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Objective




Objective
Given

a physical system,
we wish to integrate

a parametrized mathematical model, and
M experimental observations,

to estimate the (assumed) deterministic field
u™ e U(Q), QCR

and associated outputs of interest.



Desiderata

We shall insist upon

weak formulation — actionable theory:
a priori error bounds;
a posteriori error estimates;

O(M") computational complexity — real-time;
simple implementation — broad dissemination;
general applicability — “industrial” relevance.

We aspire to accurate state estimation for modest /.
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@ Preliminaries



State Space

Introduce
a spatial domain O € RY;

a Hilbert space 2/({2) with
inner product (w,v) and norm [|w| = \/(w, w)?;

a dual space U/" and duality pairing (-, )i«

a Riesz operator Ry, : U’ — U such that
for e e, (Ryl,v) =L(v),Yv € U.

Assume: real fields; ) (Q) c U < H'(Q).

YIn practice, we replace I/ by a finite element approximation space
UN < U of dimension N

10



Projection and Complement

Given O C U, define
projection operator [l : U — O
(How,v) = (w,v), Vv e Q;

orthogonal complement O+ C U/
Ot ={wel|(w,v)=0, Yo e Q}.

11



Objective Précisé

Given
a physical system in configuration C,
we wish to integrate
a parametrized mathematical model, and
M experimental observations,
to estimate the field
umeCl e U(Q), QCRY,
and desired output(s)
(oM (ytrelC)) € R, for given (0" € U,

12



Formulation: PBDW

@ Unlimited-Observations Statement
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(Prior) Background Spaces Zy

Introduce hierarchical subspaces

2/ C2ZyC---C2EZyC---C2Z

“Nlll‘(lx

- C U,
such that
true

as N — oo, inf |lu

—wl|| — €
WEZN

for ¢ an acceptable tolerance.

The spaces Z are constructed from
our (prior) best knowledge of the problem.

Example: Choose Zy as the span of /N snapshots on a
“best-knowledge-model” parametric manifold.

14



Minimization Statement

Find (uy € U, 2y € Zn, 1y € U) such that

* * * . 2
(uy, 2y, ny) = arginf ||ny|
un€eU
ZNEZN
nneU

subject to
(uNav) - (TINaU) + (ZNaU)a Vo el,
(un, ) = (W™, 0), Vo eU.

15



Minimizer
L. From (uly, o) = (u'"™°, ¢), Vo € U,

true

we deduce u}, = u""® — "state estimate”.

2. From (u}y,v) = (ny,v) + (25, v), Yv €U,

* __ . true *
we deduce 7y, = u"" — 2.
. - — ; 2
3. From (1, 23, 7i) — arginf pyey [l
un€eU
ZNEZN

we conclude:
true

zy = 1z, u'"™ — "deduced background”;

n}k\f — utruc o HZNutruo — HZ#LLHHC _ “update.”

Note that 7}, “completes” a deficient prior space Zy.
16



Euler-Lagrange Equations: Saddle Problem

Find (13 € U, =3, € Zy) such that

(v @) + (2n,q) = (u™,q), Ygel,

(Nn- D) =0, VpeZy,

and set u}y, = 7y + 2y

Solution confirms update-background decomposition

* % * true true __ true
uy =ny + 2y = Hziw™™ + Iz u =u.

update deduced background

17



Pictorial Projections, dim({/) = 3: Unlimited Observations
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Pictorial Projections, dim({/) = 3: Unlimited Observations
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Pictorial Projections, dim({/) = 3: Unlimited Observations

|
U
utrue
N n?V,M
\ *
N AN.M
/? ZN—1
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Pictorial Projections, dim({/) = 3: Unlimited Observations
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Euler-Lagrange Equations: Saddle
Find (13 € U, 25 € Zy) such that

(nv-q) + (2n,q) = (u™,q), Ygel,
(NN D) =0, VpeZy,

and set uy, = 1y + 2y

Solution confirms update-background decomposition

t t t
u?v = 777\[ + Z?V — HZ]#U’ rue + HZNU rue — g true
N—— S— —
update deduced background

We achieve u}, = u""¢ but we cannot
experimentally evaluate (1", ¢), Vg € U .

19



Formulation: PBDW

@ Limited-Observations Statement
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Observation Functionals: General — Local

Introduce general observation functionals

e, m=1,..., My,

m

such that we interpret
O,,|C] - perfect experimental observation m
= £, (u™[C]) .

(Formulation stable perfect — imperfect: inf-sup.)

Local observation functionals: {£° } "'+ defined by
m € SZ'

a "spread’ parameter: ,, = € Ry,
form =1,..., M.

a "center’ parameter: ¢

21



Observation Functionals: Local — Gaussian

We consider m = 1; ceey Mmax

05, (v) = Gauss(v; z;,, )

E/Qmexp <_<x;—;>2) o(z)da.

true . R
u- ‘ observatw observation 2

x 22



Update Spaces: {Z/IM} max — Experimentally Observable

Introduce hierarchical spaces M=1..., My, ---
Z/{M - Span{Qm — RZ/IE

m=1>

recall 17,/ € U is the Riesz representation of / € U/,
Then, for q,,(€ Uys),
( true Qm) _ (utrue7Ru€;)n) _ Z(T)n(utrue) _ Om
is an experimental observation; hence, Yq € Uy,
e : M M :
(/utlll(,’ q> — (utlue’ zm:1 CVQO) — zm:1 Oém&)n(utlue)
M
- Zm:l OémOm

is a weighted sum of experimental observations.
g P



Constrained Minimization: Statement

(U}k\f.,MaZ}kv,Mﬂﬁv,M) = arginf HUN,MH2
uN,MGZ/l
AN.MEZN
NN, M EUM

subject to

(unar,v) = (N v) + (v, v), Yo €U,
(un,mr, @) = (U™, ¢), Vo €U

24



Euler-Lagrange Equations: Discrete Saddle Problem

Find (135, € Uas, 25 € Zi) such that

true

(777\7,]\17 q) + (ZR',J\J» q) = £U ,q), Vqé€ Z/{JL ;

~
weighted sum of observations

* .
("N.2r D) =0, Vpe Zy;
then set
* o * *
Uyy = Nvm Tt FN.M
—— —— ——
state estimate update estimate  deduced-background estimate
S Z/{]\,[QZ]%; € Zn
“CAP SPACE"

Discrete observation—optimality saddle is of size M + V.

25



(Equivalent) Least Squares Formulation

Define deduced background estimate = ,, € Zy by

Fhear = arg nf ||y, (u™ = 2)]

<

which yields normal equations
(HUA‘W'Z?\’.AI? U) - (HUA/[utha U): Vo € Zy 5
define update estimate 7%, ,, € Uy, by

* o true * .
NINM — Iy, (u - ZN,M) 5

form state estimate u}, ,;, € U as

)

——

update estimate  deduced-background estimate

* o * *
Uy =  NInam T ZN,M

26



Pictorial Projections, dim({/) = 3: State Estimation

1
CAP SPACE
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Pictorial Projections, dim({/) = 3: State Estimation
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Pictorial Projections, dim({/) = 3: State Estimation
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Pictorial Projections, dim({/) = 3: State Estimation

Uy ﬂZJJ\} Unj—o

true *
AN € 2N

* I
NINyv = HuMmzj{,U

27



Pictorial Projections, dim({/) = 3: State Estimation

Uy N ZJJ\‘T Unj—o

k _ * k
Un v = AN T IN

27



Role of Mathematical Model

There is no reference to any mathematical model in
the PBDW saddle problem;
connection to the mathematical model? is through

the background spaces Zy, 1 < N < Ny

Implications:
applicability to wide class of problems;

simplicity of implementation.

2The model might be a (deterministic) partial differential equation,

or we might also consider particle or stochastic descriptions.
28



Spatial Domain and Regularity

The PBDW formulation is furthermore

a problem in (constrained) approximation
effected as

a projection with respect to observations;

no boundary conditions required over 0f).

Implications: flexibility in choice of data-assimilation
spatial domain Q2 € R (or manifold);

regularity hypotheses on 4" = space /.

29



Formulation: PBDW

@ Offline-Online Computational Procedure
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Offline Stage: Procedure Independent of C

Construct spaces

ZNmax = Span{CT“ n — 1, ceey Nmax} (j Z)
Uy =span{gm, m=1,..., My}t (= U).

SADDLE.Offlineyn . as . Form

ONLINEMATRICESy, = {A,B,1°"U 1ou2)

A max

where

A = Qs @)y B = (Gus i)
1;)7;1‘@7U — gout(qm)7 lzut,Z = gout(gn)’

/
form,m :17~"7MmaX1nzla-“:NmaX-

31



Online Stage: Procedure  C — ujy 3/ [C], £°" (uy 5, [C])
Collect observations: 1°"*C] € R such that

IObS[C] _ Om[C] — g;)n(utrue[c])’ m = 1’ Cey M.

m

SADDLE.Onliney p;: < ONLINEMATRICESy v/
Find n°[C] € R and z*[C] € R" such that

Avvav Bran ] [77*[(7] ] B [ 1°b5[C] ] _

B{{MJ:N 0 z"[C] 0

compute state and output as
uy y[Cl = U.1.um*[C] + Z.1.n27[C]
ou * out,U_ x out,Z _x
% (uy 1 [C]) = W 0 [C] + 17 727(C]

respectively.




Online Stage: Operation Count
Data acquisition C — 1°"[C]: M observations.
Solution of saddle for 17*[C], z*[C]:
O((N + M)?) FLOPS.
Rendering of full state uy ,,[C] (if desired):
O(N') FLOPS,
where \/ is the dimension of /¥ (C U).
Evaluation of output(s) (""" (uy, ,[C]):
O(N + M) FLOPS

(for each output of interest).
33



Formulation: PBDW

@ A Priori Error Analysis
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Problem Statements: Unlimited, Limited

Unlimited observations: find (1, € U, 25, € Zy) s.t.
(nv> @) + (v, q) = (w™,q), Vgel,
(n}ﬁ\f/p) - 07 Vp € ZN .
Limited observations: find (1%, € s, 2y, € Zx) st
(v @) + 2y ) = (u Cg), Vg € U,
(.25 P) =0, VpeZy.

Standard saddle in weak form
= apply variational PDE analysis techniques.

35



A Priori Analysis: Field

Proposition 1.

The error in the state satisfies

Hutrue - u}k\m\[H
1 .
S 1 + inf 11 Lutl’ue o
( 5N,M> nelyNZ | ZN all
for
By = inf sup (2,0) :
ZEZN vEUN HZH HUH
recall HHZ]#utrueH — inf Hutrue - ZH

ZEZN

36



Contributions to Error Bound

The bound for the state error

1
1 + inf TI utl’ue L
( ﬂ]\ra]\f) neUMNZx H Zy 77”

depends on
1. the stability constant: Sy ./ ;
2. the background primary approximation:
infiezy [l — 2| = [[zpu™™ ;
3. the update secondary approximation:
—7l.

: ., true
Hlf{/EUMﬁZE\L; H HZ# u

37



Stabilization

Proposition 2. The inf-sup constant (singular value)

(w, )

By ay = Inf su
PN ez vy, Tl

IS
a non-increasing function of background span (/V),
a non-decreasing function of observable span (/);
furthermore,

3\\[ =0 for M < N (ZN M U\Lj =+ 0)

38



Observability

The inf-sup constant [y, is related to
the observability

of our estimation of the physical system C.
Note that

B large # good (primary) state estimate:
Z must also retain approximation properties;

Bn.ar small # unobservable physical system:
Zx may contain spurious (unstable) elements.

39



Pictorial Projections: dim(U) = 3: Inf-Sup

40



Pictorial Projections: dim(U) = 3: Inf-Sup

U ﬂZJJ\} Uni—s

The space Uy, provides stability

— and secondary approximation.
41



The RoleS of Uy : Stability and Approximation

Space Z5 must provide

true

primary approximation: inf |[u"" — 2.
2EZN
Space U4y; must provide, for given Zy,
. . . w,v
primary stability: Sy, = inf sup (w, ) > (;

WEZN vEUNM HUJH HUH 7

secondary approximation:  inf |[TT; 0" — p||;
T}GZ/[MQZJ\L; N

recall also U/, must be experimentally observable.

42



Online Cost Considerations

Note that for

good background spaces { Zy } 3\
we may choose

N small (for approximation)

and hence subsequently choose
M (> N) small (for stability®).

Implication: faster Online response C — 1°™[C].

3Note if secondary approximation is important,

M is not dictated solely by stability considerations.
43



A Priori Analysis: Output Functional

Introduce linear (or nonlinear)

output functional: (" € /.

Proposition 3. Output error satisfies

Mout(utrue> o Eout (uj\fj\jﬂ _ ‘(utl‘lle o uRﬂ]\Jﬂ ¢ o HL{M¢>|

< ™ = uiy arlllle — Mgy, |

for ¢ = Ry°™ e Y.

Output error “superconverges’ with M.

44



Formulation: PBDW

@ A Posteriori Error Estimates
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Experimental Indicators: Post-Assimilation Measurements
Define assessment centers
{el<j<J}
distinct from observation centers
{z5, € Q1 <m < M}
such that we interpret 0~ (°

A,[C] : perfect experimental assessment j

= GBUSS( truo[ ] ég )
Then define, for given N, M, and J,

Eavg| \/ ZJ . — Gauss(u}y /[C]; 5, ¢))?

as an (LQ(Q)—ISh) estimate of the error in the state.

46



Formulation: PBDW

@ Construction of Spaces
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Formulation: PBDW

@ Construction of Spaces
@ Best-Knowledge Model
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Best-Knowledge (bk) Model: Parametrization

Introduce
parameter P—tuple 1, and
parameter domain D C R”,
and associated bk parametrized form
weD — G- UxU—R

(linear in second argument).

In principle, 1, D, and GG need not admit any
physical or mechanistic interpretation;

in practice, we benefit from disciplinary knowledge.

49



Best-Knowledge (bk) Manifold

Define the bk field
weD — uPkreld

as solution of

GH(uPsr v) =0, Yvel;

introduce bk parametric manifold

MPE = {yPr |y € DY

to characterize the set of bk fields.

50



Best-Knowledge (bk) Model Error

Introduce best-fit-over-manifold operator
Fape - U — MPE

such that
Frpew = arginf ||w —v]| .
veEMPE

Define model error as

E’Efo(l(utruo) = Hutruc o FMbkutrueH

= inf |[u"™ —w].
weEMPE

Goal: minimize model error € (u"")

through choice of parametrized model [D, G"].

51



Imperfections of Best-Knowledge Model

Three feasibility considerations

available information: conservation laws:
constitutive relations;

constitutive “constants’:
experimental cost: calibration of G';
computational cost:  solution of G/ (u”*" v) = 0;

constrain our choice of best-knowledge model.

true

In practice, ©""" may be quite far from M~

52



Formulation: PBDW

@ Construction of Spaces

@ Background Spaces Zy

53



Manifold PROCESS?,

Invoke PROCESS S (MP¥):
1. PROCESS% = PODy (MP); or
2. PROCESS% = WEAKGREEDY y (M) or
3. PROCESS% = TAYLORY’ (MP¥); or

to form spaces Zy for 1 < N < N, ...

Goal: minimize best-fit-over-Z error,

6?\17{( true) = mf Hutrue o w” ,

wWEZN

U

for given N (— cost).

54



Model Error and Discretization Error — Contributions

The Zy best-fit error may be bounded as

bk ( utrue) . true

€ = wiensz |u

S Hutrue o HZNFMbk(utrue> H

S ”utrue o FMbk (utrue) H + HFMbk (utrue) o HZN FMbk (utrue) H

— |

< i U w| o+ sup fw— Tzl
we MPx we MPk
N -~ J NG ~~ J/
model error <= [D,G*] discretization error <= ProcESS?,
bk true bk
S €mod (u ) + 6diSC,N
best fit of u*™¢ over manifold best fit of manifold over Zy

55



Model and Discretization Errors — Picture

bk
edisc,N

56



Role of Parameter

Parametrization of bk model
pweD = G
induces

manifold MP*, then
background spaces { Zy } 1,

and ultimately (with 24,/)

state estimate uy ;.

Note we provide no parameter estimate /iy ,;:

parametrization /i, D serves only in PROCESS?, (M%),
57



PROCESS% Example: WEAKGREEDY y — Prerequisite

Introduce reduced basis (RB) approximation

bk,
H— uN.,Galerkin
solution of
GH(uSEh v)=0, YveZ
N,Galerkin? - N
.. . bk,
and a posteriori error estimate A 7( ) such that
., bk, bk, bk, bk, 1
ULL HZNU U < Hu uN,GalorkinH

~
discretization error (u)

SO YueD.

Y

bk, bk, : . :
Both w1y A% admit rapid many-query evaluation.
58



Role of Reduced Basis Approximation

The reduced basis approximation

bk, u
N,Galerkin

only serves in the 0ffline stage

weED—=u

to define a residual

which then serves to evaluate

- bk,
the error estimator A

required by WEAKGREEDY y — Z .

In PBDW, the reduced basis approximation
does not appear in the Online stage.

59



PROCESS% Example: WEAKGREEDYy — Picture

Mbk

-
T

Mbk

60



PROCESS% Example: WEAKGREEDYy — Picture

Mbk

\/

ubkf/ll

T

ubsin & AqPE
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PROCESS% Example: WEAKGREEDYy — Picture

Mbk

U
Zn=1 = span{uP®hin n =1}

60



PROCESS% Example: WEAKGREEDYy — Picture

U

uP#2: element of MP¥ least well represented by Zy_;
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PROCESS% Example: WEAKGREEDYy — Picture

Mbk

bk:ﬂZ

U

p . bk. . . .
Pl iy = argsup ALY (projection error estimator)

NGDLI‘MH

u

60



PROCESS%, Example: WEAKGREEDYy — Picture

U

Zn—g = span{uP®in n =12}

60



PROCESS% Example: WEAKGREEDY y — Algorithm

WEAKGREEDY y: [D, G| — {Zy s
For N = 1;---;Nmax_ 1,
1. finy1 = argsup,cp, . cp A
2. CN+1 — Ubk'ﬂNJrl

3. Zni1 =span{Zn,(ni1}-
Note that

bk, bk .
Sup;LEDtmnCD A ~ EdiSC,N :

WEAKGREEDY v “minimizes’ discretization error.*

“Recent theory demonstrates comparable convergence

of discretization error €%, ., and Kolmogorov N-width.
61



Many Parameters

In the case of many parameters,
pueEDCR P>1,
the (standard) WEAKGREEDY y algorithm may be

inefficient — large training set [D,.;,
= unacceptable 0ffline cost;

ineffective — large V' (= large M) for desired
= unacceptable Online cost.

In some cases, the failure may be fundamental.

bk
EdiS(z,N

62



Generalization: Superdomains

Introduce
bk domain QP 5 O°
bk space UP"E = UPE(QPF).
Form bk background space Z5* C U/**
WEAKGREEDY y (M) — ZRF;
then form background space

Zy={z€U|z=2"q, 2™ € Z¥}.

Focus data assimilation on () ¢ ()P¥
even if bk model is only well posed on ()** o ().

5Note (2 may be a manifold of dimension d in Q% R ' > d.
63



Formulation: PBDW

@ Construction of Spaces

@ Update Spaces Uy,
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Design-of-Experiment PROCESSY,

Recall U4y, = span{q,, = Ry (0, M | for

m=1

m

Choose
inner product (-,-) = Ry, and
centers {2¢ € O}

to

a) maximize [y s ~ “E -optimality, for

00 (v) = Gauss(v; 28, ), m=1,...

M.

stability of primary (background) approximation;

. -
b) minimize inf, e nzt HHZ%u —

secondary approximation — of unmodeled physics.

||, for

65



Objectives: Approximation vs Stability

Algorithms with objective stability
SGREEDYy, . . .

often also provide reasonable secondary approximation.

Algorithms with objective secondary approximation,
UNIFORM, RANDOMUNIFORM, MAX-MIN, ...

often do not provide reasonable stability.

In any event, for w € H*(Q C RY),
inf [|w — q|[grq) ~ (MGt =01

qg<Un

secondary convergence is slow.

66



PROCESSY, Example: Stability as Principal Objective

SGREEDY ;0 { Zy I, (-, -) — {Uns s
For M =1,..., M.y,

1. Set N = min{ Nyax, M }.

2. Compute the least-stable mode
Wint = arginf sup M

weEZn veEUp -1 HwHHUH
3. Compute the associated supremizer
Vsup = gy, Wing.

4. ldentify the least well-approximated point

" = arg SUPzc0 ’(winf - Usup)@f)‘-

5. Set Uy = span{Uy_1, RyGauss(-; x*, om) }.

67



PROCESSY, Example: Approximation as Principal Objective

Proposition 4. Consider

Q =)0, 1[c R,
U=Hy(Q), |- =1 lmo
EO()—(S(, zy), m=1,....M

{5}, equidistributed;
for w € [H*(€)), we obtain for r = 0, 1

Hr Q < CM 2 7’ H’wHHz Q

f _
qu}[ |w — q

for (' independent of M and w.

Local observation functionals = low-order convergence.

68



Formulation: PBDW

@ Construction of Spaces

@ Convergence Scenario
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Roles of N, Zyx and M, Uy,

Primary: As NV increases for fixed M (> V) expect

bk
dlsc

[Ju™ — uy, \[H — €

~ — 0 rapidly, and
(u'"¢) rapidly;

Zy provides approximation, and I/;; provides stability.

111()(1

Secondary: As M increases
for fixed N = Npl ateay = {N ’ Egi( N < 6mod< lruc)}
expect

Cmoa (4") = 0 slowly, and
Hutlue _ uN.,MH -0 S|OW|y;

Uy, provides approximation (of unmodeled physics,. . . ).

70



Formulation: PBDW

@ Relation to Prior Work
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Connections . ..

0. PBDW ~ Data-Projection Reduced Basis (RB)
PBDW — Zy @ Uy RB— Zy and G, Galerkin.

1. PBDW D GEIM inf-sup = Lebesgue

for any given Zy, and N = M.

2. PBDW O Gappy-POD

72



.. Connections

3. PBDW D Stable Least Squares Estimation
[l = [IprriconLer and Uy = 2y € 2N

4. PBDW D linearized Structured Total Least Squares
TAYLORY (M) — Z.

5. PBDW C Variational Data Assimilation (3d-VAR)

background (prior) covariance < (I — 11z, ) "

73



Contributions

PBDW provides
1. rigorous error estimation:
a priori bounds;

a posteriori estimates;

2. computational and experimental efficiency:
optimal background spaces (WEAKGREEDY y, ... );

optimal sensor locations (SGREEDY, ... );
O(M?) Online complexity;

3. simplicity and generality:
bk model restricted to Offline stage (— Zy).

74
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Raised-Box Acoustic Resonator

@ Physical System
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Overview

5-sided raised box

1
speaker source
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Raised-Box Specifications

T
TS IO5RE

!gi"‘%.SAG m/s| (sound speed)
//7 dim 118\1%/1713~((101'mity)
speaker T i . 7l

dim
T3

diaphr\agm center:
7 = (0,8.9%6.35) cm

AN A

Hdile.? NS
e 4
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Speaker Detail
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Raised-Box Acoustic Resonator

@ Robotic Observation Platform
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Experimental Apparatus

5-sided raised box

1
speaker source
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Robotic Microphone
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Data Acquisition Protocol

monochromatic input:

fdim Hy,
frequency data frequency data
le—| MATLAB }« acquisition MATLAB acquisition
generator system generator system
audio motor audio motor
amplifier controller amplifier controller
itionable I
speaker|) ) POSI - speaker
P ) microphone positionable
microphone
Step 1: Take data at desired frequency(s) Step 2: Move microphone

at single spatial position: .3s . to new spatial position: 3s .



Complex Pressure Measurements

Experimental ingredients®:
mic calibration relative to reference;
control of environmental conditions: 75" .. ;
specification of mic location (observation center);

REGRESSION on
time-periodic mic signal (voltage) o™ (x) ;

introduce relative error in complex pressure

ﬁ(hm( ) eC

of magnitude ~ 5% effectively “exact.”

5Note ~ denotes an experimental measurement.
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System Configuration

We define the measured wavenumber as

~dim

~dim
2t Topk

T
Il

Cbml

(equivalently, measured nondimensional frequency).

We then denote our system configuration as
C(]f,to, .. ) ~ CZL )

we assume the system configuration is

sensibly constant

for associated set of observations and assessments, -|C;].
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Observations and Assessments: Impedance Normalization

\We normalize our observations and assessments as

~dim 7€
Om[cl?] - . ( m) = [Cl}]

~dim ~dim T 7dim,bk
Po o V;pk (k )

Gauss(u™"[C;]; 25, 0 = +)

~dim ( ¢c
pUES)
AlC:] = ) ___[C;
J[ k] ﬁglmégun‘/s(glﬁn,bk(k>[ k]
= Gauss(u™™[C;]; &5, 0 = +)

for 1 <m < M and 1 < j < .J, respectively.

Note V"X is the speaker diaphragm bk model.
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Raised-Box Acoustic Resonator

@ Best-Knowledge Model
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Spatial Domains

-

wall — =

Qbk

(): raised box QP full domain

dim

Note lengths non-dimensionalized by speaker radius, ("
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Parametrization: = (k,7) € Dy x D, =D CR xC

Introduce 111 = k, nondimensional wavenumber,

dim,.dim
2t Tspk

k

1

dim
o

and associated domain

iz:)k

[0.3,0.7]
equivalent in dimensional terms to

in 648Hz < 4™ < 1512Hz at 7™ ~ 25°C.
Introduce 115 = -y, speaker velocity correction factor,

for v € D, = C (amplitude and phase).
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bk Speaker Model (Calibrated): 7 dim bk

spk

‘ Re 7.2 ohm
L. | 2.64e-4 H
BL | 5.4 T-m

k| 14108 N/m |
34c-3kg |

024 Nb/m ...
1.5¢-3 m? E

Electromechanical Harmonic Oscillator:
Inputs: spk voltage — amplitude, phase, frequency.
Output: spk diaphragm velocity (uniform).
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bk Acoustic Model (Air): Parametrized Helmholtz Equation

Given 1 = (k,7) € D, find complex field over (2"
b _ pdim
pg CS ‘/spk (k)

u

solution of
GH(uP*" v) =0, Vv e U™,

for weak form

GMw,v) = z'/w/

I‘spk

1
+/€2/wvd:€— (ik—i— )/ wods
Q Rrad F1rand

and space U/(QF%) = H(QP¥). o4

1 vds — / Vw - Vodzx
0




bk Model Imperfections

There are many sources of bk model error

imprecision in location: asymmetry
non-rigid diaphragm motion
nonlinearity in response

pressure loading . ..

speaker

elastic modes

Rayleigh damping
fasteners and joints . ..

wall

-

farfield (radiation) effects . ..

acoustics

some of which shall prove significant.
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Helmholtz Discretization: U — (U**)V

raised box full domain

(Continuous) Galerkin: [P finite elements.
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Raised-Box Acoustic Resonator

@ PBDW Formulation
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State Space and Inner Product

Recall
QO C QP

is the interior of raised-box acoustic chamber.

Define (over complex fields)
UQ) = H(Q)

with inner product

(w,v) = / Vw - Vidr + K / wodx
Q Jo

and associated induced norm: choose x = (.5.
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Background Spaces: {ZN}%“;f — Definition

Introduce bk manifold
bk _ {ubk,ﬂ | ueD)

and invoke
WEAKGREEDYy,  — 25, N =1,..., Npux,
to form

Zy={zclU | z=2""g, 2" € Z¥F
for N =1,..., Npax = 8.

Note from linearity we may perform

WEAKGREEDY y over (k,7v) € Dy x {1}.
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Background Spaces: {Zy}\™x — Convergence

10°

. bk,
-»-error estimate, sup,cp A"

10 20 30
N

Discretization error (estimate)

bk, 1
gU-p/1€D A

bk
% EdlSL N = SUDye pqex

decreases rapidly with V.

|w —

40

Iz, w||

=1
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Update Spaces {UM}%‘;‘*{ — Definition

SGREEDY(H'*™( Z ) identifies {2 } /o

to construct update spaces M=1,...,48 = M ax

Uyr = span{ Ry Gauss(+; 26, ¢ = 0.2)}M_, |
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Update Spaces {Uy} 3/ — PROCESSY;

10° 10
1071 E 1071’ At AAAAA“‘,:
2 3 e
= & /
107 107 /
—-— N =2 —— =
N =6 N =6
=3 -3
10 10
10° 10" 10° 10° 10" 10°
M M
SGREEDYscrete RANDOMUNIFORM

Stability: effect of PrRoCESSY, on Hy 4.

102



Raised-Box Acoustic Resonator J

@ Real-Time In Situ State Estimation
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ROP Data Acquisition: C; —1°"(C;]

Elapsed time: 3.3M s (M observations).

2N

(In video we observe 10 frequencies at each mic center.)

104



PBDW Data Assimilation: 1°"[C;_ ¢o] = uN_7 27—12[Ci_ 4]

Elapsed time: 0.1 ms (assimilation) + 0.8 s (rendering).”

o {z¢, )=

"We may un-normalize our state estimate to obtain the

pressure: p}kvdj\l/? [Ci] = (uiar (P o lem (k) )[Cil- 108



Engineering Analysis: u}‘VZZM:lQ[C,;:ﬁg] — Lavg[Ci_ 6ol

—x dim

—1 * dim

Sound Intensity: [, (2) = R{ g PNM VDN -
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Response Time (Online)
Best-knowledge model (12 core, 64GB RAM ws):
= (k/,\o _ (%’ 1)’ <p/ )dlm _ (p C)dlm

— uPsr 20 s,

PBDW state estimation: N =7, M = 12
data acquisition: ROP

C; — 17(C;] = {OulC 1L, 0
data assimilation: PBDW (laptop)
SADDLE.Onliney y : 1°[C;] — Uy 11 Ci] 0.0001 s
Total: 40 s.
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Raised-Box Acoustic Resonator J

@ Error Analysis
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Raised-Box Acoustic Resonator J

@ Error Analysis
@ Preliminaries
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Assessment Centers

Choose assessment centers {£ 17/

Recall observations and assessments are

mutually exclusive: £ ¢ {a€ WM 5 =1

110



A Posteriori Indicators Précisés

We shall compare
P (j: k) = Gauss(u "~ §J, 0.2),
PK:J\JUS%) Gauss(uy, [C;]: €5.0.2)
P (j; k) = Ay(Cy]
= Gauss(utmo[C];_];f;, ),
where C; specifies the experimental configuration.

We also evaluate for given N, M, and J,

j=1,...

BuslCil =\ 5 5000 | P k) = Py Gisk) P

as an estimate of the error in the state.
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Raised-Box Acoustic Resonator J

@ Error Analysis

@ Accuracy
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Frequency Response: &§ = (2.67,2.67,4.50)

— 3.14p
o Pih) | :
o _PK':T.M:J»_:(JI'? k) ! [ R B e W
10 o PG o 157 ;
ERt o 9 -PYGGR) L
'T; i 0.00 _P,{':T.J'/:Jg:(j;k)
g ° Py k)3
-1.57 ! ;
Wos 04 05 06 07 _3'16.2 0d 05 06 07
k k
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Resonances: Simple Dirichlet Box

11N

klesonnl(e — 0 449 klesonnl(e — 0 020 kIGSOHHI(e —

Yy

kr()S()Il&UlC() — O . 629 kr()S()Il&UlC() — O . 68 1 kr()S()IlZUlC() — O . 690
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Frequency Response: £ = (9.33,2.67,4.50) (M = 12)

bk( . 7y | 314 bk( .7y |
==PP(ji k) o ! o '"P‘ (Js k) PO
0 _PK':T.A\[:NL‘_‘L/;]“) _Pf':iu:)‘_‘(;l;/i‘)
10 Lo Ptrun(j; k})} " ! o 1.57f o P"“m(j; k})}
< \ : i o |
Z 2
= = 0.00¢
2 g .
g = '
<
-1.57]
183 04 05 06 07

T
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Frequency Response: &f = (9.33,2.67,4.50) (M = 48)

— 3.14 —
"'Phk(j; k) 3 o | ' "'Phk(j; k) 3 R
0 —Pr_r =T K) —Pr_p =T K)
10 Lo Ptrun(j; k})} " ! o 1.57f o P"“m(j; k})}
g R ! ! Lo !
= )
= £ 0.00%
2, = 0.00,
g = '
E
-1.57
102 o RN, a1 RS O S S
0.3 0.4 0.5 0.6 0.7 ’ 6.3 0.4 0.5 0.6 0.7
k k
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Raised-Box Acoustic Resonator J

@ Error Analysis

@ Convergence: Case | — z3-Symmetric Resonance, C;_ 5=~
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Frequency Response: Amplitude

PP R) L
—Py :T.J!:}%(J'; k)
10 Lo P"“e(j;k)l

amplitude

0.3 0.4 0.5 0.6 0.7

=l

Inevitable actual speaker asymmetry unimportant:
bk model symmetric Neumann condition on 'y
does excite relevant symmetric resonance;

u'™" close to M®%, model error €2 | (u'"¢) small.

118



Convergence Scenario

Primary: As NV increases for fixed M (> V) expect
€iey — 0 rapidly, and

e U’N ]\[H — 6nlod (U

|u ey ~ 0 rapidly;

Zy provides approximation, and I/;; provides stability.

M
N = Nplateau - {N | EdIS( N < 6mod( tIue)} ~ NIHHX

Ebk ( tIue) — 0

mod

[Jut™e — U?vzu” — 0
Uy
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A Posteriori Error Indicators

EanlCi) = /3 S| PG = PGB P

10"

().557}

Eavg[cic

ibd

===
[N
DO

-2

10° 10" 10

10

8Note (4 57, [PUue(jik = 0.557)[%)1/% = 0.415, o



Best-Fit-Over-Manifold: €PX | (1) = ||u™"® — Fpmeu'™|

f— J rue( ». 7 * . 7.
EuaglCil = /3 S0 | Poe(js ) — Py (i F) 2
10’ ‘

* —
UN=0,M=0— 0
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Explanation of State: Modeled vs Unmodeled — Energy

= 17/ 1o |l )
P llzrar 12+ i I1P)/ i 1?

Energy
o
o

0 AAAAAA
0 10" 10
M
N=17

Little energy is contained in update field 7y, ;.
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Explanation of State: Modeled vs Unmodeled — Fields

04 0.05
0.3

‘0.2

0.1

0

-0.1

-0.2

-0.3 005

ZN]\[ HZNJ\[H2—46 13) 77NM H77NMH2—029
N =7,M =48
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Raised-Box Acoustic Resonator J

@ Error Analysis

@ Convergence: Case Il — z3-Antisymmetric Resonance, C;_ 479
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Frequency Response: Amplitude

___Pbk(j;];) 3 o
_P,<:7.,\/:~1g(J§ k)
10 b ° P(rue(j;k)

amplitude

0.3 0.4 0.5 0.6 0.7

oall

Inevitable actual speaker asymmetry important:
bk model symmetric Neumann condition on 'y
does not excite relevant zo—antisymmetric resonance;

1" not close to M, model error %

‘mod <ut1‘ue> not sma Il.
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Convergence Scenario

Primary' As N increases for fixed M (> N) expect
dls( N — 0 rapldly, and

Hutlue uN ]\[H — 6m()ol( true) % 0 rapidly;

Zy provides approximation, and I/, provides stability.

Secondary: As M increases for fixed

N = NPIW au — {N | ¢ N < 61110(1( true)} ~ 1
expect

€& (u') — 0 slowly, and

mo d

dlSL

Hutru(\, _ uN,]\JH —0 S|OW|y;

Uy provides approximation of unmodeled physics.
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A Posteriori Error Indicators

(wg \/ Zy—l‘ Ptlue(] k) N]\[(j; ]%)

10”
——

2 0.479]
o
=

E.v[C},
[
5
X

0y

10_2 0 ‘ 1 2

Note ( Z;; |Ptrue(j: k = 0.479)[2)1/2 = 0.0529. .



Best-Fit-Over-Manifold: €PX | (1) = ||u™"® — Fpmeu'™|

¢ > | Pl B) — Pl p(sh) 2

10 - N =2
-A- N =4
0 -~ N =6
UN=0,M=0"
S bk L
T
(‘D&
Té: e (u'™me) (%st_.
P TR e - - S
<@ <2/3
"“\
"'\%‘:‘
2
10 :
10 10' 10°
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Explanation of State: Modeled vs Unmodeled — Energy

1r W

>

bs_]o * 2 * 2

o +||77N.M 1%/ ||“\\1 l )

B 0.57 —([lzxar 17 + lmavar I17)/ 1y a 1P

0 N _A‘“M
10° 10" 10°
M
N=17

Significant energy is contained in update field 7y ;.
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Explanation of State: Modeled vs Unmodeled — Fields

0.03
0.02
-0.01
0
-0.01
-0.02
-0.03

ZNM HZNMH2 = 0.730) 77NJ\1 HnN]\[HQ = 0.068)
N ="7,M =48

Update field 7)3 ;, captures z,-antisymmetric resonance

— or in any event makes a courageous effort.
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Design of Experiment: {Uy; } i

10° : 10

LN=4 AN Z1]
SN=§ “NZ=6
3 o
5 i N
G107 G0 o
I 1 &
107 e
10° 10" 10° 10 10" 107
M M
SGREEDY{lscrete RANDOMUN IFORM )

Stability: effect of PrRocESSY, on error in state.
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PBDW for Infinite-Dimensional Parametrizations:
An Extracted Domain Approach
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PBDW for Infinite-Dimensional Parametrizations:
An Extracted Domain Approach

@ Synthetic Truths
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General Form: Configuration

1_‘wa,ll
f‘s ok A T
sl Q O Fhole

Consider configurations
C= {k/ Zwalh Zhole}

characterized by

wavenumber: k£ € R

wall impedance field: Zyan € L™ (Dyan)
hole impedance: Zy € C. 135



General Form: Truth Solution

The synthetic truth v"""¢[C] € H'(Q) satisifes
GUe[C](ure[C],v) = 0, Yo € HY(Q)

for the weak form

G (e (w, v) = ik /

Fspk

1k
+k2/wz7da:—/ wods
a i Zwan(s)

wall

ik
— / wods.
Thole Zhole

vds — / Vw - Voudx
Q
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Case 1. Piecewise-Constant Z € L (I'yan) Truth

T,
fs D A T [
spk Q O I‘hole
r 8
1 i

Random piecewise-constant wall-impedance field:

Case 1A Case 1B
Z —1.40 — 0.982
Lo 1.11 — 6.162
A3 0.10 4+ 0.03¢
Zy —2.28 + 0.62¢
Zhole 00 —1.34+0.314

High-dimensional parametrization: 11 (real) parameters.
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Case 2. Vibroacoustics Z € Loo(f’wau) Truth

-

T = . )
P Q ISR (
\

C oo ow

N~

domain configuration Vigalln (k= 1.0), Case 2

Elastodynamics-induced wall-impedance field:

Case 2A Case 2B
Zwall('; k) ptm(\'('; k’)/v;va]l.,n('; k)
Zholo ©.9) —1.34 + 0.31¢

Infinite-dimensional parametrization: 1> (I mu) field.
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PBDW for Infinite-Dimensional Parametrizations:
An Extracted Domain Approach

@ Best-Knowledge Model
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Spatial and Parameter Domains

LTl

[l

Spatia/ Domain: (ubkvﬂ/' u* ) Ok =QO Q ( flll().
Parameter domain:
pw=(k,g) € Dy x D, =D

for wavenumber k € D, = R, and
boundary trace: g € D, = HY?(Tpa) -
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Parametrized Best-Knowledge Solutions

Given 11 = (k. g) € D, we seek u**9) in space
H)(Q) = {w € H(Q) | wlr,,,, = g},
such that
G(k’g)(ubk’(k’g),v) =0, Yve H(lo)(Q)

for weak form

G*9) (w, v) = — / Vw - Vodx + kQ/ wodz
0 0

we take ZP%

hole

—» 00 in the best-knowledge model.
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PBDW for Infinite-Dimensional Parametrizations:
An Extracted Domain Approach J

e PBDW Formulation
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Background Space Dirichlet Boundary Representation

Express the trace g € L>(I'},,q) as

90) = ug(0)

n=1

fora, € C,n=1,..., and

_ Jcos([n/2]m0), n=1,3,5,...,
9n(0) = {sm(m/mwe), n—=246,. .

We presume ¢ sufficiently smooth, say
ap S exp([n/2])

or more generally, smooth family of functions).
g
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Zy Design Criterion

We wish to construct

Z}{}“I = argmf / g inf ||u (k7n9n) ’wHQdkz,
weW
dlm( b n=1

for Dirichlet boundary weights

Yo = exp([n/2])
and the norm | - || induced by k=1.0

(w,v) = / Vuw - Vidr + K / wodz.
Q Q

Algorithmic embodiment: POD or POD-Greedy.
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Zy Construction: POD-Greedy

. bk, (k,
Introduce an error estimate ANM(V}Q) such that

Hubk,(&g) 1 ubk,(k,g)H < APE(F.9)

NiNpe Nkoc :

POD-Greedyy : (2 C Di), (Ve < 00) — {ZN}%“jf
Construct Wy, n,.: for N, = 1,. ..

1. /%Nk = argsup sup At();(li;)ﬁz)
keZr  n=1,....Npc k be
2. Wh,n,. = A A
span{ Zy, uPkEnmgn) g PR (e e e ) )
Apply POD:

PODN(WNkoc) — ZN; N = 17 SR Ninax
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Greedy Convergence: Dy = [0.5,1.0]

10°

%:{100

==

<

2

2107

=
10 ‘
10 0 1 2 3

Ny

Training set:

wavenumber: =, = {0.50,0.51,0.51

,...,1.00}
boundary conditions: NV}, = 20 .

Selected parameter values: & = {1.0.0.5,0.81}.
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POD-Greedy Zy: Dy = [0 5,1.0]

00T - DO

n=1 n =2 n =4 n=>5

» - S -
«r O wrs W'
n=2~06 n=71 n =2~ n=29 n =10



U)s Construction: SGREEDY

10
“10°
«
N =1
~N=5
- N =10
5 TN =30
10 -
7 10° 10' 10°
e ® M
{26, } M50 stability constant
Invoke
SGREEDY (2N, ) — Uy, M =1,... My = 30.

148



PBDW for Infinite-Dimensional Parametrizations:
An Extracted Domain Approach }

@ State Estimation: 11-Dimensional Truth
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Case 1A: Field k = 1.0 ‘ g’
Perfect ;i-bk model since Zy1c = 215,

ytrue — ubkv(kag) for some ]{ g € D

t1 ue

model error €’ = 0, discretization error ¢3f \ #

m()d

“\ “\

tI ue

“N 20,M = 30
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Case 1A: Convergence

—uyallree

[|utrme— |

‘ ‘utrue

10

H(2) error

Model error ¢ (') = 0 since u"™" € MP*:
Zy provides rapid convergence for small NV

even though the truth is high-dimensional.
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Case 1B: Field k = 1.0 ‘ d
Imperfect ji-bk model since 7. # ;

hole

utruo ?é ubk:(kﬂg) for any k g - D

t1 ue

model error ¢° ) # 0, discretization error edN N

m()d

‘\ (\

true

u]\ =20, M = 30
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Case 1B: Convergence

10 10°
110’
R O
~NZs
~N =10
-1 i%’ = %d
10 ——
10° 10' 107 10" 10°
M M
HY(Q) error L*(€2) error

Finite model error €’  (u'"") since u""* & MP*:

Zn .~ does not provide convergence;

Uy (= Uy~ ) required for stability and convergence.
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Role of Observations

The set of (synthetic) observations

true

effectively perform projection v — u}, ;i

implicitly identify Dirichlet conditions;

ensure stability of primary (23, ,, € Zx) approximation;

provide secondary approximation ('r/f‘\;_” € Uy):
deficiency in best-knowledge model (Z},.);
deficiency in background space Z .

In short: observations effect dimension reduction.
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PBDW for Infinite-Dimensional Parametrizations:
An Extracted Domain Approach }

@ State Estimation: Infinite-Dimensional Truth
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Case 2A: Field k = 1.0

Perfect ;i-bk model since Zy1c = 215, ﬁ'

utrue e ubk"(k’g) for some (k g € D

true )

- o o
model error e2f . (u = 0, discretization error edm N 7 0.
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Case 2A: Convergence

10
— P ——e——o—o0—o—0-0-050000mmssemmm 5 0
= =10
z — 5
110 \ h
:3 5‘.
= - =107
0 =
9
0
10" 107 10 10°

=
=

H(2) error

Model error ¢ (') = 0 since u"™" € MP*:
Zy provides rapid convergence for small NV

even though the truth is infinite-dimesional.
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Case 2B: Field k = 1.0

Imperfect 1i-bk model since Z,1. # 205, m '

T £ WP F9) for any (k g) € D;

true )

bk '
model error e2F \(u # 0, discretization error edm ~N 7 0.

=20,M = 30)
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Case 2B: Convergence

10
7
1 10°
g
= -—N=1
~N=1o
N =0
10— -
10 10 10
M

H(€)) error

Finite model error ¢

bk
mod

Hutrue

- “fv,zu\ 12

.

10
100 \——%\\
) N"y\,\
=N =10
SN =30
o] =N =
10 0 1 2
10 10 10

M

L*(€)) error

(utrue) since utrue g Mbk:

Zn .~ does not provide convergence;
Uy (= Uy~ ) required for stability and convergence.

159
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Methodology

Treatment of

time-dependent problems (parabolic, hyperbolic);
nonlinear problems.

Consideration of
spatial and temporal filters;
adaptive methods;
noisy experimental observations;
advanced greedy procedures;
parameter estimation;
domain decomposition frameworks;

non-variational (e.g., stochastic) bk models.
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Physical Phenomena

Acoustics

Elasticity

Conduction heat transfer
Fluid flow
Electromagnetism
Multi-field phenomena:

vibroacoustics, natural convection,. ..

162



Extended References J

163



Extended References . ..

Data Assimilation and Kalman Filter

L Azzimonti, F Nobile, L Sangalli, and P Secchi. Mixed finite elements for
spatial regression with PDE penalization. MOX-Report No. 20/2013 (see also
MOX-Report No. 19/2013).

RE Kalman. A new approach to linear filtering and prediction problems.
Transactions of the ASME-Journal of Basic Engineering, 82(Series D):35-45,
1960.

ZL Li and IM Navon. Optimality of variational data assimilation and its
relationship with the Kalman filter and smoother. Q.J.R. Meteorol,
127:661-683, 2001.

AC Lorenc. A global three-dimensional multivariate statistical interpolation
scheme. Mon. Wea. Rev., 109:701-721, 1981.

M Yano, JD Penn, and AT Patera. A model-data variational formulation for
simultaneous estimation of state and bias. CR Acad Sci Paris Series |,
351(23-24):937-941, 2013.

164



... Extended References ...

Inverse Problems

J Antoni. A Bayesian approach to sound source reconstruction: optimal basis,
regularization, and focusing. J. Acoust. Soc. Am. 131:2873-2890, 2012.

PE Barbone, AA Oberai, and | Harari. Adjoint-weighted variational formulation
for a direct computational solution of an inverse heat conduction problem. Inv.
Prob., 23:2325-2342, 2007.

Y Marzouk, HN Najm, and LA Rahn. Stochastic spectral methods for efficient
Bayesian solution of inverse problems. J. of Comp. Phys. 224:560-586, 2007.

SW Phillips, W Aquino, and WM Chirdon. Simultaneous inverse identification of
transient thermal properties and heat sources using sparse sensor information. J.
Eng. Mech-ASCE. 133:1341-1351, 2007.

A Tarantola. Inverse Problem Theory and Methods for Model Parameter
Estimation. SIAM, Philadelphia, 2004.

165



... Extended References ...

Parameter Estimation and Design of Experiment

A Cohen, M Davenport, and D. Leviatan. On the stability and accuracy of
least-squares approximations. Foundations of Computational Mathematics,
13:819-834, 2013.

G Franceschini and S Macchietto. Model-based design of experiments for
parameter precision: state of the art. Chem. Eng. Sci., 63:4846-4872, 2008.

Bayesian Model Identification
MC Kennedy and A O'Hagan. Bayesian calibration of computer models. J. R.
Statist. Soc. B. 63:425-464, 2001.

Least Squares Analysis

GH Golub and CF van Loan. An analysis of the total least squares problem.
SIAM J. Numer. Anal, 17(6):883-893, 1980.

B de Moor. Structured total least squares and L, approximation problems.
Linear Algebra and its Applications, 188,189:163-205, 1993.
166



... Extended References ...

Data Interpolation Methods ...

G Chardon, A Cohen, and L Daudet. On the stability and accuracy of
least-squares approximations. Fond. Comput. Math., 13:819-834, 2013.

R Everson and L Sirovich. Karhunen-Loéve procedure for gappy data. J. Opt.
Soc. Am. A, 12:1657-1664, 1995.

Y Maday and O Mula. A generalized empirical interpolation method: application
of reduced basis techniques to data assimilation. Analysis and Numerics of
Partial Differential Equations (Springer INAAM Series), 4:221-235, 2013.

NC Nguyen and J Peraire. An interpolation method for the reconstruction and
recognition of face images. In VISAPP 2007 Proceedings Second International
Conference on Computer Vision Theory and Applications, Volume 2:91-96,
2007.

167



... Extended References ...

... Data Interpolation Methods

AT Patera and EM Rgnquist. Regression on parametric manifolds: estimation of
spatial fields, functional outputs, and parameters from noisy data. CR Acad Sci
Paris, Series |, 350(9-10):543-547, 2012.

RB Platte. How fast do radial basis function interpolants of analytic functions
converge? IMA J. of Numer. Anal. 31:1578-1597, 2011.

K Willcox. Unsteady flow sensing and estimation via the gappy proper
orthogonal decomposition. Computers & Fluids, 35(2):208-226, 2006.

Acoustics & Sound Characterization

Markus Noisternig. Private communication. IRCAM, Paris, 2014.

168



... Extended References ...

Variational Analysis

W Dahmen, C Plesken, and G Welper. Double greedy algorithms: reduced basis
methods for transport dominated problems. Mathematical Modeling and
Numerical Analysis (M2AN), 48(3):623-663, 2014.

LF Demkowicz and J Gopalakrishnan. A class of discontinuous Petrov-Galerkin
methods. Part I: the transport equation. Comput. Methods Appl. Mech. Engrg.
(23-24):1558-1572, 2010.

A Quarteroni and A Valli. Numerical Approximation of Partial Differential
Equations. Springer, New York, 1997.

M Yano and AT Patera, A space-time variational approach to hydrodynamic
stability theory. Proceedings of the Royal Society A, 469(2155): Article Number
20130036.

169



... Extended References ...

Model Order Reduction ...

D Amsallem and C Farhat. Interpolation method for adapting reduced-order
models and application to aeroelasticity, AIAA J, 46:1803-1813, 2008.

P Binev, A Cohen, W Dahmen, R DeVore, G Petrova, and P Wojtaszczyk.
Convergence rates for greedy algorithms in reduced basis methods. SIAM J
Math Anal, 43:1457-1472, 2011.

A Buffa, Y Maday, AT Patera, C Prud’homme, and G Turinici. A priori
convergence of the greedy algorithm for the parametrized reduced basis method.
Mathematical Modeling and Numerical Analysis, 46:595-603, 2012.

JL Eftang, AT Patera, and EM Rgnquist. An “hp" certified reduced basis
method for parametrized elliptic partial differential equations. SIAM Journal on
Scientific Computing, 32(6):3170-3200, 2010.

B Haasdonk and M Ohlberger. Reduced basis method for finite volume
approximations of parametrized linear evolution equations. Mathematical
Modelling and Numerical Analysis, 42(2):277-302, 2008.

170



... Extended References

... Model Order Reduction

P Ladevéze, JC Passieux, and D Néron. The LATIN multiscale computational
method and the proper generalized decomposition. Computer Methods in
Applied Mechanics and Engineering, 199(21-22):1287-1296, 2010.

G Rozza, DBP Huynh, and AT Patera. Reduced basis approximation and a
posteriori error estimation for affinely parametrized elliptic coercive partial
differential equations — application to transport and continuum mechanics.
Archives of Computational Methods in Engineering, 15(3):229-275, 2008.

K Willcox and J Peraire. Balanced model reduction via the proper orthogonal
decomposition. AIAA J, 40(11):2323-30, 2002.

171



for more information see

augustine.mit.edu
(methodology/Seminar Presentations)

172



	Objective
	Formulation: PBDW
	Preliminaries
	Unlimited-Observations Statement
	Limited-Observations Statement
	Offline-Online Computational Procedure
	A Priori Error Analysis
	A Posteriori Error Estimates
	Construction of Spaces
	Relation to Prior Work

	Raised-Box Acoustic Resonator 
	Physical System
	Robotic Observation Platform
	Best-Knowledge Model
	PBDW Formulation
	Real-Time In Situ State Estimation
	Error Analysis

	PBDW for Infinite-Dimensional Parametrizations:   An Extracted Domain Approach
	Synthetic Truths
	Best-Knowledge Model
	PBDW Formulation
	State Estimation: 11-Dimensional Truth
	State Estimation: Infinite-Dimensional Truth

	Ongoing and Future Work
	Extended References



