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Abstract

If you can define and compute an appropriate inner product, then you
can approximate a function of many variables by a sum of separable
functions using the alternating least squares (ALS) algorithm. In the
simplest case, the inner product just defines the ordinary least-squares
error. More exotic inner products allow one to regularize, incorporate
symmetries, or fit to data. Non-separable structures and operators
can be included as long as one can compute inner products involving
them. | will explain the central role of the inner product and describe
some fun ones | have worked with.
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Approximation by Sums of Separable Objects

Try to approximate

f(Xl,Xz, v ,Xd)%

r r d
g(x1,x2,...,xq) = Zgj(xl,xz,...,xd) =ZHg{(X,)
j=1

j=1i=1

for x; € X;. If the domains X; are finite, then these are “tensors”.

For fixed r, find {g/} to minimize the least-squares error function

E(g)=If —gl*>={(f—g).(f—g)) = (f.f) —2(f.g) + (g, 8)-
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The Alternating Least Squares Algorithm

Make an initial guess for g.

Loop until happy:
Loop through the directions k =1,...,d:
Solve a linear least-squares problem for new {gj };

while fixing {g/} for i # k.

If E(g) stabilizes but is too large, then try again,
perhaps with larger r.
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Refresher on Ordinary Linear Least-Squares

If g is a linear combination of fixed elements with unknown coefficients
and we want to minimize

E(g) = f—chgj <f—2cjgj,f—2qgj> ,
J J
the solution is the orthogonal prOJection of f onto span{g;}, with
coefficients determined by the normal equations
(span{gi}, (8 —F)) =0 & > (gkg)G = (g f) forall k.

J

E(g) N span{g;}

s

-~ G

f
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Each ALS Step is a Linear Least-Squares Problem

g is a linear combination of fixed elements with unknown coefficients

r d r d
g=> [[&x)= 2/3{(?1)5(& - 1) [ [ &l (xi)dsa .
j=1 i=2

j=1i=1

span{o(x1 — %1) [T, &/ (x:)}
/

<« new gl (%)

old gf(%1)
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ALS Normal equations via inner products

-

d
/<5 X1 —X1) gk(x,-),é(xl — )?1)Hg/(x,)> g{(%)dfq

j=1 2 =2
r d d
— ( gk, ) gl(x]) = <5 x1—x1) [ [ (), f> for all k, x].
j=1 \i=2 i=2
Q d d
If f = EH £ (x;) and we set A(k,j) = H <g, : ,> then the solution is
g=1i=1 i=2
gd=> A 1J,k)quH<g,-k,ﬂ">-
k=1 g=1 =2

We never needed to discretize in x;, choose a basis, etc.
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First Modifications of the Inner Product

© First Modifications of the Inner Product
@ Including Regularization
@ Including Antisymmetry (from Quantum Mechanics)
@ Discrete Approximations for Fitting Data
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Regularization as a redefined inner product
For A > 0 the regularized least-squares error is

r
Ex(g) =Ex(g",....&) = If =gl + 2D lI&]*.
=1

Using E, keeps the approximation problem well-posed and controls
loss-of-precision errors due to cancellations.

Defining an inner product on vectors of functions by

([a1(x1), a2(x2) .. .1, [ba(x1), bo(x2) ... 1) = > (au, bu)

k=1

E) is the ordinary least-squares error of approximating

[f,0,...,0] ~ [g,ﬁgl,...,\[\gr} er:gj <e1+ﬁej+1> :
=1

We can use the framework we already have.
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Antisymmetric Inner Products
Electrons are (observed to be) fermions, which means wavefunctions for

the multiparticle Schrodinger equation must be antisymmetric: e.g.
f(x1,x2,...,xq4) = —F(x2, X1, .., Xq)-

We can project a function onto its antisymmetric part by averaging over
all permutations with the proper signs by applying the antisymmetrizer

1
A= m Z (_1)P7)p7
PES4

where S, is the permutation group on d elements.
Pose the approximation problem as

r r d
.Af(Xl,Xz,.. .,Xd) ~ AZgj(xl,XQ,. . .,Xd) = AZHgI/(X,)
j=1

j=1i=1
with error measure
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Computing Antisymmetric Inner Products

The antisymmetric inner product between g¥ and g/ can be computed via

d d d d
<'AHgik7AHg,4> = <AHg,-k,Hg,J-> =

gia) - &f(xd)
/ / T : : gl(xa) - gl(xq)dxy - - dxg
gi(x) - gg(xd)
(ef.gl) - lef.gl)
4l : :
(ef.8l) - (ehal)
With this inner product, we can again use the framework we already have.
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Fitting Data (regression)
Suppose f is only a data set
N
f= {(men) = (Xfa T an;yn)}nzl )
SO our approximation problem becomes
rod
(S ZHgIJ.(X,-”) for all n.
j=1i=1

We can define a data-driven (pseudo) inner product

N
Z f(xn)g(xn)

n=1

and try to minimize

E(g)=((f —g).(f —g))=(f,f) —2(f,g) + (g.8) -
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ALS with a Data-Driven Inner Product

Our ALS framework had us split

lla) = [ el(50)300 — x0)d5

and integrate
/ F(x)3(x1 — x})d5

which no longer makes sense, since f is only known at some points.
Instead we have to write

M
gla) = chom(x)
m=1

in some basis {gbm}f‘n/’:l with unknown coefficients c’,;,.
We can then run ALS and also get a g that we can evaluate anywhere.
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More Exotic Inner Products

© More Exotic Inner Products
@ Inner Products of Functions of Materials
@ Including Non-Separable Stuff in Antisymmetric Inner Products
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Properties of Materials
The data is f = {(0n, pn)}N_; where
@ o, is a material/molecular structure, which is an unordered set of
atoms a = (t,r), where t is a species type (e.g. t = Mo) and r is a
location in 3-dimensional space and
@ pn = p(on) is some useful physical property of op,.

Two structures are equivalent if one can be mapped to the other by a
translation and/or rotation.

A C D
° ° C

/ ] -

We assume p is consistent, giving the same value to equivalent structures,
and require our approximation g to be consistent.
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Consistent Functions of Structures

For an ordered list of atoms, we can construct a function

g(la1,az,...]) = g([a1,a2,...,a4]) = ZHg, aj)

I=1j=1

To make g consistent, we map a structure to a set V,, whose elements
(w, v) are a weight w and an ordered list of atoms v called a view, and
work with

Ceo)= S we(v).

(w,v)eVs
We then define a pseudo inner product by

N

(7.8) = . > CF(os)Ca (o)

Jj=1
and use the framework we already have.
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Conversion of a structure to its views (illustration)

Weight a3 ao as EN

e

adpy, Je tel S
B
TR Gy I S (N
the views:
A
1/8 J& pe /T D
e s R e
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Including Potentials in Antisymmetric Inner Products

As a step in an iterative algorithm to construct an approximate
wavefunction, we need to compute antisymmetric inner products including
the nuclear potential operator

d d
<Ag AW"> <AHg, (xi), A (Z V(xm)> 11 f,.q(x,-)>
m=1 i=1

and including the electron-electron potential operator

d
(Agh, A7) = <AHg, (33), A ZZ”X —xnu Hf,-q(x,-)>.

m=1 n#m i=1

These operators interfere with the antisymmetric inner product, but only
in a few variables at a time.
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Prototype Computation Involving W

Suppressing the k and g indexes and selecting the m =1, n = 2 term, we
need to compute

d 1 d
<AHgi(Xi), T =l H f,'(Xi)> =
i=1 i=1

gi(xa) - gi(xa)
//m% S : f(x1) - fy(xq)dxy - - - dxg
ga(x1) -+ gd(xa)
A | B0 80 e f) e e
d'// lIx1 — xal| : : ; : dxidxo .
gd(x1) 8d(x2) (84:13) -+ (&d:fa)
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Prototype Computation Involving W (continued)

Defining L(i,j) = (gi, f;) and | =LY | | we can multiply by

&d 8d
IL||L=1|, merge determinants, multiply matrixes, and get

&1(x1) &i(x) 0 0
L ) &(x1) &(x2) O 0
‘ ‘// l(Xl 2 X2 §3(X1) é3(X2) 1 0 dX1dX2
[x1 — x| _ _
8d(x1) Ea(x) 0O --- 1

g1(x1) &i(x)

. . dX1 dX2 .
&(x1) &(x)

_ Y f(xa)f(x)
//HM—&H
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Antisymmetric Inner Product Involving V or W

Suppressing k and g, we have

d
(Ag, AVf) —sz_:l/ x)&m(x)dx and

) LU s Fn()fa(y) | En(x) Em(y)
(Ag, AWF) =54 Z#Zm// Ix =yl | &.(x) &a(y) dxdy .

With these inner product formulas (and a little more work), we can again
use the fitting and ALS framework we already have.
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It gets worse: Including Geminals

The wavefunction has an 'inter-electron cusp’ whenever two variables
coincide. We will need to include such structure in our approximation,
with something like

r

d
0= A (13wl ) | [T
j=1i

p=0 m;én i=1

With such structure in g and f and W, we have to compute
antisymmetric inner products like

d
222<AWQ I — 0l Hg,<x, ”le(uxa—xbu)ﬂﬁ(x,-)>
m#n u#v a#b Xu X i=1

The method we used for W lets us integrate out all variables except
va Xn, Xu| Xv, Xa, and Xb

Martin J. Mohlenkamp (OHIO) The Magical Inner Product April 2014 23 /32



It gets even worse: Many Geminal Cases

The indexes are restricted by a # b, m # n, and u # v, but we can still
have overlaps such as a = m. Between 2 and 6 variables remain.
There are 8 distinct cases, which can be represented graphically as

¢ oo o

Each case corresponds to a formula involving a determinant of function of
size up to 6 X 6. To compute we expand all determinants and end up with
several hundred terms to compute. (We have to automate.)

We can then use our existing framework for ALS.
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It gets worse: Including Recursive Approximations

To handle extended quantum-mechanical systems without exponential
scaling, we will need another form, such as the recursive form

3
7./
a3 H iy (X
J 1 k=1 Jk ].Ik 1
We need to compute antisymmetric inner products like

i K re  di
(ATL( 3= st ) T (32 T )

k=1 \jk=1i=1 k=1 qk=1 i, =1

without expanding out.

If successful, we can then use our existing framework for ALS.
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The Classical Center-of-Mass Principle

[ ] : .. - [ ] : .
1 2 1 S
Summaries

Approximate the gravitational potential energy between the two groups by

My M, 1
1 m2

>S5 ~L

h=1ih= 1“r rl22” ih1=1ih=1
My i Mo My i
m 3 m
= -1 E m3 | = E —1 5,
=1 ||r1 - r2|| =1 =1 ”rl - r2”

where r; is the center of mass of group two.
This reduces the cost from O(M;My) to O(M; + My).
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A Quantum Center-of-Mass Principle, schematic

@ @\Summaries

Even when groups 1 and 3 do not directly interact, the presence of an
intermediate group couples them.

It will take a partial expansion of the determinant to decouple them.

Group 3 can then be summarized and the summary embedded in group 2.
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A Quantum Center-of-Mass Principle, formula sketch

rn rn rn r2 i3 B3

Z Z Z Z Z 23(11,]1;1'2,]2;]3,]3)

a=1ji=1=1j=1/5=1j=1
n on n n n n

293335 3 PSR HTETENIHAY
a=lj=1p=1)=1/s=1j =1 \ @

n o n o n non

- Z Z Z Z Z b(jl’jl;-/é’]z; Oé) Z Zc(a7j27.72;.j3’.73)
h=1j=1p=1j)=1 @ 53=1j=1

n n n o n

- Z Z Z Z Z b(j1, J1; j2s J2; @) (e, jo, Ja) -

A=1j=1jp=1}=1 «

This reduces the cost from O(r#r3r3) to O(r2r3 + rir3).
For a chain of K groups, O(r?K) reduces to O(r*K).
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A Quantum Center-of-Mass Principle, core determinant

Using the non-overlap of groups 1 and 3, the determinant is

a(j1, j1; jos J2i 35 J3) =

Li17 Lip O Li1 Lip O 0O O 0
Loy Lop Loz [=|| Lot Lop O |+ [0 0 Lps
0 L3 L33 0 0 O 0 L3 L33
= |A12 + Bos| ,

where the subscripts indicate which summation indices the blocks depend
upon.

To decouple groups 1 and 3 we need to expand out the determinant of a
sum of two matrices.
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Determinant of the Sum of Two Matrices

For N x N matrices A and B,

N
A+B=Y > (~)7 M Pafag\ aiao \ 8] Blas Al
i

where ag = {1,2,..., N}, « and /3 are ordered subsets, o(«) is the sum of
the entries in a, ag \ « is the complement of « in ag, and B[«; 5] denotes
the matrix formed using rows a and columns 5 from B.

The expansions are unpleasant. The zeros in our matrices help.

The off-diagonal blocks LL12, LLp1, LLo3, and L3y are expected to be low
rank, which shortens the sums needed.
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Conclusions and Comments

@ You can do a lot if you can find the right inner product.

@ Exotic inner products are harder (impossible?) for other
function/tensor approximations.

e Since ((f — g),(f —g)) = (f,f) —2(f,g) + (g,g), we can minimize
over g even if we cannot compute (f, f). This situation arises e.g.
when f includes an operator like W.

@ ALS convergence is an issue.
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