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The Heston Model

The Heston Model (European Option)

dS; = pSedt + \/v:Sedzi (1), dvy = k[0 — v¢]dt + 0/vedz(t)

vy instantaneous variance — CIR (Cox-Ingersoll-Ross) process
z1, zo: Wiener processes with correlation p

ji: rate of return of the asset

K: revert rate of u; to 6

0: long variance

o volatility of volatility

vV V.V VvV VvV VY

parameters to be calibrated from market data
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The Heston Model

The Heston Model (European Option)

dS; = aSedt + /v Sedzi (t), dvy = k[0 — v¢]dt + 0/vedz(t)

Feynman-Kac theorem

% — div(a(t)Vu) + B(t)Vu+~(t)u=0 in (0, T] x D,
u=0 on [0, T] x 9D
u(0) = up on D
with

b, &
%(t) - ( Vi l/tazp) ’ é(t) _ (r(t) SVt lszp) ’ "}’(t) — r(t).
ViOp VO KO — kv — 50
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The Heston Model and RBM

Feynman-Kac theorem

% —div(a(t)Vu) + B(t)Vu+~(t)u=0 in (0, T] x D,
u=0 on [0, T] x D
u(0) = up on D
with
Ve 1O p r(t)— 3. —30p
a(t) = 7). ) = - 270) () =
Viop Vi@ KO — kvy — 50

> calibration parameters: pp := (r(t), o, 0,%,0) (P =15)
» some may be stochastic,
e.g. vy, 0 =o(t,w), w € Q, probability space (2, B, P)
> pricing parameter: o = up € Lo(D) (payoff: parameter function)
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The Heston Model and RBM

Feynman-Kac theorem

% — A(p,w; t)u=0 in (0, T] x D,
u=0 on [0, T] x 0D
u(0) = po on D

> calibration parameters: p; = (r(t),o,0,%,0) (P =15)

» some may be stochastic,
e.g. vy, 0 =o(t,w), w € Q, probability space (2, B, P)

> pricing parameter: o = ug € Ly(D) (payoff: parameter function)
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Additional challenges

» several options/assets (WASC, CDOs):

~» many coupled PDEs, high (space) dimension
American options: variational inequalities (Haasdonk, salomon, Wohimuth; Glas, U.)
stochastic coefficients
jump models (Lévy): integral operators, PIDES (sctwab et al. Kestier, ..)
problems on infinite domains (S € [0, 00)) (kestier, u)

vV vV v v Y
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Additional challenges

> several options/assets (WASC, CDOs):
~» many coupled PDEs, high (space) dimension

» American options: variational inequalities (Haasdonk, salomon, Wohimuth; Glas, U.)
» stochastic coefficients

> jump models (Lévy): integral operators, PIDES (sctwab et al. Kestier, ..)

> problems on infinite domains (S € [0, 00)) (Kestier, )

>

» traders do not trust numerics ...
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The Heston Model again: variable initial condition

Feynman-Kac theorem

%—A(ul,w; tu=0 in (0, T] x D,
u=20 on [0, T] x D
u(0) = po on D

> calibration parameters: p; := (r(t),o,0,%,0) (P =15)

» some may be stochastic,
e.g. vy, 0 =o(t,w), w € Q, probability space (2, B, P)

> pricing parameter: o = ug € Ly(D) (payoff: parameter function)
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Parabolic PDEs / Space-Time variational formulation
> V= HYD), H:=Ly(D), V= H= V', I:=(0,T)

> <i’(t)7¢>V’><V + a(u(t)7¢) = <g(t)7¢>V’XV VoeV,te /(a'e')
u(0)=w inH



Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | Space-Time RBM with variable initial condition

Parabolic PDEs / Space-Time variational formulation
> V= HYD), H:=Ly(D), V= H= V', I:=(0,T)
b (a(t), 2(t)) vy + a(u(t), 2(8)) = (g(t), 2(t)) v xy Yu(t) € V. t € I(a.e.)
(u(0),On = (w0, Q) VCEH
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Parabolic PDEs / Space-Time variational formulation
> V= HYD), H:=Ly(D), V= H= V', I:=(0,T)
> (u(t), z(t))vixv + a(u(t), z(t)) = (g(t),z(t))vixv Vv(t) € V,t € I(a.e.)
(u(0),On = (w0, ) VCEH

> Integrate over time ~~ Trial space:
» Z=0LLV)={w:I=>V: |W||L2(,V) fl||w (t)||3 dt < o}
(Bochner space)
s Xi={weZ:weZ'}=L(LV)NH(, V')~ C(I;H)
> iz = lwliz + iz + [w(T)I
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Parabolic PDEs / Space-Time variational formulation
» V= HYD), H:=Ly(D), V> H< V', 1:=(0,T)
> (u(t),z(t))vixv + a(u(t), z(t)) = (g(t), z(t)) v xv Vv(t) € V,t € I(a.e.)
(U(O)aC)H = (UO',C)H VC S H

> Integrate over time ~~ Trial space:
» Z=0LLV)={w:I=>V: ||W||i2(,;v) = fl lw(t)||? dt < oo}
_ (Bochner space)
s X={wecZ:weZ'}=L(LV)NnH( V') < C(I; H)
> lwl% = llwliz + (lwllZ + 1w (T
> Include also initial condition ~~ Test space:
> Y=2ZxH, VIS = lIzl1% + lICllE for v = (2,¢) in Y
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Parabolic PDEs / Space-Time variational formulation
» V= HYD), H:=Ly(D), V> H< V', 1:=(0,T)
> (u(t),z(t))vrwv + a(u(t), z(t) = (g(t), z(t)) v xv Yv(t) € V,t € I(a.e.)
(U(O)aC)H = (uOvC)H VC € H

> Integrate over time ~~ Trial space:
» Z=0LLV)={w:I=>V: ||W||f2(,;v) = fl lw(t)||? dt < oo}
~ (Bochner space)
» X ={wecZ:weZ'}=L((LV)nHY(I; V') < C(I; H)

> wlE = wllz + iz + Iw(T)IIE
» Include also initial condition ~» Test space:
» Y=ZxH, VI3 = l21Z + [ICl1F for v =(2,¢) in ¥
bluv) i= [ (@(e). 20y + | aule). 26 + ((0). O
= bi(w,z) + (u(0), ()n

F(v) = / (&(8), 2(t)) vy dt + (110, Ot = £1(2) + (0, O
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Parabolic PDEs / Space-Time variational formulation
» V= HYD), H:=Ly(D), V> H< V', 1:=(0,T)
> (u(t),z(t))vixv + a(u(t), z(t)) = (g(t), z(t)) v xv Vv(t) € V,t € I(a.e.)
(U(O)aC)H = (UO',C)H VC S H

> Integrate over time ~~ Trial space:
» Z=0LLV)={w:I=>V: ||W||i2(,;v) = fl lw(t)||? dt < oo}
~ (Bochner space)
s X={wecZ:weZ'}=L(LV)NnH( V') < C(I; H)

> wlE = wllz + iz + Iw(T)IIE
» Include also initial condition ~» Test space:
» Y=ZxH, VI3 = l21Z + [ICl1F for v =(2,¢) in ¥
bluv) i= [ (@(e). 20y + | aule). 26 + ((0). O
= bi(w,z) + (u(0), ()n

F(v) = / (&(8), 2(t)) vy dt + (110, Ot = £1(2) + (0, O

Variational formulation (Petrov-Galerkin)

find u € X s.t. b(u,v) =f(v) Yve.
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Parabolic PPDEs / Space-Time variational formulation
> V= HYD), H:=Ly(D), V< H= V', [:= (0, T)
> (u(t), o) vrxv + alps, u(t), 9) = (g(pa; t), d)vixy Vt € I(ae.)
u(0) = o
> Integrate over time ~~ Trial space:
» Z=0LLV)={w: 1= V: ||W||%2(/;v) = fl lw(t)||? dt < oo}
(Bochner space)
s Xi={wecZ:weZ'}=L((LV)nHY(I; V') < C(I; H)

> lwllF = wllZ + iz + w (T
» Include also initial condition ~» Test space:
> Y=2ZxH, VIS = lIzlIZ + IClE for v=(2,¢) inY

b(p; u,v) = /I<il(t)72(t)>wxvdt+/Ia(ul;U(t),z(t))dt+(W(0)yC)H
= bi(p1;w, 2) + (u(0),O)n
i) = [ (i 0026y e + (10, O = 81013 2) + (0. O
Variational formulation (Petrov-Galerkin)

find u(p) € X s.t. b(ug; u(p),v) = f(u;v) Yv e .
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Why space-time?

Variational formulation (Petrov-Galerkin)

find u(p) € X st b(pa; u(p), v) = f(pv) Vv e .

b(p1; w,
5= inf sup 2UiWV)
weX vey ||wllxllvly
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Why space-time?

Variational formulation (Petrov-Galerkin)

find u(p) € X s.t. b(u; u(p),v) = f(u;v) Yv e .

b(p1; w,
5= inf sup 2UiWV)
weX vey ||wllxllvly

> if b(u1;-,-) bounded: problem well-posed <= inf-sup condition holds (5 > 0)
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Why space-time?

Variational formulation (Petrov-Galerkin)

find u(p) € X s.t. b(u; u(p),v) = f(u;v) Yv e .

b .
B := inf sup i, v)
weX yey [[wllxlv]ly
> if b(u1;-,-) bounded: problem well-posed <= inf-sup condition holds (5 > 0)
> error/residual bound:

b(py; u—uy,v) f(u; v) — b(pa; uy, v)
—= T~ — sup

Ivily vey Ivily

Bllu—uy||x < sup = [ ()lly
vey



page 10/54 Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | Space-Time RBM with variable initial condition

Why space-time?

Variational formulation (Petrov-Galerkin)

find u(p) € X s.t. b(u; u(p),v) = f(u;v) Yv e .

b .
B := inf sup i, v)
weX yey [[wllxlv]ly
> if b(u1;-,-) bounded: problem well-posed <= inf-sup condition holds (5 > 0)
> error/residual bound:

b(py; u—uy,v) f(u; v) — b(pa; uy, v)
—= T~ — sup

Ivily vey Ivily

Bllu—uy||x < sup = [ ()lly
vey

> online: solve one N x N linear system (no time-stepping)
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Why space-time?

Variational formulation (Petrov-Galerkin)

find u(p) € X s.t. b(u; u(p),v) = f(u;v) Yv e .

b .
B := inf sup i, v)
weX yey [[wllxlv]ly
> if b(u1;-,-) bounded: problem well-posed <= inf-sup condition holds (5 > 0)
> error/residual bound:

b(py; u—uy,v) f(u; v) — b(pa; uy, v)
—= T~ — sup

Ivily vey Ivily

Bllu—uy||x < sup = [l ()llyr
vey

> online: solve one N x N linear system (no time-stepping)

> ex: traveling wave is 1 snapshot
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Why space-time?

Variational formulation (Petrov-Galerkin)

find u(p) € X s.t. b(u; u(p),v) = f(u;v) Yv e .

b .
= inf sup 2Laiw:v)
weX yey [[wllxlv]ly
if b(u1;-,-) bounded: problem well-posed <= inf-sup condition holds (5 > 0)
error/residual bound:

b(py; u—uy,v) f(u; v) — b(pa; uy, v)
—= T~ — sup

Ivily vey Ivily

Bllu—uyl|x < 525 = [l ()llyr
v

online: solve one N x N linear system (no time-stepping)
ex: traveling wave is 1 snapshot
(offline) dimension increased by one (cpu / memory)
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Well-posedness / inf-sup-constant

> Co = SUPy e\ {0} %%(w < V3, 0 = SUPgxgecv “i“_ (1)
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Well-posedness / inf—sup-constant

> C = supwex\{o} IIWH L@l < /3, 0 := SUPoxgev Hi“,‘: (<1)

> a(p; 6, 9) < Mal|gllv [[¢]lv, a(p1: ¢, 9) + Aallgll = aallolly
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Well-posedness / inf-sup-constant

> Ce = sUPyc\ [0} J—L”i’lvw(l)‘ﬂ” <3, 0 = SUPggey % (£1)
> a(p; 6,9) < Mallollv 1] v, a(u1; ¢, ) + Aallol1F = callgll5,
a(ﬂ1;¢7¢)

> (= inf inf sup >0

meD1 peV yev [|ollv [[¥]lv
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Well-posedness / inf-sup-constant

> Ce = sUPyc\ [0} J—L"ﬁ"w(l)‘ﬂ” <3, 0 = SUPggey % (£1)
> a(p; 6,9) < Mallollv 1] v, a(u1; ¢, ) + Aallol1F = callgll5,
a(ﬂl;¢7¢)

> B2 = inf inf sup >0

meD1 eV yev [|9llv [[¥]lv

b(p;
> we look for: B := inf inf sup by w, v)
mEDL WEX ¢y HW”X ”V”y
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Well-posedness / inf—sup-constant

> Co = SUP,ex\ (o} | ||W|\ [l < V3, 0 = SUPg_pev Hi”,‘: (1)
> a(p; ¢,9) < Mallollv ([l v, a(p1; &, 0) + Xall ol = aallolly

a(pa; v, @)
» B := inf inf sup—"-"> >0
7 meDdideV yev [|9llv [[¥]lv

b(p1;
> we look for: B := inf inf sup b(puiw, v)
mEDL WEX HW”X ||V||y

> inf-sup bounds:
min{min{1, M=2}(a — \g?),1}
V2max(L, (33) 1] + C2

—2XT

B (a,\, M, C) :=

coer ’

e

\M,C T
el )= Vmax{2, 1+ 2X20%}

coer(a O M C)

Proposition (Inf-sup boundiscaus/steenson u./pacers))
Let a(+;-,-) be bounded (M,) and satisfy a Garding inequality (c,, \;). Then,

By > BEE = max{BLE (s, Aay Ma, Co), BEE (vay Aoy M, Ce, T}
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Space-Time Discretization

» Note: trial and test spaces are tensor products:
» X=H()®V V=2ZxH:="L(LEV)xH= (L& V)xH
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Space-Time Discretization
» Note: trial and test spaces are tensor products:
» X=H()®V V=2ZxH:="L(LEV)xH= (L& V)xH
» FE in space: Vj :=span{¢1,...,¢n,} W.r.t. Topace,h
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Space-Time Discretization
» Note: trial and test spaces are tensor products:
» X =H() oV YV=ZxH:i=L(IV)xH= (L))o V)x H
» FE in space: Vj :=span{¢1,...,¢n,} W.r.t. Topace,h
» FE in time: Ep, = {o!,...,0K} C Hioy (1) (pw. linear)
and Far C Ly(/) (pw. constant)
w.r.t. Teime,At = {th=kAt: 0< k< K,At:= %}
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Space-Time Discretization
» Note: trial and test spaces are tensor products:
X =H()oV V=2ZxH:=0L(IV)xH= (Lo V)xH
» FE in space: Vj :=span{¢1,...,¢n,} W.r.t. Topace,h
» FE in time: Ep, = {o!,...,0K} C Hioy (1) (pw. linear)
and Far C Ly(/) (pw. constant)
w.r.t. Teime,At = {th=kAt: 0< k< K,At = %}
> Discretization for initial value:
> trial: Z; := span{¢1,...,¢¥} C HY(D),
W = {¢; : i € N} Riesz basis, 1 < L < o0
> test: Hy = span{hy,..., hu} hm € H
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Space-Time Discretization
» Note: trial and test spaces are tensor products:
X =H()oV V=2ZxH:=0L(IV)xH= (Lo V)xH
FE in space: Vj, :=span{¢1,...,¢n,} W.r.t. Topace,h
FE in time: Ep; = {0?,...,0f} C Hioy (1) (pw. linear)
and Far C Ly(/) (pw. constant)
w.r.t. Teime,At = {th=kAt: 0< k< K,At = %}
> Discretization for initial value:
> trial: Z; := span{¢1,...,¢¥} C HY(D),
v
> test: Hy = span{hy,..., hu} hm
X(At,h,L) = (0’0 ®I]_) S (EAt & Vh) =: (o

vy

{vi : i € N} Riesz basis, 1 < L < o0
H
&

v
oM |l

I[_) ® Ws
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Space-Time Discretization
» Note: trial and test spaces are tensor products:

s X=H()oV Y=ZxHi=L(5V)xH= (L0 V)xH
» FE in space: Vj :=span{¢1,...,¢n,} W.r.t. Topace,h
» FE in time: Ep, = {o!,...,0K} C H{o}(/) (pw. linear)
and Far C L2(I) (pw. constant)
w.r.t. Teime,At = {th=kAt: 0< k< K,At = %}
» Discretization for initial value:

> trial: Z; := span{¢1,...,¢¥} C HY(D),
v

> test: Hy = span{hy,..., hu} hm
Xaeny = (0°QLL) @ (Eae @ Vi) =: (o
Vae,hmy = Far @ Vi x Hy =: Z5 x Hu, 6 = (At7 h), n = (5, M)

vy
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Space-Time Discretization
» Note: trial and test spaces are tensor products:

s X=H(®V Y=ZxH:=L(V)x H=(L(l)® V) x H
» FE in space: Vj :=span{¢1,...,¢n,} W.r.t. Topace,h
» FE in time: Ear = {0},...,0%} C H{o}(/) (pw. linear)

and Fa: C L2(I) (pw. constant)
w.r.t. Teime,At = {th=kAt: 0< k< K,At = %}
» Discretization for initial value:
> trial: Z; := span{¢1,...,¢¥} C HY(D),
v i -1 € N} Riesz basis, 1 < L < oo
> test: Hy = span{hy,..., hu} hm
> Xaen) = (0°I) & (Ear ® Vi) =: (0° @ I1) & W
> Vaehmy = Far @ Vo x Hy =: Z5 x Hum, 6 = (At, h), n:= (5, M)

={v
cH
0®

Crank-Nicolson scheme
N (N™) "up (1) = Puc(uo), (1a)

L MO () — u () + AL el () = gL 2(n), €21 (1b)

At
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Space-Time Discretization
» Note: trial and test spaces are tensor products:

s X=H(®V Y=ZxH:=L(V)x H=(L(l)® V) x H
» FE in space: Vj :=span{¢1,...,¢n,} W.r.t. Topace,h
» FE in time: Ear = {0},...,0%} C H{o}(/) (pw. linear)

and Far C L2(I) (pw. constant)
w.r.t. Teime,At = {th=kAt: 0< k< K,At = %}
» Discretization for initial value:
> trial: Z; := span{¢1,...,¢¥} C HY(D),

W := {9 : i € N} Riesz basis, 1 < L < o0
> test: Hy =span{hs,..., hu} hm € H
> Xant = (00 L) ® (Ear ®@ Vi) = (0° @ 1) ® W
> y(At’h’M) =Fa: @V x Hy =: Zs X Hp, 6 = (At, h), = (6, M)
Crank-Nicolson scheme
N (™) Tud (1) = Pme(po), (1a)

1

M (g () = () + A (u)uy 2 () = g5 (), €21 (1b)

» note: B(S(Ml) = NtAirtne ® Mspace + Mtlme Q Aipace(ul) c RKnhXKnh
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Offline computations wayeoter, u)

Crank-Nicolson scheme
NN ) T ud (1) = Pue(po), (2a)

EW( (1) —ul () + Al(ua)uy P() = g5 (), €>1.  (2b)
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Offline computations ayerorer, u)

Crank-Nicolson scheme
NN ) T ud (1) = Pue(po), (2a)

M () — ) + Al ) = ), 021 (2b)

» X5 := {ws € X5 : w;(0) =0} (homogeneous initial conditions)
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Offline computations ayerorer, u)

Crank-Nicolson scheme
NN ) T ud (1) = Pue(po), (2a)

M () — ) + Al ) = ), 021 (2b)

» X5 := {ws € X5 : w;(0) =0} (homogeneous initial conditions)

Two step offline computation

ud®(po) € I - (up®(110), Cm) b = (p0, Cm)H Vim € Hm,  (3)
(1) € Xs : bu(pua; ty(p), 25) = F(uf)(p0), 11 25) V25 € 25, (4)

> ud(po) =0 ® ud(uo), f appropriate
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Offline computations ayerorer, u)

Crank-Nicolson scheme
NN ) T ud (1) = Pue(po), (2a)

EMZ( (1) —ul () + Al(ua)uy P() = g5 (), €>1.  (2b)

» X5 := {ws € X5 : w;(0) =0} (homogeneous initial conditions)

Two step offline computation

ud®(uo) € I (U9 (o), Cm)m =
() € Xs o ba(pa; by(p), 2s) =

) VCM (S 'Hl\/l, (3)

(10
f(u (Mo) p;zs)  Vz5 € Zs, (4)

> ud(po) 1= 0° @ ud®(po),  appropriate
> solve (4) e.g. by Crank-Nicolson or by tensor techniques for Bs(11)
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Offline computations ayerorer, u)

Crank-Nicolson scheme
NN ) T ud (1) = Pue(po), (2a)

EMZ( (1) —ul () + Al(ua)uy P() = g5 (), €>1.  (2b)

» X5 := {ws € X5 : w;(0) =0} (homogeneous initial conditions)

Two step offline computation

ud®(uo) € I (U9 (o), Cm)m =
() € Xs o ba(pa; by(p), 2s) =

) VCM (S Hm, (3)

(10
f(u (Mo) p;zs)  Vz5 € Zs, (4)

> ud(po) =0 ® ud(uo), f appropriate
> solve (4) e.g. by Crank-Nicolson or by tensor techniques for Bs(11)
> inf-sup-stability (u. raes) ~> error/residual estimator
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Offline computations ayerorer, u)

Crank-Nicolson scheme
NN ) T ud (1) = Pue(po), (2a)

EW( (1) —ul () + Al(ua)uy P() = g5 (), €>1.  (2b)

» X5 := {ws € X5 : w;(0) =0} (homogeneous initial conditions)

Two step offline computation

up®io) € In = (u)®(po0), Cm)m =
(i) € Xs © by(pa: Uy(p), z5) =

) VCM (S Hm, (3)

(10
f(u (Mo) pi;2zs)  Vzs € Zs, (4)

ud(po) 1= 0° ® ud®(puo),  appropriate
solve (4) e.g. by Crank-Nicolson or by tensor techniques for Bs(u1)
inf-sup-stability (u. patera) ~> error/residual estimator

vV v v .Yy

stabilization or by stabilizer, double Greedy, ... (andreev; Rozza et al, Dahmen, Welper, ..
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Space-Time RBM 1/3

» choose Xy C X, by snapshots (Greedy, nonlinear approximation)
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Space-Time RBM 1/3

» choose Xy C X, by snapshots (Greedy, nonlinear approximation)
> given u = (po, u1) € D; choose stable Yy (u) (e.g. by stabilizer)

un(p) € Xn by un(p), vw) = f(uive)  VYvw € Yu(p).  (5)
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Space-Time RBM 1/3

» choose Xy C X, by snapshots (Greedy, nonlinear approximation)
> given u = (po, u1) € D; choose stable Yy (u) (e.g. by stabilizer)

un(p) € Xn by un(p), vw) = f(uive)  VYvw € Yu(p).  (5)
> residual for v = (z,¢) € Y

(s v) = f(p; v) — b(p; un (i), v)
= g1(p1; 2) — bi(pa; un(p), z) + (o — (un(2))(0), O)m
v z) + rvo(s €),
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» choose Xy C X, by snapshots (Greedy, nonlinear approximation)
> given u = (po, u1) € D; choose stable Yy (u) (e.g. by stabilizer)

un(p) € Xn by un(p), vw) = f(uive)  VYvw € Yu(p).  (5)

> residual for v = (z,{) € :

(s v) = f(p; v) — b(p; un (i), v)
= g1(p1; 2) — bi(pa; un(p), z) + (o — (un(2))(0), O)m
= rva(p; z) + mvo(ps €),

> ldea: setup a two-stage RBM similar to offline
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» choose Xy C X, by snapshots (Greedy, nonlinear approximation)
> given u = (po, u1) € D; choose stable Yy (u) (e.g. by stabilizer)

un(p) € Xn b(pr; un(p), vw) = f(ivw) — Vvw € Yu(u).  (5)

residual for v = (z,{) € V:

v

(s v) = f(p; v) — b(p; un (i), v)
= g1(p1; 2) — bi(pa; un(p), z) + (o — (un(2))(0), O)m
= rva(p; z) + mvo(ps €),

v

Idea: setup a two-stage RBM similar to offline

v

Recall: (5) won't be time-marching!

> no sum up of time-discrete residuals
» but: space-time
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Space-Time RBM 2/3

1st step: Initial condiition

» construct Iy, C Zy C H of (small) dimension N
by snapshots SR, = {ug: 1 < i< No}, In, :=span{S}, }
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Space-Time RBM 2/3

Karsten Urban

Space-Time RBM with variable initial condition

1st step: Initial condiition

» construct Iy, C Zy C H of (small) dimension N
by snapshots SR, = {ug: 1 < i< No}, In, :=span{S}, }
> RB-approximation uy°(t0) € In, for new pio:
(un®(110), Cn) 1 = (t0, Cn)H YN € Hpy = span{hy,,

No
"y
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Space-Time RBM 2/3

Karsten Urban | Space-Time RBM with variable initial condition

1st step: Initial condiition

» construct Iy, C Zy C H of (small) dimension N
by snapshots SR, = {ug: 1 < i< No}, In, :=span{S}, }

> RB-approximation uy°(t0) € In, for new pio:

(u"(10), CN)H = (10, Cn)H- Vin € Hiy, :=spanf{hjy, ... hpe

> matrix-vector form: M*ao(uo) = b(p0) (projection)
with M = (1o, iy, J) 1 <; < pyr @0(10) = (ad(10))1<i<m,
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Space-Time RBM 2/3

1st step: Initial condiition

» construct Iy, C Zy C H of (small) dimension N
by snapshots SR, = {ug: 1 < i< No}, In, :=span{S}, }

» RB-approximation u3°(si0) € I, for new jio:

(u"(10), SN )1 = (10, Cn)H - ¥Cn € Hiy, :=span{hpy,, ... h\*}

» matrix-vector form: M ao(u0) = b(10) (projection)
with I\/Ill\rllolt = ((UOv NO)H)lg,',jgNo' oo (o) = (ao(MO))ISiSNo
> Note: No affine decomposition: (uo,n)# online!

> approximate pio by pd! (~ ‘standard’ RBM with M parameters)
> (uo,Cn)n may be 'known’ (e.g. Fourier, wavelets, ...)
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Space-Time RBM 2/3

1st step: Initial condiition

» construct Iy, C Zy C H of (small) dimension N
by snapshots SR, = {ug: 1 < i< No}, In, :=span{S}, }

» RB-approximation u3°(si0) € I, for new jio:

(u"(10), CN)H = (10, Cn)H- Vin € Hiy, :=spanf{hjy, ... hpe

» matrix-vector form: M ao(u0) = b(10) (projection)
with I\/Iil\rlloit = ((,uf), tho)H)lg,',jgNo' ao(po) = (ap(o0))1<i<ng
> Note: No affine decomposition: (uo,n)# online!

> approximate pio by pd! (~ ‘standard’ RBM with M parameters)
> (uo,Cn)n may be 'known’ (e.g. Fourier, wavelets, ...)

» compute S§ e.g. by POD



page 15/54 Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | Space-Time RBM with variable initial condition

Space-Time RBM 2/3

1st step: Initial condiition
» construct Iy, C Zy C H of (small) dimension N
by snapshots SR, = {ug: 1 < i< No}, In, :=span{S}, }

» RB-approximation u3°(si0) € I, for new jio:

(u"(10), SN )1 = (10, Cn)H - ¥Cn € Hiy, :=span{hpy,, ... h\*}

» matrix-vector form: M ao(u0) = b(10) (projection)
with I\/Ill\rllolt = ((,an NO)H)lg,',jgNo' ao(po) = (ao(MO))ISiSNo

> Note: No affine decomposition: (uo,n)# online!

> approximate pio by pd! (~ ‘standard’ RBM with M parameters)
> (uo,Cn)n may be 'known’ (e.g. Fourier, wavelets, ...)

» compute S§ e.g. by POD
> also adaptive (st u)
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Space-Time RBM 3/3

2nd step: Evolution with homogeneous initial conditions
» extend the ‘space-only’ function u3°(110) € In, € H(R)
to a space-time function uQ(t0) 1= 0° @ u’(10) € La(l; HY(R))
do this for pf € Sy = {u: 1 < i< No},
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Space-Time RBM 3/3

2nd step: Evolution with homogeneous initial conditions
» extend the ‘space-only’ function u3°(110) € In, € H(R)
to a space-time function uQ(t0) 1= 0° @ u’(10) € La(l; HY(R))
do this for pf € Sy = {u: 1 < i< No},
» construct RB space )V<N1 C /"?n _
by snapshots Sy, = {1/ = (uj, 1) : 1 <j < N} C S} x Dy CD
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Space-Time RBM 3/3

2nd step: Evolution with homogeneous initial conditions
> extend the ‘space-only’ function u$%(u0) € IN0 C HY(Q)
to a space-time function uQ(t0) 1= 0° @ u’(10) € La(l; HY(R))
do this for pf € Sy = {u: 1 < i< No},
> construct RB space Xy, C Xn ‘
by snapshots Sy, = {1/ = (uj, 1) : 1 <j < N} C S} x Dy CD
> compute W= b, (1) € X, (offline 2nd step — modified rhs)
and set Xy, :=span{l¥ : j=1,...,N;}
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Space-Time RBM 3/3

2nd step: Evolution with homogeneous initial conditions
> extend the ‘space-only’ function u$%(u0) € IN0 C HY(Q)
to a space-time function uQ(t0) 1= 0° @ u’(10) € La(l; HY(R))
do this for pf € Sy = {u: 1 < i< No},
> construct RB space Xy, C Xn ‘
by snapshots Sy, = {1/ = (uf, 1) : 1<j< N} C S} x Dy CD
> compute W = b, (1) € X, (offline 2nd step — modified rhs)
and set Xy, :=span{l¥ : j=1,...,N;}
> for new u = (pg, p11) define (stable) test space Zy, (11) € Zs
e.g. by supremizers



page 16/54 Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | Space-Time RBM with variable initial condition

Space-Time RBM 3/3

2nd step: Evolution with homogeneous initial conditions

> extend the ‘space-only’ function u$%(u0) € IN0 C HY(Q)
to a space-time function uQ(t0) 1= 0° @ u’(10) € La(l; HY(R))
do this for pf € Sy = {u: 1 < i< No},
» construct RB space Xy, C Xn
by snapshots Sk, = {1/ = (u, 1) : 1<j< N} C S} xD1CD
» compute I := Ui, (1/) € X, (offline 2nd step — modified rhs)
and set XN1 =span{l : j=1,..., Ny}
> for new u = (g, pt1) define (stable) test space Zp, (11) € Zs
e.g. by supremizers
» RB approximation: uy () := uQ(po) + tn(p),
where Iy (1) € X, solves

by tn (i), zn) = F(u§ (o), 11 2n)  Van € Zw, (1)
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Space-Time RBM 3/3

2nd step: Evolution with homogeneous initial conditions

> extend the ‘space-only’ function u$%(u0) € IN0 C HY(Q)
to a space-time function uQ(t0) 1= 0° @ u’(10) € La(l; HY(R))
do this for pf € Sy = {u: 1 < i< No},
» construct RB space Xy, C Xn
by snapshots Sy, = {1/ = (uf, 1) : 1<j< N} C S} x Dy CD
» compute I := Ui, (1/) € X, (offline 2nd step — modified rhs)
and set XN1 =span{l : j=1,..., Ny}
> for new u = (g, pt1) define (stable) test space Zp, (11) € Zs
e.g. by supremizers

» RB approximation: uy () := uQ(po) + tn(p),
where Iy (1) € X, solves

by tn (i), zn) = F(u§ (o), 11 2n)  Van € Zw, (1)

» NO time-marching!
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Space-Time RBM 3/3

2nd step: Evolution with homogeneous initial conditions

> extend the ‘space-only’ function u$%(u0) € IN0 C HY(Q)
to a space-time function uQ(t0) 1= 0° @ u’(10) € La(l; HY(R))
do this for pf € Sy = {u: 1 < i< No},
» construct RB space Xy, C Xn ‘
by snapshots Sy, = {1/ = (uf, 1) : 1<j< N} C S} x Dy CD
» compute I¥ := un(uf) € X, (offline 2nd step — modified rhs)
and set Xy, :=span{i¥ : j=1,..., Ny}

> for new u = (g, pt1) define (stable) test space Zp, (11) € Zs
e.g. by supremizers

» RB approximation: uy(j) := uQ(po) + (),
where Iy (1) € X, solves

by tn (i), zn) = F(u§ (o), 11 2n)  Van € Zw, (1)

» NO time-marching!
» by and f are tensor products!
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Greedy for initial value

> determine by POD or adaptive approximation
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Greedy for initial value

» determine by POD or adaptive approximation

. or

> A (10) = lluo — 1 || m

Greedy for initial value

Let Mg’ram C DO be the training set of initial values, tol” > 0 a tolerance.
Choose /’LO eEM tramv 50 = {H“O}
for N =1,.... \™* do
Compute u" 0 = ud%(ud) € T as in (3) % Offline st step
uév‘""l =argmax, emp ANO (10)
if A%, (1 N°+1) < tol” then Stop end if
5N0+1 N Y {NNOH}
end for _
X8, = span{u® =0 @ uf®: 1 <i< No}

©OoN O g s




page 18/54 Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | Space-Time RBM with variable initial condition
Greedy for evolution

> AR, (1) = B5 Mg () — ba(pa; un(p), )y,

Greedy for evolution

1: Let Miain C S§, X ML, be the training set, tol' > 0 a tolerance.
2: Choose i € ML, i i= (b, ), S1 = {11}

3: Compute ubtt = gs(ubt) € X5, Ny =1

4 fori=1,...,Ny do

5. forj=1,...,Ni** do _

6: gy =argmax, epn AR (1o, 1)) 1 = (1 1)

7: if A} (1Y) < tol' then N :=j end for j end if

8: Ny =Ny +1,

9: Compute u™4! = ti5(p') € X5 % Offline 2nd step (e.g. C-N)
10: Skt = Sk, U {u}

11:  end for

12: end for
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Numerical Results

» Heston model

» model payoff pg
by Bezier curves

» POD for initial value

Extended initial values
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Space-Time Errors

log(max. ermor)

| |
18
1 2 3 4
N

Erros vs. Ny for different Ny (P = 1 out of 5)
(for different parameter selections)
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© CDOs / HTucker format
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Recall: Additional challenges

» several options/assets (WASC, CDOs):
~» many coupled PDEs, high (space) dimension

American options: variational inequalities (Haasdonk, salomon, Wohimuth; Glas, U.)
stochastic coefficients
jump models (Lévy): integral operators, PIDEs (schwab et al., kestir, ..)

problems on infinite domains (S € [0, 00)) (kestier, u)

vV vV v v Y
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CDO pricing model

CDO model: N = 2" coupled PDEs: j € {1,...N} =N\

(ty) = 3V BOVE(t,1)) - aT (F #(t,y) + () (8,)
= Y PHEN@HEY) it y) - Wt y) -t y), (6a)

KEN\{j}
u(t,y)=0,t€(0,T), y €09, (6b)
u(T,y) = (W3(y), ..., )", y € Q, (6¢)

v

» CDOs are one reason for the financial crisis
» coupling terms ¢/** hardly known

» goal: find ways to control the market
(sensitivities, restrictions to parameters, ...)
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CDO Space-time variational formulation (i, rup. u)

CDO model: N = 2" coupled PDEs: j € {1,...N} =N
. 1 , . :
U{»(t,y) = _Ev : (B(t)vuj(tay)) - aT(t)v Uj(tay) + r(t,y)uf(t,y)

=Y FHE @Rt y) + i (ty) -t y)) - d(ty),
KEN\L}

u(t,y)=0,t€(0,T), y €9Q u(T,y)=(u3(y),....us5 '),y e,

X = L0, T; Hy(QM)yn H* 0, T; H=1(Q)N)
Y = L0, T; HF (V) x Ly(N, v =(v1,v2)
b(p;u,v) = /0[(ut(t),vl)o;n+a(u:U(t)»vl)]dt+(U(T),vQ)o;n

.
(W) = [ 0w+ (ur.vos
0
CDO space-time formulation
ueX: b(u;u,v) =f(v) Yv=(vi,v2) €Y. (7)J
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HTucker simulation of CDOs

> use multiwavelets in space

(Donovan, Geronimo, Hardin; Dijkema, Schwab, Stevenson) > use HTUCker—fOrmat
(Hackbusch, Kiihn, Grasedyck, Kressner, ...)
> obtain equivalent #>-problem (— talk of R. Schneider)

(— talk of W. Dahmen)

» can be written in tensor form
(also space/time)

» n: number of assets
» ~» N = 2" equations

state 3

40
state 2
state 1
state 0 3500
3000+
2500~
u
Z 2000+
g
%1500
g
= 1000+
2
500~
0 I I I I I I
0 20 40 60 80 100 120

number-of-assists-in-the-portfolio
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@ Parabolic Variational Inequalities
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Recall: Additional challenges

» several options/assets (WASC, CDOs):
~» many coupled PDEs, high (space) dimension

American options: variational inequalities (Haasdonk, salomon, Wohimuth; Glas, U.)
stochastic coefficients
jump models (Lévy): integral operators, PIDEs (schwab et al., kestir, ..)

problems on infinite domains (S € [0, 00)) (kester, u)

vV vV v v Y
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Parabolic Variational Inequality PVI(1) s v,
American / swing options ~~ obstacle problem: (— talks of K. Veroy, J. Salomon)

Parameterized Parabolic Variational Inequality:
For 1 € D, find u(p; t) € K(t), s.t. for all v(t) € K(t), t € (0, T)a.e.

(ue(pi t), v(t) — u(p; ) vrxv + a(p; ulps t), v(t) — u(p t)) > (i v(t) — u(p; t))

where
» V — H Hilbert Spaces
> a(u;-,) : D x V x V=R (possibly non-coercive)
> K(t) C V closed and convex set
> f(u;): V=R
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Parabolic Variational Inequality PVI(1) s u)

American / swing options ~~ obstacle problem: (— talks of K. Veroy, J. Salomon)

Parameterized Parabolic Variational Inequality:
For 1 € D, find u(p; t) € K(t), s.t. for all v(t) € K(t), t € (0, T)a.e.

(ue(pi t), v(t) — u(p; ) vrxv + a(p; ulps t), v(t) — u(p t)) > (i v(t) — u(p; t))

Transfer into saddle point problem:

» W Hilbert space, M C W convex cone
» K(t) ={v e Vlc(t;v,n) < g(p;n),n € M}
For w in D, find (u(u), A(p)) € V x M such that for t € (0, T) a.e.

(ue, vivisv + a(p; u(p), v) + c(t; v, A(p)) = (i v), vev
c(tiu(p)in — Mp)) < g(uin—Mp),  neM.
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Space-Time Formulation of PVIs

(ue(t), v(t)—u(t))+a(p; u(t), v(t)—u(t)) = f(u; v(t)—u(t)) VYv(t)e V,telae
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Space-Time Formulation of PVIs

(ue(t), v(t)—u(t))+a(p; u(t), v(t)—u(t)) = f(u; v(t)—u(t)) VYv(t)e V,telae

> X ={we L(V):we L)(I,V),w(0) =0}

T T T
/ <ut,v—u>dt+/ a(; u,v—u)dt)/ f(uv—u)dt VvelX
0 0 0
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Space-Time Formulation of PVIs

(ue(t), v(t)—u(t))+a(p; u(t), v(t)—u(t)) = f(u; v(t)—u(t)) VYv(t)e V,telae

> X i={we L(V): we L V),w() =0}
T T T
/ <ut,v—u)dt+/ a(; u,v—u)dt)/ f(u; v — u)dt YveX
0 0 0

T T T
/ <ut,vfu>dt+/ a(p; u,vfu)dtQ/ f(p; v — u)dt Yve X
0 0 0

b(u; u,v — u) > f(v—u; p) Yve X
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Petrov-Galerkin Problem

Space-time Saddle Point Problem:
For v in D, find (u(p), M(p)) € X x M (M C C(I; M)) such that

b(p; u(), v) + (v, M) = F(i v), veY:=Ly(lV)
c(u(p),n—Aw) < g(wn—Ap), neM

> Recall X — C(I; H)
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Petrov-Galerkin Problem

Space-time Saddle Point Problem:
For v in D, find (u(p), M(p)) € X x M (M C C(I; M)) such that

b(p; u(), v) + (v, M) = F(i v), veY:=Ly(lV)
c(u(p),n—Aw) < g(wn—Ap), neM

> Recall X — C(I; H)
> (Semi-)Norms:
> vl = vl
vl = VI vy + vellZ vy
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Petrov-Galerkin Problem

Space-time Saddle Point Problem:
For v in D, find (u(p), M(p)) € X x M (M C C(I; M)) such that

b(p; u(), v) + (v, M) = F(i v), veY:=Ly(lV)
c(u(p),n—Aw) < g(wn—Ap), neM

> Recall X — C(I; H)
> (Semi-)Norms:
> vy = VI,
> vl = ||VHL2 vy T HVtHL2 (V)
> vk = ||VH vy T HVfHLz vy T V(T . Paters)
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Petrov-Galerkin Problem
Space-time Saddle Point Problem:
For v in D, find (u(p), M(p)) € X x M (M C C(I; M)) such that
b(p; u(), v) + (v, (1)) = F(ui v), veY:=L(V)
c(u(u),n — M) < glpwin—Auw), neM.

> Recall X — C(I; H)
> (Semi-)Norms:

> vily = v

> vk = ||VH%2(/;V) + HVtHZZz(/;\//)

> I = vy + el vy + VTR . patery

> V% = IVIE gy + V(T (weaker than [-]lx, || - [|x)

(V1% = IVIE, vy + VDI < VI vy + Vel + VDI = Iviz)
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Preliminaries

Properties/Assumptions:
(A1) Bilinear forms b(y; -, ), c(+,-) bounded with constants v,y v
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Preliminaries
Properties/Assumptions:

(A1) Bilinear forms b(y; -, ), c(+,-) bounded with constants v,y v
(A2) The form b(u;-,-) is weakly coercive
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Preliminaries

Properties/Assumptions:
(A1) Bilinear forms b(y; -, ), c(+,-) bounded with constants v,y v
(A2) The form b(u;-,-) is weakly coercive with coercivity constant «,, > 0, i.e.,

bluiv,v) > ay [V[%, vexX (Ivlx < llvilx)
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Preliminaries

Properties/Assumptions:
(A1) Bilinear forms b(y; -, ), c(+,-) bounded with constants s,y v
(A2) The form b(u;-,-) is weakly coercive with coercivity constant a,, > 0, i.e.,

bluiv,v) > aw [v[3, vex (Ivlx < lIvilx)

Proof: (in the coercive case)
T T
b(u; v,v) = / (ve, v)dt + / a(p; v, v)dt
0 0
1 2 ! 2 2
z S Iv(T)IlH +/ (aall V(D[ = Aallv(t)lli)dt

%II (T2 + (s — Aadd)IVIZ
> min{1/2, a, — Xs0”}Hv]%
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Preliminaries

Properties/Assumptions:
(A1) Bilinear forms b(y; -, ), c(+,-) bounded with constants v,y v
(A2) The form b(u;-,-) is weakly coercive with coercivity constant «,, > 0, i.e.,

b(uiv,v) > aw [v[3, vexs (Ivlx <liviix)

(A3) The form c(-,-) is inf-sup-stable on ) x W, i.e. 33, > 0:

c(v,
sup— DS G gl Vg € W(C La(l; W))
vey Ivilyllallw
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Preliminaries

Properties/Assumptions:
(A1) Bilinear forms b(y; -, ), c(+,-) bounded with constants v,y v
(A2) The form b(u;-,-) is weakly coercive with coercivity constant «,, > 0, i.e.,

b(uiv,v) > aw [v[3, vexs (Ivlx <liviix)

(A3) The form c(-,-) is inf-sup-stable on ) x W, i.e. 33, > 0:

c(v,
sup— DS G gl Vg € W(C La(l; W))
vey Ivilyllallw

(A4) The form b(u;-,-) is symmetrically bounded i.e., Iys < co:

b(u; v, w) < ys[v]xllwl xfor v,w € X (integration by parts)
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Preliminaries

Properties/Assumptions:
(A1) Bilinear forms b(y;-,-), c(-,-) bounded with constants 75,y v

(A2) The form b(y;-,-) is weakly coercive with coercivity constant a,, > 0, i.e.,

buiv,v) > aw [VI%, veXy (Ivlx < lIvilx)

(A3) The form c(-,-) is inf-sup-stable on ) x W, i.e. 33, > 0:

clv,
sup (v,q)

T = Bellallw, - Vg e W(C La(1; W)
vey Ivllyllglhw

(A4) The form b(y;-,-) is symmetrically bounded i.e., Fys < oco:

b(u; v, w) < ys[v]xllwl xfor v,w € X (integration by parts)

e (Al-A4) ~~ well-posedness of the problem (cias, u. Lions/stampacchia)



page 32/54 Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | Parabolic Variational Inequalities

RBM: Error/Residual estimate 1/3
Residuals (space/time):

(e v) == b(p; u — un, v) + c(v, p — pn), vey,
sn(pi q) == c(un, q) — g(1: q), gew,
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RBM: Error/Residual estimate 1/3
Residuals (space/time):

(i v) == b(p; u — un, v) + c(v, p — pn), ve,
sn(i; q) = c(un, q) — g(i; q), gew,

Projection: (from the stationary case; [HSW])
» 7 : W — M orthogonal with respect to (-, ), on W.
> Induced norm on W, ||n|lx :== /{7, ) x,
> crlnllw < lnllx < Cellnllw
> extend that to space/time: W, M
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RBM: Error/Residual estimate 1/3
Residuals (space/time):

(i v) == b(p; u — un, v) + c(v, p — pn), ved,
sn(1i q) == c(un, q) — g(1; q), qgew,

Projection: (from the stationary case; [HSW])
» 7 : W — M orthogonal with respect to (-, ), on W.

> Induced norm on W, ||n|lx :== /{7, ) x,
> Crlnllw < linllx < Celinllw
> extend that to space/time: W, M

Primal/Dual Error Relation

Properties (A1)-(A4) and mf sup & >Bc>0 (V)
Wex [v]x|gllw
do not yield a prlmal/dual error relation like:

Ip = pullw < = (lrwlxe +vellu — unlo).

A1



page 33/54 Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | Parabolic Variational Inequalities

RBM: Error/Residual estimate 2/3

Assumption (D):

Assume the existence of an invertible mapping D : M — X such that
(1) c(Dp,q) =(v,q)w, p,g € M

(2) 3Cp, st. [[Dpllx < Collplw

> controls temporal movement/change of obstacle
> obstacle case: Riesz operator
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RBM: Error/Residual estimate 2/3

Assumption (D):
Assume the existence of an invertible mapping D : M — X such that
(1) ¢(Dp,q) = (v,q)w, p.g € M
(2) 3Cp, st. [[Dpllx < Collplw
> controls temporal movement/change of obstacle
> obstacle case: Riesz operator

Primal/dual error relation
If (A1)-(A4), inf-sup and (D) hold, we have

lp = pnllw < Colllmmllx: +vs[u — un]x)-
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RBM: Error/Residual estimate 2/3

Assumption (D):
Assume the existence of an invertible mapping D : M — X such that

(1) c(Dp,q) = (v,q)w, p,g € M
(2) 3Cp, s.t. |IDpllx < Collpllw

> controls temporal movement/change of obstacle
> obstacle case: Riesz operator

Primal/dual error relation
If (A1)-(A4), inf-sup and (D) hold, we have

lp = pnllw < Colllmmllx: +vs[u — un]x)-

Note:
> error w.r.t. weaker (semi-)norm [-]x, not ||-|lx or | - || x
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RBM: Error/Residual estimate 2/3

Assumption (D):
Assume the existence of an invertible mapping D : M — X such that

(1) e(Dp,q) = (v,q)w, p,g € M
(2) 3Cp, s.t. ||Dpllx < Collpliw

> controls temporal movement/change of obstacle
> obstacle case: Riesz operator

Primal/dual error relation
If (A1)-(A4), inf-sup and (D) hold, we have

lp = pnllw < Colllmmllx: +vs[u — un]x)-

Note:
> error w.r.t. weaker (semi-)norm [-]x, not ||-|lx or | - || x
» (D) poses requirement on the movement of the obstacle (in time)
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RBM: Error/Residual estimate 2/3

Assumption (D):
Assume the existence of an invertible mapping D : M — X such that

(1) e(Dp,q) = (v,q)w, p,g € M
(2) 3Cp, s.t. ||Dpllx < Collpliw

> controls temporal movement/change of obstacle
> obstacle case: Riesz operator

Primal/dual error relation
If (A1)-(A4), inf-sup and (D) hold, we have

lp = pnllw < Colllmmllx: +vs[u — un]x)-

Note:
> error w.r.t. weaker (semi-)norm [-]x, not ||-|lx or | - || x
» (D) poses requirement on the movement of the obstacle (in time)

» choice of ¢(-,-) ~ enforcement of obstacle (point wise, average, ...

)



page 34/54 Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | Parabolic Variational Inequalities

RBM: Error/Residual estimate 3/3

Error/residual estimate
Let (A1)-(A4), inf-sup, (D) hold. Then

[u—un]x:=Ay=c + (c12 + C2)1/2
P = pullw = = Bp = Co(llrnllxr +1sA4)

1 ~

1 ) .
Q= a—(CD|||fN|||X/||7T(5N)||w + (pn, T(5n))w)

w
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Numerical example: 1-D Heat Conduction

Wire with two heat conductivities:

» D:=[0,1], D, :=0, %)

D2 = [%,1]
> tel0,T]

> H= X[, 1) T H2X[L

Strong Formulation:

u— V(uVu) = f, xeD, te[0,T]
ou
M%—
u=0, x € {1}, te][0, T]
u(x,0) =0, xeD

1, x € {0}, t€]0,T]




page 36/54 Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | Parabolic Variational Inequalities

Detailed Solution with obstacle

DetsledSouent, =1, u =10

» f=1

» Obstacle constant
0.6, 0.4, 0.2

» D =10,1], #intervals = 10
» T =0.1, #intervals = 50

Detaled Saltiont, =1, 1 =10

QO

\ e,
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Greedy for primal basis

Parabolic Variational Inequalities

—-i3

Error decay vs. obstacle
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Parabolic Variational Inequalities

Greedy — # of basis functions vs. obstacle

Number of basis functions

Il Il Il
04 05 06
Height of obstacle

07

08

08 1

N vs

g
%
3
[3
2
0 Il
0 01
. obstacle

1 1 1
02 03 04 05 06 07 08 09 1
Height of obstacle
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© PPDEs with stochastic parameters (PSPDEs)
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Recall: Additional challenges

» several options/assets (WASC, CDOs):
~» many coupled PDEs, high (space) dimension

American options: variational inequalities (Haasdonk, salomon, Wohimuth; Glas, U.)
stochastic coefficients
jump models (Lévy): integral operators, PIDEs (schwab et al., kestir, ..)

problems on infinite domains (S € [0, 00)) (kestier, u)

vV vV v v Y
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PPDEs with stochastic parameters . i)

(— talk of G. Rozza)
Deterministic parameter domain D C R”, 1 € D deterministic parameter
Probability space (Q, B, P), w € Q probabilistic parameter
D C R9 open, bounded (domain of PDE)
Hilbert space X C H!(D) (boundary conditions), dimension N — truth

vV v v Vv
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PPDEs with stochastic parameters (. wicna)

(— talk of G. Rozza)
Deterministic parameter domain D C R”, 1 € D deterministic parameter
Probability space (Q, B, P), w € Q probabilistic parameter
D C R9 open, bounded (domain of PDE)
Hilbert space X C H!(D) (boundary conditions), dimension N — truth

vV v v Vv

Problem Formulation
For (p,w)eDxQfind u=u(pw)e X s.t.

b(p,w; u, v) = f(p,w; v) Vv e X.




Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | PPDEs with stochastic parameters (PSPDEs)
PPDEs with stochastic parameters . i)

(— talk of G. Rozza)
Deterministic parameter domain D C R”, 1 € D deterministic parameter
Probability space (Q, B, P), w € Q probabilistic parameter
D C R9 open, bounded (domain of PDE)
Hilbert space X C H!(D) (boundary conditions), dimension N — truth

vV v v Vv

Problem Formulation
For (p,w)eDxQfind u=u(pw)e X s.t.

b(p,w; u, v) = f(p,w; v) Vv e X.
Evaluate outputs of interest

s(p,w) = L(u(p,w); B,
E(u) = El[s(u, )],
V(p) = E[s*(4-)] —Els(u ), ..
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Karhunen-Loéve (KL) Expansion
Random variable:
K(x; p,w) = Ko(x; ) + RO p,w),  E[R(x p,)] =0, E[s(x; p, )] = ro(x; 1)

(empirical) covariance matrix (x;, x; € D)

€ = C(n) = (Covuli ) = (E[RCai ) i, )])

ij y

with eigenvalues A\ (p) and eigenfunctions ki (x; 1)
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Karhunen-Loéve (KL) Expansion
Random variable:
k(X p,w) = Ko(x; 1) + R(xp,w),  E[R(x p, )] =0, E[s(x; p, )] = ro(x; 1)
(empirical) covariance matrix (x;, x; € D)
C=C(u):= (Cov,@(x,-,xj))'j = (E[R(x,-;ﬂ, ) RO )] )ij’
with eigenvalues A\ (p) and eigenfunctions ky(x; i)

Karhunen-Loéve Expansion

R w) = ro(xi i)+ Y vV Au) Gkl w) mx(x; o)
k=1
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Karhunen-Loéve (KL) Expansion
Random variable:
K06 1, w) = Ro(x; i) + R(x pw), B[RO )] = 0, Els(x; p, )] = wo(x; 1)
(empirical) covariance matrix (x;, x; € D)

C=Cu) = (COVH(XhXJ‘))U = (]E[ (i3 s +) R(x;; M,-)])I,j7

with eigenvalues A\ (p) and eigenfunctions ki (x; 1)

Karhunen-Loéve Expansion

M»

K(x; 1, w) = Ko(x; 1) k(1 w) Fi(x; 1)

k=1
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Karhunen-Loéve (KL) Expansion
Random variable:
KX p,w) = Ko(x; 1) + R(x;p,w),  E[R(x; p, )] =0, E[s(x; 1, )] = ro(x; 1)
(empirical) covariance matrix (x;, x; € D)
€ = C(u) = (Coveloi ), = (E[RCxi ) i )] )
with eigenvalues A\ (p) and eigenfunctions ki (x; 1)

Karhunen-Loéve Expansion

M»

k(X g, w) = ko(X; p) k(1 w) K (X 1)

k=1

» )\« often decreasing exponentially (k — o0) ~» truncate at K < oo
> &, zero mean, unit variance, uncorrelated
» K, orthonormal
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Further assumptions (for notational simplicity):
» f is deterministic and parameter independent,
> { is deterministic and parameter independent,
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Further assumptions (for notational simplicity):
» f is deterministic and parameter independent,

> { is deterministic and parameter independent,

Variational Primal-Dual Problem

For (p,w)eDxQ, find u=u(p,w)eX and p=p(pw)e X st
b(u,w;u,v) = f(v) Vv e X,
b(p,wiv,p) = —L(v) Vv e X.
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Further assumptions (for notational simplicity):
> f is deterministic and parameter independent,

> { is deterministic and parameter independent,

Truncated Variational Primal-Dual Problem
For (p,w)€DxQ, find uf =u(u,w) € X and pX = pF(p,w)e X s.t.

X (u,w;u,v) = f(v) Vv e X,
b (p,w; v, pX) = —£(v) Vv € X.

KL Truncation
» Truncate KL series at some K < K () decrease fast)
» Truncated bilinear form b*(y,w; w, v)



Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | PPDEs with stochastic parameters (PSPDEs)

RB System

Reduced Basis System
> RB subspaces (Greedy) w.r.t. pairs (u;,w;) y
Xy = span{uK(u,-,w,-)}i:L”N = spaun{(,-}i:1 L CX Xu.

» evaluate and store parameter-independent terms
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RB System

Reduced Basis System
> RB subspaces (Greedy) w.r.t. pairs (u;,w;) y
Xn = span{u(pj,wi)} = span{¢i} T X, Xy..

i=1,...,n o

» evaluate and store parameter-independent terms

RB Variational Problem
For peD we, find uMeXy and pVfeXy st

bR (u,w; u™ vy = f(v) Vv € Xy
X (u,w; v, pN) = —(v) Vv € Xy

Complexity for each parameter pair (i, w):
» O(QKN?) to assemble system
» O(N3) to solve the system
» O(QKN?) to evaluate output s(j,w) = £(uNK (1, w)) — rf(w, w; pK (1, w))
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Primal and Dual Error Bounds

Proposition (Error bounds)
For the primal and dual problem, we have the error estimates

Jlu—u™|x < A=Ars+Ax
lp—p¥lx < A= Arsthn
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Linear Output Error Bound

Proposition (RB output)

Using the correction term r(p"K), the RB output is given by

SV () = L(uM) — (MK

Proposition (Output error bound)

The output error bound is then given by

|S—SNK| S AS = OALBAA + 5KL(pNK)




page 46/54 Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | PPDEs with stochastic parameters (PSPDEs)

Linear Output Error Bound

Proposition (RB output)

Using the correction term r(p"K), the RB output is given by

SV () = L(uM) — (MK

Proposition (Output error bound)

The output error bound is then given by

|S—SNK| S As = Oé[_BAA I 5KL(pNK)

> recall: A := Arg+ Akt
> Agpg, Ak are multiplied = only small N necessary
> Ok, is more precise than Ak; and decreases fast in K
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Quadratic Output

> Output of Interest: V(i) := E [s%(, )] — E [s(sz, )]
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Quadratic Output
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Quadratic Output

> Output of Interest: V(i) := E [s%(, )] — E [s(sz, )]
» |dea: introduce additional dual problems

Additional Dual Problems
For (p,w)€eDxQ, find p1, pp€X sit.

(D-1) b(p,w;v,p1) = —2s"K(u,w)-£(v) VveX
(D-2) b(p,wiv,pp) = —2ENK(u)-0(v) Vv e X

Additional Dual RB Problems
For (u,w) €D xQ, find pV<e Xl and p)K e X} sit.

(RB-D-1)  bM(p,wiv,pt™) = —2s"(u,w) - L(v) VveXy
(RB-D-2)  bM(p,wiv,p3™) = —2EY(u)-£(v) VveXf
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Variance Error

Analogously to Asz, we obtain

Squared expected value

[E2 — E2MK| < AF (AE)2+]E[04LBAA2] + ]E[5KL(P£VK)]

» A2 error bound for (D-2)
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Variance Error

Analogously to Asz, we obtain

Squared expected value

[E2 — E2MK| < AF (AE)2+]E[O¢LBAA2] + ]E[5KL(P£VK)]

» A2 error bound for (D-2)

Variance error bound

VoMK < A = ]E[ASZ]—}-A]EZ

» Improved variance error bound for X3 = X3
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Numerical example: Heat Transfer in Porous Media
Heat transfer in a wet sandstone with conductivity
a(p,wix) = (1 = K(x;w))es + k(x; w) (uew + (1 — p)ca)

where

> Cs, Cn, C5. conductivities of sandstone, water and air

volume unit of pore space
volume unit € (0’ ]‘)

> k(xw) =
» u € D =[0.01;1]: global saturation of water

-V (a(u,w; X)Vu(,u,au;x)) = 0 Vx € D:=(0,1)?
u(p, w; x) = 0 Vx elp
i (a(p,w;x)Vu(p,w; x)) = 0 Vx ely
i (a(p,w x)Vu(p,w; x)) = glwix) ¥x € Moy

> Output: s(p,w) ::/ u(p, w; x)dx
Four
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Convergence of Error Bounds

- Waximal BB error o Maxirnal Re fative OulpUE Emor without hKl'—pam
. .
o
102 i H H I L i i 10" i L i i L i L
2 4 & 8 10 12 14 16 0 2 4 & 8 10 1z 14 16
Maximal RB Error Bounds Maximal Relative Output Error Bounds

primal, dual, additional dual linear, quadratic, variance
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Variance Error Bounds

Effectivity. Relative Emor. 5 Effectivity: Emor: 5

10 10 T T T
n*
100
10*
10°
10*
10'
107
10° i 1 T 10° i I i
0 50 100 150 200 ] 50 100 150 200
Realizations for Mu=0.204336 Realizations for Mu=0.204336
Error Contributions Sorted Effectivity

(200 realizations; = 0.204336)
linear, primal-dual, KL, true
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Summary and Outlook

> initial value parameter functions in RB

> space/time-variational formulation
> separate space/time RB computation ~» huge reduction

» CDO pricing with HTucker (N = 2128)
> space/time-variational formulation
> tensor product structure

» parabolic variational inequalities

> well-posedness in space/time
> error/residual error estimator, also for non-coercive blf’s

» PPDEs with stochastic coefficients (KL-expansion, quadratic outputs)



Reduced Basis Methods for Option Pricing | Paristech, 14.-18.04.2014 | Karsten Urban | Summary and outlook

Summary and Outlook

> initial value parameter functions in RB

> space/time-variational formulation
> separate space/time RB computation ~» huge reduction

» CDO pricing with HTucker (N = 2128)
> space/time-variational formulation
> tensor product structure

» parabolic variational inequalities

> well-posedness in space/time
> error/residual error estimator, also for non-coercive blf’s

» PPDEs with stochastic coefficients (KL-expansion, quadratic outputs)
Outlook:

> ‘optimal’ approximation of initial value (adaptive, dictionaries - K. Steih)

> optimize HTucker in space/time

> extensions (PIDEs, nonlinear, RB and adaptivity, ...)
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http://www.uzwr.de
http://numerik.uni-ulm.de
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