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Abstract. In this work, we study the design and analysis of a novel hybrid high-order (HHO)
method on unfitted meshes. HHO methods rely on a pair of unknowns, combining polynomials
attached to the mesh faces and the mesh cells. In the unfitted framework, the interface can cut
through the mesh cells in a very general fashion, and the polynomial unknowns are doubled in the
cut cells and the cut faces. In order to avoid the ill-conditioning issues caused by the presence of
small cut cells, the novel approach introduced herein is to use polynomial extensions in the definition
of the gradient reconstruction operator. Stability and consistency results are established, leading to
optimally decaying error estimates. The theory is illustrated by numerical experiments.
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1. Introduction. The meshing of complex domains or of internal interfaces is an
important bottleneck in the large-scale computation of solutions to partial differential
equations. It is well-known that, for standard finite element methods, the mesh must
match the geometry sufficiently well, or accuracy will be lost. This is particularly
important for high-order methods. Recently, many methods have been developed
aiming at simplifying the meshing procedure by allowing for a larger set of geometric
shapes for the computational cells. Examples of discretization methods supporting
fairly general polygonal (or polyhedral) cells are the discontinuous Galerkin (dG)
method [22, 17], the virtual element method (VEM) [8], and hybrid nonconforming
methods in various flavors, such as the hybridizable dG (HDG) method [19], the weak
Galerkin (WG) method [34], the nonconforming VEM (ncVEM) method [2], and the
hybrid high-order (HHO) method [23]. The tight connections between HDG, WG,
and HHO methods are highlighted in [18]. These three methods are formulated by
means of degrees of freedom (dofs) both in the bulk of the elements and on the element
faces, whereas dG methods only use bulk dofs. Using face dofs leads to advantageous
properties, such as the elimination of bulk dofs by static condensation and the absence
of a minimal threshold to weigh the stabilization.
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602 ERIK BURMAN, ALEXANDRE ERN, AND ROMAIN MOTTIER

Nevertheless, difficulties remain when using hybrid nonconforming methods in
the presence of curved boundaries or interfaces, whereas the treatment of cells with
curved faces in dG methods is more straightforward. One possibility is to enrich (with
nonpolynomial functions) the set of unknowns on curved faces, as in [35] for HHO and
in [9] for ncVEM. Another possibility is to work with mesh cells having flat faces, but
to build the geometric representation directly into the discretization, in such a way
that solution accuracy is not lost although the mesh does not respect the geometry.
This idea has been developed first in the framework of unfitted finite element methods.
These methods originate from the penalty method [3, 6] and were further developed
for conforming FEM in [5]. Combining the ideas of unfitted FEM with Nitsche's
method for interface problems led to a consistent unfitted finite element method for
interface problems in [25]. These ideas were then generalized to include more complex
coupling problems including PDEs on surfaces and multiphysics coupling, leading to
the cutFEM framework [13]. Unfitted methods have also been considered for dG
[7, 27, 30], HDG [20, 32], and HHO [16] methods. A crucial problem for unfitted
methods is to handle the instabilities that can occur for certain intersections of the
mesh and the interface. In the cutFEM framework using a conforming approximation
in each subdomain, this is solved by the addition of certain stabilizing terms [11],
whereas in dG methods, which are more flexible with respect to cell geometry, this
can be solved by cell agglomeration [33, 27]. This technique can also be used in the
context of conforming finite elements [4] (therein called aggregated FEM).

In the present work, we continue the development of unfitted HHO methods.
The combination of cell agglomeration and a local weak coupling derived from the
HHO framework has been successfully applied to elliptic interface problems [12], in-
compressible Stokes flows [14], and wave propagation in heterogeneous media [15].
Nevertheless, if these methods have to be integrated in an existing HHO code, the
cell-agglomeration procedure becomes a disruptive element since it requires modifying
part of the mesh in the interface zone. It is often desirable to keep the underlying mesh
fixed and modify instead the algebraic structure of the bulk unknowns. One technique
that fits this purpose is the idea of polynomial extension from interior elements to
stabilize the method. The idea was first introduced in the context of Lagrange mul-
tipliers [26] and then using isogeometric approximation and Nitsche's method in [10].
The purpose of this work is to develop and analyze this technique for hybrid noncon-
forming methods, focusing on HHO methods. Owing to the close links between HDG,
WG, ncVEM, and HHO methods, the present results are relevant to the development
of these other methods as well. Moreover, we focus on elliptic interface problems, but
observe that elliptic problems posed on curved domains can be handled by the same
techniques.

Let us briefly outline the main idea. Recall that a central ingredient in HHO
methods is a local gradient reconstruction from the local cell and face unknowns. The
stability and consistency properties of this reconstructed gradient crucially hinge on
a discrete trace inequality on the normal derivatives at the cell faces. In the case
of ill-cut cells, the constant in this inequality degenerates. One remedy, explored in
[16, 12], is to use cell agglomeration around ill-cut cells. This procedure produces
an aggregated mesh solely composed of well-cut cells, whose size is close to that of
the original mesh. The remedy explored herein is to use the cell and face polynomi-
als of ill-cut cells in the gradient reconstruction of a neighboring well-cut cell. With
this approach, the mesh cells remain unmodified, but the stencil associated with the
gradient reconstruction operator is slightly extended. Moreover, the cell polynomi-
als of the ill-cut cells are stabilized by using the cell polynomials of the associated

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.



UNFITTED HHO METHODS WITH POLYNOMIAL EXTENSION 603

well-cut cells, in the same spirit as the so-called direct ghost penalty method devised
in [31, 28]. The main question is then whether the resulting method maintains the
above stability and optimal approximation properties. The proof of these properties is
by no means straightforward and is the main contribution of this work. Interestingly,
the main analysis tools (discrete trace inequality and polynomial approximation) are
of independent interest.

This work is organized as follows. In section 2, we introduce the model prob-
lem. In section 3, we present the unfitted HHO method stabilized using polynomial
extensions. The stability and error analysis of the method is covered in section 4.
Numerical results are presented in section 5. Finally, the proofs of the analysis tools
(discrete trace inequality and polynomial approximation) on unfitted meshes is out-
lined in section 6.

2. Model problem. Let \Omega be a polyhedral domain in \BbbR d, d \in \{ 2,3\} (open,
bounded, connected, Lipschitz subset of \BbbR d), and consider a partition of \Omega into two
disjoint subdomains \Omega = \Omega 1 \cup \Omega 2 with interface \Gamma := \partial \Omega 1 \cap \partial \Omega 2, as illustrated in
Figure 2.1. For all i\in \{ 1,2\} , we set \=\imath := 3 - i, so that \Omega \setminus \Omega i =\Omega \=\imath \cup \Gamma . For simplicity,
we assume that the interface \Gamma is of class C2 and that it does not touch the boundary
of \Omega . The unit normal vector \bfitn \Gamma to \Gamma conventionally points from \Omega 1 to \Omega 2. For a
smooth enough function v defined on \Omega 1 \cup \Omega 2, setting vi := v| \Omega i

for all i \in \{ 1,2\} , we
denote its jump across \Gamma as JvK\Gamma := v1| \Gamma  - v2| \Gamma .

Our goal is to approximate the exact solution u\mathrm{e}\mathrm{x} \in H1(\Omega 1 \cup \Omega 2) of the following
elliptic interface problem:

 - \nabla \cdot (\kappa \nabla u\mathrm{e}\mathrm{x}) = f in \Omega 1 \cup \Omega 2,(2.1a)

Ju\mathrm{e}\mathrm{x}K\Gamma = gD on \Gamma ,(2.1b)

J\kappa \nabla u\mathrm{e}\mathrm{x}K\Gamma \cdot \bfitn \Gamma = gN on \Gamma ,(2.1c)

u\mathrm{e}\mathrm{x} = 0 on \partial \Omega (2.1d)

with f \in L2(\Omega ), gD \in H
1
2 (\Gamma ) and gN \in L2(\Gamma ). For simplicity, we consider a homoge-

neous Dirichlet boundary condition on \partial \Omega (see (2.1d)). We assume that the diffusion
coefficient \kappa is scalar-valued and that \kappa i := \kappa | \Omega i

is constant for each i\in \{ 1,2\} . To fix
the ideas, we assume that \kappa 1 \leq \kappa 2. Our analysis covers the strongly contrasted case
where \kappa 1 \ll \kappa 2. We emphasize that it is the property \kappa 1 \leq \kappa 2 that fixes the num-
bering of the subdomains, and not the fact that one of them touches the boundary.
Thus, the numbering in Figure 2.1 is only illustrative. We also notice that the above
assumptions on \Gamma and \kappa can be lifted with additional technicalities.

The weak formulation can be written as

Find u\mathrm{e}\mathrm{x} \in VgD , a(u\mathrm{e}\mathrm{x},w) = \ell (w) \forall w \in V0(2.2)

Ω2

Γ

nΓ

Ω1

Fig. 2.1. Model problem.
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604 ERIK BURMAN, ALEXANDRE ERN, AND ROMAIN MOTTIER

with VgD := \{ v \in H1(\Omega 1\cup \Omega 2) | JvK\Gamma = gD on \Gamma , v= 0on \partial \Omega \} . Notice that V0 =H1
0 (\Omega ).

The symmetric bilinear form a and the linear form \ell are defined as

a(v,w) :=
\sum 

i\in \{ 1,2\} 

\kappa i(\nabla vi,\nabla wi)\Omega i(2.3a)

\ell (w) := (f,w)\Omega + (gN ,w)\Gamma .(2.3b)

Here and in what follows, for a measurable subset S \subset \Omega , we denote by (\cdot , \cdot )S the
L2(S)-inner product with appropriate Lebesgue measure and by \| \cdot \| S the correspond-
ing norm. We notice that, in the weak formulation (2.2), the jump condition (2.1b)
and the boundary condition (2.1d) are enforced explicitly in the definition of the func-
tional space VgD , whereas the jump condition (2.1c) is enforced weakly (i.e., results
from the weak formulation).

3. Unfitted HHO methods. In this section, we present the unfitted HHO
method with stabilization of ill-cut cells using polynomial extensions.

3.1. Unfitted meshes. Let \scrT h be a mesh that covers \Omega exactly. A generic mesh
cell is denoted T \in \scrT h; it is considered to be an open set, with hT denoting its diameter
and \bfitn T its unit outward normal. The mesh size is defined as h :=maxT\in \scrT h

hT . For all
T \in \scrT h, its neighboring layers \Delta j(T )\subset \scrT h are defined by induction as \Delta 0(T ) := T and
\Delta j(T ) := \{ T \prime \in \scrT h | T \prime \cap \Delta j - 1(T ) \not = \emptyset \} for all j \in \BbbN . In what follows, we use j \in \{ 1,2\} .
To alleviate the notation, we set \Delta (T ) :=\Delta 1(T ). We make the mild assumption that,
for every mesh cell T \in \scrT h, its convex hull, conv(T ), satisfies

conv(T )\subset \Delta (T ).(3.1)

For instance, this assumption trivially holds true if all the mesh cells are convex sets,
and it remains a reasonable assumption if the mesh cells are nonconvex. One can also
assume more generally that conv(T )\subset \Delta n0

(T ) for some fixed integer n0.
The mesh \scrT h is typically composed of cells having a simple shape (although this

is not a necessary assumption); in our illustrations, we consider a structured mesh
composed of squares. Quite importantly, the mesh \scrT h is not fitted to the interface
\Gamma , so that \Gamma can cut arbitrarily across any mesh cell. For all T \in \scrT h, we set T\Gamma :=
T \cap \Gamma and T i := T \cap \Omega i for all i \in \{ 1,2\} (some of these sets may be empty). The
current implementation assumes that both subcells T i are connected, although this
assumption is not needed from a theoretical viewpoint.

The first obvious partition among the mesh cells is between uncut and cut cells.
Moreover, among cut cells, we distinguish between well-cut and ill-cut cells. Specif-
ically, we fix a parameter \vargamma \in (0,1) and say that a cut cell T is a well-cut cell if,
for all i \in \{ 1,2\} , T i contains a ball of radius \vargamma hT , whereas T is an ill-cut cell if this
condition fails. It is shown in [16, Lemma 6.2] that, it the mesh size h is small enough
(with respect to the curvature of the interface) and the parameter \vargamma is small enough
(with respect to the shape-regularity parameter of the mesh), then, for every ill-cut
cell, the above condition can fail on one and only one side of T . In what follows, we
assume that this is always the case. The above considerations lead to the following
partitions:

\scrT h := \scrT \mathrm{u}\mathrm{n}\mathrm{c}\mathrm{u}\mathrm{t}
h \cup \scrT \mathrm{c}\mathrm{u}\mathrm{t}

h , \scrT \mathrm{c}\mathrm{u}\mathrm{t}
h := \scrT \mathrm{O}\mathrm{K}

h \cup \scrT \mathrm{K}\mathrm{O}
h ,(3.2)

where \scrT \mathrm{u}\mathrm{n}\mathrm{c}\mathrm{u}\mathrm{t}
h collects the uncut cells, \scrT \mathrm{c}\mathrm{u}\mathrm{t}

h the cut cells, \scrT \mathrm{O}\mathrm{K}
h the well-cut cells, and

\scrT \mathrm{K}\mathrm{O}
h the ill-cut cells. Setting \scrT i

h := \{ T \in \scrT h | T \subset \Omega i\} for all i \in \{ 1,2\} , we have
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T 1
h

T 2
h

T KO,1
h

T KO,2
h

T OK
h

T1 T2

(∂T)1 (∂T)2

TΓ

Fig. 3.1. Left: Illustration of the different types of cell in the unfitted mesh. Right: Zoom on
the local dofs in a cut cell T \in \scrT \mathrm{O}\mathrm{K}

h ; here, the approximation is affine in the subcells and constant
on the subfaces.

\scrT \mathrm{u}\mathrm{n}\mathrm{c}\mathrm{u}\mathrm{t}
h = \scrT 1

h \cup \scrT 2
h . For every T \in \scrT \mathrm{u}\mathrm{n}\mathrm{c}\mathrm{u}\mathrm{t}

h , we define \iota (T )\in \{ 1,2\} as the index such that

T \in \scrT \iota (T )
h . Moreover, for all T \in \scrT \mathrm{K}\mathrm{O}

h , we define \iota (T ) \in \{ 1,2\} as the index for which

the above ball condition fails. We then consider the partition \scrT \mathrm{K}\mathrm{O}
h = \scrT \mathrm{K}\mathrm{O},1

h \cup \scrT \mathrm{K}\mathrm{O},2
h ,

where T \in \scrT \mathrm{K}\mathrm{O},i
h if \iota (T ) = i. In conclusion, a mesh partition that is finer than (3.2) is

\scrT h := \scrT 1
h \cup \scrT 2

h\underbrace{}  \underbrace{}  
\scrT \mathrm{u}\mathrm{n}\mathrm{c}\mathrm{u}\mathrm{t}
h

\cup \scrT \mathrm{O}\mathrm{K}
h \cup \scrT \mathrm{K}\mathrm{O},1

h \cup \scrT \mathrm{K}\mathrm{O},2
h\underbrace{}  \underbrace{}  

=\scrT \mathrm{c}\mathrm{u}\mathrm{t}
h

.(3.3)

The polynomial extension technique we propose relies on a pairing operator, which
maps every ill-cut cell S \in \scrT \mathrm{K}\mathrm{O}

h to an uncut or a well-cut cell that belongs to the
neighborhood \Delta (S). We denote the pairing operator as \scrN : \scrT \mathrm{K}\mathrm{O}

h  - \rightarrow \scrT h, so that we
have

\scrN : \scrT \mathrm{K}\mathrm{O}
h \ni S \mapsto  - \rightarrow T \in (\scrT i

h \cup \scrT \mathrm{O}\mathrm{K}
h \cup \scrT \mathrm{K}\mathrm{O},\=\imath 

h )\cap \Delta (S), i := \iota (T ).(3.4)

Letting \scrN i :=\scrN | \scrT \mathrm{K}\mathrm{O},i
h

for all i\in \{ 1,2\} , we have more specifically

\scrN i : \scrT \mathrm{K}\mathrm{O},i
h \ni S \mapsto  - \rightarrow T \in (\scrT i

h \cup \scrT \mathrm{O}\mathrm{K}
h \cup \scrT \mathrm{K}\mathrm{O},\=\imath 

h )\cap \Delta (S).(3.5)

We notice that the set \scrT \mathrm{K}\mathrm{O},i
h can be partitioned as follows:

\scrT \mathrm{K}\mathrm{O},i
h =\scrN  - 1

i (\scrT i
h )\cup \scrN  - 1

i (\scrT \mathrm{O}\mathrm{K}
h )\cup \scrN  - 1

i (\scrT \mathrm{K}\mathrm{O},\=\imath 
h ) \forall i\in \{ 1,2\} .(3.6)

The pairing operator is essentially the one constructed in [12, Algorithm 1]. One
difference, however, is that after Step 3 of this algorithm, we need to add an additional
Step 4 performing the same operations as in Step 3, but for any mesh cell in \scrT \mathrm{K}\mathrm{O},2

h .

One way of proceeding is to set \scrN 2(T ) := S, whenever T :=\scrN 1(S) \in \scrT \mathrm{K}\mathrm{O},2
h for some

cell S \in \scrT \mathrm{K}\mathrm{O},1
h . Thus, the well-cut part of S in \Omega 2 will be used for T , and the well-cut

part of T in \Omega 1 will be used for S. The reason why Step 4 is not needed in the
context of cell agglomeration is that by agglomerating T and S in Step 3, T does not
require any further stabilization. An illustration of the pairing operators \scrN 1 and \scrN 2 is
shown in Figure 3.2, and two concrete examples are displayed in the central column of
Figure 5.1 below. Notice that it may happen that some cells in \scrT \mathrm{O}\mathrm{K}

h are in the image
of both \scrN 1 and \scrN 2. The above choice in Step 4 aims at reducing the possible impact
of the pairing operator on the resulting stiffness matrix. There may be room for some
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N1

N2 T OK
h

T KO,2
h

T KO,1
h

T 2
h

T 1
h

T OK
h

T KO,2
h

T KO,1
h

T 2
h

T 1
h

Fig. 3.2. Pairing operators \scrN 1 and \scrN 2 acting on the ill-cut cells.

further improvement, but we do not delve on this aspect here since the impact of the
pairing operator on the stencil is already quite modest, as highlighted in Figure 5.4
below.

The mesh faces are collected in the set \scrF h, and we set \scrF i
h := \{ F \in \scrF h | F \subset \Omega i\} 

for all i \in \{ 1,2\} . For every mesh face F \in \scrF \Gamma 
h := \scrF h \setminus (\scrF 1

h \cup \scrF 2
h) cut by the interface

\Gamma , we define its two subfaces as F i := F \cap \Omega i for all i \in \{ 1,2\} . For all T \in \scrT h, \scrF \partial T

is the collection of mesh faces composing the boundary \partial T . Moreover, for every cut
cell T \in \scrT \mathrm{O}\mathrm{K}

h \cup \scrT \mathrm{K}\mathrm{O}
h , recalling that T\Gamma = T \cap \Gamma , the boundary \partial (T i) of the subcell T i

is decomposed as

\partial (T i) := (\partial T )i \cup T\Gamma , (\partial T )i := \partial T \cap (\Omega i\setminus \Gamma ) \forall i\in \{ 1,2\} .(3.7)

To unify the notation, for every uncut cell T \in \scrT i
h with i := \iota (T )\in \{ 1,2\} , we set (recall

that \=\imath = 3 - i)

T i := T, T\=\imath := \emptyset , (\partial T )i := \partial T, (\partial T )\=\imath := \emptyset , T\Gamma := \emptyset .(3.8)

Finally, for all T \in \scrT h and all i \in \{ 1,2\} , the (possibly empty) set \scrF (\partial T )i := \{ F i =
F \cap \Omega i | F \in \scrF \partial T \} is the collection of the (sub)faces composing (\partial T )i.

3.2. Unfitted HHO spaces. HHO methods utilize polynomial unknowns at-
tached to the mesh cells and to the mesh faces. We consider here the mixed-order
HHO method, where the degree of the face unknowns is k \geq 0 and that of the cell
unknowns is (k + 1). For the motivation of using a mixed-order setting, we refer the
reader to [16, Remark 4.1].

For every uncut cell T \in \scrT i
h , i \in \{ 1,2\} , the local discrete HHO unknowns are a

pair composed of one cell polynomial and a collection of face polynomials (one for
each face of T ), so that

\^uT := (uT , u\partial T )\in \widehat \scrU T := \BbbP k+1(T ;\BbbR )\times \BbbP k(\scrF \partial T ;\BbbR ), \BbbP k(\scrF \partial T ;\BbbR ) := \times 
F\in \scrF \partial T

\BbbP k(F ;\BbbR ).
(3.9)

Here, \BbbP k+1(T ;\BbbR ) (resp., \BbbP k(F ;\BbbR )) consists of the restriction to T (resp., F ) of scalar-
valued d variate polynomials of degree at most (k+1) (resp., (d - 1)-variate polynomials
of degree at most k composed with any affine geometric mapping from the hyperplane
supporting F to \BbbR d - 1). For every cut cell T \in \scrT \mathrm{O}\mathrm{K}

h \cup \scrT \mathrm{K}\mathrm{O}
h , following [16, 12], we double
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the HHO unknowns to have the usual unknowns available in each subcell, except on
T\Gamma , where there are no unknowns. Thus, the local HHO unknowns in every cut cell are

\^uT := (\^uT 1 , \^uT 2) := (uT 1 , u(\partial T )1 , uT 2 , u(\partial T )2)\in \widehat \scrU T := \widehat \scrU T 1 \times \widehat \scrU T 2(3.10)

with \widehat \scrU T i := \BbbP k+1(T i) \times \BbbP k(\scrF (\partial T )i) and \BbbP k(\scrF (\partial T )i) :=\times F i\in \scrF (\partial T )i
\BbbP k(F i), for all i \in 

\{ 1,2\} . To unify the notation between cut and uncut cells, we write \^uT in the same
format as in (3.10) for every uncut cell as well. Thus, we write \^uT := (uT , u\partial T ,0,0)
for all T \in \scrT 1

h and \^uT := (0,0, uT , u\partial T ) for all T \in \scrT 2
h .

The global HHO space on the unfitted mesh is\widehat \scrU h := \scrU \scrT 1
h
\times \scrU \scrF 1

h
\times \scrU \scrT 2

h
\times \scrU \scrF 2

h
,(3.11)

where

\scrU \scrT i
h
:= \times 

T\in \scrT h

\BbbP k+1(T i;\BbbR ), \scrU \scrF i
h
:= \times 

F\in \scrF h

\BbbP k(F i;\BbbR ) \forall i\in \{ 1,2\} .(3.12)

To enforce the homogeneous Dirichlet boundary condition on \partial \Omega , we consider the
subspace \widehat \scrU h0 := \scrU \scrT 1

h
\times \scrU \scrF 1

h0
\times \scrU \scrT 2

h
\times \scrU \scrF 2

h0
, where \scrU \scrF 1

h0
and \scrU \scrF 2

h0
are the subspaces of

\scrU \scrF 1
h
and \scrU \scrF 2

h
, respectively, where all the unknowns attached to faces located on \partial \Omega 

are set to zero. Recall that only one of the two subdomains \Omega i touches the boundary,
so that, in practice, only one of the two face spaces is modified to account for Dirichlet
conditions.

3.3. Local reconstruction operator. The local reconstruction operator is a
central tool in the devising of HHO methods. Recall that, in the fitted case, one
possibility (see [1, 21]) is to consider, for all T \in \scrT h, the operator \bfitG k

T : \widehat \scrU T \rightarrow \BbbP k(T ;\BbbR d)
such that, for all \^uT = (uT , u\partial T )\in \widehat \scrU T and all \bfitq \in \BbbP k(T ;\BbbR d),

(\bfitG k
T (\^uT ),\bfitq )T := (\nabla uT ,\bfitq )T + (u\partial T  - uT ,\bfitq \cdot \bfitn T )\partial T .(3.13)

In the unfitted case, the idea proposed in [12] is to reconstruct a gradient in each
subcell T i. Thus, one defines a pair of local operators \bfitG k

T i : \widehat \scrU T \rightarrow \BbbP k(T i;\BbbR d), i \in 
\{ 1,2\} , such that, for all \^uT = (uT 1 , u(\partial T )1 , uT 2 , u(\partial T )2)\in \widehat \scrU T and all \bfitq \in \BbbP k(T i;\BbbR d),

(\bfitG k
T i(\^uT ),\bfitq )T i := (\nabla uT i ,\bfitq )T i + (u(\partial T )i  - uT i ,\bfitq \cdot \bfitn T )(\partial T )i  - \delta i1(JuT K\Gamma ,\bfitq \cdot \bfitn \Gamma )T\Gamma 

(3.14)

with JuT K\Gamma := uT 1 | T\Gamma  - uT 2 | T\Gamma and \delta i1 denotes the Kronecker delta. Notice that the
two gradients are reconstructed independently, but \bfitG k

T 1 depends on the cell compo-
nents on both sides of the interface owing to the last term in (3.14). This term is only
present when i= 1 because we assumed \kappa 1 \leq \kappa 2 (to fix the ideas; otherwise the term
is present only when i = 2). As discussed in [12, section 2.5], this is instrumental to
achieve robustness of the error estimate in the highly contrasted case \kappa 1 \ll \kappa 2.

Owing to the use of polynomial extensions in the present work, the stencil of
the local gradient reconstruction operator needs to be extended. Indeed, on a given
mesh cell T \in \scrT h, this operator now involves the local cell and face unknowns in T
(as before), but also the cell and face unknowns of the ill-cut cells S \in \scrN  - 1(T ) (those
are the cells S \in \scrT h such that there exists i \in \{ 1,2\} so that \scrN i(S) = T ). Therefore,
for all T \in \scrT h, we introduce the notation

\^u\scrN 
T := (\^uT , (\^uS)S\in \scrN  - 1(T ))\in \widehat \scrU \scrN 

T := \widehat \scrU T \times \times 
S\in \scrN  - 1(T )

\widehat \scrU S .(3.15)
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We can now define, for all T \in \scrT h, the local gradient reconstruction operators
\bfitG k

T i : \widehat \scrU \scrN 
T \rightarrow \BbbP k(T i;\BbbR d) for all i \in \{ 1,2\} . For all (T, i) \in \scrP h and every polynomial

\bfitq \in \BbbP k(T i;\BbbR d), \bfitq + denotes its extension to \Delta (T ) (observe that T i \cup 
\bigcup 

S\in \scrN  - 1
i (T ) S

i \subset 
\Delta (T )). Then, for all \^u\scrN 

T \in \widehat \scrU \scrN 
T , the following hold:

(i) If T \in \scrT \mathrm{u}\mathrm{n}\mathrm{c}\mathrm{u}\mathrm{t}
h , we set, for all \bfitq \in \BbbP k(T i;\BbbR d) with i := \iota (T ),

(\bfitG k
T i(\^u\scrN 

T ),\bfitq )T i := (\nabla uT i ,\bfitq )T i + (u(\partial T )i  - uT i ,\bfitq \cdot \bfitn T )(\partial T )i

(3.16a)

+
\sum 

S\in \scrN  - 1
i (T )

\Bigl\{ 
(u(\partial S)i  - uSi ,\bfitq +\cdot \bfitn S)(\partial S)i  - \delta i1(JuSK\Gamma ,\bfitq +\cdot \bfitn \Gamma )S\Gamma 

\Bigr\} 
,

\bfitG k
T\=\imath (\^u\scrN 

T ) := 0,

(3.16b)

where the summation over S \in \scrN  - 1
i (T ) is void if T is not in the image of \scrN i.

(ii) If T \in \scrT \mathrm{O}\mathrm{K}
h , we set, for all i\in \{ 1,2\} and all \bfitq \in \BbbP k(T i;\BbbR d),

(\bfitG k
T i(\^u\scrN 

T ),\bfitq )T i := (\nabla uT i ,\bfitq )T i + (u(\partial T )i  - uT i ,\bfitq \cdot \bfitn T )(\partial T )i  - \delta i1(JuT K\Gamma ,\bfitq \cdot \bfitn \Gamma )T\Gamma 

(3.17)

+
\sum 

S\in \scrN  - 1
i (T )

\Bigl\{ 
(u(\partial S)i  - uSi ,\bfitq +\cdot \bfitn S)(\partial S)i  - \delta i1(JuSK\Gamma ,\bfitq +\cdot \bfitn \Gamma )S\Gamma 

\Bigr\} 
.

(iii) If T \in \scrT \mathrm{K}\mathrm{O}
h , we set, for all \bfitq \in \BbbP k(T\=\imath ;\BbbR d) with i := \iota (T ),

\bfitG k
T i(\^u\scrN 

T ) :=\nabla uT i ,(3.18a)

(\bfitG k
T\=\imath (\^u\scrN 

T ),\bfitq )T\=\imath := (\nabla uT\=\imath ,\bfitq )T\=\imath + (u(\partial T )\=\imath  - uT\=\imath ,\bfitq \cdot \bfitn T )(\partial T )\=\imath  - \delta \=\imath 1(JuT K\Gamma ,\bfitq \cdot \bfitn \Gamma )T\Gamma 

(3.18b)

+
\sum 

S\in \scrN  - 1
\=\imath (T )

\bigl\{ 
(u(\partial S)\=\imath  - uS\=\imath ,\bfitq +\cdot \bfitn S)(\partial S)\=\imath  - \delta \=\imath 1(JuSK\Gamma ,\bfitq +\cdot \bfitn \Gamma )S\Gamma 

\bigr\} 
.

Since the discretization method is formulated on the mesh subcells, we consider
the collection thereof, which is conveniently described as a subset of the product set
\scrT h \times \{ 1,2\} . Specifically, we set

\scrP \mathrm{O}\mathrm{K}
h := \{ (T, \iota (T )) | T \in \scrT \mathrm{u}\mathrm{n}\mathrm{c}\mathrm{u}\mathrm{t}

h \} \cup \{ (T,1), (T,2) | T \in \scrT \mathrm{O}\mathrm{K}
h \} (3.19a)

\cup \{ (T,\=\imath ), | T \in \scrT \mathrm{K}\mathrm{O}
h , i := \iota (T )\} ,

\scrP \mathrm{K}\mathrm{O}
h := \{ (T, i) | T \in \scrT \mathrm{K}\mathrm{O}

h , i := \iota (T )\} .(3.19b)

Notice that \scrP h := \scrP \mathrm{O}\mathrm{K}
h \cup \scrP \mathrm{K}\mathrm{O}

h is the collection of all the mesh subcells. As a conse-
quence of (3.6), the subset \scrP \mathrm{K}\mathrm{O}

h can be enumerated as follows:

\scrP \mathrm{K}\mathrm{O}
h = \{ (S, i)\in \scrP h | S \in \scrN  - 1

i (T ), (T, i)\in \scrP \mathrm{O}\mathrm{K}
h \} .(3.20)

The above notation allows us to rewrite in a synthetic form the formula for the
gradient reconstruction while avoiding the proliferation of cases. Indeed, one readily
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Fig. 3.3. Local stencil for gradient reconstruction operator.

sees that the formulas (3.16a), (3.17), and (3.18b) are equivalent to setting, for all
(T, i)\in \scrP \mathrm{O}\mathrm{K}

h , all \^u\scrN 
T \in \widehat \scrU \scrN 

T , and all \bfitq \in \BbbP k(T i;\BbbR d),

(\bfitG k
T i(\^u\scrN 

T ),\bfitq )T i := (\nabla uT i ,\bfitq )T i + (u(\partial T )i  - uT i ,\bfitq \cdot \bfitn T )(\partial T )i  - \delta i1(JuT K\Gamma ,\bfitq \cdot \bfitn \Gamma )T\Gamma 

(3.21)

+
\sum 

S\in \scrN  - 1
i (T )

\Bigl\{ 
(u(\partial S)i  - uSi ,\bfitq +\cdot \bfitn S)(\partial S)i  - \delta i1(JuSK\Gamma ,\bfitq +\cdot \bfitn \Gamma )S\Gamma 

\Bigr\} 
,

where the summation over S \in \scrN  - 1
i (T ) is void if T is not in the image of\scrN i. Moreover,

(3.18a) means that, for all (T, i)\in \scrP \mathrm{K}\mathrm{O}
h , we set

\bfitG k
T i(\^u\scrN 

T ) :=\nabla uT i .(3.22)

For all (T,1) \in \scrP \mathrm{O}\mathrm{K}
h , it is convenient to define the discrete lifting operator \bfitL k

T 1 :
L2(\Gamma )\rightarrow \BbbP k(T 1;\BbbR d) such that, for all g \in L2(\Gamma ) and all \bfitq \in \BbbP k(T 1;\BbbR d),

(\bfitL k
T 1(g),\bfitq )T 1 := (g,\bfitq \cdot \bfitn \Gamma )T\Gamma +

\sum 
S\in \scrN  - 1

1 (T )

(g,\bfitq +\cdot \bfitn \Gamma )S\Gamma .(3.23)

It is also convenient to define on \Gamma the function given by the jump of the cell com-
ponents of a discrete HHO variable. Specifically, we define the function Ju\scrT h

K\Gamma on \Gamma 
such that, for all T \in \scrT \mathrm{c}\mathrm{u}\mathrm{t}

h , Ju\scrT h
K\Gamma := uT 1 | T\Gamma  - uT 2 | T\Gamma . Then, for all (T, i)\in \scrP \mathrm{O}\mathrm{K}

h , we
can rewrite (3.21) as follows:

(\bfitG k
T i(\^u\scrN 

T ) + \delta i1\bfitL 
k
T 1(Ju\scrT h

K\Gamma ),\bfitq )T i := (\nabla uT i ,\bfitq )T i + (u(\partial T )i  - uT i ,\bfitq \cdot \bfitn T )(\partial T )i(3.24)

+
\sum 

S\in \scrN  - 1
i (T )

(u(\partial S)i  - uSi ,\bfitq +\cdot \bfitn S)(\partial S)i .
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3.4. Stabilization. We consider three local stabilization bilinear forms. The
first one is the usual HHO stabilization bilinear form in the mixed-order setting
(in the spirit of the HDG Lehrenfeld--Sch\"oberl stabilization [29]). Its role is to weakly
enforce the matching between cell- and face-based HHO unknowns on the subfaces of
the mesh subcells in each subdomain. For all \^vh, \^wh \in \widehat \scrU h0, we set

s\circ h(\^vh, \^wh) :=
\sum 

(T,i)\in \scrP h

\kappa ih
 - 1
T (\Pi k

(\partial T )i(vT i) - v(\partial T )i ,\Pi 
k
(\partial T )i(wT i) - w(\partial T )i)(\partial T )i ,(3.25)

where \Pi k
(\partial T )i denotes the L2-orthogonal projector onto \BbbP k(\scrF (\partial T )i ;\BbbR ).

The second stabilization bilinear form is the same as the one introduced in [16, 12]
to control the jumps across the interface \Gamma . Specifically, we set, for all \^vh, \^wh \in \widehat \scrU h0,

s\Gamma h(\^vh, \^wh) :=
\sum 

T\in \scrT \mathrm{c}\mathrm{u}\mathrm{t}
h

\kappa 1h
 - 1
T (JvT K\Gamma , JwT K\Gamma )T\Gamma .(3.26)

The third stabilization bilinear form is specific to the present setting using poly-
nomial extensions. Its aim is to provide some control on the cell components in ill-cut
cells and is devised in the same spirit as the so-called direct ghost penalty method
from [31, 28]. Specifically, we set, for all \^vh, \^wh \in \widehat \scrU h0,

s\scrN h (\^vh, \^wh) :=
\sum 

(T,i)\in \scrP \mathrm{O}\mathrm{K}
h

\sum 
S\in \scrN  - 1

i (T )

\eta \scrN \kappa ih
 - 2
T (vSi  - v+T i ,wSi  - w+

T i)T i ,(3.27)

recalling that the superscript + denotes the extension of a polynomial originally de-
fined on T i to \Delta (T ), and \eta \scrN > 0 is a user-defined parameter.

Putting everything together, we define, for all \^vh, \^wh \in \widehat \scrU h0,

sh(\^vh, \^wh) := s\circ h(\^vh, \^wh) + s\Gamma h(\^vh, \^wh) + s\scrN h (\^vh, \^wh).(3.28)

3.5. Discrete problem. The global discrete problem reads as follows: Find
\^uh \in \widehat \scrU h0 such that,

ah(\^uh, \^wh) = \ell h( \^wh) \forall \^wh \in \widehat \scrU h0,(3.29)

where the bilinear ah is defined as follows: For all \^vh, \^wh \in \widehat \scrU h0,

ah(\^vh, \^wh) := bh(\^vh, \^wh) + sh(\^vh, \^wh)(3.30)

with

bh(\^vh, \^wh) :=
\sum 

(T,i)\in \scrP h

\kappa i(\bfitG 
k
T i(\^v\scrN T ),\bfitG k

T i( \^w\scrN 
T ))T i .(3.31)

Moreover, the linear form \ell h is such that, for all \^wh \in \widehat \scrU h0,

\ell h( \^wh) :=
\sum 

(T,i)\in \scrP h

(f,wT i)T i +
\sum 

T\in \scrT \mathrm{c}\mathrm{u}\mathrm{t}
h

\Bigl\{ 
(gN ,wT 2)T\Gamma + \kappa 1h

 - 1
T (gD, JwT K\Gamma )T\Gamma 

\Bigr\} 
(3.32)

 - 
\sum 

(T,1)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa 1(\bfitL 
k
T 1(gD),\bfitG k

T 1( \^w\scrN 
T ))T 1 ,

where the lifting operator \bfitL k
T 1 is defined in (3.23). Notice that, in the discrete prob-

lem (3.29), only the Dirichlet boundary condition is enforced explicitly (on the face
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unknowns located on the boundary \partial \Omega ), whereas both jump conditions across the in-
terface, (2.1b) and (2.1c), are enforced weakly. We notice that cell unknowns can still
be eliminated from (3.29) by static condensation. Whenever \scrN  - 1(T ) is nonempty for
a mesh cell T \in \scrT h, all the cell unknowns attached to T \cup 

\bigcup 
S\in \scrN  - 1(T ) S are blocked

together.
To prepare for the consistency error analysis, we state a useful result on the

discrete bilinear and linear forms. Although this lemma is only used in section 4, it is
given here to highlight why the definitions (3.21)--(3.22) of the reconstructed gradient
are meaningful.

Lemma 3.1 (consistency: preparatory identity). Let u\mathrm{e}\mathrm{x} be the weak solution to
(2.2). Let \^vh \in \widehat \scrU h0 be arbitrary and set

\bfitdelta T,i :=\bfitG k
T i(\^v\scrN T ) + \delta i1\bfitL 

k
T 1(Ju\mathrm{e}\mathrm{x}K\Gamma ) - \nabla u\mathrm{e}\mathrm{x}

i | T i \forall (T, i)\in \scrP \mathrm{O}\mathrm{K}
h ,

(3.33a)

\bfitdelta T,S,i :=
\bigl\{ 
\bfitG k

T i(\^v\scrN T ) + \delta i1\bfitL 
k
T 1(Ju\mathrm{e}\mathrm{x}K\Gamma )

\bigr\} +| Si  - \nabla u\mathrm{e}\mathrm{x}
i | Si \forall (T, i)\in \scrP \mathrm{O}\mathrm{K}

h , \forall S \in \scrN  - 1
i (T ),

(3.33b)

\bfitdelta T,i :=\bfitG k
T i(\^v\scrN T ) - \nabla u\mathrm{e}\mathrm{x}

i | T i =\nabla vT i  - \nabla u\mathrm{e}\mathrm{x}
i | T i \forall (T, i)\in \scrP \mathrm{K}\mathrm{O}

h .

(3.33c)

Then, the following holds for all \^wh \in \widehat \scrU h0:

ah(\^vh, \^wh) - \ell h( \^wh)(3.34)

=
\sum 

(T,i)\in \scrP h

\kappa i(\bfitdelta T,i,\nabla wT i)T i

+
\sum 

(T,i)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa i

\biggl\{ 
(\bfitdelta T,i\cdot \bfitn T ,w(\partial T )i  - wT i)(\partial T )i  - \delta i1(\bfitdelta T,1\cdot \bfitn \Gamma , JwT K\Gamma )T\Gamma 

+
\sum 

S\in \scrN  - 1
i (T )

\bigl\{ 
(\bfitdelta T,S,i\cdot \bfitn S ,w(\partial S)i  - wSi)(\partial S)i  - \delta i1(\bfitdelta T,S,1\cdot \bfitn \Gamma , JwSK\Gamma )S\Gamma 

\bigr\} \biggr\} 
+ s\circ h(\^vh, \^wh) + s\scrN h (\^vh, \^wh) +

\sum 
T\in \scrT \mathrm{c}\mathrm{u}\mathrm{t}

h

\kappa 1h
 - 1
T (JvT  - u\mathrm{e}\mathrm{x}K\Gamma , JwT K\Gamma )T\Gamma .

Proof. (1) Recalling the properties (2.1a)--(2.1c) satisfied by the exact solution
and the definition (3.32) of the linear form \ell h, we infer that, for all \^wh \in \widehat \scrU h0, \ell h( \^wh) =
L1 +L2 +L3 with

L1 :=
\sum 

(T,i)\in \scrP h

 - (\nabla \cdot (\kappa i\nabla u\mathrm{e}\mathrm{x}
i ),wT i)T i +

\sum 
T\in \scrT \mathrm{c}\mathrm{u}\mathrm{t}

h

((\kappa 1\nabla u\mathrm{e}\mathrm{x}
1  - \kappa 2\nabla u\mathrm{e}\mathrm{x}

2 )\cdot \bfitn \Gamma ,wT 2)T\Gamma ,

L2 :=
\sum 

T\in \scrT \mathrm{c}\mathrm{u}\mathrm{t}
h

\kappa 1h
 - 1
T (Ju\mathrm{e}\mathrm{x}K\Gamma , JwT K\Gamma )T\Gamma ,

L3 := - 
\sum 

(T,1)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa 1(\bfitL 
k
T 1(Ju\mathrm{e}\mathrm{x}K\Gamma ),\bfitG k

T 1( \^w\scrN 
T ))T 1 .

Integrating by parts and reorganizing the boundary term on \Gamma (recall that \bfitn T 1 =
 - \bfitn T 2 =\bfitn \Gamma ) gives
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(T,i)\in \scrP h

 - (\nabla \cdot (\kappa i\nabla u\mathrm{e}\mathrm{x}
i ),wT i)T i

=
\sum 

(T,i)\in \scrP h

\kappa i

\bigl\{ 
(\nabla u\mathrm{e}\mathrm{x}

i ,\nabla wT i)T i  - (\nabla u\mathrm{e}\mathrm{x}
i \cdot \bfitn T ,wT i)(\partial T )i

\bigr\} 
 - 

\sum 
T\in \scrT \mathrm{c}\mathrm{u}\mathrm{t}

h

\bigl\{ 
(\kappa 1\nabla u\mathrm{e}\mathrm{x}

1 \cdot \bfitn \Gamma ,wT 1)T\Gamma  - (\kappa 2\nabla u\mathrm{e}\mathrm{x}
2 \cdot \bfitn \Gamma ,wT 2)T\Gamma 

\bigr\} 
.

Since \nabla u\mathrm{e}\mathrm{x}
i is single-valued on (\partial T )i \cap \Omega i and w(\partial T )i vanishes on the mesh boundary

faces, we obtain\sum 
(T,i)\in \scrP h

 - (\nabla \cdot (\kappa i\nabla u\mathrm{e}\mathrm{x}
i ),wT i)T i

=
\sum 

(T,i)\in \scrP h

\kappa i

\bigl\{ 
(\nabla u\mathrm{e}\mathrm{x}

i ,\nabla wT i)T i + (\nabla u\mathrm{e}\mathrm{x}
i \cdot \bfitn T ,w(\partial T )i  - wT i)(\partial T )i

\bigr\} 
 - 

\sum 
T\in \scrT \mathrm{c}\mathrm{u}\mathrm{t}

h

\bigl\{ 
(\kappa 1\nabla u\mathrm{e}\mathrm{x}

1 \cdot \bfitn \Gamma ,wT 1)T\Gamma  - (\kappa 2\nabla u\mathrm{e}\mathrm{x}
2 \cdot \bfitn \Gamma ,wT 2)T\Gamma 

\bigr\} 
.

Therefore, we have

L1 =
\sum 

(T,i)\in \scrP h

\kappa i

\Bigl\{ 
(\nabla u\mathrm{e}\mathrm{x}

i ,\nabla wT i)T i + (\nabla u\mathrm{e}\mathrm{x}
i \cdot \bfitn T ,w(\partial T )i  - wT i)(\partial T )i

\Bigr\} 
 - 

\sum 
T\in \scrT \mathrm{c}\mathrm{u}\mathrm{t}

h

\kappa 1(\nabla u\mathrm{e}\mathrm{x}
1 \cdot \bfitn \Gamma , JwT K\Gamma )T\Gamma .

A rewriting of the last term on the right-hand side gives

L1 =
\sum 

(T,i)\in \scrP h

\kappa i

\Bigl\{ 
(\nabla u\mathrm{e}\mathrm{x}

i ,\nabla wT i)T i + (\nabla u\mathrm{e}\mathrm{x}
i \cdot \bfitn T ,w(\partial T )i  - wT i)(\partial T )i

 - \delta i1(\nabla u\mathrm{e}\mathrm{x}
1 \cdot \bfitn \Gamma , JwT K\Gamma )T\Gamma 

\Bigr\} 
.

We now use the enumeration formula (3.20) for the pairs (T, i)\in \scrP \mathrm{K}\mathrm{O}
h . This gives

L1 =
\sum 

(T,i)\in \scrP h

\kappa i(\nabla u\mathrm{e}\mathrm{x}
i ,\nabla wT i)T i

+
\sum 

(T,i)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa i

\biggl\{ 
(\nabla u\mathrm{e}\mathrm{x}

i \cdot \bfitn T ,w(\partial T )i  - wT i)(\partial T )i  - \delta i1(\nabla u\mathrm{e}\mathrm{x}
1 \cdot \bfitn \Gamma , JwT K\Gamma )T\Gamma 

+
\sum 

S\in \scrN  - 1
i (T )

\bigl\{ 
(\nabla u\mathrm{e}\mathrm{x}

i \cdot \bfitn S ,w(\partial S)i  - wSi)(\partial S)i  - \delta i1(\nabla u\mathrm{e}\mathrm{x}
1 \cdot \bfitn \Gamma , JwSK\Gamma )S\Gamma 

\bigr\} \biggr\} 
.

(2) For all \^vh \in \widehat \scrU h0, setting \bfitgamma T,i :=\bfitG k
T i(\^v\scrN T )+\delta i1\bfitL 

k
T 1(Ju\mathrm{e}\mathrm{x}K\Gamma ) for all (T, i)\in \scrP \mathrm{O}\mathrm{K}

h

and \bfitgamma T,i := \bfitG k
T i(\^v\scrN T ) = \nabla vT i for all (T, i) \in \scrP \mathrm{K}\mathrm{O}

h , and using the definition (3.31) of
the bilinear form bh together with the definition of L3 given above, we infer that

bh(\^vh, \^wh) - L3 =
\sum 

(T,i)\in \scrP h

\kappa i(\bfitG 
k
T i(\^v\scrN T ),\bfitG k

T i( \^w\scrN 
T ))T i

+
\sum 

(T,1)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa 1(\bfitL 
k
T 1(Ju\mathrm{e}\mathrm{x}K\Gamma ),\bfitG k

T 1( \^w\scrN 
T ))T 1

=
\sum 

(T,i)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa i(\bfitgamma T,i,\bfitG 
k
T i( \^w\scrN 

T ))T i +
\sum 

(T,i)\in \scrP \mathrm{K}\mathrm{O}
h

\kappa i(\bfitgamma T,i,\bfitG 
k
T i( \^w\scrN 

T ))T i .
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Using the definitions (3.21)--(3.22) of the gradient reconstruction operator and since
\bfitgamma T,i \in \BbbP k(T i;\BbbR d) for all (T, i)\in \scrP h, we obtain

bh(\^vh, \^wh) =
\sum 

(T,i)\in \scrP h

\kappa i(\bfitgamma T,i,\nabla wT i)T i

+
\sum 

(T,i)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa i

\biggl\{ 
(\bfitgamma T,i\cdot \bfitn T ,w(\partial T )i  - wT i)(\partial T )i  - \delta i1(\bfitgamma T,1\cdot \bfitn \Gamma , JwT K\Gamma )T\Gamma 

+
\sum 

S\in \scrN  - 1
i (T )

\bigl\{ 
(\bfitgamma +

T,i\cdot \bfitn S ,w(\partial S)i  - wSi)(\partial S)i  - \delta i1(\bfitgamma 
+
T,1\cdot \bfitn \Gamma , JwSK\Gamma )S\Gamma 

\bigr\} \biggr\} 
.

(3) Combining the identities from Steps (1) and (2) and recalling that ah = bh+sh
completes the proof.

4. Stability, consistency, and error estimate. In this section, we perform
the stability and error analysis for the unfitted HHO method introduced in the pre-
vious section. We use the convention A\lesssim B to abbreviate the inequality A\leq CB for
positive real numbers A and B, where the constant C only depends on the polyno-
mial degree, the mesh shape-regularity, the parameter \vargamma used in the definition of the
pairing operator, and the space dimension.

4.1. Analysis tools. In this section, we present the main tools to perform the
error analysis. The proofs are postponed to section 6. For all (T, i) \in \scrP \mathrm{O}\mathrm{K}

h , recall
that the superscript + is used here to indicate the extension of a polynomial originally
defined on T i to \Delta (T ) (observe that T \cup 

\bigcup 
S\in \scrN  - 1

i (T ) S \subset \Delta (T )).

Lemma 4.1 (discrete inverse inequalities). The following holds for all (T, i) \in 
\scrP \mathrm{O}\mathrm{K}
h , all \phi \in \BbbP \ell (T i;\BbbR ), and all \ell \geq 0:\sum 

S\in \{ T\} \cup \scrN  - 1
i (T )

\Bigl\{ 
\| \phi +\| S + h

1
2

S\| \phi 
+\| (\partial S)i\cup S\Gamma 

\Bigr\} 
\lesssim \| \phi \| T i ,(4.1a)

\sum 
S\in \{ T\} \cup \scrN  - 1

i (T )

h
 - 1

2

S \| (I  - \Pi k
(\partial S)i)(\phi 

+)\| (\partial S)i \lesssim \| \nabla \phi \| T i .(4.1b)

For all s \geq 0 and all i \in \{ 1,2\} , let Es
i : Hs(\Omega i) \rightarrow Hs(\BbbR d) be a stable extension

operator. For all v \in Hs(\Omega 1 \cup \Omega 2) with s > 1
2 and all (T, i)\in \scrP \mathrm{O}\mathrm{K}

h , we define

Ik+1
T i (vi) :=\Pi k+1

T (Es
i (vi))| T i \in \BbbP k+1(T i;\BbbR ),(4.2)

where \Pi k+1
T denotes the L2-orthogonal projection onto \BbbP k+1(T ;\BbbR ). (Notice that the

operator Ik+1
T i depends on the Sobolev index s, but this dependency is not tracked to

simplify the notation; notice also that the extension operator is not needed if T is an
uncut cell.) Let us set, for all (T, i)\in \scrP \mathrm{O}\mathrm{K}

h ,

\epsilon T,i(vi) :=
\sum 

S\in \{ T\} \cup \scrN  - 1
i (T )

\Bigl\{ 
\| vi  - Ik+1

T i (vi)
+\| Si + h

1
2

S\| vi  - Ik+1
T i (vi)

+\| (\partial S)i

+ hS\| \nabla (vi  - Ik+1
T i (vi)

+)\| Si + h
3
2

S\| \nabla (vi  - Ik+1
T i (vi)

+)\| (\partial S)i

\Bigr\} 
,(4.3a)

\epsilon \Gamma T,i(v) :=
\sum 

S\in \{ T\} \cup \scrN  - 1
i (T )

h
1
2

S\| Jv - Ik+1
T (v)+K\Gamma \| S\Gamma ,(4.3b)

where Jv - Ik+1
T (v)+K\Gamma | S\Gamma := (v1  - Ik+1

T 1 (v1))| S\Gamma  - (v2  - Ik+1
T 2 (v2))| S\Gamma .
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Lemma 4.2 (approximation). For all v \in Hs(\Omega 1 \cup \Omega 2) with s \in ( 32 , k+ 2] and all
(T, i)\in \scrP \mathrm{O}\mathrm{K}

h , we have

\epsilon T,i(vi)\lesssim hs
T | Es

i (vi)| Hs(\Delta (T )),(4.4a)

\epsilon \Gamma T,i(v)\lesssim hs
T

\sum 
i\in \{ 1,2\} 

| Es
i (vi)| Hs(\Delta 2(T )).(4.4b)

4.2. Stability and well-posedness. We introduce the following norm on \widehat \scrU h0:
For all \^vh \in \widehat \scrU h0,

\| \^vh\| 2h0 :=
\sum 

(T,i)\in \scrP h

\kappa i\| \nabla vT i\| 2T i + | \^vh| 2\mathrm{s} + s\Gamma h(\^vh, \^vh) + s\scrN h (\^vh, \^vh),(4.5)

where

| \^vh| 2\mathrm{s} :=
\sum 

(T,i)\in \scrP h

\kappa ih
 - 1
T \| v(\partial T )i  - vT i\| 2(\partial T )i ,(4.6)

and the stabilization bilinear forms are defined in section 3.4. We observe that in
general | \^vh| 2\mathrm{s} \not = s\circ h(\^vh, \^vh) since the cell component is projected when evaluating the
latter. Furthermore, we notice the following rewriting:

\| \^vh\| 2h0 =
\sum 

(T,i)\in \scrP h

\kappa i

\Bigl\{ 
\| \nabla vT i\| 2T i + h - 1

T \| v(\partial T )i  - vT i\| 2(\partial T )i + \delta i1h
 - 1
T \| JvT K\Gamma \| 2T\Gamma 

\Bigr\} 
(4.7)

+
\sum 

(T,i)\in \scrP \mathrm{O}\mathrm{K}
h

\sum 
S\in \scrN  - 1

i (T )

\eta \scrN \kappa ih
 - 2
T \| vSi  - v+T i\| 2T i .

It is straightforward to verify that (4.5) defines a norm on \widehat \scrU h0. Indeed, if \^vh \in \widehat \scrU h0

satisfies \| \^vh\| h0 = 0, then all the cell unknowns and all the face unknowns are constant
and take the same value inside each subdomain \Omega i and globally in the domain \Omega . Since
the face unknowns on the boundary \partial \Omega vanish, we conclude that all the components
of \^vh are zero.

Lemma 4.3 (stability and boundedness). We have, for all \^vh \in \widehat \scrU h0,

\| \^vh\| 2h0 \lesssim ah(\^vh, \^vh)\lesssim \| \^vh\| 2h0.(4.8)

Proof. (1) Bounds on reconstructed gradient. Let (T, i) \in \scrP \mathrm{O}\mathrm{K}
h . Then, taking

\bfitq :=\nabla vT i \in \BbbP k(T i;\BbbR d) in (3.21), we obtain

\| \nabla vT i\| 2T i = (\bfitG k
T i(\^v

\scrN 
T ),\nabla vT i)T i  - (v(\partial T )i  - vT i ,\nabla vT i \cdot \bfitn T )(\partial T )i + \delta i1(JvT K\Gamma ,\nabla vT i \cdot \bfitn \Gamma )T\Gamma 

 - 
\sum 

S\in \scrN  - 1
i (T )

\Bigl\{ 
(v(\partial S)i  - vSi , (\nabla vT i)

+\cdot \bfitn S)(\partial S)i  - \delta i1(JvSK\Gamma , (\nabla vT i)
+\cdot \bfitn \Gamma )S\Gamma 

\Bigr\} 
.

Since \nabla vT i \cdot \bfitn T \in \BbbP k(\scrF (\partial T )i ;\BbbR ) and (\nabla vT i)+\cdot \bfitn S \in \BbbP k(\scrF (\partial S)i ;\BbbR ), we infer that

\| \nabla vT i\| 2T i

= (\bfitG k
T i(\^v

\scrN 
T ),\nabla vT i)T i  - (v(\partial T )i  - \Pi k

(\partial T )i(vT i),\nabla vT i \cdot \bfitn T )(\partial T )i + \delta i1(JvT K\Gamma ,\nabla vT i \cdot \bfitn \Gamma )T\Gamma 

 - 
\sum 

S\in \scrN  - 1
i (T )

\Bigl\{ 
(v(\partial S)i  - \Pi k

(\partial S)i(vSi), (\nabla vT i)
+\cdot \bfitn S)(\partial S)i  - \delta i1(JvSK\Gamma , (\nabla vT i)

+\cdot \bfitn \Gamma )S\Gamma 

\Bigr\} 
.
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Invoking the Cauchy--Schwarz inequality and the discrete trace inequality (4.1a), we
obtain

\| \nabla vT i\| 2T i \lesssim \| \bfitG k
T i(\^v\scrN T )\| 2T i

+
\sum 

S\in \{ T\} \cup \scrN  - 1
i (T )

\Bigl\{ 
h - 1
S \| v(\partial S)i  - \Pi k

(\partial S)i(vSi)\| 2(\partial S)i + \delta i1h
 - 1
S \| JvSK\Gamma \| 2S\Gamma 

\Bigr\} 
.

Proceeding similarly proves that

\| \bfitG k
T i(\^v\scrN T )\| 2T i \lesssim \| \nabla vT i\| 2T i

+
\sum 

S\in \{ T\} \cup \scrN  - 1
i (T )

\Bigl\{ 
h - 1
S \| v(\partial S)i  - \Pi k

(\partial S)i(vSi)\| 2(\partial S)i + \delta i1h
 - 1
S \| JvSK\Gamma \| 2S\Gamma 

\Bigr\} 
.

Moreover, for all (T, i)\in \scrP \mathrm{K}\mathrm{O}
h , we have \bfitG k

T i(\^v\scrN T ) =\nabla vT i in T i. Therefore, multiplying
by \kappa i and summing over all (T, i)\in \scrP h, we infer that\sum 

(T,i)\in \scrP h

\kappa i\| \nabla vT i\| 2T i \lesssim bh(\^vh, \^vh) + s\circ h(\^vh, \^vh) + s\Gamma h(\^vh, \^vh),(4.9a)

bh(\^vh, \^vh)\lesssim 
\sum 

(T,i)\in \scrP h

\kappa i\| \nabla vT i\| 2T i + s\circ h(\^vh, \^vh) + s\Gamma h(\^vh, \^vh).(4.9b)

Since s\circ h(\^vh, \^vh)\leq | \^vh| 2\mathrm{s} , the upper bound in (4.8) readily follows from (4.9b).
(2) To prove the lower bound in (4.8), it remains to estimate | \^vh| 2\mathrm{s} . We first

observe that

| \^vh| 2\mathrm{s} =
\sum 

(T,i)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa i

\sum 
S\in \{ T\} \cup \scrN  - 1

i (T )

h - 1
S \| v(\partial S)i  - vSi\| 2(\partial S)i .

Consider first the case S = T . The triangle inequality gives

\| v(\partial T )i  - vT i\| (\partial T )i \leq \| v(\partial T )i  - \Pi k
(\partial T )i(vT i)\| (\partial T )i + \| (I  - \Pi k

(\partial T )i)(vT i)\| (\partial T )i ,

and owing to (4.1b), we infer that

\| v(\partial T )i  - vT i\| (\partial T )i \lesssim \| v(\partial T )i  - \Pi k
(\partial T )i(vT i)\| (\partial T )i + h

1
2

T \| \nabla vT i\| T i .(4.10)

Let now S \in \scrN  - 1
i (T ). The triangle inequality implies that

\| v(\partial S)i  - vSi\| (\partial S)i \leq \| v(\partial S)i  - \Pi k
(\partial S)i(vSi)\| (\partial S)i + \| (I  - \Pi k

(\partial S)i)(vSi  - v+T i)\| (\partial S)i

+ \| (I  - \Pi k
(\partial S)i)(v

+
T i)\| (\partial S)i .

For the second term on the right-hand side, we simply notice that \| (I - \Pi k
(\partial S)i)(vSi  - 

v+T i)\| (\partial S)i \leq \| vSi  - v+T i\| (\partial S)i , whereas we invoke (4.1b) to bound the third term.
Altogether, this gives

\| v(\partial S)i  - vSi\| (\partial S)i \lesssim \| v(\partial S)i  - \Pi k
(\partial S)i(vSi)\| (\partial S)i + \| vSi  - v+T i\| (\partial S)i + h

1
2

S\| \nabla vT i\| T i .

The first term on the right-hand side is bounded using the L2-stability of \Pi k
(\partial S)i and

(4.10). The second term is controlled by means of the discrete trace inequality (4.1a)
and the definition (3.27) of the stabilization bilinear from sh

\scrN . Squaring the resulting
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inequality, multiplying by \kappa ih
 - 1
S , summing over S \in \scrN  - 1

i (T ), and finally summing
over (T, i)\in \scrP \mathrm{O}\mathrm{K}

h , we obtain

| \^vh| 2\mathrm{s} \lesssim s\circ h(\^vh, \^vh) + s\scrN h (\^vh, \^vh) +
\sum 

(T,i)\in \scrP h

\kappa i\| \nabla vT i\| 2T i .

Combining this bound with (4.9a) gives\sum 
(T,i)\in \scrP h

\kappa i\| \nabla vT i\| 2T i + | \^vh| 2\mathrm{s} \lesssim bh(\^vh, \^vh) + s\circ h(\^vh, \^vh) + s\Gamma h(\^vh, \^vh) + s\scrN h (\^vh, \^vh)

= ah(\^vh, \^vh),

whence the lower bound in (4.8) readily follows.

4.3. Interpolation operator. For all T \in \scrT h, the local interpolation operator
is defined as follows:

\^IkT (v) := (\^IkT 1(v), \^IkT 2(v)) := (Ik+1
T 1 (v1),\Pi 

k
(\partial T )1(v1), I

k+1
T 2 (v2),\Pi 

k
(\partial T )2(v2))\in \widehat \scrU T ,(4.11)

where Ik+1
T i (vi) is defined in (4.2) for all (T, i)\in \scrP \mathrm{O}\mathrm{K}

h , whereas for all (S, i)\in \scrP \mathrm{K}\mathrm{O}
h , we

set

Ik+1
Si (vi) := Ik+1

T i (vi)
+| Si , T :=\scrN i(S),(4.12)

where we recall that the superscript + is used to indicate the extension of a polynomial
originally defined on T i to \Delta (T ).

The global interpolation operator is denoted by \^Ikh :Hs(\Omega 1\cup \Omega 2)\rightarrow \widehat \scrU h and is such
that the local components of \^Ikh(v) on a mesh cell T \in \scrT h are those given by \^IkT (v| T ).
Notice that \^Ikh(u)\in \widehat \scrU h0 for the exact solution since u| \partial \Omega = 0.

Lemma 4.4 (approximation). For all v \in Hs(\Omega 1\cup \Omega 2), s >
3
2 , and all (T, i)\in \scrP \mathrm{O}\mathrm{K}

h ,
set

\bfitdelta T,i(v) :=\bfitG k
T i

\bigl( 
\^IkT (v)

\scrN \bigr) 
+ \delta i1\bfitL 

k
T 1(JvK\Gamma ) - \nabla vi| T i ,(4.13a)

\bfitdelta T,S,i(v) :=
\bigl\{ 
\bfitG k

T i

\bigl( 
\^IkT (v)

\scrN \bigr) 
+ \delta i1\bfitL 

k
T 1(JvK\Gamma )

\bigr\} +| Si  - \nabla vi| Si \forall S \in \scrN  - 1
i (T ),

(4.13b)

and recall the error measures \epsilon T,i(vi) and \epsilon \Gamma T,i(v) defined in (4.3a)--(4.3b). Then, the
following holds:

\| \bfitdelta T,i(v)\| T i + h
1
2

T \| \bfitdelta T,i(v)\| (\partial T )i\cup T\Gamma \lesssim h - 1
T

\bigl\{ 
\epsilon T,i(vi) + \delta i1\epsilon 

\Gamma 
T,i(v)

\bigr\} 
,(4.14a)

\sum 
S\in \scrN  - 1

i (T )

\Bigl\{ 
\| \bfitdelta T,S,i(v)\| Si + h

1
2

S\| \bfitdelta T,S,i(v)\| (\partial S)i\cup S\Gamma 

\Bigr\} 
\lesssim h - 1

T

\bigl\{ 
\epsilon T,i(vi) + \delta i1\epsilon 

\Gamma 
T,i(v)

\bigr\} 
.

(4.14b)

Proof. Let v \in Hs(\Omega 1 \cup \Omega 2), s >
3
2 , and let (T, i)\in \scrP \mathrm{O}\mathrm{K}

h . Set

\bfitdelta \prime T,i(v) :=\bfitG k
T i

\bigl( 
\^IkT (v)

\scrN \bigr) 
+ \delta i1\bfitL 

k
T 1(JvK\Gamma ) - \nabla Ik+1

T i (vi)\in \BbbP k+1(T i;\BbbR ).

(1) Let Ik+1
\scrT h

be composed of the two cell components of \^Ikh . We notice that

\| \bfitdelta \prime T,i(v)\| 2T i = (\bfitG k
T i

\bigl( 
\^IkT (v)

\scrN \bigr) 
+ \delta i1\bfitL 

k
T 1(JvK\Gamma ) - \nabla Ik+1

T i (vi),\bfitdelta 
\prime 
T,i(v))T i

= (\bfitG k
T i

\bigl( 
\^IkT (v)

\scrN \bigr) 
+ \delta i1\bfitL 

k
T 1(JIk+1

\scrT h
(v)K\Gamma ) - \nabla Ik+1

T i (vi),\bfitdelta 
\prime 
T,i(v))T i

+ \delta i1(\bfitL 
k
T 1(Jv - Ik+1

\scrT h
(v)K\Gamma ),\bfitdelta \prime T,i(v))T i .
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Owing to (3.24) and the definition of the operators \^IkT and \bfitL k
T 1 , we infer that

\| \bfitdelta \prime T,i(v)\| 2T i = (\Pi k
(\partial T )i(vi) - Ik+1

T i (vi),\bfitdelta 
\prime 
T,i(v)\cdot \bfitn T )(\partial T )i

+ \delta i1(Jv - Ik+1
T (v)K\Gamma ,\bfitdelta \prime T,1(v)\cdot \bfitn \Gamma )T\Gamma 

+
\sum 

S\in \scrN  - 1
i (T )

\Bigl\{ 
(\Pi k

(\partial S)i(vi) - Ik+1
T i (vi)

+,\bfitdelta \prime T,i(v)
+\cdot \bfitn S)(\partial S)i

+ \delta i1(Jv - Ik+1
T (v)+K\Gamma ,\bfitdelta \prime T,1(v)

+\cdot \bfitn \Gamma )S\Gamma 

\Bigr\} 
.

Invoking the definition of the L2-orthogonal projections \Pi k
(\partial T )i and \Pi k

(\partial S)i gives

\| \bfitdelta \prime T,i(v)\| 2T i = (vi  - Ik+1
T i (vi),\bfitdelta 

\prime 
T,i(v)\cdot \bfitn T )(\partial T )i + \delta i1(Jv - Ik+1

T (v)K\Gamma ,\bfitdelta \prime T,1(v)\cdot \bfitn \Gamma )T\Gamma 

+
\sum 

S\in \scrN  - 1
i (T )

\Bigl\{ 
(vi  - Ik+1

T i (vi)
+,\bfitdelta \prime T,i(v)

+\cdot \bfitn S)(\partial S)i

+ \delta i1(Jv - Ik+1
T (v)+K\Gamma ,\bfitdelta \prime T,1(v)

+\cdot \bfitn \Gamma )S\Gamma 

\Bigr\} 
.

Invoking the Cauchy--Schwarz inequality and the discrete trace inequality (4.1a), we
infer that

h
1
2

T \| \bfitdelta 
\prime 
T,i(v)\| T i \lesssim \| vi  - Ik+1

T i (vi)\| (\partial T )i + \delta i1\| Jv - Ik+1
T (v)K\Gamma \| T\Gamma 

+
\sum 

S\in \scrN  - 1
i (T )

\Bigl\{ 
\| vi  - Ik+1

T i (vi)
+\| (\partial S)i + \delta i1\| Jv - Ik+1

T (v)+K\Gamma \| S\Gamma 

\Bigr\} 
.

Recalling the definition (4.3a) of \epsilon T,i(v) and the definition (4.3b) of \epsilon \Gamma T,i(v) gives

\| \bfitdelta \prime T,i(v)\| T i \lesssim h - 1
T

\bigl\{ 
\epsilon T,i(vi) + \delta i1\epsilon 

\Gamma 
T,i(v)

\bigr\} 
,(4.15)

and owing to the discrete trace inequality (4.1a), we obtain

\| \bfitdelta \prime T,i(v)\| T i + h
1
2

T \| \bfitdelta 
\prime 
T,i(v)\| (\partial T )i\cup T\Gamma \lesssim \| \bfitdelta \prime T,i(v)\| T i \lesssim h - 1

T

\bigl\{ 
\epsilon T,i(vi) + \delta i1\epsilon 

\Gamma 
T,i(v)

\bigr\} 
.

Finally, since \bfitdelta T,i(v) = \bfitdelta \prime T,i(v)  - \nabla (vi  - Ik+1
T i (vi)), invoking the triangle inequality

proves (4.14a).
(2) Assuming that \scrN  - 1

i (T ) is nonempty, for all S \in \scrN  - 1
i (T ), we have

\bfitdelta T,S,i(v) = \bfitdelta \prime T,i(v)
+| Si +\nabla (Ik+1

T i (vi)
+| Si  - vi| Si).

The discrete trace inequality (4.1a) and (4.15) imply that

\| \bfitdelta \prime T,i(v)
+\| Si + h

1
2

S\| \bfitdelta 
\prime 
T,i(v)

+\| (\partial S)i\cup S\Gamma \lesssim \| \bfitdelta \prime T,i(v)\| T i \lesssim h - 1
T

\bigl\{ 
\epsilon T,i(vi) + \delta i1\epsilon 

\Gamma 
T,i(v)

\bigr\} 
.

Invoking the triangle inequality and recalling (4.3a) proves (4.14b).

4.4. Consistency.

Lemma 4.5 (consistency). Let u\mathrm{e}\mathrm{x} be the weak solution to (2.2). Assume that
u\mathrm{e}\mathrm{x} \in Hs(\Omega 1 \cup \Omega 2), s >

3
2 . Set \Phi h( \^wh) := ah(\^I

k
h(u

\mathrm{e}\mathrm{x}), \^wh) - \ell h( \^wh) for all \^wh \in \widehat \scrU h0.
The following holds:

| \Phi h( \^wh)| \lesssim 

\Biggl\{ \sum 
(T,i)\in \scrP \mathrm{O}\mathrm{K}

h

\kappa ih
 - 2
T

\bigl\{ 
\epsilon T,i(u

\mathrm{e}\mathrm{x}
i ) + \delta i1\epsilon 

\Gamma 
T,i(u

\mathrm{e}\mathrm{x})
\bigr\} 2

\Biggr\} 1
2

\| \^wh\| h0.(4.16)
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Proof. Owing to (3.34) from Lemma 3.1, we have \Phi h( \^wh) =A1 +A2 +A3 with

A1 =
\sum 

(T,i)\in \scrP h

\kappa i(\bfitdelta T,i(u
\mathrm{e}\mathrm{x}),\nabla wT i)T i ,

A2 =
\sum 

(T,i)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa i

\biggl\{ 
(\bfitdelta T,i(u

\mathrm{e}\mathrm{x})\cdot \bfitn T ,w(\partial T )i  - wT i)(\partial T )i  - \delta i1(\bfitdelta T,1(u
\mathrm{e}\mathrm{x})\cdot \bfitn \Gamma , JwT K\Gamma )T\Gamma 

+
\sum 

S\in \scrN  - 1
i (T )

\bigl\{ 
(\bfitdelta T,S,i(u

\mathrm{e}\mathrm{x})\cdot \bfitn S ,w(\partial S)i - wSi)(\partial S)i - \delta i1(\bfitdelta T,S,1(u
\mathrm{e}\mathrm{x})\cdot \bfitn \Gamma , JwSK\Gamma )S\Gamma 

\bigr\} \biggr\} 
,

A3 = s\circ h(
\^Ikh(u

\mathrm{e}\mathrm{x}), \^wh) +
\sum 

T\in \scrT \mathrm{c}\mathrm{u}\mathrm{t}
h

\kappa 1h
 - 1
T (JIk+1

T (u\mathrm{e}\mathrm{x}) - u\mathrm{e}\mathrm{x}K\Gamma , JwT K\Gamma )T\Gamma + s\scrN h (\^Ikh(u
\mathrm{e}\mathrm{x}), \^wh),

where \bfitdelta T,i(u
\mathrm{e}\mathrm{x}) and \bfitdelta T,S,i(u

\mathrm{e}\mathrm{x}) are defined in (4.13) for all (T, i) \in \scrP \mathrm{O}\mathrm{K}
h , whereas we

set \bfitdelta T,i(u
\mathrm{e}\mathrm{x}) :=\nabla (Ik+1

T i (u\mathrm{e}\mathrm{x}
i ) - u\mathrm{e}\mathrm{x}

i ) for all (T, i)\in \scrP \mathrm{K}\mathrm{O}
h , and where JIk+1

T (u\mathrm{e}\mathrm{x}) - u\mathrm{e}\mathrm{x}K\Gamma 
is defined in Lemma 4.2. Owing to (4.12), we infer that the term A1 can be rewritten
as follows:

A1 =
\sum 

(T,i)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa i

\biggl\{ 
(\bfitdelta T,i(u

\mathrm{e}\mathrm{x}),\nabla wT i)T i +
\sum 

S\in \scrN  - 1
i (T )

(\bfitdelta T,S,i(u
\mathrm{e}\mathrm{x}),\nabla wSi)Si

\biggr\} 
.

Invoking the Cauchy--Schwarz inequality together with the approximation results from
Lemma 4.4 gives

| A1| \lesssim 

\Biggl\{ \sum 
(T,i)\in \scrP \mathrm{O}\mathrm{K}

h

\kappa ih
 - 2
T

\bigl\{ 
\epsilon T,i(u

\mathrm{e}\mathrm{x}
i ) + \delta i1\epsilon 

\Gamma 
T,i(u

\mathrm{e}\mathrm{x})
\bigr\} 2

\Biggr\} 1
2
\Biggl\{ \sum 

(T,i)\in \scrP h

\kappa i\| \nabla wT i\| 2T i

\Biggr\} 1
2

\leq 

\Biggl\{ \sum 
(T,i)\in \scrP \mathrm{O}\mathrm{K}

h

\kappa ih
 - 2
T

\bigl\{ 
\epsilon T,i(u

\mathrm{e}\mathrm{x}
i ) + \delta i1\epsilon 

\Gamma 
T,i(u

\mathrm{e}\mathrm{x})
\bigr\} 2

\Biggr\} 1
2

\| \^wh\| h0,

where the last bound follows from the definition (4.5) of the stability norm \| \cdot \| h0. The
same arguments prove that

| A2| \lesssim 

\Biggl\{ \sum 
(T,i)\in \scrP \mathrm{O}\mathrm{K}

h

\kappa ih
 - 2
T

\bigl\{ 
\epsilon T,i(u

\mathrm{e}\mathrm{x}
i ) + \delta i1\epsilon 

\Gamma 
T,i(u

\mathrm{e}\mathrm{x})
\bigr\} 2

\Biggr\} 1
2

\| \^wh\| h0.

Finally, let us write A3 = A31 + A32 + A33 with obvious notation. First, observing
that s\circ h( \^wh, \^wh)\leq | \^wh| 2\mathrm{s} , we obtain

| A31| \leq 

\Biggl\{ \sum 
(T,i)\in \scrP h

\kappa ih
 - 1
T \| \Pi k

(\partial T )i(u
\mathrm{e}\mathrm{x}
i  - Ik+1

T i (u\mathrm{e}\mathrm{x}
i ))\| 2(\partial T )i

\Biggr\} 1
2

| \^wh| \mathrm{s}

\leq 

\Biggl\{ \sum 
(T,i)\in \scrP h

\kappa ih
 - 1
T \| u\mathrm{e}\mathrm{x}

i  - Ik+1
T i (u\mathrm{e}\mathrm{x}

i )\| 2(\partial T )i

\Biggr\} 1
2

| \^wh| \mathrm{s},

where the second bound follows from the L2-stability of \Pi k
(\partial T )i . Owing to (4.12), the

summation on the right-hand side can be rewritten as

| A31| \leq 

\Biggl\{ \sum 
(T,i)\in \scrP \mathrm{O}\mathrm{K}

h

\sum 
S\in \{ T\} \cup \scrN  - 1

i (T )

\kappa ih
 - 1
S \| u\mathrm{e}\mathrm{x}

i  - Ik+1
T i (u\mathrm{e}\mathrm{x}

i )+\| 2(\partial S)i

\Biggr\} 1
2

| \^wh| \mathrm{s}.
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Therefore, we conclude that

| A31| \leq 

\Biggl\{ \sum 
(T,i)\in \scrP \mathrm{O}\mathrm{K}

h

\kappa ih
 - 2
T \epsilon T,i(u

\mathrm{e}\mathrm{x}
i )2

\Biggr\} 1
2

| \^wh| \mathrm{s}.

Concerning A32, the Cauchy--Schwarz inequality and the same arguments as above
give

| A32| \leq 

\Biggl\{ \sum 
(T,i)\in \scrP \mathrm{O}\mathrm{K}

h

\kappa ih
 - 2
T

\bigl\{ 
\epsilon T,i(u

\mathrm{e}\mathrm{x}
i ) + \delta i1\epsilon 

\Gamma 
T,i(u

\mathrm{e}\mathrm{x})
\bigr\} 2

\Biggr\} 1
2

s\Gamma h( \^wh, \^wh)
1
2 .

Finally, s\scrN h (\^Ikh(u
\mathrm{e}\mathrm{x}), \^wh) = 0 owing to (4.12). Putting everything together proves the

claim.

4.5. Error estimate. We are now ready to establish the main result of our error
analysis.

Theorem 4.6 (error estimate). Let u\mathrm{e}\mathrm{x} be the weak solution to (2.2). Assume
that u\mathrm{e}\mathrm{x} \in Hs(\Omega 1 \cup \Omega 2) with s\in ( 32 , k+ 2]. The following holds:

\Biggl\{ \sum 
(T,i)\in \scrP h

\kappa i\| \nabla (u\mathrm{e}\mathrm{x}
i  - uT i)\| 2T i

\Biggr\} 1
2

\lesssim 

\Biggl\{ \sum 
(T,i)\in \scrP \mathrm{O}\mathrm{K}

h

\kappa ih
2(s - 1)
T | Es

i (u
\mathrm{e}\mathrm{x}
i )| 2Hs(\Delta 2(T ))

\Biggr\} 1
2

(4.17)

\lesssim hs - 1
\sum 

i\in \{ 1,2\} 

\kappa 
1
2
i | u

\mathrm{e}\mathrm{x}
i | Hs(\Omega i).

Proof. Define the discrete error as \^eh := \^Ikh(u
\mathrm{e}\mathrm{x}) - \^uh \in \widehat \scrU h0. Since ah(\^eh, \^eh) =

\Phi h(\^eh), invoking the stability result from Lemma 4.3 and the bound on the consistency
error from Lemma 4.5 gives

\| \^eh\| 2h0 \lesssim 
\sum 

(T,i)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa ih
 - 2
T

\bigl\{ 
\epsilon T,i(u

\mathrm{e}\mathrm{x}
i ) + \delta i1\epsilon 

\Gamma 
T,i(u

\mathrm{e}\mathrm{x})
\bigr\} 2

.

Owing to the approximation result from Lemma 4.2 and since \kappa 1 \leq \kappa 2 and \Delta (T ) \subset 
\Delta 2(T ), we infer that

\| \^eh\| 2h0 \lesssim 
\sum 

(T,i)\in \scrP \mathrm{O}\mathrm{K}
h

\kappa ih
2(s - 1)
T | Es

i (u
\mathrm{e}\mathrm{x}
i )| 2Hs(\Delta 2(T )).

Invoking the triangle inequality then establishes the first bound in (4.17). The second
bound follows from the shape-regularity of the mesh, and the Hs-stability of the
extension operators Es

i .

5. Numerical results. In this section, we present numerical results to illus-
trate the convergence rates established in Theorem 4.6. We also compare the pres-
ent method to the one from [12] stabilized by a cell-agglomeration procedure, and
we briefly investigate some aspects related to the implementation (quadrature, local
polynomial bases, pairing criterion).

In all cases, we consider the unit square domain \Omega := (0,1)2 discretized with uni-
form Cartesian meshes of size h :=

\surd 
2\times 0.1\times 2 - \ell with \ell \in \{ 0, . . . ,4\} . The polynomial
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Fig. 5.1. Circular (top row) and flower-like (bottom row) interfaces. Left column: Coarsest
mesh. Central column: Outcome of pairing procedure for polynomial extension stabilization, cells

in \scrT \mathrm{K}\mathrm{O},1
h are colored in green, and cells in \scrT \mathrm{K}\mathrm{O},2

h are colored in blue (color images are available
online); arrows indicate the pairing operator. Right column: Outcome of pairing procedure for cell-
agglomeration stabilization; agglomerated cells are colored in dark.

degree is taken such that k \in \{ 0, . . . ,3\} . The interface is defined using a level-set func-
tion \Phi , with \Gamma := \{ (x, y)\in \Omega | \Phi (x, y) = 0\} and \Omega i = \{ (x, y)\in \Omega | ( - 1)i\Phi (x, y)> 0\} for
all i \in \{ 1,2\} . We always take \kappa 1 := 1 and modify the diffusivity contrast by taking
\kappa 2 = 10m, m \in \{ 0, . . . ,4\} , where m = 0 corresponds to no contrast and m = 4 to a
highly contrasted setting. We consider two shapes for the interface: a circular shape
and a flower-like shape, defined by the following level-set functions:

\Phi \mathrm{C}(x, y) := (x - a)2 + (y - b)2  - R2,(5.1a)

\Phi \mathrm{F}(x, y) := (x - a)2 + (y - b)2  - R2 + c cos(n\theta )(5.1b)

with \theta := arctan( y - b
x - a ) if x \geq a, and \theta := \pi + arctan( y - b

x - a ) if x < a, a := b := 0.5,

R = 1
3 , c := 0.03, and n = 8. Figure 5.1 illustrates on the coarsest mesh (\ell = 0) the

two interfaces (left column) and the outcome of the pairing procedure for polynomial
extension stabilization (central column) and for cell-agglomeration stabilization (right
column).

5.1. Implementation aspects. Quadratures along the interface and in the cut
subcells are realized by dividing the interface into 2r segments, r \in \BbbN , and creating a
subtriangulation of the two cut subcells. The construction of the subtriangulation is
performed as discussed in [12]; see, in particular, Figure 4.1 therein for an illustration.
Unless explicitly stated otherwise, we set r := 8. We also take \eta \scrN := 20 for the
stabilization bilinear form s\scrN h in (3.27). Concerning the flagging of ill-cut cells, we use
the parameter \vargamma := 0.3. Our numerical experiments below show a marginal impact of
the choice of this parameter on stability and accuracy. As this numerical observation
is not backed up by theoretical results, we recommend using a flagging parameter \vargamma 
as indicated above.

Another important aspect is the choice of the polynomial bases in the subcells and
the subfaces. Both bases are realized by considering centered and scaled monomials.
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Fig. 5.2. Errors as a function of the mesh size for the exact solution (5.2). Comparison be-
tween stabilization by polynomial extension (solid lines) and by cell agglomeration (dashed lines).
Left: Circular interface. Right: Flower-like interface.

In particular, the barycenter of each subcell is used for the centering of the corre-
sponding basis. The barycenter is computed using the above subtriangulation. The
scaling of the monomials is isotropic and uses half of the diameter of the original cell.
In the ill-cut cells, say, Si with i \in \{ 1,2\} , the centering and scaling is defined by
considering the merged cell Si \cup \scrN i(Si).

5.2. Convergence rates. We consider first a test case with no contrast and no
jumps (gD = gN = 0). The exact solution is taken to be (in Cartesian coordinates
(x, y))

u\mathrm{e}\mathrm{x}(x, y) := sin(\pi x) sin(\pi y).(5.2)

Errors are reported in Figure 5.2 for the circular interface (left panel) and the flower-
like interface (right panel). Here and below, errors are evaluated using the energy
norm considered in Theorem 4.6. In both panels, we compare the results obtained
using stabilization by polynomial extension (solid lines) and by cell agglomeration
(dashed lines). Both approaches yield similar results, with slightly better errors when
using polynomial extension, especially on coarse meshes, except for k = 3 and the
flower-like interface.

We next study the sensitivity of the errors with respect to the value of the pairing
parameter \vargamma used for flagging ill-cut cells. We consider again the exact solution (5.2).
Errors are reported in Figure 5.3 for k= 3 and \vargamma \in \{ 0,0.1,0.2,0.3\} (\vargamma = 0 corresponds
to no pairing, irrespective of the ill cut). The left (resp., right) panel corresponds to
polynomial extension (resp., cell agglomeration). Solid lines correspond to polynomial
bases centered at the barycenter of each subcell (the default choice in our implemen-
tation), whereas dashed lines correspond to centering at the barycenter of the original
cell for both sides of the cut. We observe that this second choice yields poor results
owing to poor conditioning of the local matrices, whereas the first choice is robust to
the presence of ill cuts. Somewhat surprisingly, the robustness is such that it allows
us to flag cells with a very loose criterion (\vargamma = 0.1) or even to flag no cells at all
(\vargamma = 0) and still obtain close-to-optimal errors.

A further comparison between polynomial extension and cell agglomeration is
provided in Figure 5.4, which compares the sparsity profiles of the stiffness matrices
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Fig. 5.3. Errors as a function of the mesh size for the exact solution (5.2) for k = 3 and
various values of the pairing parameter \vargamma used for flagging ill-cut cells. Left: polynomial extension.
Right: cell agglomeration.

Fig. 5.4. Sparsity profiles of the stiffness matrices obtained using polynomial extension (left)
and cell agglomeration (right). In the left panel, the red dots indicate the coupling blocks result-
ing from polynomial extension. In both panels, the global block-decomposition into cell and face
unknowns is indicated by black dashed lines. Coarsest mesh (\ell = 0).

obtained with both procedures using the lowest-order polynomial setting. We observe
that both approaches lead to a similar sparsity profile and that the stiffness matrix
corresponding to cell agglomeration is slightly smaller (as expected). The sparsity
pattern of the matrix corresponding to cell agglomeration directly results from the
data structure of the agglomerated mesh, whereas the sparsity pattern of the matrix
corresponding to polynomial extension is derived at the assembly stage by means of
the pairing operator.

We now turn our attention to a test case with diffusivity contrast and jumps
across the interface. We first consider the exact solution for the circular interface
such that (in radial coordinates (\rho , \theta ))

u\mathrm{e}\mathrm{x}
1 (\rho ) :=

\rho 6

\kappa 1
, u\mathrm{e}\mathrm{x}

2 (\rho ) :=
\rho 6

\kappa 2
+R6

\biggl( 
1

\kappa 1
 - 1

\kappa 2

\biggr) 
.(5.3)
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Fig. 5.5. Left: Errors for the exact solution (5.3) as a function of the diffusivity contrast on the
finest mesh (\ell = 4) and for various polynomial degrees (k \in \{ 0, . . . ,3\} ). Right: Errors as a function
of the mesh size for various values of the subtriangulation parameter, k = 3, r \in \{ 2,4,6,8\} , and
various diffusivity contrasts, m\in \{ 0, . . . ,4\} .

Notice that this solution does not exhibit jumps across the interface (gD = gN = 0).
The errors in the highly contrasted case where \kappa 2 = 104\kappa 1 exhibit the same optimal
convergence rates as those reported in Figure 5.2 (not shown for brevity). To highlight
the robustness of the approach with respect to the diffusivity contrast, we report in the
left panel of Figure 5.5 the errors as a function of \kappa 2 = 10m\kappa 1, m\in \{ 0, . . . ,4\} , obtained
on the finest mesh (\ell = 4) and for various polynomial degrees (k \in \{ 0, . . . ,3\} ). The
right panel of Figure 5.5 underlines the importance of ensuring sufficient geometric
resolution when performing quadratures in the cut subcells. Therein, we report the
error as a function of the mesh size for the subtriangulation parameter r \in \{ 2,4,6,8\} 
and various diffusivity contrasts. We observe that in all cases, taking r\geq 6 is required
to avoid that the geometric errors pollute the optimal decay of the discretization
errors.

We now include jumps across the interface while considering the highly contrasted
setting where \kappa 2 = 104\kappa 1. For this purpose, we modify the exact solution in (5.3) and
set

u\mathrm{e}\mathrm{x}
1 (\rho ) :=

\rho 6

\kappa 1
, u\mathrm{e}\mathrm{x}

2 (\rho ) :=
\rho 8  - R8

\kappa 2
+

R6

\kappa 1
,(5.4a)

u\mathrm{e}\mathrm{x}
1 (\rho ) :=

\rho 6

\kappa 1
, u\mathrm{e}\mathrm{x}

2 (\rho ) :=
\rho 6

\kappa 2
.(5.4b)

Notice that, for the exact solution (5.4a), we have gN = 2R5(3 - 4R2) and gD = 0,
whereas, for the exact solution (5.4b), we have gN = 0 and gD =R6( 1

\kappa 1
 - 1

\kappa 2
). Errors

as a function of the mesh size are reported in Figure 5.6 for polynomial degrees
k \in \{ 0, . . . ,3\} . Optimal convergence rates are observed in all cases. Actually, the
errors for both exact solutions are very similar.

A more challenging setting is obtained when considering for the exact solution

u\mathrm{e}\mathrm{x}
1 (x, y) := cos(y)ex, u\mathrm{e}\mathrm{x}

2 (x, y) := sin(\pi x) sin(\pi y),(5.5)

leading to variable jump data gD and gN . Here, we do not consider a diffusivity
contrast (\kappa 1 = \kappa 2 = 1). Errors as a function of the mesh size are reported in the left
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Fig. 5.6. Errors as a function of the mesh size for the exact solution (5.4a) (left) and the
exact solution (5.4b) (right) for various polynomial degrees k \in \{ 0, . . . ,3\} ; diffusivity contrast set to
\kappa 2 = 104\kappa 1.

Fig. 5.7. Left: Errors as a function of the mesh size for the exact solution (5.5) for various
polynomial degrees k \in \{ 0, . . . ,3\} (with subtriangulation parameter set to r = 10). Right: Errors as
a function of the mesh size for k= 3 and r \in \{ 4,6,8,10,11\} . No diffusivity contrast.

panel of Figure 5.7 for various polynomial degrees k \in \{ 0, . . . ,3\} and subtriangulation
parameter set to r = 10. Optimal convergence rates are observed in all cases. To
motivate the choice for r, we report in the right panel of Figure 5.7 the errors as
a function of the mesh size for k = 3 and r \in \{ 4,6,8,10,11\} . We observe that the
geometric error does not pollute the discretization error only for r = 10, except for
k= 3 on the finest mesh, where r= 11 is actually necessary to suppress the geometric
error (notice in passing the very low values attained by the error).

Finally, we perform a brief study of the conditioning of the stiffness matrix. In the
left panel of Figure 5.8, we consider a circular interface with radius R := 1

3 + i
32 , i \in 

\{  - 4, . . . ,4\} , and we report the Euclidean condition number as a function of the radius,
using either polynomial extension (solid lines) or cell agglomeration (dashed lines).
We consider the coarsest mesh (\ell = 0) and polynomial degrees k \in \{ 0, . . . ,3\} . We
observe that, for each polynomial degree, the conditioning remains fairly insensitive
to the stabilization method of the ill-cut cells. To exacerbate the effect of ill-cut
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Fig. 5.8. Euclidean condition number of the stiffness matrix on the coarsest mesh (\ell = 0) as
a function of the radius of the circular interface (left) and as a function of the position parameter
\delta for the square interface, using polynomial extension (solid lines) and cell agglomeration (dashed
lines).

cells, we now consider a square interface with level-set function \Phi \mathrm{s}(x, y) := max(x - 
a, y  - b)  - (0.25 + \delta ) and position parameter \delta := 0.5 \times 10 - p, p \in \{ 2, . . . ,9\} . The
right panel of Figure 5.8 reports the Euclidean condition number as a function of
the position parameter of the square interface. We observe full robustness of the
condition number with respect to the cut position, for both polynomial extension and
cell agglomeration. Further numerical results (not displayed for brevity) indicate that
a variant of the stabilization bilinear form s\scrN h , where the penalty is enforced on the
faces of T with a weight h - 1

T , does not lead to a robust behavior, but instead to a linear
growth in \delta  - 1 for k \in \{ 2,3\} . We also emphasize that the errors still behave optimally
(figure omitted for brevity), in agreement with the above convergence analysis.

6. Proofs. This section collects the proofs of the two results stated in section 4.1.

6.1. Proof of Lemma 4.1.

Proof. (1) Proof of (4.1a). Let (T, i)\in \scrP \mathrm{O}\mathrm{K}
h and \phi \in \BbbP \ell (T i;\BbbR ). We have\sum 

S\in \{ T\} \cup \scrN  - 1
i (T )

\Bigl\{ 
\| \phi +\| S + h

1
2

S\| \phi 
+\| (\partial S)i\cup S\Gamma 

\Bigr\} 
\lesssim 

\sum 
S\in \{ T\} \cup \scrN  - 1

i (T )

\| \phi +\| S \lesssim \| \phi +\| \Delta (T ),

where the first bound follows from the discrete trace inequality from [16, Lemma
3.4] upon observing that the aggregated cell T \cup \scrN  - 1

i (T ) satisfies the ball condition
invoked therein, and the second bound follows from the construction of the pairing
operator. We next observe that there is a ball \scrB (\Delta (T )) of diameter \gamma hT such that
\Delta (T )\subset \scrB (\Delta (T )), where \gamma only depends on the mesh shape-regularity parameter. We
also recall that, since (T, i) \in \scrP \mathrm{O}\mathrm{K}

h , there is a ball \scrB (T, i) of diameter \vargamma hT , so that
\scrB (T, i)\subset T i. We then infer that

\| \phi +\| \Delta (T ) \leq \| \phi +\| \scrB (\Delta (T )) \lesssim \| \phi \| \scrB (T,i) \leq \| \phi \| T i ,

where the inverse inequality invoked in the second inequality follows by the arguments
given in the proof of [12, Lemma 3.4]. This completes the proof of (4.1a).

(2) Proof of (4.1b). Let (T, i) \in \scrP \mathrm{O}\mathrm{K}
h and \phi \in \BbbP \ell (T i;\BbbR ). Let \langle \phi \rangle \scrB (T,i) denote the

mean-value of \phi in \scrB (T, i). Since (I  - \Pi k
(\partial S)i)(\phi 

+) = (I  - \Pi k
(\partial S)i)

\bigl( 
(\phi  - \langle \phi \rangle \scrB (T,i))

+
\bigr) 
,

invoking the L2-stability of \Pi k
(\partial S)i followed by (4.1a) gives
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S\in \{ T\} \cup \scrN  - 1

i (T )

h
 - 1

2

S \| (I  - \Pi k
(\partial S)i)(\phi 

+)\| (\partial S)i \leq 
\sum 

S\in \{ T\} \cup \scrN  - 1
i (T )

h
 - 1

2

S \| (\phi  - \langle \phi \rangle \scrB (T,i))
+\| (\partial S)i

\lesssim h - 1
T \| \phi  - \langle \phi \rangle \scrB (T,i)\| T i ,

where we also used the mesh shape-regularity, which implies that hT \lesssim hS \lesssim hT for
all S \in \Delta (T ). The bound (4.1b) now follows from the discrete Poincar\'e inequality
established in [12, Lemma 3.4].

6.2. Proof of Lemma 4.2.

Proof. Let v \in Hs(\Omega 1 \cup \Omega 2) with s \in ( 32 , k + 2] and let (T, i) \in \scrP \mathrm{O}\mathrm{K}
h . Set

\~vi :=Es
i (vi).

(1) Recall that the ball \scrB (T, i) of diameter \vargamma hT is a subset of T i since (T, i)\in \scrP \mathrm{O}\mathrm{K}
h .

Let \langle vi\rangle \scrB (T,i) denote the mean-value of vi in \scrB (T, i). In this step, we prove that, for
all S \in \{ T\} \cup \scrN  - 1

i (T ),

\| \~vi  - \langle vi\rangle \scrB (T,i)\| S \lesssim hT \| \nabla \~vi\| \Delta (T ).(6.1)

We have \| \~vi  - \langle vi\rangle \scrB (T,i)\| S \leq \| \~vi  - \langle vi\rangle \scrB (T,i)\| \Delta (T ) since, by construction, S \subset \Delta (T ).
Let \langle \~vi\rangle \Delta (T ) denote the mean-value of \~vi on \Delta (T ). Invoking [24, Lemma 5.7] gives

\| \~vi  - \langle \~vi\rangle \Delta (T )\| \Delta (T ) \lesssim hT \| \nabla \~vi\| \Delta (T ).

Moreover, letting \partial \scrB (T, i) denote the boundary of the ball \scrB (T, i) and since \scrB (T, i)\subset 
\Delta (T ), we have

\| \langle vi\rangle \scrB (T,i)  - \langle \~vi\rangle \Delta (T )\| \Delta (T ) = | \Delta (T )| 12 | \partial \scrB (T, i)|  - 1
2 \| \langle vi\rangle \scrB (T,i)  - \langle \~vi\rangle \Delta (T )\| \partial \scrB (T,i)

\leq | \Delta (T )| 12 | \partial \scrB (T, i)|  - 1
2

\bigl( 
\| vi  - \langle vi\rangle \scrB (T,i)\| \partial \scrB (T,i)

+ \| \~vi  - \langle \~vi\rangle \Delta (T )\| \partial \scrB (T,i)

\bigr) 
,

since \~vi| \partial \scrB (T,i) = vi| \partial \scrB (T,i). Invoking a multiplicative trace inequality from \partial \scrB (T, i)
to \scrB (T, i) gives

\| vi  - \langle vi\rangle \scrB (T,i)\| \partial \scrB (T,i) \lesssim h
 - 1

2

T \| vi  - \langle vi\rangle \scrB (T,i)\| \scrB (T,i) + h
1
2

T \| \nabla vi\| \scrB (T,i),

and the Poincar\'e inequality in \scrB (T, i) then gives

\| vi  - \langle vi\rangle \scrB (T,i)\| \partial \scrB (T,i) \lesssim h
1
2

T \| \nabla vi\| \scrB (T,i).

The same arguments, together with \scrB (T, i) \subset \Delta (T ) and the mesh shape-regularity,
lead to

\| \~vi  - \langle \~vi\rangle \Delta (T )\| \partial \scrB (T,i) \lesssim h
1
2

T \| \nabla \~vi\| \Delta (T ).

Combining the above bounds and since | \Delta (T )| 12 | \partial \scrB (T, i)|  - 1
2 \lesssim h

1
2

T proves (6.1).
(2) The higher-order version of (6.1) is established by invoking the Morrey poly-

nomial of vi based on mean-values of higher-order derivatives of vi (see, e.g., the proof
of [24, Lemma 5.6]). Omitting the details for brevity, this gives, for all 0\leq m< s, a
polynomial qm(vi)\in \BbbP k+1(T i;\BbbR ) such that, for all S \in \{ T\} \cup \scrN  - 1

i (T ),

| \~vi  - qm(vi)| Hm(S) \lesssim hs - m
T | \~vi| Hs(\Delta (T )).(6.2)
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(3) Since Ik+1
T i (q0(vi)) = q0(vi), the triangle inequality gives

\| \~vi  - Ik+1
T i (vi)

+\| S \leq \| \~vi  - q0(vi)\| S + \| Ik+1
T i (vi  - q0(vi))

+\| S .

The first term on the right-hand side is estimated by using (6.2) with m= 0. For the
second term, the discrete inverse inequality (4.1a) gives

\| Ik+1
T i (vi  - q0(vi))

+\| S \lesssim \| Ik+1
T i (vi  - q0(vi))\| T i \leq \| Ik+1

T i (vi  - q0(vi))\| T \leq \| \~vi  - q0(vi)\| T ,

where we used the L2-orthogonality of Ik+1
T i in T . Invoking again (6.2) with m = 0

and combining the above two bounds proves that\sum 
S\in \{ T\} \cup \scrN  - 1

i (T )

\| \~vi  - Ik+1
T i (vi)

+\| S \lesssim hs
T | \~vi| Hs(\Delta (T )).

A similar reasoning with q1(vi) in (6.2) also gives\sum 
S\in \{ T\} \cup \scrN  - 1

i (T )

hS\| \nabla (\~vi  - Ik+1
T i (vi)

+)\| S \lesssim hs
T | \~vi| Hs(\Delta (T )).

Altogether, this proves that\sum 
S\in \{ T\} \cup \scrN  - 1

i (T )

\Bigl\{ 
\| vi  - Ik+1

T i (vi)
+\| Si + hS\| \nabla (vi  - Ik+1

T i (vi)
+)\| Si

\Bigr\} 
\leq 

\sum 
S\in \{ T\} \cup \scrN  - 1

i (T )

\Bigl\{ 
\| \~vi  - Ik+1

T i (vi)
+\| S + hS\| \nabla (\~vi  - Ik+1

T i (vi)
+)\| S

\Bigr\} 
\lesssim hs

T | \~vi| Hs(\Delta (T )).

(4) Invoking a multiplicative trace inequality on all the faces composing (\partial S)i

for all S \in \{ T\} \cup \scrN  - 1
i (T ) (observe that the aggregated cell T \cup \scrN  - 1

i (T ) satisfies the
required properties), and since s > 3

2 by assumption, we infer from the above bounds
that \sum 

S\in \{ T\} \cup \scrN  - 1
i (T )

\Bigl\{ 
h

1
2

S\| vi  - Ik+1
T i (vi)

+\| (\partial S)i + h
3
2

S\| \nabla (vi  - Ik+1
T i (vi)

+)\| (\partial S)i

\Bigr\} 
\lesssim hs

T | \~vi| Hs(\Delta (T )).

This completes the proof of (4.4a).
(5) To prove (4.4b), we bound the jump across S\Gamma by the triangle inequality,

so that we need to estimate the traces on S\Gamma from both sides of S\Gamma , for all S \in 
\{ T\} \cup \scrN  - 1

i (T ). On each side, we invoke a multiplicative trace inequality on S\Gamma . This
inequality is established with a slight adaptation of the arguments in the proof of [16,
Lemma 3.3], whereby we make a specific choice for the apex of the cone, say, C(S\Gamma ),
considered in that proof.

(5a) Assume first that S = T . The triangle inequality gives

h
1
2

T \| Jv - Ik+1
T (v)K\Gamma \| T\Gamma \leq h

1
2

T \| vi  - Ik+1
T i (vi)\| T\Gamma + h

1
2

T \| v\=\imath  - Ik+1
T\=\imath (v\=\imath )\| T\Gamma .

For the first term on the right-hand side, the apex of the cone C(T\Gamma ) is taken to be
the center of the ball B(T, i). Since C(T\Gamma ) \subset conv(T ) \subset \Delta (T ) by the assumption
(3.1), we infer that

h
1
2

T \| vi  - Ik+1
T i (vi)\| T\Gamma \lesssim \| \~vi  - Ik+1

T i (vi)
+\| \Delta (T ) + hT \| \nabla (\~vi  - Ik+1

T i (vi)
+)\| \Delta (T ),

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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and adapting the above arguments gives

h
1
2

T \| vi  - Ik+1
T i (vi)\| T\Gamma \lesssim hs

T | \~vi| Hs(\Delta (T )).

To bound h
1
2

T \| v\=\imath  - Ik+1
T\=\imath (v\=\imath )\| T\Gamma , we can consider the same cone to derive the multi-

plicative trace inequality, so that

h
1
2

T \| v\=\imath  - Ik+1
T\=\imath (v\=\imath )\| T\Gamma \lesssim hs

T | \~v\=\imath | Hs(\Delta (T )),

where \~v\=\imath :=Es
\=\imath (v\=\imath ). Altogether, this proves that

h
1
2

T \| Jv - Ik+1
T (v)K\Gamma \| T\Gamma \lesssim 

\sum 
i\in \{ 1,2\} 

hs
T | \~vi| Hs(\Delta (T )).

(5b) Assume now that S \in \scrN  - 1
i (T ). Then, the apex of the cone, C(S\Gamma ), to

establish the multiplicative trace inequality is taken to be the center of the ball B(S,\=\imath )
(indeed, if (S, i) \in \scrP \mathrm{K}\mathrm{O}

h , then (S,\=\imath ) \in \scrP \mathrm{O}\mathrm{K}
h ). This yields C(S\Gamma ) \subset conv(S) \subset \Delta (S) \subset 

\Delta 2(T ). Invoking the same arguments as above then yields

h
1
2

S\| JI
k+1
T (v)+  - vK\Gamma \| S\Gamma \lesssim 

\sum 
i\in \{ 1,2\} 

hs
T | \~vi| Hs(\Delta 2(T )).

This completes the proof.
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