoldi spaces generated using an coarse stochastic space !
(in fact robust)

@ Accuracy requirement should balance stochastic discretization and
reduced space errors.

O. Le Maitre PGD for stochastic PDEs



Hierarchical Decom
Further improvements (linear models) (Damped) Wave eq

Example

@ log(x) ~ U[—4: -2]

@ w~ U[0.5,1]

@ p=1and 5 =0.05

@ Third order (Legendre) expansion.

r=28 r=13 r=19 r=26 r =30

O. Le Maitre PGD for stochastic PDEs



Further improvements (linear models)

Example

Selected Arnoldi modes : real part (top) and imaginary part (bottom)
r=1 r=3

O. Le Maitre PGD for stochastic PDEs



chical Decomposition
Further improvements (linear models) (Damped) Wave equation

Example

Residual Error # of sub-domains
1 10 20000

_ N , _ 18000 -
] 5 L 5

3 01p 5 5 16000 [
g g g

£ 3 01k 2 14000 [-
° 0.01 ° °

£ £ £ 12000 [
S S 0.01 S

z = Z 10000
B 0001 F 3 2

5 8 o001 | S 8000 |
g g g

g 0.0001 g 0.0001 L g 6000

4000 |-

teos L 44 teos L1 1 4 sooo L
0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30
r r r
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Hierarchical Deco

Further improvements (linear models) (Damped) Wave equation
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PGD for the Stochastic NS eq.
Example

Application to the NS equation

Stochastic Navier-Stokes equations

Consider the steady, incompressible Navier-Stokes equations

UO)VU(9) = =V P(0) + v(0)V2U(6) + £(6) inQ,
V-U@®)=0 in Q,
u@w)=o0 on 9.

in a bounded (2d) domain €.
In view of PGD of the solution, we need to consider (mainly)

@ non-linear character (increases when v | 0)
© enforcement of the divergence free constraint
© stabilization (upwinding) due to the convective term

None of these will be really address here, simply numerical experiments !
[Tamellini, LM, Nouy, SISC, 2014]

O. Le Maitre PGD for stochastic PDEs



PGD for the Stochastic NS eq.
Example
Application to the NS equation

Weak form

Deterministic space V = Hy 4, ().
Weak formulation : Find U € X =V ® S such that

E {/ [(U@)VU@0)) - V(0) +v(0)VU(O) VV(0) — F(0) - V(0)] dx} vV eX.
Q
The deterministic problem u = D(\, U™) writes : Vv € V
3 = = . 2
/Q<]E{)\ }uVu+uVum()\)+um()\)Vu) vdx+/QlE{ A }Vqudx
= / E{XF-U"VU™)} - vdx — / E {vAVUT}Vvdx.
Q Q

where Un(\) = E{\2U"}.
Stochastic problem A = S(u, U™) writes : V3 € S

IE{AZB} /Q(UVU~ u)dX—HE{)\B/Q(uVU'”-i- um™vu)- udx} +/QIE1{V)\B}VuVudx
:IE{,B/Q(FfU vUuU )-udx}f]E{ﬁ/QuVU Vudx}.
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PGD for the Stochastic NS eq.
Example
Application to the NS equation

Complexity

@ Resolution of a sequence of deterministic problems, NS + Lin. term and
deflated rhs
dimension is dim V"
@ Resolution of a sequence of quadratic stochastic equations
dimension is dimS

@ Update problems : system of quadratique equations for stochastic
random variables
dimension is m x dim$S
@ To be compared with the Galerkin problem dimension
dimV" x dimsS

Weak modification of existing (FE/FV) codes
(weakly intrusive)

O. Le Maitre PGD for stochastic PDEs



Example

Application to the NS equation

Stochastic discretization :
@ Parametrization of v(#) and F(6) using N i.i.d. random variables :

&= {&,....&x} ~ N(O, 7).
@ Wiener-Hermite polynomials for the basis for S

A0) = 3" AaVa(£00)).

@ Truncature to (total) polynomial degree No :
(No +N)!
No!N!

dimS =

O. Le Maitre PGD for stochastic PDEs
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pot

A
J N\

00025 0005 00075 001

1 v -
v(0) = 555 &P % SU6(0) ) (+107%), &~ N(O,1) iid.
i=1

Same problem but for parametrization involving N Gaussian R.V.
Galerkin solution for N = 1 and No = 10 (Wiener-Hermite expansion)

Mean and standard deviation of U€ rotational.
O. Le Maitre PGD for stochastic PDEs
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Example
Application to the NS equation

First PGD-Arnoldi modes for N = 1 and No = 10
=z
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Application to the NS equation

PGD for the Si
Example

ic NS eq

Convergence of PGD solution N = 1 and No =
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s decomposition

Stochastic forcing F : Hodge

KL modes of the forcing :
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Forcing modes for L = 1, o/f% = 0.2
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Resultsatz = 1/50 : No =3, N =11, P = 364

10° T T 10 T T 10 T T T
Residual —— Eror —4&— Galerkin
\ N ‘ Reduced m:}:\as .
10t B ] 10 ! il 4
10" 1 A 102 [ 1
102 | 1 .

102 F . E 00 4 \
h 10% ]
\ -
100} . 4 ~ \..\\.k
5
. 105 ] b 2 ]
- 10

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

Residual (left), ||U’" U®|| (center) and norm of POD modes for m = 45
(right).

Essentially < 50 Navier-Stokes solves !
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Residual computation :

@ computation of the residual in Hj 4, ()

@ need to reconstruct the pressure

@ 2 alternatives : apply PGD to the pressure unknown, given the reduced
velocity approximation, or recycle the pressure fields associated to the

enforcement of the divergence-free constraint during the Arnoldi process
as a reduced pressure basis.

=
—e=LM-residual
——PGD-residual
107 A norm 107
< \
Y . .

107" 107" N
0 5 10 15 20 25 300 10 20 30 40 50 0 10 20 30 40 50

Comparison of different error measures of the PGD solution at v = 1/10,
1/50 and 1/100 (from left to right).

—e—error
—e—LM-residual
—e—PGD-residual

—e—error

—e—LM-residual

—-PGD-residual
A

A norm
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Thanks for your attention
(and to the organizers!)
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