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Abstract. The paper analyzes the discontinuous Galerkin approximation of Maxwell’s equations
written in first-order form and with nonhomogeneous magnetic permeability and electric permittivity.
Although the Sobolev smoothness index of the solution may be smaller than %, it is shown that the
approximation converges strongly and is therefore spectrally correct. The convergence proof uses
the notion of involution and is based on a deflated inf-sup condition and a duality argument. One
essential idea is that the smoothness index of the dual solution is always larger than % irrespective
of the regularity of the material properties.
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1. Introduction. The main motivation of the present work is the construction
of space and time approximation techniques for nonlinear conservation equations, such
as the Euler—-Maxwell equations, or in ideal magnetohydrodynamics. Our objective
is to construct approximation methods that are invariant-domain and involution pre-
serving. For instance, for the Euler—-Maxwell equations, the invariant domain concerns
pointwise values of the density and the energy, whereas the involutions mean that the
magnetic and electric fields remain in the image of the curl operator (in the absence
of free charges), as stated by Gauss’s laws. Preserving the involutions is essential to
establishing compactness of the solution operator and ensures that the approximate
solution behaves properly over long times (see, e.g., [25], [15]).

In the paper, we focus on the discontinuous Galerkin (dG) approximation of
Maxwell’s equations written as first-order conservation equations. Our main result
establishes that the dG approximation is involution preserving and spectrally correct.
We do so by proving the strong convergence in the L*-norm of the discrete solution
operator. We emphasize that our goal is not to approximate the Maxwell eigenvalue
problem per se, and that, for that specific purpose, it may be more convenient to work
with the second-order formulation of Maxwell’s equations. However, working with the
second-order formulation is not an option in the context of magnetohydrodynamics.
This is why we insist on working with the first-order formulation.
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The dG approximation of Maxwell’s equations written in first-order form and
with constant properties has been shown to be spectrally correct in [31]. The main
limitation of [31], however, is that it relies on the solution to the boundary-value
problem having a Sobolev smoothness index larger than % for square integrable right-
hand sides. The argument presented in [31] fails when the magnetic permeability and
electric permittivity are discontinuous as the smoothness index of the solution to the
boundary-value problem is lower than % in this case. The result presented in the paper
significantly improves that reported in [31] since it is based on two novel arguments.
The first one consists of establishing stability by proving a deflated inf-sup condition
(see Lemma 5.1). The second key idea is based on the observation that, irrespective of
the smoothness of the magnetic permeability and electric permittivity, the solution to
the dual problem lives in a Sobolev space with a smoothness regularity index that is
always larger than % (see Lemma 5.3). Strong convergence of the dG approximation
is then proved by using a duality argument a la Aubin—Nitsche, following the seminal
work in [40]. In the context of dG methods, a duality argument inspired by [40] is
used in Chaumont-Frelet [16] for the Helmholtz problem and in Chaumont-Frelet and
Ern [17] for Maxwell’s equations in second-order form in the frequency domain.

The eigenvalue problem for Maxwell’s equations with discontinuous properties
written in second-order form has been investigated in [13], and the dG approximation
has been shown therein to be spectrally correct. The method has been numerically
tested in [14]. Conforming methods using edge elements have been investigated in [22]
and in [29] for solving the boundary-value problem with low regularity. A stabilized
continuous finite element method has been studied in [10] and has been shown to be
spectrally correct when the Sobolev smoothness index is smaller than % Very few
papers have addressed the dG approximation of Maxwell’s equations in first-order
form. Numerical experiments performed in [33, section 5] and [34, pp. 513-514] have
revealed that the dG approximation performs well in the time domain and that the
approximation of the eigenvalue problem seems to be spurious-free even when the
magnetic permeability and electric permittivity are discontinuous. Similar observa-
tions are made in [1, section V] and [23, section 5]. We provide here a mathematical
proof of these observations.

The paper is organized as follows. We introduce the eigenvalue problem and re-
call some theoretical results from the literature in section 2. The discrete dG setting
is described in section 3. We give in Lemma 3.1 and (3.14) a precise characteriza-
tion of the discrete involutions satisfied by the discrete eigenvalue problem. Section 4
contains two preliminary results: discrete Poincaré—Steklov inequalities for involution-
preserving discrete fields (Lemma 4.1) and a consistency bound for the discrete curl
operators introduced in the dG setting (Lemma 4.2). The error analysis is performed
in section 5. The two main steps are the deflated inf-sup condition established in
Lemma 5.1 and the duality argument developed in section 5.2. The main conver-
gence result of the paper is stated in Theorem 5.9. Finally, some standard results on
Helmholtz decompositions are collected in Appendix A. We point out that the pres-
ent analysis can be extended to establish that the dG approximation of the grad-div
problem written in first-order form converges strongly, which, in turn, implies that the
dG approximation of the linear wave equation written in first-order form is involution
preserving and spectrally correct; the details are omitted for brevity.

2. Continuous setting. In this section, we present the functional setting to
formulate the exact eigenvalue problem and the associated boundary-value problem.
Most of the results listed here can be found in the literature; see e.g., [2], [5], [12],
[24], [26], [32], [35].
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2.1. Domain, model parameters, involutions. We consider a material with
magnetic permeability, p, and electric permittivity, €, occupying the domain D C R,
d =3, which is assumed to be an open, bounded, connected polyhedron with Lipschitz
boundary. The boundary of D is denoted dD and its unit outward normal np. The
domain D can have a general topology. In particular, D can be multiply connected,
and 0D can have several connected components. The material properties p and €
can be heterogeneous, and, in particular, they can take discontinuous values. To fix
the ideas, we assume that there is a partition of D into a finite number of disjoint
Lipschitz polyhedra such that p and e are piecewise smooth on this partition. The
above assumptions imply that D can be exactly covered with affine simplicial meshes,
and each covering can be made compatible with the partition of D on which the scalar
fields p and € are piecewise smooth.

The magnetic permeability and electric permittivity of vacuum are denoted gy, €q,
respectively. To simplify the presentation, we assume throughout the paper that
the ratios g 'y and €;'e are of order unity, so that these ratios can be hidden in
the generic constants used in the error analysis. To be dimensionally consistent, we
introduce a length scale, {p, associated with D; it can be, for instance, the diameter
of D. Recalling that ¢ := (,uoeo)_% is the speed of light, we introduce the following
quantity which scales as the reciprocal of a time scale:

(2.1) wi=cph

In what follows, for positive real numbers A, B, we abbreviate as A < B the
inequality A < CB, where C is a generic constant whose value can change at each
occurrence as long as it is independent of the mesh size (whenever relevant), the
parameters g, €9, £p, w, and any fields involved in the inequality. The value of
C can depend on the ratios essinf #LO? esssup ﬁ7 essinf &, and esssup é and on the
shape-regularity of the mesh and the polynomial degree used in the dG approximation
(whenever relevant).

Let us consider Maxwell’s eigenvalue problem: Find A € C\ {0} and a nonzero
pair of fields H,E: D — C? such that

(2.2) —VxE:%pH, VotzgeE, Hxnlyp =0.

Here, Vyx denotes the curl operator acting on vector fields that have a zero tangential
trace at the boundary. An important observation from (2.2) is that 4H is in the image
of the curl operator, and €E is in the image of the curl operator acting on fields with
zero tangential boundary condition. Following the terminology used in [8], [25], we
henceforth refer to these properties as involutions.

2.2. Functional spaces. We now formalize the notion of involution by intro-
ducing a proper functional framework. We use standard notation for Lebesgue and
Sobolev spaces. We use boldface fonts for C%valued fields and functional spaces
composed of such fields. The space L*(D) is composed of Lebesgue integrable fields
that are square integrable, and its canonical inner product is denoted (-,-)p2(p). As
the solution to Maxwell’s problem is a pair (H, E), we introduce the product space
L¢:= L*(D)xL*(D). It is convenient to consider the norm

1 1 i
(2.3) ICF-@)llze = {lln2 FlIT2(py + €2 gl T2y} >
Next, we define the Hilbert space
(2.4) H(curl;D):={hec L*(D) | Vxhec L*(D)},
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equipped with the natural graph norm ||h\|%1(cml;D) = Hh||2 D) + (5 ||Vxh]3.
We also consider the closed subspace

(2.5) Hy(curl; D) :={h € H(curl; D) | v5,(h) =0},

where ~§, : H(curl; D) — H: (0D) is the extension by density of the tangent trace
operator such that v, (h) = h|sp xnp for every smooth field h € H' (D), r > 3, with
np the unit outward normal to D. We consider the operators Vx : H(curl; D) >
er— Vxec L*(D) and Vyx : Ho(curl; D) 3 h+— Vxh € L*(D). These operators
are adjoint to each other since we have

(2.6) (Voxh,e)pzpy=(h,Vxe)rzpy V(h,e)€ Ho(curl; D)xH (curl; D).

Since the operators Vox and Vx are closed, the involution properties for (2.2)
are equivalent to asserting that

(2.7) pH cim(Vx) = (ker Vox)*,  eE€im(Vox) = (ker Vx)*,

where the symbol * denotes the orthogonality in L?(D). Thus, after setting

(2.8a) H(curl=0;D):=kerVx ={ee€ H(curl;D) | Vxe=0},
(2.8b) H(curl=0;D) :=ker Vyx ={h € Hy(curl; D) | Voxh =0},
it is natural to introduce the following closed subspaces:

(2.9a) X¢ o:={h € Ho(curl; D) | ph € Ho(curl=0;D)"},

(2.9b) X¢:={eec H(curl; D) | ce € H(curl = 0; D)"},

(2.9¢) X5:= Ho(curl;D)ﬁHo(cuﬂ:O;D)l7

(2.94) X°:= H(curl; D) N H(curl = 0; D)".

Introducing the L*-orthogonal projections

(2.10a) I1°: L*(D) — H(curl=0; D),
(2.10D) IT: L*(D) — Ho(curl = 0; D),

we can rewrite

(2.11a) X, 0=1{h € Hy(curl; D) | IIj(uh) = 0},
(2.11b) X¢={ec H(curl; D) | II°(ce) = 0},
(2110 X = {n € Hyleurl; D) | TT3 () = 0},
(2.11d) X¢={ee€ H(curl; D) |II°(e) = 0},

and the involution properties (2.7) are equivalent to asserting that
(2.12) I (nH) =0, II°(eE)=0.

Remark 2.1 (topology of D). Referring to Appendix A.1 for the definition of the
partition {I';};c 1.3 and the cuts {¥;};c 1./}, we see that the definition (A.1) and the
characterization (A.3) give Ho(curl = 0; D) = H" (div = 0; D) and H (curl = 0; D)*
= H}'(div=0; D), so that
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(2.13) 0= {17 € Hy(curl; D) | V-(un) =0, / un-nds=0Vie {1:[}}7
r;

(2.14) X:= {EG H(curl; D) | V-(ee) =0,ee-n9p :0,/ eends=0Vje {I:J}},

J

(2.15) X(C):{nGHo(curl;D)ﬂH(diV:O;D)|/ nnds=0 Vie{l:[}}7
Ty

(2.16) X°:{seH(curl;D)ﬂHo(divzogD)|/ ends=0 V]’E{l:J}}7
25

where, for all i € {1:1} and all j € {1:J}, the integrals over the (d — 1)-manifolds I';
and ¥; should be understood as duality products with the indicator functions of I';
and X, respectively. When the topology of D is trivial, we have X§ = H(curl; D)N
H(div=0;D) and X° = H(curl; D) N Hy(div=0;D). In this case, the involutions
(2.7) are equivalent to Gauss’s laws (in the absence of free charges), i.e., V-(¢E) =0
and V-(uH) = 0. This is no longer the case when the topology of D is nontrivial.

2.3. Preliminary results. We now recall standard results about the operators
Vx and Vyx which we are going to invoke later in the paper.

LEMMA 2.2 (isomorphisms). The following operators are isomorphisms:

(217a)  Vx:X°— Ho(curl=0; D)*, Vox : X§ — H(curl =0; D)*,
(217b)  Vx:X°— Hy(curl=0;D)", Vox : X — H(curl=0;D)".
Proof. See the appendix. 0

The operators Vx and Vox can be extended by duality to Vx : L*(D) — (X§)’
and Vox : L?(D) — (X°)". The following result is a straightforward consequence of
Lemma 2.2; see also [12, sections 4-5].

COROLLARY 2.3 (weak Poincaré-Steklov (in)equalities). The following equalities
hold:

(218&) He||L2(D)ZEDHVXEH(XS)’ VEEH(CUI‘IZO,D)J—,
(2.18b) |1R||L2(py = €| Voxh||(x<y Vh € Hy(curl =0;D)",

\(e,VOX'r])Lz(D)\ |(h3VX€)L2(D)‘

with ||V X 6||(X8)/ = Sup‘nEXS 7€DHV0><"7HL2(D) , ||VO><hH(XL)/ ‘= SUPgexc 7£DHVX5”L2(D) .

The next result is a consequence of the elliptic regularity theory and is proved in
[9], [36]. The difference in regularity shift between the case of constant coefficients
(s’ € (3,1]) and the case of heterogeneous coefficients (s € (0,4]) plays an important
role in the paper. For the case of constant (or smooth) coefficients, we refer the
reader to Costabel [24, Thm. 2] (see also Birman and Solomyak [5, Thm. 3.1]) and
to Amrouche et al. [2, Prop. 3.7] whenever D is a Lipschitz polyhedron. The reader
is also referred to Ciarlet [21, Thm. 16] for particular situations with heterogeneous
properties for which smoothness is established with s > %

LEMMA 2.4 (regularity shift). (i) There is s’ € (1,1] such that, for all (n,e) €
XoxX°,

(2.19) 0l e oy S5 IVox 2oy, lelge oy S5 IV xellL2(p)-
(ii) There is s € (0, 3] such that, for all (h,e) € X, ix X¢,

(2.20) Bl e () S5 °lIVo x| L2(p), le|re(p) S5 °IVxel L2 ()
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Remark 2.5 (Poincaré-Steklov inequalities). Notice in passing that as a conse-
quence of (2.19), the compactness of the embedding H® (D) C L?(D), the injectivity
of Vopx and Vx on X§ and X°, respectively, and the Petree-Tartar lemma (see, e.g.,
[30, Lem. A.20]), the following Poincaré—Steklov inequalities hold for all n € X and
allee X

(2.21) Illz2p) S ollVoxnlliz2 oy, llellzzp) SEollVxel2p

Similar inequalities hold on X .0 and X¢, respectively.

2.4. Eigenvalue and boundary-value problems. Using the notation intro-
duced above, the eigenvalue problem (2.2) consists of seeking A € C\ {0} and a nonzero
pair (H,E) € X7, (< X7 so that

(2.22) _VxE= %uﬂ, Vox H = %E.

We now define the boundary-value operator T : L° — L€ associated with (2.22).
For all (f,g) € L, one cannot simply require that the pair (H, E) := T(f,g) solve
—VXE = wuf and Vox H = weg (the factor w is only introduced for dimensional
consistency). Indeed, this problem only makes sense if uf € im(Vx) = ker(IIj) and
eg € im(Vyx) = ker(II°). To circumvent this difficulty, we define T'(f, g) as the unique
pair (H,E) € X7, (x X7 so that

(2.23a) —VxE=w(I-1I)(nf),

(2.23Db) VoxH =w(I —1II°(eg)

The existence and uniqueness of the solution to (2.23) is a consequence of (2.17b) and
the definition of the projectors ITj; and II°.

LEMMA 2.6 (a priori estimates and compactness). (i) The solution (H,E) €
X, 0xX¢ of (2.23) satisfies the a priori estimate

(2.24a) (5 (18 INox Hl| (o) + € V% Ell2(p) 11 (F- )l e
(ii) There is s € (0,] such that
(2.24b) |H| e (p) S5 °IIVox Hllp2(py, | Elme ) S5 °IVXE| L2y,

and the operator T : L — L° is compact.

Proof. (i) Bquations (2.28) give IV Bll o) < wlnfllzeo) S <l £llze o
and, similarly, we obtain ||V0><H||Lz D) S weo ||529HL2(D) The estimate (2.24a) is

obtained by observing that UJM() g =05
(ii) The estimates (2.24b) come from (2 20) and imply the compactness of T' owing
to the Rellich—-Kondrachov embedding theorem. ]

Notice that for all A € C\{0}, the nonzero pair (H,E) € X7, cx X solves the
eigenvalue problem (2.22) if and only if ()\, (H, E)) is an eigenpair of 7.

Remark 2.7 (equivalent definition). An equivalent definition of the operator
T : L° — L° is that, for all (f,g) € L®, T(f,g) := (H,E) is the unique pair in
H(curl; D)x H(curl; D) solving the boundary-value problem
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(2.25a) wIT§(pH) = Vx E =w(I — ILG) (1f),
(2.25b) WII®(eE) 4+ Vox H = w(I — II°)(eg).

Indeed, since TG ((I — II5) (nf)) =TI°((I — II°)(eg)) = 0 and
II5(VXE)=1I°(VyxH) =0,

the pair (H, E) € Hy(curl; D)x H (curl; D) solves (2.25) if and only if the pair (H, E)
sits in X}, o x X¢ and solves (2.23).

Remark 2.8 (shifting or not shifting). One traditional way of dealing with the
boundary-value problem consists of avoiding the use of the projections ITj and II¢ by
adding a zero-order term to the operator. Specifically, one considers a shifted operator
S : L¢ — L defined as follows: For all (f,g) € L, S(f,g) := (H, E) is the pair in
H(curl; D)x H(curl; D) C L such that

(2.26a) wuH — VXE =wuf,
(2.26Db) weE 4+ Vox H = weg.

This problem is well-posed and has a unique solution. One observes that (A, (H, E))
is an eigenpair of the operator T iff (H%, (H,E)) is an eigenpair of the operator S.
Hence, the shifting does not change the eigenstructure of the problem, and one can
address the spectral correctness of the approximation of (2.22) by proving the spectral
correctness of the approximation to the shifted problem. The slight difficulty is that
the operator S is not compact, so that one cannot invoke the now standard Bramble—
Babugka—Osborn theory. One can instead invoke the theory developed in [27]; see,
for instance, Property 1 and Theorem 2 therein. For instance, this is the approach
followed in [13] for the dG approximation of the Maxwell operator in second-order
form. The route we follow in the paper is different: instead of shifting the problem,
we formulate the boundary-value problem by projecting the data on the involution-
preserving space X Z,OXX ¢. We shall proceed similarly at the discrete level and
project the data on the discrete counterpart of X7, o< X¢. The key advantage of this
approach is that we can then apply the usual theory for the spectral approximation
of compact operators.

3. Discrete eigenvalue problem. In this section, we introduce the discrete
setting to formulate the discrete eigenvalue problem.

3.1. dG setting. Let (7n)nen be a shape-regular family of affine simplicial
meshes such that each mesh covers D exactly and is compatible with the partition
of D associated with the discontinuities of the material properties. For simplicity,
we assume in the paper that the meshes are quasi-uniform. The symbol K denotes
a generic mesh cell, hx its diameter, and ng its outward unit normal. We define h
as the piecewise constant function on 7j such that iL|K = hg for all K € Tp; we set
h:= ||iL||Loo(D). The set of mesh faces, Fp,, is split into the subset of mesh interfaces,
say F, and the subset of mesh boundary faces, say .7-';? . Each interface is shared by
two distinct mesh cells which we denote by K;, K,. Each boundary face is shared by
one mesh cell, K;, and the boundary, dD. For every mesh face F' € F}, hr denotes
the diameter of F'. Every mesh interface F' € F} is oriented by the unit normal, np,
pointing from K to K,.. Every boundary face F' € ]—'g is oriented by the unit normal
Nrp:=np.

Let £ > 0 be the polynomial degree. We insist that k = 0 is a legitimate choice
for the theory developed in the paper. Let Py 4 be the vector space over C composed
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of d-variate polynomials of total degree at most k, and set Py, 4 := [Pk’d]d. Consider
the vector-valued broken polynomial spaces

(3.1) P (Tr) == {wn € L*(D) | wy ¢ € PraVK € Tp}.
We define the L?-orthogonal projection onto the broken polynomial space PE(E),
(3.2) II) : L*(D) — P(Th).

For all K € Ty, all F € F), with F C 0K, and all wy, € P',z(ﬁ), we define the local
trace operators such that v§ p(ws)(z) := wilk(x), 7% p(wr)(x) = wi|k () xNP
for a.e. « € F'. Then, for all Fe Fp and x € {g,c}, we define the jump and average
operators such that

(3.3)
[eon T = v () — vk, ewn), e o= 5 (1, wn) + 1, e a0n).

To allow for more compact expressions, we also set [wy [ = {w 5 =%, r(wp) for
all F e .7:,‘?. We define the jump sesquilinear forms such that for all Hy, hy, E,,ep €
P}(Tn),

sp(Hp,hy) = Z ([HL] % [he]F)L2ry, 87" (Enen) = Z ([EL]E, [er] )Lz r)-
FEF, FeF?

These sesquilinear forms induce the following seminorms which we henceforth call
jump seminorms:

(3.4) (a5 o= o5, (B b)), Jenl5” =55 (en, en)?
The discrete curl operators
(3.5) Cho: Pi(Th) = PR(Th),  Ch:PR(Th) = PR(Th)

are defined as follows: For all (hy,,e;) € PY(Th)xPR(Ts), Cho(hy) and Ch(ey) are
the unique members of P2(7;) such that the following identities hold true for all
€ hEP 2(771)

(3.6a)  (Cho(hn),€})r2(py = (Vaxhn,ey)p2 oy + Y (el den ) 2
FeFy,

(3:6b)  (Chlen),hy)r2(py == (Vixen by 2oy + > ([enle &hiB5) L2(r),
FeFp

where Vj,x denotes the broken curl operator (evaluated cellwise). The following
integration-by-parts formula holds (compare with (2.6)):

(3.7)  (Cho(hn),en)r2(py = (hn,Chlen))r2py V(ha,en) € PY(Th)xPR(Th).

3.2. Discrete eigenvalue problem and discrete involution. We define the
discrete space LS, := P2(T,)x Py(Ts). Notice that L§ C L. We define the sesquilinear
form ay, : L§, x L§ — C such that

(3.8)  an((Hn, En),(hn,en)) = — (Ch(En), ki) 2y + (Cho(Hn), en) L2 (p)
+ HHSZ(H;“ hh) + KESZ’O(E}“ 6h),
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with Ky = powlp = (Mo/éo)% and Ky 1= eqwlp = (Go/uo)%; notice that kKyky = 1.
The discrete eigenvalue problem consists of finding A, € C\ {0} and a nonzero pair
(H},, Ey) € L§ such that the following holds for all (hy,ep,) € PR (Th)x Po(Th):

w

(3.9) ah((Hh,Eh),(hh,eh)) = )\h

((/J/Hha GEh), (h’h7 eh))L2(D)><L2(D)'

Introducing the operator Ay, : L — L§ such that, for all (Hy, Ep), (hn,en) € L§,
(An(Hp, Ep), (b, eh))Lz(D)XLz(D) :=an((Hn, Er), (hn,en)),

the discrete eigenvalue problem (3.9) can be rewritten as

w
(310) Ah(Hh,Eh):E(MHh,EEh).

Hence, the discrete involution property consists of requesting that (uHp,eE}) be in
the range of Ay, i.e., a member of ker(A4])1 (notice that A] : LY — L, and recall
that the symbols T and + refer to the orthogonality in L?(D)). Thus, our first step
is to identify the kernel of AZ.

LEMMA 3.1 (discrete involution). The following holds:
(3.11)  ker(A}) = (PR(Th) N Ho(curl =0; D)) x (P}(Ty) N H(curl = 0; D)).

Proof. (1) Let (hy,ep) € ker(A]), i.e., we have ah((Hh,Eh), (hh,eh)) =0 for all
(H}, Ep) € L§. This implies ah((hh,eh), (hh,eh)) =0, and we infer from (3.8) and
(3.7) that |hp|5 =]en|7° = 0. Hence, hy, € Hy(curl; D) and ej, € H(curl; D). This, in
turn, implies that it is legitimate to consider the test functions Hj, = C},(ep) = Vxey,
and Ej = Cpo(hr) = Voxhy, which gives Voxh;, = Vxe, = 0. In conclusion,
ker(A]) C Ho(curl=0; D) x H(curl=0;D).

(2) The proof of Hy(curl=0; D) x H(curl=0; D) C ker(A]) is similar. o

Our next important result is that ker(A]) can be characterized by means of curl-
free Nédélec finite element subspaces. Let Py (7p) be the H(curl; D)-conforming
finite element space composed of the piecewise Nédélec polynomials of the first family
and of degree k >0, and let P{,(7x) be its subspace composed of discrete fields with
zero tangential trace on 9D. We set

(3.12a) PS(curl =0;7;,) := {en, € P§(Th) | Vxe, =0},
(3.12b) fo(curl = 0;7,) := {hy € Pio(Th) | Voxhy = 0}.

Notice that P§(7) is not a subspace of Pp(7y) (actually P§(T,) € Py, 1(Tr)), but
we are going to make use of the following well-known results (see, e.g., [30, Chaps. 15
and 18]):

(3.13a) PY(T,) N H(curl = 0; D) = P (curl =0;73,),
(3.13b) P)(T;) N Hy(curl = 0; D) = P§y(curl =0;T;,).

Therefore, (3.11) can be reformulated as follows:

(3.14) ker(A]) = P$y(curl = 0;7;) x P (curl =0;7y,).
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Since the discrete involutions are equivalent to being L*-orthogonal to ker(A}), it is
natural to define the L*-orthogonal projections,

(3.15a) II§, : L?(D) — P§(curl = 0;T3,),
(3.15b) ¢ L*(D) = P§y(curl = 0;T3),
and to introduce the following discrete subspaces:

(3.16a) X o =1{hne PE(E) | IT,0 (uhs) = 0},
(3.16h) X¢, ={en € P)(Ty) | 1T, (cep,) = O}

In conclusion, the discrete involutions associated with the discrete eigenvalue problem
(3.10) can be rewritten as

(3.17) o (nHp) =1L} (eE)) =0.

Remark 3.2 (simplices). The identities (3.13) only hold true for simplicial finite
elements. The result is false on quadrangles and hexahedra. Actually, the dG ap-
proximation of Maxwell’s equations on quadrangles and hexahedra is not spectrally
correct. The reader is referred to [13, Rem. 7.14] and [7, Rem. 3], where similar
observations are made in the context of the approximation of Maxwell’s equations
written in second-order form.

3.3. Discrete boundary-value problem. We now define 7}, : L® — Lj C L°,
the discrete counterpart of the operator T': L¢ — L€ defined in section 2.4. For all
(f,g) € L¢, we let Ti,(f,g) := (Hp, Ep) be the unique pair in X7, o x X¢ ), so that
the following equality holds for all (hy,en) € X, o X X¢ !

(3.18)
ah((Hh’ Eh)’ (h’h7 eh)) = w((I - H%O)(Uf)a hh)Lz(D) + w((I - HZ)(EQ), eh)Lz(D)-
Notice in passing that equality actually holds in (3.18) for all (hy,ep) € Lf, because
X o X X p = (I =TL0)(uLf) x (I — I}, )(eLf,) and ker(Af) =TT, (uL,) X IT;, (L)
The following result is a consequence of Lemma 5.1(ii) below.
LeMMA 3.3 (discrete well-posedness). The problem (3.18) has a unique solution.
As (3.18) also holds for all (hy,ep) € LS, we infer that for all A\, # 0 and all
(Hp, Ep) € LS, (/\h,(Hh,Eh)) is an eigenpair of T}, if and only if (Tlh,(Hh,Eh))
is an eigenpair of A, (see (3.10)). Therefore, proving that the spectrum of T}, is

pollution-free is equivalent to proving that the spectrum of Ay is pollution-free. We
do so in section 5 by establishing that limy, o |7 — Th || z(ze;re) = 0.

Remark 3.4 (equivalent definition). In the same spirit as in Remark 2.7 and [31],
we can devise an equivalent definition of the discrete operator Tp : L® — Lj. We
introduce the augmented sesquilinear form aj, : Lj x L} — C such that

aj ((Hp, Ey), (hn, en)) == w0 (nHp), hn) r2(py +w(IL5, (eER), en) r2(p)
(3.19) +an((Hn, En), (hn,en)).

Then, for all (f,g) € L°, Ty(f,g) := (Hp, E}p) is defined as the unique pair in L§
such that, for all (hy,es) € LS,

(3.20)
aZ((Hh7Eh)7 (h’h7eh)) ::w((I - HZO)(Mf)?hh)L2(D) +w((I - H2)<€g)7eh)L2(D)~
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One readily verifies that the pair (Hj, Ej) € L solves (3.20) if and only if (H}, E},)
sits in X, 0 X X¢,j, and solves (3.18).

4. Preliminary results. In this section, we establish two preliminary results:
two discrete Poincaré—Steklov inequalities in the involution-preserving subspaces de-
fined by (3.16), and a consistency bound on the discrete curl operators.

4.1. Quasi-interpolation operators. In what follows, we invoke two types of
quasi-interpolation operators. The first type, considered in the proofs of Lemma 4.1
and Lemma 5.11, are the averaging operators Z;3" : PR(Tp) — Pfo(T,) and Zp™
PY(T;,) — P$(Ty) analyzed in [28, section 6]. The key approximation property of
these operators is that, for all vy, € P}g(’ﬁl),

@) fon =g nllzzy Shoals,  llon = Zy™ (o) 2oy S B2 [onl5°
The second type, invoked in the proofs of Lemma 4.1, Lemma 5.1, and Lemma 5.11,
are the commuting approximation operators J5, : L*(D) — P5o(Ts) J¢ : L*(D) —
P} (Ty) devised in [30, section 23.3] following the seminal ideas in [3], [19], [20], [41].
We also invoke the operators Ji& : L*(D) — Pgy(Tr) and J2 : L*(D) — P5(Th),
which commute with 75, and J¢, where Py, (75,) and P3(7,) are the Raviart-Thomas
spaces of degree k associated with the mesh 7; with and without boundary conditions,
respectively. The properties of these operators invoked in the paper are the following:
(i) they are projections; (ii) they map curl-free fields to curl-free fields; and (iii) they
are stable in L? and enjoy optimal approximation properties in the L?-norm for fields
in H"(D), r € (0,1]. As these operators are not locally defined, their approximation
properties involve the global mesh-size. This is not an issue here since we have assumed
the meshes to be quasi-uniform. We notice that an interesting extension of our work
is to lift this restriction by considering the operators devised in Chaumont-Frelet and
Vohralik [18].

4.2. Discrete Poincaré—Steklov inequalities. We prove in this section dis-
crete versions of the Poincaré-Steklov (in)equalities stated in Corollary 2.3. Recall
the discrete involution-preserving subspaces X7, o and X¢ ;, defined in (3.16).

LEMMA 4.1 (discrete Poincaré-Steklov inequalities). The following bounds hold:

(4.2a) Rnll 20y S ol Voxhallxey + 7% RS Vhi € X 0,
(4.2b) lenll 2oy S EollVxenll(xsy +h2len]$° Ve, € X<,

Proof. We only prove (4.2a) since the proof of (4.2b) is similar. We revisit the
proof of Lemma 3.2 in [31] to account for the presence of discontinuous material
properties. Let hy, € X7, ;0. We define

W=Dy (hn),  &:=hj —TIG(hj).
As &€ € Hy(curl = 0; D)™, the weak Poincaré-Steklov (in)equality (2.18b) gives
(4.3) 1€l 20y = ol Vox€l[(x<) = Lpl|Voxhil(xe) -
Since hj, € Pj,(Tr), we have T, (hj,) = hj,, whence

hi, = Tio(§) = Tio(hi, — &) = Tio (g (hy,))-
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The commuting property of J5, implies that
Vo x (R, = T5(€)) = Vo x (Tro(TI5(R}))) = Tio(Vo x (I3 (hy,))) = T (0) = 0.

Hence, hj, —J55,(§) € Pio(Th)NHo(curl = 0; D) = Pjy(curl =0; 7). As hy, € X, 0,
we have phy, € P§y(curl = 0;7;)*, so that

Hp’%hh”iz(D) = (phn, hy — hy) p2py+(phan, By, — T5o(8)) L2 (0) + (1has Tio (§)) L2 0y
= (phn, hp — ) p2py + (whn, Tio(§)) L2 ()

Invoking the Cauchy—Schwarz inequality, the L*-stability of T5o, and (4.3), we obtain

to *lle2 hall 2oy S R — Bl 2oy + 1€l L2 (p)
= |hn — Ry llL2(py + ol Voxhi, [l (xey

Using the triangle inequality, the inequality £p||Vox®||(x¢) <||@l/L2(py which holds
for all ¢ € L*(D), and the approximation properties of Z;5", we infer that

_1 1 c
to >z hallL2py S l1hn — B L2 (D) + €p || Voxhall (x<)
SRS + o[ Vo x| xey-

This proves (4.2a). d

4.3. Consistency bound on discrete curl operators. Since P}Z(ﬁ) is not a
subset of H(curl; D), it is useful to define the spaces

(4.4) Vi =H(cur; D)+ P(Ty),  V§:=H(curl; D)+ P(Th).

It is then convenient to extend the jump sesquilinear forms and the discrete curl
operators defined above to the spaces Vgl and Vf . For this purpose, we notice that
although the sums in (4.4) are not direct, every field hy, in Ho(curl; D) N Py(Ty)
satisfies [hp[|% = 0 for all F' € F},, and Cpo(hy) = Vo< hy, because Vi x (Ho(curl; D)n
P(Tw))) C PR(T). Similarly, every field e, in H (curl; D)NP)(Ty,) satisfies [es]$ =
0 for all F' € Fp, and Cj(ep) = Vxep. It is therefore legitimate to set, for all
h=h+h;, € V] with h € Hy(curl; D) and hj, € PY(T), and for alle=é+e, €V}
with & € H(curl; D) and e, € PR(T5),

(4.5a) Chro(h) :=Voxh + Cho(hy), [h]$ := [ha]% VF € Fp,
(4.5b) Ch(e):=Vxe+Chlen), le]% :=[er]% VE € Fp.

For simplicity, we use the same symbols for the extended operators; in particular, we
now have Cj : Vé{ — L*(D) and C}, : Vf — L*(D). The following commutators are
useful for estimating the defects introduced by the above extensions:

(46&) 5h(hh,e) = (hh,VXE)L2(D) — (ChO(hh);e)Lz(D)a
(46b) 52(6h,h) = (eh,VQXh)L2(D) - (Ch(eh),h)LQ(D)

for all hy,,e;, € PY(Ty), all e € H(curl; D), and all h € Hy(curl; D).
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LEMMA 4.2 (Consistency bound on discrete curl operators). The following in-
equalities hold for all (hy,,ep,) € PY(Ty)xPL(Ty) and all (n,e) € XEx X©:

(4.72) |0n(hns€)| S (h/ED)S/*%ZEth||V><s\|L2(D),
(4.7b) 155 (en )| < (h/00)" =03 a5 Voxnl (),

where s' € (1,1] is the regularity pickup introduced in (2.19).

Proof. We only prove (4.7a) since the proof of the other estimate is similar.
Let hy € Py(T,) and € € X°. Using the definition of the commutator (4.6a) and
integrating by parts, we obtain

Sn(hn,€) = (hy, Vxe)p2(py — (Cho(hn), €)L2(p)
= (Vixhpy,e )L?(D) + > ([hal5: e B5) L2 () — (Cho(hin) &) L2 (D).
FEFy,
Notice that the summation over the mesh faces is meaningful since the regularity esti-
mate (2.19) implies that € € HY (D) with s’ > 1. Moreover, we have (Cpo(hy,), € €)L2(D)
= (Cho(hy),TI2 (e €))r2(p)- Thus, using the definition (3.6a) of the operator C}g, we
infer that

On(hn,€) = (Vaxhn,€) 2oy + > ([half oY) r2 () — (Cho(hn), T (€)) 2 (p)

FeFn
= (Vixhn,e =I5 (e) 2oy + D ([halie, e — T (€)}F) L2 ()
FeFy,
= > ([h]§ e — IR Y5 L2

FeFy
Using the Cauchy-Schwarz mequahty, together with the boundedness of the trace
operator H o (K)>% 9|5 7 € L?(F) from the reference element K to any reference
face F of K (recall that ' > ), and the shape-regularity of the mesh sequence, we

infer that |([hn]5:, e — I (&) }5) L2y | < )5I| 2 e *(lle~TI (e)ll 2, +
hicle — H2(€)|HS/(K1UKT)) Hence, |6, (hn,€)] < h¥' 2 |hul§lel g (py- The assertion
follows by invoking the regularity estimate (2.19). |

5. Strong convergence. The goal of this section is to establish our main result,
namely that limp, o |7 — Th|z(ze;0e) = 0. The proof consists of two main steps.
First, we establish a deflated inf-sup condition restricted to the involution-preserving
subspaces X Z,hOXX E,h. Then we prove convergence by using a duality argument a
la Aubin—Nitsche. The essential part of the argument is that the smoothness index
of the dual solution is always larger than % even if the coefficients are heterogeneous.
Using the duality argument seems to be necessary, as relying on the deflated inf-
sup condition is not enough to prove convergence when the smoothness index of the
solution is less than %

5.1. Deflated inf-sup condition. We equip the space Lj with the mesh-
dependent norm

|(hn,en)
1 ~ 1 ~ °
(5.1) + w2 {172 Cro(ha)llp2(py + [RalS} + w2 { B2 Crlen)llLz o) + lenl§° -

1
hi= w2 (hnsen)| e

Recall also the norm defined in (2.3), i.e., [[(f,9)[3c == 112 Fl32p) + €2 91122y
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LEMMA 5.1 (deflated inf-sup condition).
(i) The following holds for every discrete pair (Hp, Ep) in X7, o< X¢ ),

H,.E)), (hn,
(5.2) W%H(HMEh)”b,h,S sup lan (Hp, En), (b, eh))|-
(hn,en)€LS I(hy,en)| e

(ii) The discrete boundary-value pmblem (3 18) is well-posed, and its solution
satisfies the a priori estimate ||(Hy, Ep)|,, <wz||(f,9)|Le-

Proof. Let S denote the supremum on the right-hand side of (5.2).
(1) Taking (hy,ep) ;= (Hp, Ey) and using integration by parts (see (3.7)) gives

(5.3) K ([HIS)? + 55 (| En|$°)? = an((Hn, E), (H, Ey)) <S|(Hn, Ep)| e
(2) Taking (hy,,ep) := (—kzhCh(E}),0) and using that ks, =1 gives
Kullh? CL(En)l[32py = an((Hn, Ey), (. en)) — k55, (Hp, ha,)
<Slp* bl g2y + 55 (Hp, hC(Ey)).

We bound the first term on the right-hand side as follows:

[1% Rl =) < (molpre) 22 |h= Cu(Bn) 12y = #5211 Ch(En) | 2(p),
where we used that h < ¢p and fpugky = w~'. Invoking the shape-regularity
of the mesh sequence and an inverse trace inequality gives |[[RCh(ER)]%|| L2(F) S

hf;||[[h2Ch(Eh)]}F||Lz(F) < thCh(Eh)HLz(KluK ) Hence, we can estimate the sec-
ond term as follows:

|55 (Hp, hRCh(En))| < |HwlSIRCH(ER)S < [HlSI1hE Ch(En)l|p2 (o)
Using again that k,kz =1, this gives
kB3 Cu(En) % py S (w2 + wEHLIS) w2 17 Cr(B) | p2 ).
Therefore, we conclude that
Tzl 1

K2R Cu(Ew) 2 (p) Sw™ S + K& H .
Similarly, testing (3.18) with (hp,ep) := (O,HHiLCho(Hh)) gives

iz B c,0

willh2 Cho(H) | p2(p) Sw™2S + w2 | Enl5°.

Gathering the above two bounds and invoking (5.3) gives
1 - 1~ 1 1
(5:4)  wallh* Cro(Ha) |20 + w2 [|A* Ch(B) | 12(0) Sw™ 38 +8% | (Hn, Ba) -

(3) We now estimate ||Vox Hp||(xc) and [[VXEp|(x:s). Let € € X Recalling
the definition of the commutator dj, in (4.6a) and setting &, := J (&), we have

(Cho(Hp),€)p2(py + 0n(Hhp,€)
=(Cho(Hhp),en)p2(py + (Cho(Hn),€ — €n)p2(py + 6n(Hn,€)
=ap((Hp, En),(0,en)) + (Cro(Hn),€ — €n)r2(py + 0n(Hn,€),

(Hh7VX€)L2(D)
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where the last equality follows from the fact that e, has zero tangential jumps. Using
the approximation properties of 75, the commutator estimate (4.7a), and the estimate
lenllLzpy S llellzzpy + 7 el g () S €pllV xell L2 () with s’ € (3,1] (which follows
from the regularity property (2.19) since € € X, and the Poincaré-Steklov inequality
lellzz(py S EpllVxell L2 (py stated in (2.21)), we obtain
1 s—1,71
(i, Vx€) oyl S Sed llenllamy + 1% R Cro(HW o) lel e
s _1 1
+ (h/tp)” “2 LR Hul5Vxel L2 (p)
: b ‘
S{egS+ (h/tp)* ~2tp” (|h2 Cho(Hn)l| L2 () + [ Hal5) }
X €D||VX€HL2(D)

Hence, recalling the definition of [|Vox H}||(x<) introduced in Corollary 2.3, we have
IVoxHullixey S 68+ (h/tp)* =057 (1h* Cro(Ha) | 2 (o) + | HalS)-

We proceed similarly to establish the following estimate where s’ € (%, 1]:

1 1 1 ~1 c,0
IVXEp|[(xg) S#eS+ (h/lp)” 724> ([[h? Cr(Ew)llL2(p) + [Enly”)-

(4) Since Hj, € X7, 50, we use the discrete Poincaré-Steklov inequality (4.2a) in
Lemma 4.1 and the above estimate on ||[Vox Hp||(x<) to infer that

HU%Hh”LQ(D) S U§||HhHL2(D)
< g (€p | Vox Hillxeyr + R | HJS)
< 1 (Lnl|Vox Hill ey + (h/2p)* " HCH | HA5)
S w S+ (h/ep)* rwi ki (1RE Cro(H)llp2(o) + [ HA[S)},

where we used s’ € (1,1] and hz < (h/KD)S/_%ﬂ,%j on the third line, and £p(pgeo)? =
w™l and polpry,;t =w™! on the fourth line. We proceed similarly to establish that
’ 1~ c,0
e Enllzzp) Sw {S+ (h/tp)* 2wz Kz (I1h2 Ch(Bw) | 2(p) + | Enl5®)}-
Gathering the above two bounds, invoking (5.3) and (5.4), and using h < {p gives
Ll 1
|(Hn, Ba)llze Sw™'S+w™ 382 |[(Hny, En) ..

Invoking Young’s inequality, we conclude that |[(Hp, Ep)||re < w™!S. Substituting
this bound into (5.3) and (5.4) and putting everything together proves (5.2).

(5) The deflated inf-sup condition (5.2) readily implies that the boundary-value
problem (3.18) admits a unique solution (recall that (3.18) actually holds for all
(hpn,en) € LS). Moreover, the a priori estimate on the solution follows from the
Cauchy—Schwarz inequality and (5.2). O

Remark 5.2 (standard inf-sup condition). Using Lemma 3.1 and the deflated
inf-sup condition (5.2), one readily shows that, for all (Hy, Ey) € X7, 0 < X¢ ,

w%H(Hh Eh)||bh< sup |ah((HhaEh)7(hh7eh))|
' N(hh,,eh)GXi7hO><X2’h [(Rn,en)llLe

i.e., the supremum can be restricted to X7, ,ox X¢ ;. Letting Jj, : X7, ,ox X, = L§,
be the canonical injection, the above inf-sup condition means that the restricted
operator J Ay, J, is an isomorphism over X o XX e p-
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5.2. Duality argument. Let (H, E) be the solution to the continuous problem
(2.25), and let (Hp, E},) be the solution to the discrete problem (3.18). We define
the errors

(55) (Sh::H*Hh, (562:E7Eh.

We consider the following dual problem: Find (n, e) in Hy(curl; D)x H (curl; D) such
that

(5.6a) wpllg(n) + Vxe =w(I — II§) (udh),

(5.6b) well®(e) — Voxn =w(I — II)(ede).

The following regularity estimate on the dual solution plays a key role in the analysis.
LEMMA 5.3 (well-posedness and stability).
(i) The dual problem (5.6) has a unique solution (n,€), and this solution sits in

XGxX°©.
(ii) The solution (m,€) satisfies the following a priori estimates with s’ € (3,1]:
1 1
(5.72) Lo (ug [VoxnllLzp) + €5 IV xellL2p)) < (8, de)] e,
(5.7b) |77|Hs’(D) 5555 ||VOX77||L2(D)7 |€\Hs/(p) 55}58 ||V><5HL2(D)-

Proof. (i) Testing (5.6a) with II5(n) gives

W(MH(C)(W)7H8(77))L2(D) + (VX€7H8(77))L2(D) =w((I - HS)(utsh)ﬂS(n))Lz(D) =0,

where we used the L?-orthogonality of TIS. Since (Vxe, II5(n))L2(py = 0 because
II5(n) € Ho(curl=0;D), we conclude that ||u%H8(n)HLz(D) = 0. Similarly, we
obtain ||€%HC(E)||L2(D) =0 by testing (5.6b) with II°(e). Altogether, this proves that

(5-8) IT5(n) = I°(e) = 0.

The existence and uniqueness of a solution to (5.6) is then a direct consequence of
(2.17a) in Lemma 2.2. Moreover, (5.8) means that (n,e) € XgxX°.

(ii) The a priori estimate (5.7a) follows from (5.6), (5.8), and £pw(ugeo)? = 1.
The a priori estimate (5.7b) is a consequence of the regularity estimate (2.19). |

LEMMA 5.4 (L*-error representation). The following holds:
(5.9) wl|(8h, 8€)(|7e = Oapp + Ogar + Ocr + Oaiv,

with the approximation error, the Galerkin orthogonality error, the curl commuting
error, and the divergence conformity error defined as follows:

(5103‘) eapp = ah((éhvée)a(n_n}ue_gh))a

(510]3) egal = ah((6h766)a(nh7€h))7

(5.10c) Ocrl :=0p(0h,€) — 05, (de,m),

(5.10d) Buse = w{ (R, TIS (18R)) 2 () + (6, T (e8€)) 12 )}

with n;, =TI, (n), €y =TI} (), II}, defined in (3.2), and the commutators 5y, and 53
defined in (4.6).
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Proof. We have s§(-,n) = s,°°(+,&) = 0. Recalling the definition of the sesquilinear
form ap (see (3.8)) and the definition of the commutators (see (4.6)) and using that
Vxe=w(I —II{)(udh) and —Voxn =w(I —II°)(ede), we infer that

an((6h,de),(n,€)) =—(Cr(de),n)r2(py + (Cho(dh),€)L2(p)
—(0e,Voxn)2(p) + 6;,(de,m) + (6h,V x€)2(py — 6n(dh,€)
— w{(8h, (I — TI5)(48h)) g2 ) + (8e, (T — TI°)(€8€)) 2 ) } — b
:""{”H%‘Sh”i?(m + Heééery(D)} — Odiv — Ocn
=wl|(8h,d€)7: — baiv — bexi.
Since ap((0h, de),(n,€)) = Oapp + Oga1, reorganizing the terms proves (5.9). d
We shall use the following a priori estimates which follow from Lemma 2.6 and
Lemma 5.1(ii), respectively:
(5.11a) (0 (18 INox Hl| g2 (o) + ¢ VX Ellp2(p) < 1 (F,9)l e
(5.11Db) [(H 1, En) o Sw?I(F,9)] e

To simplify the notation, we also set

1 1
(5.12) crot(N,€) :={p (MS Vo ><77||L2(D) + € ||V><5HL2(D))
and observe that c.ot(n,€) S |[(dh,de)| e owing to (5.7a).

LEMMA 5.5 (bound on approximation error). The following holds:

(5.13) Oapp| S (h/€0)* "2 @I|(f,9) || cCrot(m, €)-

Proof. We have

Oapp = — (Cn(e€),m — 77h)L2 + (Cho(6h),e — €h)L2(D)
+ kusy(0h,m—m) + IiESh °(de,e —€p)
—(VXE,n—mny)2(py + (VoxH,€ —€n)2(p)
— kusy (Hu,m—mnp) — £esy” (En,€ — €n),
since (Cp(Ep),n — nh)Lz(D (Cho(Hpn),€ — €n)r2(py = 0 by definition of the L*-
orthogonal projection II}, and since s (H,-) = s;°(E,-) = 0. Invoking the Cauchy-
Schwarz inequality and the approximation properties of 1‘[27 we obtain
| = (VXE,n—mn3,)2p) + (VoxH,e — 1) 2(p)|
SJ ||VXE||L2(D)hS |T]|Hs/(D) + ||VO><H||L2(D)hS |€|H3'(D)'
Invoking the a priori estimate (5.11a) on (H, E) and the regularity estimate (5.7b)
n (n,e) gives

| —(VxE,n— nh)LQ(D) + (VoxH, e — Eh)L2(D)| S (h/ED)S/WH(f79)||L“Crot(777€)~

Moreover, recalling that s’ € (1 1] and proceeding as at the end of the proof of
1

Lemma 4.2, we obtaln |17 Nl <She e Mg+ (py S < (h/lp)* %€,§||V0><n||Lz(D) and

< (h/tp)* 2Z123HV><€||L2 . Then, the a priori estimate (5.11b) gives

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/28/25 to 194.57.247.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

678 ALEXANDRE ERN AND JEAN-LUC GUERMOND

’K/HSZ(H}M,’? - T’h) + KESZ7O(Eh7€ - €h)‘

1 1 1 1
Sl Hpl5ein —nul5 + r21ER5°kE e — enl5®

1

1 s —1 11 11
SwE|[(f,9) e (h/Ep)* ~ 2 (k23 Vo Xl L2(p) + K2RV xE L2(1) )
= (h/tp)* ~2w[|(£,9) | e ror(m, €),

. 11 1 1 14 1 3 .. .
since Kzl =w2lppg and KZ{}, =wzlpe;. Combining the above two estimates and

using h < {p proves the assertion. 0

LEMMA 5.6 (bound on Galerkin orthogonality error). The following holds:

(5.14) 10gt] < (h/0D)* || (£, 9)]

Proof. Recalling the definition (5.10b) of 04,1 and the definition (5.5) of dh and
de and using that ay is linear with respect to its first argument, we have

Ogar = an((H, E), (n,,€n)) — an((Hp, Ep), (M, €1))-
Since s§,(H,-) =s;°(E,-) =0 and Cpo(H) =VoxH, C,(E) =V xE, we have
an((H,E), (ny,,en)) = —(VXE,n,)p2p) + (Vox H,ep) 2(p)
ZW{((I - HS)(Mf)"’?h)LQ(D) + (I - HC)(Eg)veh)L2(D)}-

Moreover, by definition of the discrete solution (H},, Ej), we have

an((Hn, Ep), (np,,€n)) :W{((I - HZO)(Mf)anh)m(D) +((I - HZ)(Eg)aEh)m(D)}-

Hence, we have

Ogal :W{((HS - %0)(Nf)v77h)L2(D) + (1€ — HZ)(Gg)veh)LZ(D)}

We have IIj(n) =0, and, owing to Lemma 5.10 (see section 5.3 below), we also have
70(n) =0. Using the Cauchy—Schwarz inequality and the approximation properties
of HE gives

w| (I — HS)(N.f)7"7h)L2(D)| = w|((Iyo — IIG) (1 f),mp, — 77)L2(D)|

Swpg lle? fllpzpyh® |77|Hs’(D)

Le Crot(nv é‘).

1 1 s
Swpg |12 fllzzpy(h/€p)® €pl|[VoxnllL2(p)
S (h/tp)* wl|(f,g)llLecrot(n, €).
A similar bound holds for w|((II}, — II)(eg),€n) L2(p)|- This completes the proof. O

LEMMA 5.7 (bound on curl commuting error). The following holds:
(5.15) Oeril S (h/tp)* = 20[|(£,9)ll1scron(m ).
Proof. We observe that
Ocrt = —0n(Hp,€) + 65, (En,m),

since 6;,(H ,e) =05, (E,n) =0. Invoking Lemma 4.2 then gives

s 1 1 c 0
|0cxt] < (R/€p)" ~2 LB { [ H W51V el L2(p) + [ Ewl7 [ Voxnl L2(p) }-
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-1

Using that {pryeg =w™", we obtain

1 1 it 1
f%thGHVXEHL?(D) =rg|Hul5({pkneo)” 2Lpeg HVX€||L2(D)

1 1
Sw2[|(£,9)|zew? erot(m, €)
=wl[|(f,9)lLcCrot (0, €)-

A similar bound holds true for £§,|Eh|j’°\|v0 xn||g2(py- This completes the proof. 0O

LEMMA 5.8 (bound on divergence conformity error). Let s € (0, 1] be the smooth-
ness index of the solution (H, E) € X}, x X¢ to the problem (2.23) (see Lemma 2.6).
Let s’ € (3,1] be the smoothness index of the dual solution (n,e) € Ho(curl; D) x
H (curl; D) to the problem (5.6) (see Lemma 5.3). Then the following estimate holds
with o :=min(s,s’ — 1) > 0:

(5.16) 0aiv| S (h/€D)w[I(f,9)|Le || (6h, de)|| e

Proof. The proof crucially relies on Lemma 5.11 recorded below in section 5.3.
Since IIj,(udh) = 0, we can apply the estimate (5.18a) with B := udh, which gives

[(Oh.TL3 (i8R g2 1| S { (h/20) 0 Ll gy + (1 £0)° €11V HE 52
’ 1 ~
+ (0 tp)" (10 Cono (W) |2 0 + [HEAIS) }
x ||TI5(udh) || L2 (D)
Since {5 |H|gs(py S {pl|VoxH||2(py < ug%H(f,g)HLc owing to the continuous a

priori estimate (5.11a) and also invoking the discrete a priori estimate (5.11b), we
obtain, since h </p and s < s,

| (8h, XI5 (udh)) L2y | < (1/€D)7 I, 9) | e 1o * ITLG (10R) || 2 ()
S (W/ o) I(f, @)l ze |2 6R| L2 ().

Proceeding similarly, one proves that

|(de,T1°(e€)) 2y | S (1/€0) I (,9) 1= ll€2 el 2

Putting the above two bounds together proves the claim. ]

We are now ready to state the main result of the paper which, owing to standard
spectral approximation results (see, e.g., [11, Lem. 2.2], [39, Thms. 3 and 4], [6,
Prop. 7.4]), proves the spectral correctness of the dG approximation. Recall that
o :=min(s,s' — 3) > 0.

THEOREM 5.9 (convergence). We have ||T —Th| z(re;ney S (h/€p)7 .

Proof. Combining the L*-error representation formula (5.9) together with the
bounds from Lemmas 5.5-5.8, and since c¢ot(n,€) < ||(6h,de|| L. owing to (5.7a), we
infer that

w[|(0h,de)|[Ze < (h/tp) wlI(£,9)|ze||(8h, de)l|Le,

where we used that 0 < s’ — 1 < &’ and h < ¢p. This implies that ||(6h,de)| e S
(h/ep)°||(f,9)|lLe, whence the claim. d
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5.3. Technical lemmas. We start by recording the following result whose proof
is omitted for brevity.

LEMMA 5.10 (discrete projections). The following holds:
(5.17) ol =TI5,, I, o TI° =TT,

Next we establish a result that plays a central role in the analysis to estimate the
divergence conformity error.

LEMMA 5.11 (divergence conformity). Let s € (0,%]. For all H € Ho(curl; D) N
H*(D), all H, € PY(Ts), and all B € L*(D) satisfying II5,(B) =0, we have
|(H ~ H, T (B) 2y | S { (1/00)* o H () + (/D) £ Fo X H | 21
(5.182) + (h/tp)" b (174 Cro(Hll 2oy + [HAIS) }
x || TG (B) | L2 (py>
and for all E € H(curl; D)NH*(D), all E},, € PX(Ty,), and all D € L*(D) satisfying
IT; (D) = 0, we have
(B — Ep,I°(D))12(p)| S {(h/fD)s SIE|#=(py + (h/€p)* €p ||V X E|| L2y
(5.18b) + (/)" b (IR Cu(Bw) | oy + | BAl5®) }
X [T(D) || L2 ().
where s' € (1,1] results from the regularity estimate (2.19).

Proof. We only prove the estimate (5.18a), since the proof of (5.18b) is similar.

(1) Using the commuting property of 7, we obtain VxS, (IIg(H — H})) = 0.
This implies that Jy,(IIg(H — H})) is a member of Pjy(curl = 0;7;). Moreover,
invoking Lemma 5.10, we have II;(II5(B)) = IIj,(B) = 0 by assumption. Hence,
IT5(B) € PS§,y(curl = 0;7,)+. This, in turn, implies the following identity:

(H — Hy, IIi(B))r2(p) = (H — Hp = Ty (o (H — Hp)), I (B)) 12 (p)-
Using the L%-orthogonality of IT; followed by the Cauchy—Schwarz inequality gives
|(H — Hy, XI5(B)) p2(p)| < (1 = Ti5o) (G (H — Hp))l| 2 () TG (B)l| L2 (1) -

It remains to bound ||(I — Jy5,)(XIG(H — Hp))l £2(p)-
(2) Let us set Hj, := I,;"(Hp) and w := H — Hj — II(H — H}). Then
w € Hy(curl; D) with Voxw = Vox(H — HY), and IIj(w) = 0. Hence, w is a
member of X . The regularity estimate (2.19) followed by the triangle inequality gives
[0l e S5 (Vo x (H = H)2(0) < 05 (IVox H | 22() + Vo x H [ 2(0))-

Invoking the triangle inequality, the approximation properties of J5,, and the fact
that (I —J5,)(HYj,) =0 (since Hj, € P4(7y)), this implies that

(X — Ty (XL (H — H5))|| g2
S = TE) (W)l g2y + 1T = To) (H — H5)| 2y
Sh W] g ) + (T = Tiio) (H) | 22 ()
< (1/ep)* Lo(IVox H || p2(py + Vo X H | L2(y) + (h/€0)* 5| H] 11+ (1) -
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Moreover, invoking the triangle inequality, the shape-regularity of the mesh sequence,
and the approximation properties of Z; 3", we infer that

VoxH}, || g2 (py S1Cho(HY, — Hp)l L2 (py + |Cro(Hu) || 2(p)
ShTE (|15 Cho(H )| g2y + | Hl5).

‘We conclude that
(I = T5o) XL (H — H))l| p2(py < (h/2p)* €p||NVox H || g2y + (/€p)* €5 | H | 11+
+ (h/p)* 203 (|h% Cho(H )| L2 0y + [ H )

Finally, using the triangle inequality, the L>-stability of Jgo and that of IIj, and the
approximation properties of Z, 3", we obtain

(I = Tiio) M5 (H — Hp)) | 2oy S (T = Tio) (Mo (H — H},))l[L2(p)
+ (T = Tro) Mo (H, — Hi))l[L2(p)
S = Tio) (TG (H — HY) 2 (o) + 02 [ HalS.

The assertion follows readily. ]

Appendix A. Helmholtz decompositions. In this appendix, we recall some
useful results on Helmholtz decompositions; these results are mostly drawn from [2],
[26], and [32]. We also give a short proof of Lemma 2.2. The reader is also referred
to [4, Chap. 3], [37, section 4.1], and [38, Chap. 3].

A.1. Topology of D. Recall that D is an open, bounded, Lipschitz polyhedron
of R®. We denote by I'y the boundary of the only unbounded connected compo-
nent of R®\D. If dD is not connected, i.e., D # 'y, we denote by {Li}tiequry the
connected components of 9D that are different from Ty (see, e.g., [32, p. 37|, [2,
p. 835], [26, p. 217]). If D is not simply connected, we assume that there exist
J cuts ((d — 1)-dimensional smooth manifolds) {¥;};e(1s; that make the open set
D*:= D\ equy 2 simply connected. Additional regularity assumptions on these
cuts as stated in ﬂ?, Hyp. 3.3, p. 836] are assumed to hold true.

A.2. Helmholtz decompositions. We consider the subspaces
(A.1a) H'(div = 0; D) := {v € H(div = 0; D) | /F vnds=0Yie {1:1}},
(A.1b) HZ (div=0; D) :={v e Ho(div="0;D) | /E vnds=0Vje{l:J}}.
J
The following L*-orthogonal decompositions hold true:
(A.2a) L?(D)= Hg(curl=0; D) & H" (div=0; D),
(A.2b) L?(D)= H(curl=0;D) éH(?(div:o;D).
In other words, we have

(A.3a) Hy(curl = 0; D) = H' (div=0; D),
(A.3D) H(curl=0;D)" = H>(div=0; D).
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For all ¢ € L?(D) such that q|ps € H'(D¥), we denote by Vxq the broken
gradient of ¢ such that (Vgq)(x) = (Vg|p=)(x) for a.e. ® € D. For all i € N, let ¢;
denote any real number. We define

(A.da) Hy(D):={g€ H'(D) | q|r, =0,q|r, = ¢; Vi {1:1}},

(A.4D) Hy(D) = {q€ L*(D) |alp= € H'(D*), [dlls, = ¢; Vi € {1:T}}.
Then, the following L*-orthogonal decompositions also hold true:

(A.5a) L?*(D)=VH}(D) & V x H (curl; D),

(A.5D) L2(D) = Vs HL(D) & Vox Ho(curl; D).

A.3. Proof of Lemma 2.2. We only prove that the operators Vx : X¢ —
Hy(curl= O;D)L and Vox : X, o — H(curl= O;D)l are isomorphisms, since the
proof for the other two operators is similar. (Recall that the spaces X¢ and X, ; are
defined in (2.9).)

(1) Integration by parts readily shows that Vxe € Hy(curl =0; D)L for all e €
X¢ and Voxh € H(curl=0; D)™ for all h € X .

(2) Injectivity. Let e € X¢ be such that Vxe = 0. Then, e € H(curl=0;D),
and by definition of X, we infer that (ee, e)r2(py = 0. This proves that e = 0. Hence,
the operator Vx : X¢ — H(curl = 0; D)J‘ is injective. The proof that the operator
Vox : X7, o — H(curl = 0; D)™ is injective is similar.

(3) Surjectivity. Let @ € Hy(curl=0;D)". Since every ¢ € HL(D) satisfies
Vq € Hy(curl=0;D), we have 8 € (VHE(D))Lt. Owing to (A.5a), we infer that
there is €’ € H(curl; D) such that Vxe’ = 0. Let p € H5(D) be the unique function
solving (eVsp, Vsq)r2(p) = (€€/,Vsq)r2(py for all ¢ € Hy(D). Set e := e’ — Vygp.
We have Vxe = Vxe' =0, and ee € (Vs HL(D))*. Owing to (A.5b), we infer that
€e is in the range of the Vyx operator. Integration by parts readily implies that
ee € H(curl= O;D)L. In summary, we have shown that e € X¢ and that Vxe = 8.
This proves the surjectivity of the operator Vx : X¢ — H(curl = 0; D)J‘. The proof
that the operator Vo x : X7, 5 — H (curl = 0; D)" is surjective is similar.
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