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ALEXANDRE ERNT AND JEAN-LUC GUERMOND#

Abstract. We establish a convergence result for the approximation of low-regularity solutions
to time-dependent PDE systems that have an involution structure similar to Maxwell’s equations
and the linear wave equations. The approximation is based on an explicit Runge-Kutta (ERK) time-
stepping and the discontinuous Galerkin (dG) method with stabilization (so-called upwind fluxes)
in space. The regularity setting only assumes that the exact solution and its first time derivative
are in L>°(J; H%(D)) with a Sobolev regularity index s in (0, %) (here, J is the time interval and D
the space domain), and that its second time derivative is in L (J; L2(D)). The two main tools for
the convergence analysis are a Ritz projection in space that leverages recent convergence results in
operator norm for the dG approximation of the steady form of the PDE, and the L2-stability under
a standard CFL condition of three-stage, third-order and four-stage, fourth-order ERK schemes.
These latter results are known in the literature, but we provide here a somewhat simpler argument
to prove the L2-stability.
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1. Introduction. We want to solve time-dependent PDE systems that have an
involution structure similar to Maxwell’s equations and the linear wave equations.
More precisely, we are interested in approximating in time and space problems of the
following type,

(1.1) Oru+ A(u) =0, u(0) =u°,

where the linear operator A : D(A) C L — L is unbounded and maximal monotone,
and the initial datum u° is in L. For the applications we have in mind, L is a (real
or complex) Hilbert space with inner product (-,-)r. Recall that A being maximal
monotone means that $((A(v),v)r) > 0 for all v € D(A), and that, for all A € Ry
and all f € L, there exists v € D(A) so that Av + A(v) = f. Recall also that maximal
monotone operators are closed and densely defined; cf. Brezis [7, section 7.1]. Recall
finally that the Hille-Yosida theorem implies that for all u® € D(A), the system (1.1)
has a unique solution in C*([0, +00); L) N C°([0, +00); D(A)).
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The class of problems of interest to us in this paper has an additional property
that implies that solutions to (1.1) have some smoothness and can therefore be well
approximated. More specifically, denoting by im(A) the image of A (or range of A),
we assume that there exists a subspace H® dense in L with compact embedding, i.e.,
H? € L, so that

(1.2) im(A) N D(A) C H*.

In the applications considered here, H?® is a fractional-order Sobolev space with
smoothness index s in (0, %), and L is the space of square integrable functions/vector
fields. The compactness of the injection H® € L implies that functions in im(A)ND(A)
can be well approximated in L. Notice in passing that, as im(A) is closed, Banach’s
closed range theorem implies that ker(AT)+ = im(A) (here, orthogonality is meant
in L). Hence, if u® € im(A), then u(t) remains in im(A) owing to the identity

13)  (ult),0)r = (u,0)s —/O (A(©),0)1dE=0 Vv eker(AT).

Then the Hille-Yosida theorem gives u(t) € im(A) N D(A) C H®, which, in turn,
implies that u(t) can be well approximated in L as well. The implication

(1.4) u® € im(A) = u(t) €im(A) Vt>0,

is called involution in Boillat [5], Dafermos [13], and we henceforth adopt this termi-
nology. In the context of Maxwell’s equations, the fact that u(t) € ker(AT)+ =im(A)
is called Gauss’s law of electromagnetism.

The problem addressed in this paper is about the time and space approximation
of (1.1). The objective of this paper is to prove that, when properly stabilized, the dis-
continuous Galerkin method combined with explicit Runge-Kutta (ERK) schemes is
convergent in the L2-norm. We do so by only relying on the involution property (1.4),
the smoothness property (1.2) induced by the involution, and the assumption on the
initial data that ug € D(A?) Nim(A), which, when combined, give u(t) € H® for all
t > 0. The two key ingredients of the proof are as follows: (i) The approximation
of the steady-state problem A(v) = f with f € ker(AT)* =im(A) using a (properly
stabilized) discontinuous Galerkin (dG) method converges in the operator norm in L?
with rate h°, where s is the smoothness index in (1.2). This result has been estab-
lished in [17] for the dG approximation of the first-order formulations of the Maxwell
and linear wave operators with discontinuous coefficients, irrespective of the topology
of space domain and for any s > 0. The smoothness property (1.2) induced by the
involution is essential to prove this result. (ii) There exist ERK methods that are
L?-stable under a standard CFL condition. We focus in this paper on three-stage,
third-order and four-stage, fourth-order ERK schemes. The L2-stability of third-order
schemes has been proved in Burman, Ern, and Ferndndez [8] and Zhang and Shu [30]
(see Remark 4.2 below), and the L2-stability of fourth-order schemes has been proved
in Xu et al. [29]; see also Sun and Shu [25, 26]. In this paper, we present slightly
different proofs that somewhat simplify the argumentation.

The convergence in operator norm of the space approximation of the steady-state
problem is proved in [17] for any positive smoothness index s. This result crucially
uses that the dG approximation is properly stabilized. For Maxwell’s equations, this
entails penalizing the jumps of the tangential components of both the magnetic and
the electric fields across mesh interfaces and weakly enforcing the boundary conditions.
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We leverage this result in the convergence analysis herein by introducing the Ritz
projection associated with the steady-state problem when forming the time-discrete
error equations. This way of proceeding in the convergence analysis of time-dependent
PDEs is classical; we refer the reader to Wheeler [28] for the original idea in the context
of the heat equation, and we refer to [15, Chaps. 77 and 78] for examples in the context
of time-dependent Friedrichs’s systems.

We emphasize that establishing error estimates when the smoothness index s in
(1.2) is allowed to be smaller that % is a major roadblock in the literature. Con-
sidering situations for which s € (0, %) is not an academic exercise as working with
heterogeneous materials and nonsmooth boundaries systematically leads to smooth-
ness indices that are less than % The restriction s > % is invoked in most papers
dedicated to the analysis of Maxwell’s equations; see, in particular, Ciarlet and Zou
[11, Thm. 4.2], Fezoui et al. [18, eq. (16)], and Li [22, Thm. 5.1]. The reader is
also referred to Hesthaven and Warburton [19, Thm. 4.2] and Campos Pinto, and
Sonnendriicker [9], where s > 2 is assumed and to Lanteri, Scheid, and Viquerat
[21, sect. 4.2], where s > 1 is assumed. The originality of the present paper is to show
that, by using the results from [17], it is possible to prove convergence for any s > 0.
Interestingly, the present result only holds when the dG approximation is properly
stabilized, i.e., when upwinding is used, confirming previous numerical observations
reported in the literature; see Remarks 3.6 and 3.10.

The main convergence results established in the paper are Theorem 5.3 for third-
order ERK methods and Theorem 5.7 for fourth-order ERK methods. We emphasize
that these results hold for any three-stage, third-order and any fourth-stage, fourth-
order ERK schemes. The generic smoothness of the solution that is used in the proofs is

(1.5)  [lull oo ((0,00): 1) <00, [[0ctu| Loo ((0,00):175) <005 [|Opetel oo ((0,00);L) < 00

These bounds are natural in the context of the Hille—Yosida theorem. They are proved
by invoking generic regularity assumptions on the initial datum u° and by using (1.2)-
(1.4). The reader is referred to Lemma 2.1 where this result is proved for Maxwell’s
equations. A similar result is asserted in Lemma 2.4 for the linear wave equation.
Since we assume that the regularity in space can be very low, i.e., s € (0, %), we do
not exploit the full convergence capacity of the third- and fourth-order ERK methods
in the error estimate proved in the paper. The crucial property of these methods
we invoke instead is their L?-stability under the standard CFL condition on the time
step, as established in Proposition 4.1 below. This property is not available for second-
order, two-stage ERK methods or for the forward Euler method.

The paper is organized as follows. In section 2, we show that Maxwell’s equa-
tions and the linear wave equation have the generic properties invoked in the main
convergence results of the paper. We introduce in section 3 the dG setting and the
associated notation. The key properties of the Ritz projection are recalled in The-
orem 3.5 in the case of Maxwell’s equations and in Theorem 3.9 for the linear wave
equations. In section 4, we introduce the fully discrete setting. We first rewrite the
space semidiscrete problem in a unified setting and then use ERK schemes for the
time discretization. Our main convergence results (Theorems 5.3 and 5.7) are stated
and proved in section 5. We revisit the proofs of L2-stability of the ERK schemes in
section 6.

2. Examples. We show in this section that the generic properties mentioned
above hold true for Maxwell’s equations and the linear wave equation. Although
everything that is said in the paper regarding space approximation could be written
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using the unified formalism of finite element exterior calculus (see Arnold, Falk, and
Winther [3]), we prefer to use the vector calculus formalism to be more explicit even
though the structures of the grad-div and curl-curl operators are similar.

2.1. Maxwell’s equations. We consider Maxwell’s equations in R®. Let D C
Rd, d =3, be an open, bounded, connected polyhedron with Lipschitz boundary. We
seek a pair of vector fields (H, E): D — R? x R? such that, for all ¢ >0,

(2.1) O(uH) + VX E =0, 0i(eE) — VoxH =0, Hlsp xnp =0,

where H is the magnetic field, E the electric field, and np the unit outward normal
at the boundary 0D of D. Here, both Vx and Vyx denote the curl operator, but
the operator Vx acts on vector fields without boundary conditions, whereas Vjx
only acts on fields with zero tangential trace. The operators Vx and Vpx are adjoint
to each other. Other boundary conditions can be considered as well. The magnetic
permeability p and the electrical permittivity € are assumed to be time independent
but can be heterogeneous. We assume that there is a partition of D into a finite
number of disjoint Lipschitz polyhedra such that p and e are piecewise smooth on
this partition.
Maxwell’s equations fit the framework of the Hille-Yosida theorem by setting

(2.2a) u:=(H,E),
(22b)  L:=L*D)x L*(D), ((H,E),(h,e)).:=pH h)r2p)+ (cE,e)r2(p),

(2.2¢) A(u):= <1V><E7 1V0><H) with D(A)= Hy(curl; D) x H(curl; D).
W €

Moreover, a key property of (2.1) is that uH is in the image of the curl operator (i.e.,
pwH €imVx) and eF is in the image of the curl operator acting on vector fields with
zero tangential trace at the boundary (i.e., €E € im V). Since im Vx = (ker Vo x )+
and imVox = (ker Vx)* (here, orthogonality is meant in L?*(D)), the involution
property of the solutions to (2.1) can be reformulated as follows:

(2.3) (nH® eE®) € (ker Vox)& x (ker Vx)*

— (uH(t),eE(t)) € (ker Vox)t x (ker VX)L V&> 0,
which are Gauss’s laws of magnetism and electrostatics. In addition to implying
Gauss’s laws, the involution property (2.3) implies that the solutions to (2.1) have
some smoothness. More precisely, setting X 0 x X :=D(A) Nim(A4), i.e.,
(2.4a) X ,0:={h € Hy(curl; D) | ph € (ker Vo x)*},
(2.4b) X.:={ec H(curl; D) | ece € (ker Vx)*},

it is well established in the literature that there exists s > 0 so that
(2.5) X,uxX.CH(D)x H*(D).

This is a well-known consequence of the elliptic regularity theory; see e.g., Bonito,
Guermond, and Luddens [6], Jochmann [20]. In general, we have s € (0, 3), which is
the case of interest in this paper. When p and € are constant or smooth, the smoothness
index s is equal to % in Lipschitz domains (see Costabel [12, Thm. 2], Birman and
Solomyak [4, Thm. 3.1], Weber [27]), the smoothness index s is in the interval (%, 1]
if D is a Lipschitz polyhedron (see Amrouche et al. [2, Prop. 3.7]), and s =1 if D

is convex (see [2, Thm. 2.17]). The reader is also referred to Ciarlet [10, Thm. 16]
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for situations with heterogeneous properties for which smoothness is established with
s> 1.

The regularity of the solution to (2.1) that is invoked in the paper and stated in
(1.5) takes the following form in the context of Maxwell’s equations.

LEMMA 2.1 (smoothness). Assume that the initial data satisfy (H°, E°) € D(A?)
Nim(A). Let s> 0 be the smoothness index so that (2.5) holds true. Then the solution
to (2.1) is such that, for all T >0,

(2.6a) (H,E) e L>*((0,T); H (D) x H*(D)),
(2.6b) (0,H,0,E) € L=((0,T); H*(D) x H*(D)),
(2.6¢) (0, H,04E) € L((0,T); L*(D) x L*(D)).

Proof. This is just an application of the Hille—Yosida theorem, but we sketch
the proof for completeness. The proof consists of bootstrapping energy estimates by
leveraging the assumed regularity of the initial condition. Let T'> 0 be a fixed time.

(i) Taking one time derivative of (2.1), testing the PDEs with the pair (0, H,0: F),
and using that (0;H)|sp X np =0, gives

d, 1 A
a{llmatH(t)HiQ(D) + H628tE(t)||ig(D)} —0.
Since (H’, E°) € Hy(curl; D) x H(curl; D), this gives that

_1 _1
|1 QVXEH%W((O,T);LQ(D)) + e 2VOXH||2L°°((O,T);L2(D))
= "2V XE |32y + e 2 Vo x HO |32 < o0,

where we used (2.1) to replace the time derivatives by the curl operators and the
assumption (H°, E°) € D(A), thereby proving that (H(t), E(t)) € D(A) for all
t € (0,T). Moreover, as (H(t),E(t)) € im(A) for all t € (0,T) owing to (2.3)
and the assumption (H°, E°) € im(A), we conclude that both H and E are in
L>((0,T); H*(D)). This establishes (2.6a).

(ii) Taking two time derivatives of (2.1), testing with the pair (04 H, i E), us-
ing (0H)|lop x np = 0, and /ﬁ@ttH(O) = —,u_%Vx(e_lvoxHO), eéattE(O) =
—e 2V x(u 'V E°), and reasoning as above gives

1 1
1162 0 H |7 (0. 7y:12 (1) + €2 O Bl T o0 (0,7 £2( D)
= ||M_%VX(€_1V0><HO)||3:2(D) + ||€_%V0X(M_1V><EO)||%2(D) < 00.

As we also have VXOE = —0u(uH) and Vox0rH = 0y (eE), this estimate implies
that 9,H (t) € Ho(curl; D), 8, E(t) € H(curl; D) because (Ho, Eq) € D(A4?), i.e.,
(0:H (t),0.E(t)) € D(A) for all t € (0,T). Finally, observing that (0, H (t),0.E(t)) €
im(A), we conclude that (0,H(t),0.E(t)) € D(A) Nim(A) for all ¢t € (0,7). This
establishes (2.6b) and (2.6¢). 0

Remark 2.2 (involution). In view of Lemma 2.1, the involution property of the

solution to (2.1) can be reformulated as (H(0), E(0)) € X 0 x X = (H(t),E(t)) €
X0 x X, for all t >0.

Remark 2.3 (right-hand side). In some applications, Ampere’s law, i.e., the second
equation in (2.1), comes with a source term j representing a current density and
satisfying the charge conservation equation dip + V-3 = 0, where p is the charge
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density. Then the involution satisfied by the electric field takes the form V-(eE) = p.
The functional setting described in the paper is unchanged if there are no charges
or the charge distribution is time independent, i.e., O;p vanishes identically and j is
divergence-free. The error analysis of ERK schemes then becomes somewhat more
intricate as the representation of the semigroup action is now given by Duhamel’s
formula. This entails quadrature errors for the time integration of j that must be
taken into account, but overall the stability and convergence results established in
the paper are unchanged. The situation is more delicate when the charge distribution
is time dependent. This case requires a modification of the functional setting that is
left to future work.

2.2. Linear wave equation. Let us now consider the linear wave equation
in R? with d € {2,3}. Assuming again that D C R? is an open, bounded, connected
polyhedron with Lipschitz boundary, we seek a pair of scalar and vector fields (p,v) :
D — R x R? such that, for all ¢ > 0,

(2.7) Ot (kp) + Vo-v =0, Ot(pv) + Vp=0, v|op -np =0,

where p is the pressure and v the velocity, and V- denotes the divergence operator
acting on fields with zero normal trace. Other boundary conditions can be considered
as well. Moreover, the compressibility x and the density p are time-independent co-
efficients that can be heterogeneous. We assume that there is a partition of D into a
finite number of disjoint Lipschitz polyhedra such that x and p are piecewise smooth
on this partition.

The linear wave equation fits the framework of the Hille—Yosida theorem by setting

(2.8a) u:=(p,v),
(2.8b) L:= LQ(D) X LZ(D)a ((pv), (¢, w)) L == (rp, Q)Lz(D) + (va’w)L?(D),
(2.8¢)  A(u):= (1V0~v, 1Vp> with D(A)= H'(D) x Hy(div; D).

K P
Moreover, since im(V) = ker(Vp-)* and im(Vy-) = ker(V)*, the involution property
associated with (2.7) is
(2.9) (kp?, pv°) € (ker V)* x (ker Vo)

— (kp(t), pv(t)) € (ker V)& x (ker Vo-)* Vit > 0.

The involution on the pressure reduces to [, x(x)p(x,t)dx = 0 for all £ > 0 because
D is connected, i.e., ker V =span{1} = Py. The involution on the velocity amounts
to pv € (ker Vy+)*, which implies in particular that ¥V x(pv) = 0. Let us introduce

(2.10a) X.:={qe H (D) | kq € (ker V)*},

(2.10b) X y0:={v € Ho(div; D) | pv € (ker V)" }.

It is well established in the literature that there exists s > 0 so that
(2.11) X, 0 CH*(D).

The smoothness index s is larger than % if p is constant or smooth. The index s is in
general smaller than % if the mass distribution p is discontinuous. Obviously, we have
X, C HY(D). Hence, combining (2.9) and (2.11), we infer that the solution to (2.7)
satisfies (p(t),v(t)) € H'(D) x H*(D) for all t > 0.
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LEMMA 2.4 (smoothness). Assume that the initial data for the linear wave equa-
tion satisfy (p°,v°) € D(A2)Nim(A). Let s >0 be the smoothness index so that (2.11)
holds true. Then the solution to (2.7) is such that, for all T >0,

(2.12a) (p,v) € L((0,T); H'(D) x H*(D)),
(2.12Db) (Op, Opv) € L=((0,T); H* (D) x H*(D)),
(2.12¢) (D4, Opv) € L°((0,T); L*(D) x L*(D)).
Proof. Proceed as in the proof of Lemma 2.1. ]

Remark 2.5 (topology of D). The involution on the velocity implies V xwv(t) = 0 for
allt > 0, since (ker V-)* = VH!(D). Notice though that the identity V xwv(t) = 0 fully
describes the involution only if D is simply connected because (ker Vy-)* = ker Vx if
and only if D is simply connected. The involution that is independent of the topology
of D is v(t) € (ker Vo-)* for all ¢ > 0.

3. DG setting. We describe in this section the dG setting that is used to ap-
proximate (2.1) in space. Although all the material that follows could be reformulated
into one single abstract framework, we refrain from doing so to facilitate the read-
ing of the paper. We separately introduce the discrete operators that are specific for
Maxwell’s equations and the linear wave equation. The material herein is standard
and is only recalled for completeness. To be dimensionally consistent, we introduce a
length scale, {p, associated with D; it can be, for instance, the diameter of D. We
denote the simulation time by 7" > 0.

3.1. Meshes, averages, and jumps. Let (7,)nen be a shape-regular family
of affine simplicial meshes such that each mesh covers D exactly and is compatible
with the partition of D associated with the discontinuities of the material properties.
The meshes are assumed to be quasi-uniform. The symbol K denotes a generic mesh
cell, hg its diameter, and ng its outward unit normal. We define h as the piecewise
constant function on T, such that h|x = hx for all K € Ty; we set h := ||iL||LoC(D).
The set of mesh faces, Fj,, is split into the subset of mesh interfaces, say F;, and
the subset of mesh boundary faces, say .7-',? . Each interface is shared by two distinct
mesh cells which we denote K;, K,. Each boundary face is shared by one mesh cell,
K, and the boundary, dD. For every mesh face F' € F;, hr denotes the diameter
of F'. Every mesh interface ' € F} is oriented by the unit normal, np, pointing from
K; to K,. The orientation of nr is fixed once and for all, and this determines the
labeling of the two mesh cells sharing F' as K; and K,; see also Remark 3.3. Every
boundary face F' € ]—",? is oriented by the unit normal np:=np.

The approximation is done using polynomials of degree k£ > 0. We emphasize that
it is legitimate to take k = 0 for the theory developed in this paper. The vector space
over R or C (depending on the context) composed of d-variate polynomials of total
degree at most k is denoted Py, 4. We set Py, 4 := [Pk}d]d and consider the scalar- and
vector-valued broken polynomial spaces

(3.1a) PP (Tw) == {vn € L*(D) | vk € Pr.a VK € T},
(3.1b) P(Th) == {wn € L*(D) | wy ¢ €Prg VK € Tr}.

We define the L2 and L*-orthogonal projections onto the broken polynomial spaces
PP(T;) and Py(Ty,) as

(3.2) P : L3(D) — PP (Th), 1} : L*(D) — PY(Ty).
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For all K € Ty, all F € F), with F C 0K, all v, € PP(T3,), and all wy, € PE(’T;L), we
define the local trace operators such that 7§ p(vn)(®) := vn|x (x), v p(wh)(x) :=
wi |k (x), Vi p(Wh)(T) == wi|k (T) XN R, 'y%F(wh)(:c) ‘=wp|g(x) np forallz e F.
Here, the superscript x € {g, ¢,d} refers to the gradient, curl, and divergence operators,
since each trace is naturally associated with the corresponding operator. Then, for
all F =0K;NOK, € Fy, we define the jump and average operators such that

(3.3a)

[l =, () v pon), A= 5 (o () + 7 (om),
(3.3b)

[wnTf =i r(wn) i r(wn), e = 5 (ke () + 7k, e(eon).

To allow for more compact expressions, we also set [wp]% = {wn }F = 7%, p(wn)
for all F=0K,NoD € F}.

3.2. Maxwell’s equations. In this section, we exemplify the dG space semidis-
cretization for Maxwell’s equations. The magnetic permeability and electric permit-
tivity of vacuum are denoted pg,€g, respectively. To simplify the presentation, we
assume throughout the paper that the ratios p 1, and € Le are of order unity, so
that these ratios can be hidden in the generic constants used in the error analysis.
Setting ¢ := (uoeo)_%, we introduce the quantity w := chl which scales as the recip-
rocal of a time scale.

3.2.1. Discrete bilinear form and involution. We define the jump bilinear
forms such that for all Hj, hy,, E}, e, € PE(E),

(3.4a) si,(Hp, hi) = > ([HAG, [hal$) L2 (),
FeF,
(3.4b) 57" (En,en) = > ([Bul%, [enl%)L2r),
FeF?
which induce the seminorms |hy|§ := s%(hh,hh)% and |ep|T° = si’o(eh,eh)%. The
discrete curl operators
(3.5) Cho: PY(Th) = PY(Th),  C:PR(Th) = PY(Ts)

are defined as follows: For all (hy,en) € Po(Th) x PR(Th), Cho(hy,) and Cj(ep) are
the unique members of Py(7T;) such that the following identities hold true for all
e i, € PR(Th),

(3.6a)  (Cho(hn),€})r2(py = (Vaxhn,e,) 20y + Y ([hale, {en} ) 2,
FeF,

(3.6b)  (Culen) hy) 2oy = (Vaxen b2y + D (lenlie, (R0} F) ),
FeFy

where V},x denotes the broken curl operator (evaluated cellwise). The following in-
tegration by parts formula holds true:

(3.72)  (Cho(hn),en)r2(py = (hn,Crlen))r2py V(hn.en) € PY(Th) x PR(Ty).
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Setting Ly := PE(E) X Pz(ﬁl), we define the bilinear form ay : Ly, x L, — R
such that

(3.8) an((Hp, En), (hn,en)) == —(Ch(En), ki) L2y + (Cho(Hn), en) L2 (p)
+ KHSZ(H}L, hh) + KESZ’O(E}“ eh)

with Ky = powlp = (,uo/eo)% and kg 1= eqwlp = (60//10)% (notice that kyky = 1).
The Riesz representative of the bilinear form aj is denoted Ap : Lp — Lp. This
operator is such that, for all (H},, E}p) in Ly, the following identity holds true, for all
(hh, eh) € Ly:

(39) (Ah(Hh,_Eh)7 (hh,eh))LQ(D)XLZ(D) = ah((Hh,Eh), (hh,eh)).

The semidiscrete version of Maxwell’s equations (2.1) consists of seeking the pair
(Hy, Ep) € CH([0,T); L) so that

(310) 6t(€Eh7MHh)+Ah(H}L7Eh):Oa (Hh<0)aEh(O)):(H(})uE(})l)

with initial data (HY,EY) approximating (H°, E’). Assuming that (EY, H}) €
im(Ap), the pair (eEyp, uH},) remains in the image of the operator Ay, as t grows, i.e.,

(3.11) (eEn(t), uHu(t)) € im(Ay) Yt > 0.

What makes this simple observation nontrivial is that im(Ay) is a genuine subset
of Lj,. Recall that im(Ay,) =ker(A])L. Let us now characterize ker(A}). Let P5.(T5)
be the H (curl; D)-conforming finite element space composed of the piecewise Nédélec
polynomials of the first family and of degree k > 0, and let Pf,(75) be its subspace
composed of the discrete fields with zero tangential trace on 9D. We set

(3.122) Pj(curl = 0;7,) :={e) € P§.(Tu) | Ve, =0},
(3.12b) tolcurl =0;Ty) :={hy € Piy(Th) | Voxhy, =0}.

Notice that PS(75) is not a subspace of PY(T,) (actually PS(T5) € PZH(E)), but
we are going to make use of the following well-known results (see, e.g., [14, Chap. 15
and 18)):

(3.13a) PP (T,) Nker Vx = P§(curl =0;75),
(3.13b) P2(T;,) Nker Vo x = P§y(curl = 0; 7).

The following result is established in [17, Lem. 3.1].

LEMMA 3.1 (discrete involution). The following holds true:
(3.14) ker(A}) = P§(curl = 0;7;) x P (curl = 0;7y,).

Lemma 3.1 gives im(4y,) = P (curl = 0; 75 )+ x P (curl = 0; T;,)*. Accordingly,
we set

(3.15a) X 0.5 :={hn € PY(Th) | phy € P§y(curl =0; ;) },
(3.15b) X . :={en € PX(Ty) | eep, € P§(curl=0;T;)*}.

With this notation, we observe that the solution to (3.10) satisfies the involution

(3.16) (Hh(O),Eh(O)) S XM07h X Xe,h — (Hh(t),Eh(t)) S XMO,h X X@h vVt > 0.
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Remark 3.2 (quadrangles and hexaedrons). The identities in (3.13) do not hold
for quadrangles and hexaedrons with the definition of P}(75) given in (3.2). In
this case, the dG space PE(E) has to be slightly enriched as explained in Perrier
[23, section 5).

Remark 3.3 (face orientation). Notice that the stabilization bilinear forms defined
in (3.4) and the consistency bilinear forms appearing on the right-hand side of (3.6) are
quadratic in terms of the jumps [hy]%, [en]$ and averages {hy }5, {en}}S-; therefore,
they do not depend on the choice that is made to orient the mesh interfaces.

3.2.2. Deflated inf-sup condltlon and thz projection. We equip L with

the norm [|(f,g)|z :== (HHZfHLz(D +le2 972 ) and we equip Lj, with the mesh-
dependent norm

(3.17)
(R en)lls pi= 2 || (s en)c

+ i {12 Cro(h) 2y + a5} +42 {17 Chen)l 2oy +lenl")-
The following two results established in [16, 17] play a key role in the paper.

LEMMA 3.4 (deflated inf-sup condition). There exists ¢ >0 so that, for all h € H
and for every pair (Hy, Ey) in X 0.5 X X p, the following holds true:

Hy,Eyp), (hy,
(3.18) WE||(H 0, Ep)pn <c  sup |lan (Hp, Ep), (hn,en))]
(hn,en)ELp H(hhaeh)HL

THEOREM 3.5 (Ritz projection). There is ¢, so that for allh € H and all (H,E) €
X0 x X, there exists o unique pair (Ig p(H),I1L(E)) € X 40,0 X Xep s0 that

(3.19a)
an((Mon(H), L (E)), (hn,en)) = a((H,E), (hn,ey)) VY(hy,en) € Ly,
(3.19b)
|(H —Tlon(H), E — Iy (E))| < el °h* (g V< H |2 (p) + €5 VX E|L2(1) )

with Cl((H,E), (hhaeh)) = _(VXEahh)LQ(D) + (VOXHaeh)LQ(D)-

Remark 3.6 (stabilization versus centered flux). Notice that it is essential that
the stabilization coefficients kyu, kg be nonzero for equality to hold in (3.14). When
the dG numerical flux is centered, i.e., ky = 0 and k; = 0, we only have im(Ap) C
P{,(curl =0;7;,)* x P{(curl = 0; 7;,)*. This nevertheless implies that a discrete ver-
sion of Gauss’s laws is satisfied (as observed, e.g., in Campos Pinto and Sonnendriicker
[9, section 5.4]), but this is not enough for the approximation to be convergent under
the stringent smoothness assumptions considered in this paper. More precisely, it is
essential that ky > 0 and Ky > 0 to establish the deflated inf-sup condition (3.18),
which, in turn, gives the estimate (3.19b). The importance of stabilization is now
well recognized in the literature; see, e.g., Alvarez et al. [1], Hesthaven and Warbur-
ton [19]. In conclusion, the combination of (3.14) and (3.18) can be viewed as the
discrete counterparts of (1.2), i.e., im(A) N D(A) C H® only when sy >0 and xg > 0.

3.3. Linear wave equations. In this section, we exemplify the dG space semi-
discretization for the linear wave equations. Let kg, pg be reference scales for k£ and p,
respectively. We assume throughout the paper that the ratios kg 'k and Po ! p are of
order unity. Setting ¢ := (kopo)~ 2, we introduce the quantity w := ¢/, which scales
as the reciprocal of a time scale.
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3.3.1. Discrete bilinear form and involution. We define the jump bilinear
forms such that, for all py, gy € PP(Ts) and all vy, wy, € P},z(’ﬁl),

(3.20a) 5 (onsgn) =Y, ([pal%s [an] %) L2,
FeFp

(3.20b) si(wn,wn) =Y ([l [wild) r2m),
FeFy,

L . 1 1
which induce the seminorms |gs|$° := s5°(qn,qn)2 and |vp|{ := s (v, v,)2. The
discrete gradient and divergence operators

(3.21) G, : PP (Th) — PY(Th), Dyo: PY(Th) — PP(Th)

are defined as follows: For all (g, vp,) € PP(Th) x P2(Tr), Grlqn) and Dyo(vy) are
the unique members of P}(T,) and PP(T,) such that the following identities hold
true for all ¢ € PP(75,) and v}, € PR(Th):

(3.22a) (G(pn), Y1) L2(p) = (Vibn, V1) L2(p) — Z (lan)%, §v3 B %) 2 ().
FEFg

(3.22b)  (Dno(vn), )20y = (Vaon,ai) 2oy — > ([vnl® €an}%) 2y
FeF,

where V), and V- denote the broken gradient and divergence operators (evaluated
cellwise). The following integration by parts formula holds true:

(3.23)  (Gilan),vn)r2(py = —(qn, Dno(vn))r2(py  Y(an,vn) € PP (Th) x PR(Th).

Setting Ly, := PP(Th) X P}g(’ﬁl), we define the bilinear form ay, : L, X L, — R such
that

(3.24) an((pn>wn), (qn,v1n)) == (Dro(un), qn) L2(py + (Gh(pr): V) 2(D)
+ Kp55 (P qn) + v sh (wn, )

with ke = kowlp = (Ko/po)? and ky := powlp = (po/ko)? (notice that rpry = 1).
The Riesz representative of the bilinear form ay is the operator Ay : Ly — Ly such
that the following identity holds true for all pairs (pp,un), (qn, wr) € Lp:

(325) (Ah(pha Uh), (qha Uh))LZ(D)xL2(D) =ap ((pha Uh), (qhv vh)) .

The semidiscrete version of the linear wave equations (2.7) consists of seeking the
pair (pp,up) € CH([0,T]; Ly) so that

(3.26) O (kpn, pun) + Ap(pn,un) =0, (pr(0), ur(0)) = (pp, uj)

with initial data (p?,w?) approximating (p°,u"). Assuming that (p9,u?) € im(4),
the pair (kpp, pup) remains in the image of the operator Aj, as t grows, i.e.,

(3.27) (kpn(t), pup(t)) €im(Ay) Vt>0.

We now characterize ker(A]) =im(Ap)~. We first observe that {g, € P*(T3) | V), =
0} =Py. Let P{y(7s) be the H(div; D)-conforming space composed of the piecewise
Raviart—Thomas finite elements of degree k > 0 with zero normal trace on D. We set

(3.28) P (div=0;Tp) = {vs, € PL(Th) | Vo-vy =0}.
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Notice that Pg,(73) is not a subspace of P} (7T5) (actually Py (7h) € P2+1(Th))v but
the following well-known result holds (see, e.g., [14, Lem. 14.9 and Thm. 18.10]):

(3.29) PY(T;) Nker Vo- = Py (div=0;T5).
LEMMA 3.7 (discrete involution). The following holds true:
(3.30) ker(A}) =Py x Py (div=0;T).

Lemma 3.7 gives im(Ay,) =Py x P{y(div=0;73)*. Accordingly, we set

(3.31a) Xpp = {thP,?(E) | /Df{qhdx:()}7

(3.31Db) X 0.1 = {vn € PR(Th) | pon € Piy(div=0;T,)*}.

With this notation, we observe that the solution to (3.26) satisfies the involution
(3.32)  (pn(0),un(0)) € Xun x X o = (pn(t),un(t)) € Xpn x X0 VE>0.

3.3.2. Deflated inf-sup condition and Riltz projection. We equip L with

the norm ||(f,g)||L := (”’{%f”%?(D) + HP%U||%2(D))§ and we equip Lj, with the mesh-

dependent norm

(3.33)
a2l 1= 2 (oo ) 2

5 {IB2 Gnlon) 2oy + pnl5 } + 2 {17 Daoun)l2(p) + lunl3}-
The following two results established in [16, 17] play a key role in the paper.

LEMMA 3.8 (deflated inf-sup condition). There exists ¢ >0 so that, for all he H
and for every pair (pp,un) in Xep X X 0p, the following holds true:

3 |ah (phauh)a(qhvvh) |
(3.34) o unlon<c  swp 2L )
(qn,vn)EL ||(qhavh)||L

THEOREM 3.9 (Ritz projection). There is ¢ so that, for all h € H and all (p,u) €
X, X X po, there exists a unique pair (I, (p), o p(w)) € Xwn X X po,n so that

(3.35a)  ap((y(p), Mo (w)), (gn,vr)) = a((p,w), (qn,vr))  Y(qn,vn) € L,
(3.35b)  [l(p—n(p),w — Mo n(w))llz < el *h* (kG VDl L2(py + £ IV -ullL2(p)),

with a((p,w), (gn,vn)) := (Vo-u,qn) 2(p) + (VP,01) L2 (D)-

Remark 3.10 (smoothnesss index). The deflated inf-sup condition and the error
estimate for the Ritz projection are proved in [16] under the assumption s > %, but
the duality argument from [17] can be easily adapted to prove the deflated inf-sup
condition and the error estimate for the Ritz projection in the present setting where
the coefficients x and p are discontinuous and the smoothness index s is in (0, %)
Moreover, as in Remark 3.6, we emphasize that the combination of (3.30) and (3.34)
can be viewed as the discrete counterparts of im(A) N D(A) C H® only when ky >0
and kg > 0. The importance of stabilization is now well recognized in the literature;
see, e.g., Stanglmeier et al. [24].
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4. Fully discrete setting. In this section, we first rewrite the space semidiscrete
problems derived in the previous section in a unified setting and then use ERK schemes
for the time discretization.

4.1. Unified setting for the space semidiscrete problem. Since the pro-
posed method can be used for solving a large class of problems having the same
structure as Maxwell’s equations and the linear wave equations, we now adopt the
abstract notation introduced in section 1. This will facilitate the stability and con-
vergence analysis reported below. Recall that we want to solve the time-dependent
problem (1.1), where the linear operator A: D(A) C L — L is unbounded and maximal
monotone, and L is a Hilbert space equipped with the inner product (-,-)r. To allow
for a bit more generality, we consider here complex linear spaces. Recall also that
we assume that there exists s € (0, %) and a subspace H?® dense in L with compact
embedding, i.e., H® € L, so that

(4.1) X :=im(A)ND(A) C H®.

We denote |v|x :=||A(W)||. We set ||v]|x :=||v||z + ¢|v|x where £ is a length scale
that makes the above definition dimensionally consistent. A simple choice is to set
0:={p. We denote by |v|g- any seminorm on H*® such that ||v|| + ¢°|v|gs is a norm
equivalent to ||v||gs. Recalling Lemmas 2.1 and 2.4, the above property means that
under natural assumptions on the initial data u°, the solution to (1.1) satisfies the
following smoothness property:

(4.2) ||u“Lm((01m);X) < 00, HatuHLoc((O,oo);X) < 00, H&ttu”Lm((O,m);L) < 0.

We now approximate “in space” the problem (1.1) by introducing a sequence
(Lp)heyn of finite-dimensional subspaces of L equipped with the inner product ().
We then consider the ODE system

(43) Orup, + Ay, (uh) =0, up (0) = ’LL?L,

where Ay, : L, — Ly, is a linear operator approximating A. Let HZ : L — Ly denote
the L-orthogonal projection. We formalize the approximation properties of HE and
Ap, by assuming that there exists a linear operator I, : X — Lj, (which we call the
Ritz projection) and a constant ¢ > 0 such that, for all u € X and all h € H,

(1.4a) (An 0 Th)(u) = (IT3 o A) (),
(4.4b) ML (w) — ullp < e ~*h|ulx,
(4.4¢) (TT) (u) — | < ch®|ulgs.

Recall that we only assume s € (0,3). The estimate (4.4b) holds true for the dG
approximation of Maxwell’s equations (see Theorem 3.5) and the linear wave equation
(see Theorem 3.9). The notion of involution invoked in Lemmas 3.1 and 3.7 and in
the deflated inf-sup conditions (3.4) and (3.8) is essential to establish these error
estimates.

We finish by saying a few words on the dissipation properties of Ap. Just like
the operator A satisfies R((A(v),v)r) >0 for all v € D(A), we assume that A + AH
is nonnegative (where A denotes the Hermitian transpose of Aj). More precisely,
we set

1
@3)  salomun)i= (00t AN ) Vonwn€
L
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and assume that the Hermitian sesquilinear form s(-,-) is nonnegative, i.e.,
(46) Sh(’l)}“’l]h) = %((Ah(’l)h)/vh)[,) >0 Yy, € Ly,.
We henceforth refer to this property by saying that Ay is dissipative. We denote

(4.7) |vr|s = (sh(vh,vh))%7 (vp,wp)s := sp(Vp, W) Yop, wy, € Ly,
The above definitions imply that
(4.8) %((Ah(vh),vh)L) = |onl3 Yoy, € Lp,.
Notice that (4.5) can be viewed as an integration by parts formula since
(4.9) (Ap(vp),wr)r, = —(vn, Ap(wp)) L + 2sp (v, wp) Yop, wp, € Ly,
One important question regarding ERK schemes is their L2-stability under the
standard CFL condition 7C(Ay) < o, where C(A},) is a constant depending on the

stability properties of the discrete operator A;,. To be able to estimate C(Ayp), we
assume that there exists a constant ¢y, so that the following holds true for all A € H:

(4.10) ||Ah(vh)||L SCLh_lH’UhHL Yy, € Ly,.

In the dG context, this inequality is established by invoking discrete inverse and trace
inequalities, and using that the underlying operator A is a first-order differential
operator. We also notice that (4.10) readily implies that v, |3 <cph™!|vp 3.

4.2. ERK schemes. For the time discretization of the ODE system (4.3), we
consider three-stage, third-order and four-stage, fourth-order ERK schemes, which
we call ERK(3,3) and ERK(4,4). The time step is taken constant for simplicity, but
the present resuts still hold true with variable time steps for the ERK(3,3) method.
Given uZ’O := ujy, where uj is the approximation of u at time ¢", and given a time
step 7, the computation of the update uﬁ“ by the ERK(3,3) scheme is done in three
stages as follows:

(4.11a) UZJ _ UZ,O _ TAth’O,
1

(4.110) upt = = A ),

(4.11c) up = = up? — gTAh(uh’Q —upt).

The computation of the update u}"! by the ERK(4,4) scheme is done in four stages
as follows:

(4.12a) W = A,
(4.125) wpt =t = S A — ),
(1120) = = A =),
(4.124 it =t - A - ).

Let Pi(z) := )¢ (o1} #zm be the Taylor polynomial approximating the expo-
nential function at order I € N at 0. A straightforward computation shows that (4.11)
amounts to u} ™! = P3(—7Ap)(u}) and that (4.12) amounts to ujt = Py(—7Ap) (u}).

Equations (4.11) and (4.12) each provide one possible realization of ERK(3,3)
and ERK(4,4) schemes. More generally, ERK schemes are specified by means of
their Butcher array. However, in the absence of external forcing and for linear evo-
lution PDEs, as in (4.3), every ERK(3,3) scheme and every ERK(4,4) scheme even-
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tually reduces, after elimination of the intermediate stages, to the identities uzﬂ =
Py(=7Ap)(up) and uptt = Py(—7A,)(u}), respectively. Therefore, to establish
L2-stability, it is sufficient to consider the schemes (4.11) and (4.12) as they sim-
plify some of the forthcoming algebra.

PROPOSITION 4.1 (L2-stability). Assume that Ay satisfies (4.10) and is dissipa-
tive (see (4.6)). There exists og > 0 so that, for all h € H and all T satisfying the
following standard (hyperbolic) CFL condition,

(4.13) cmh™" <oy,
we have
(4.14) 1 Ps(=TAp) i,y <1, 1Ps(—7 AR\l () < 1.

Consequently, if the sequence (u}})nen s generated by the ERK(3,3) scheme, we have
utllL < |[udllL, and if the sequence (u})nen is generated by the ERK(4,4) scheme,
we have [luj||z < max (||up)|z, [[u L)

Remark 4.2 (literature). The L2-stability of ERK(3,3) schemes under the standard
hyperbolic CFL condition (4.13) is established in Burman, Ern, and Ferndndez [8] for
Friedrichs systems approximated with stabilized continuous/discontinuous finite ele-
ments, and it is established in Zhang and Shu [30] for scalar conservation laws approxi-
mated with stabilized discontinuous finite elements and one specific ERK(3,3) scheme.
In particular, the L2-stability of ERK(3,3) schemes in the form [|u} ™| < |ju}||r, read-
ily follows from Burman, Ern, and Ferndndez [8, Lem. 4.2], and the estimate in Step
(iii) of the proof of Lemma, 4.3 therein with o} = ;) =~} =0 and A} =0. Concerning
the L2-stability of the ERK(4,4) schemes under the CFL condition (4.13), we refer the
reader to Xu et al. [29]; see also Sun and Shu [25, 26]. For completeness, we provide
somewhat simpler proofs of these statements in section 6.

5. Convergence. Our objective in this section is to prove convergence under
the following minimal regularity assumptions,

(5.1) ||6ttU||L°°((0,oo);L) < 00, ||8tu||L°°((0,oo);X) < 00, ||U\|Loo((o,oo);x) < 00,

where s > 0. We recall that these assumptions are met owing to the involution property
(1.4) provided the initial datum ug satisfies elementary structural properties; see, e.g.,
Lemma 2.1. In what follows, the symbol C' denotes a generic positive constant whose
value can change at each occurrence provided it is independent of the mesh and time-
step sizes.

5.1. Preliminaries. Let u?L € Ly be a reasonable approximation of u® which
we recall is assumed to belong to the space X defined in (4.1). For instance, setting
u :=TIP (ug), we have

(5.2) [u® —ul ||, < Ch* | 5.

To establish the consistency of the approximating scheme, we are going to use the
following key identity satisfied by the exact solution, which is a direct consequence of
(4.4a) and (1.1):

(5.3) 1% (9,u(t)) = — Ay (I (u(t))).
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5.2. ERK(3,3). We start by introducing the discrete errors

(5.4a) ey —eZO.—uh — ( (t ))

(5.4Db) eZl.—uh — 0 (w(t™) + TOu(t™)),
(5.4c) ep? = ul? — I (u(t™) + Tou(t™)),
(5.4d) eptt erd.fuh th(u(t”Jr ).

Remark 5.1 (e} 2). If full regularity were assumed or if an L°°(L?)-bound on
the third-order tlme derivative were available so that we would have dyu € L (X), it
would then be more convenient to set ) := u" I, (u(t™)+7du(t™)+ 5720, u(t™)),
but comparing uZ to u(t™) +T@tu(t”) is sufficient for our purpose since we just want
to establish convergence by invoking as little regularity as possible.

LEMMA 5.2 (error equation). The error equation for the ERK(3,3) scheme is

(5.5) ept =Py(=TAR) () +T Y Qam(—TAR)(RE™),
me{0:2}

where Q30(z) =1+ 3 z—l— 122 le(z) =141 3%, Q32(2):=1, and
(5.6a) R}V = () — M) (Qpul(t ))
(56b) Rh = THh (c’%m(t”))
(5.6¢) RZ 2= 7 L () — u(t™) — TOu(t™)).

Proof. Using the identity (5.3) satisfied by the exact solution, we write the fol-
lowing identities (tautologies):

1, (u(t") + T@tu(t”)) =11, (u(t")) —TAy, (Hh (u(t”))) — TRZ’O,

I, (u(t™) + 70u(t™)) = My (u(t™) + 70w (t™)) — 7An (s (TOu(t™))) — TRY,

11y, (u(t”+1)) =11 (u(t") + TOu(t™)) — TRZ’Q.

Subtracting these relations from (4.11), we infer that the following discrete error
equations hold true:

n,l n,0 n,0 n,0
e, =ep —TApe, +TR,

n,2 n,l 1 n,l n,0 n,1l
ey =ep, —ETAh(eh —e )+ TRy,

n,3 n,2 1 n,2 n,l n,2
e, =ey —*TAh(eh —e, )+ TR,
We arrive at the assertion by eliminating the intermediate stages and using e} := e}’ 07
n+1 n,3 O
e, =

THEOREM 5.3 (convergence). Assume that the initial datum ug is such that the
solution to (1.1) satisfies the generic reqularity assumption (5.1) and that the discrete
initial condition is chosen so that (5.2) holds true. Let (u})nen be the time-discrete
sequence produced by the ERK(3,3) scheme. There exists g and a constant C' so that
for all h € H, all T satisfying the standard CFL condition (4.13), and all m > 1, the
following error estimate holds:

61 Tt = il < {8 lulzmoame

1Ll oz + €0 R |atu|Lw((0t,,L)X)}}
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Proof. Starting from (5.5) and invoking the triangle inequality gives

lep e < IPs(=A(e)llL+7 D 1Qam(—TA)RY™)| L.
me{0:2}

We bound the first term on the right-hand side by invoking (4.14) from Proposi-
tion 4.1, and the second one by using the CFL condition (4.13), and the inverse
inequality (4.10). This gives

lei Mz < llepllz +Cr Y IRy ™llx-
me{0:2}

It remains to bound the three residuals on the right-hand side. We have
IRl < (= Ta) (Qpu(™) |2 < CE*h*|Dult") | x

and

IR, e < 7l @su(t™)] 2
Moreover, since u(t"*1) — u(t") — T0u(t") = ftt:ﬂ (t" T — £)Ou(€) A€, we infer that

||RZ72 STHattuHLoo((tn,thrl);L).

Putting the above bounds together, summing over n € {1:m} for all m > 1, and
observing that Zne{lzm} 7 =1" implies that
e e < 8 + O™ {oheullm o amyy + €7 R bl omyx -

Recalling the assumption (5.2) on the initial condition and invoking the triangle in-
equality together with the approximation property (4.4b) of II, proves the
claim. 0

Remark 5.4 (convergence order). The convergence order from Theorem 5.3 is
O(7 + h*). Notice that we do not exploit here the higher-order truncation error in
time of ERK(3,3). No superfluous or unrealistic smoothness is invoked. The pivotal
property of this scheme is its L2-stability as established in Proposition 4.1. It is also
critical to invoke the Ritz projection and its properties listed in (4.4a)—(4.4b).

5.3. ERK(4,4). We start by introducing the discrete errors

(5.8a) epi=e? = uh IT, (u(t™)),

(5.8b) et = uh ITy (u(t™) + TOu(t™)),
(5.8¢) e = uh IT, (u(t™) + TOu(t™)),
(5.8d) eyt = uh h(u(t”) + TOu(t™)),
(5.8¢) ertli=ept =t I, (u(t™th)).

Remark 5.5 (eh ;e %), If full regularity were assumed or if an L>°(L?)-bound
on the third- and fourth-order time derivatives were available so that we would have
Opu € L™(X) and Oypu € L°(X), it would be more convenient to set eh ™2 as in
Remark 5.1 and €] :=u}"? — Iy (w(t™) + TOwu(t™) + 57204 u(t™) + $730mu(t™)).
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LEMMA 5.6 (error equation). The error equation for the FRK(4,4) scheme is

(5.9) ey =Py(—TAR) () +T Y Qum(—TAR)RE™),
me{0:3}

where Qu0(s) =14 254+ £57 + 5%, Qui(s) =1+ 25+ 52, Qua(s) =1+ 1s,
Qu3(s) =1, R"® and R}"" are defined by (5.6a) and (5.6b), respectively, R}> =0,
and R}"® =711, (w(t™Th) —u(t™) — TOu(t™)).

Proof. Using the same identities (tautologies) as for ERK(3,3) and subtracting

these relations from (4.12), we infer that the following discrete error equations hold
true:

n,1 n,0 n,0 n,0

e, =e, —TApe, +TR;,

n,2 _ n,l 1 n,l n,0 n,1l
ey =ey — §TAh(€h —e )+ TRy,
n,3 _ n,2 1 n,2 n,l n,2
€n =€ —gTAh(eh —ey, )+ TR,
nd __ n,2 1 n,3 n,2 n,3
e, =ey” — ZTAh(eh —e, )+ TR,

Eliminating the intermediate stages leads to the assertion. 0

THEOREM 5.7 (convergence). Assume that the exact solution satisfies the reqular-
ity assumption (5.1) and that the discrete initial condition is chosen so that (5.2) holds
true. Let (u})nen be the time-discrete sequence produced by the ERK(4,4) scheme.
There exists og and a constant C' so that for all h € H, all T satisfying the standard
CFL condition (4.13), and all m > 1, the following error estimate holds:

(5:10) ™) = ol < {0~ luli=(0am

1 {00yt M1ShslatuLoo((o,tm);X)}}'
Proof. Considering the error equation (5.9) on two successive time steps, we infer

that

e =Py(—TA) (ep)+ 7 D Pa(—TAp)(Qum(—TAR)(R)™))
me{0:3}

+7 Y Qum(—TA) RN,

me{0:3}

We now invoke the triangle inequality, the bound (4.14) from Proposition 4.1, the
CFL condition (4.13), and the inverse inequality (4.10) to infer that

n n n,m n+1,m
lei 2l <llepllz +C7 Y {IRE™ e+ IR}
me{0:3}

All the residuals can be bounded by reasoning as in the proof of Theorem 5.3. Sum-
ming over n € {1:m} for all m > 2, we infer that

ller'lle <llenllz + Ctm{TllattUHLw<<w,tm>;L> + fl_shsIatulLoo«twn);m}
with g :=mmod 2. Altogether, this gives

HehmHL S maX{He%HL, ||€}LHL} + Ctm{THBttuHLw((O’tm);L) + El_shslatulLoo((o’tm,);X) }
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To bound ||e} ||, we use (5.9) for n =0 and invoke the same arguments as above. Fi-
nally, recalling the assumption (5.2) on the initial condition and invoking the triangle
inequality together with the approximation property (4.4b) of II;, proves the claim. O

6. L2-stability of ERK(3,3) and ERK(4,4). In this section, we recall the
L?-stability argument for ERK schemes presented in Xu et al. [29] and simplify some

of the argumentation.

Our starting point is the integration by parts formula (4.9) which allows us to

compute quantities of the form R((Af:(vp), A} (vs))1) for all k> 1> 0.

LEMMA 6.1 (induction formula). Let k > 1 > 0 be two natural numbers. Set

n:= L%J Then the following identity holds true for all vy in Ly:

(6.1)  R((AR(on), Ah(on)r) = D (D" H2R((AL™ (on), A" (vn)) s)

me{l:n}

(_1)n{llAif”(vh)I% ifk—1=2n,

AL (vn)

2 ifk—l=2n+1.

Proof. By induction using the integration by parts formula (4.9).

LEMMA 6.2 (quadratic identity). Let s > 1 and consider (s + 1) real numbers
(ar)keqo:sy defining the polynomial P(z) := ZkE{O:s} axz®. The following holds true

for all vy, € Ly,:

(6.2) IP(=rAR) )l =llonllZ + D abm™ AL (o) 12

ke{l:s}

> apm T TIR((Af (o), 4 (on))s)

k,le{0:s—1}

with the coefficients (aﬁ)ke{lzs} and (afl)k,le{():s_l} such that ay, = a3, and

min(k,s—k)
630 af=de2 D () akmae
m=1
min(l+1,s—k)
(6.3b) 05122 Z (_1)k+l+mak+mal7m+1
m=1

Proof. A direct calculation shows that

IP(=7AR)(on)I7

k k
=lonlz+ > @I AL ()7
ke{l:s}

Vke{l:s},

Vke{0:s—1} VIe{0:k}.

+ Y > 2apa(—D)FTR((AR (vn), A (vn))

ke{0:s} 1e{0:k—1}

=llonllz + D akr™ A% (on)l3
ke{l:s}
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+ Z Z 2akal(—1)k+l7'k+l{ Z (—1)m+12§R((AZ_m(’Uh),Aé:'_m_l(vh))s)

ke{l:s}le{0:k—1} me{l:n}

+(=1)n 1A (n)ll7 itk —1=2n } ,
|AF (vp)|3 ifk—l=2n+1

where we used (6.1) in the last step. The assertion follows from straightforward ma-
nipulations on the indices and by using the definitions of aZ and ay). ]

The arrays a” and a® for ERK(2,2), ERK(3,3), ERK(4,4) are shown below:

(6.4a)  ERK(22) af= (?) : a® = (_f 1) :

4
0 -2 1 -1
(6.4b)  ERK(33) af=|-1z], =1 1 -3 3|,
1 _1 11
36 3 3 6
1
0 —2 1 -3 12
0 1 _2 1 _ 1
(64c) ERK@44) of=| 1 |, oS=| [ 3 1 B
712 3 4 12 24
—_ 1 1 1 1
576 i2 "1z a4 72

LEMMA 6.3 (L?*-stability). Assume that there exists an integer r > 1 so that the
following two conditions hold: (i) the (r—1)x (r—1) matriz with entries (a3))k1c{0:r—1}
is negative definite; (ii) al <0 and a =0 for alll € {1:r — 1}. Assume also that the
discrete operator Ay, satisfies the estimate (4.10) and is dissipative. There exists og > 0
so that, if the standard CFL condition (4.13) holds true, then |P(—7An)| z(z,) < 1.

Proof. Let vy, € Ly. For all k € {r+1 : s}, invoking the CFL condition (4.13)
yields

THIAR (on) |z < (e h™ )77 || AL (vn)ll < o5 1A (on) |-
For all ke {r:s—1} and all [ € {0:r—1}, we have
T (AR (on), Al (vn))s| < 7 AR (on) 5145, (vn) |5
< TR e )2 (enh™ )R AT (on) 12 AL (0m) s

<7 S (epmh V) (epmh™ YR AR (on) | 1| AL (vn)] s

-
1
2

IN

o0 TP AG (n)lIE + Go0r™ AL (on)[

Since (AF(vp), AL (vy))s and (AL (vy), A¥(vn))s have the same module, the same
bound holds for all I € {r:s—1} and all k € {0:r—1}. Finally, for all k € {r:s—1}
and all [ € {r:s—1}, we have

T (AR (on), A (vn)s| < 727 (emh ™) (eprh™ M2 A (un) |17

< T og TR A (vn) 12

Inserting the above bounds into (6.2) and since af = 0 for all [ € {1:r—1}, we infer
that
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(6.5) [IP(=mAn)(wn)ll7 < llonllL +ar 7| A7 (on)1Z

r—1

+ 37 ag TR (AR (vn), Al (un)) +Z (st |)00721+1Al( B
k,1=0
with
s—1r—1 s—1s—1
=al + Z crok " |a,€|—|—zzz:az(]C T)|as\+220§+l_2r+1|agl|.
k=r+1 k=r =0 k=r l=r

Since a < 0, the above expression shows that it is possible to choose oo > 0 small
enough so that @~ < 0. Furthermore, since the submatrix (afl)hle{o:r_l} is negative
definite, it is possible to choose oy > 0 small enough so that

r—1 r—

> afr (), AL )s) + 3 (st |)o- P24 4 ()2 < 0.
k,1=0

This completes the proof. 0

COROLLARY 6.4 (L?-stability of ERK(3,3)). The statement of Proposition 4.1
holds true for ERK(3,3).

Proof. We consider the polynomial P(z) := P5(z). An inspection of the matrix
S in (6.4b) shows that the assumption of Lemma 6.3 holds true for r» = 2. Indeed,
we see that al’ =0 and af = f% <0, and the 2 x 2 block

is negative definite. ]

COROLLARY 6.5 (L2-stability of ERK(4,4)). The statement of Proposition 4.1
holds true for ERK(4,4).

Proof. We consider first the polynomial P(z) := P4(z). From (6.4c), we see that
af =0, a¥ =0, and a§ = —=5 < 0, but the 3 x 3 block a®(0:2,0:2) is not negative
definite. But for the scheme ERK(8,4) composed of two steps of the method ERK(4,4),
a direct calculation using the polynomial P(z) = Py(2)? shows that we have af =0,
a% =0, and af = —3 <0, and that the 4 x 4 block a(0:3,0:3) is proportional to

—144 144 —96 48
144 —192 144 78
—96 144 -114 65
48 T8 65 —37

This matrix is not negative definite, but the 3 x 3 block a®(0:2,0:2) is, which is
sufficient to apply Lemma 6.3 with r =3. 0

Remark 6.6 (additional dissipation). A slightly stronger result than the assertion
in Lemma 6.3 is that, under the same assumptions, there exists vy > 0 so that, if the
standard CFL condition (4.13) holds true, then for all vy, € Ly,

IP(=rAn)(wn)lZ +707 > 7 Ak(n)[5 < llvallZ-
ke{0:s—1}
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This follows from (6.5) by invoking that the submatrix (ay))x ef0.r—1} is negative
definite (so that its eigenvalues are bounded from above away from zero) and that,

for all

ke {r:s=1}, yor2 A (v,)|% < Woag(kfr)HT”||A§L(vh)|\%, which can be

bounded by —alr?"|| A% (vy,)||2 by choosing 7o > 0 small enough.
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