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Disclaimer/announcement

» Some of the contents are possibly textbook material ...

v

Shrinking-based mollification operators
> you can live without them ...

v

Averaging quasi-interpolation
> decay rates for best-approximation with minimal Sobolev regularity

v

Nonconforming error analysis (elliptic PDEs)
> novel extension of the flux at faces

» New Finite Element book(s) (Fall 2018)
> 10 chapters of 50 pages — 65 chapters of 14 pages with exercices
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Maxwell

Maxwell’s equations
» Lipschitz polyhedron D C R? with simple topology

» Model problem: Find A: D — C3 s.t.
1A+ Vx(kVxA) =f, A‘ODXH = 0 (for simplicity)
» Assumptions on p and &

> boundedness: u,k € L°(D;C), set pug = ||p]|eoe, kg = ||K||Loe
> positivity: there are real numbers 0, u, > 0, kK, > 0 s.t.

ess inf R(e 1u(x)) >y, ess inf R(e”k(x)) > K,
xeD xeD

> heterogeneous medium: p and < can have jumps, but are
pcw. smooth (W"°°) on a Lipschitz partition of D
> no tracking of contrast factors ps/, = puy/ s, ki = K/ kb

» Assumptions on source term: f € L>(D) and V-f = 0 =
V-(uA) =0
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Maxwell

Two examples

» Time-harmonic regime (frequency w)

» Source current j,
» Helmholtz problem: A= E
p=—we+ivo, k=p"t F= —iwj
e: electric permittivity, [i: magnetic permeability, o: electric conductivity
» Eddy-current problem: A=H

p=ivp, k=0, f=Vx(ol,)
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Maxwell

Basic functional setting

> Vo = Ho(curl; D) = {v € L>(D) | Vxv € L*(D), vjppxn =0}
> norm (V] 3oy = 1Vl 2200 + (Il VXV 0,
> {p is a characteristic length of D (for dimensional coherence)

» Weak formulation: Find A € Vj s.t. a(A,b) = {(b), Yb € V,

a(A,b):/E)(MA-B+HVXA-VXB)dx, )= [ rbax

» a(+,-) is bounded and coercive on V (Lax—Milgram Lemma)
Re(eiea(bv b)) 2 min(,u'?aEBQHb)”b”il(curl;D)
» Coercivity parameter not robust w.r.t. p,; this is relevant

> in the low-frequency limit for the eddy-current problem
> in the limit 0 <« we with k € R for the Helmholtz problem
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Maxwell

Control on the divergence
» Since V-f =0, we have V-(uA) =0, so that

A€ Xo, ={be Vq|(ub,Vm)ppy=0,Vme M}, M= Hy(D)
» Poincaré(—Steklov) inequality
EEP_D >0 s.t. EP,DgBleHLz(D) < HVXbHLQ(D)v Vb € XQH

» Cp,p depends on D and contrast factor 1y,
> in H3(D), see [Poincaré 1894; Steklov 1897]

» On X, the coercivity of a(-,) is robust w.r.t. y,

R(e"a(b, b)) = s |blI 72y + w5V Xl To oy = w5 VX T )

\ \/

*’%(HVXb” oy + G ot 16132 )

\%

1 5
5’%40 mm(lvCP,D)”b”i{(cuH;D)
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Maxwell

Regularity pickup on A

» 35 > 0 and Cp (depending on D and contrast factor i) St
Colp bl me(py < [Vxb|l2(p)y, Vb € Xou
with [|-||gs = (H||i2 + £2]12,,)/2 and Sobolev—Slobodeckij seminorm

» = Ac H°(D), s >0, and typically s < %

> Proofs in [Jochmann 99] and [Bonito, Guermond, Luddens 13]
> earlier results by [Birman, Solomyak 87; Costabel 90] for constant p

Xo={be Vo |V-b=0} H(D)

with s = % and s € (%, 1] for a Lipschitz polyhedron
[Amrouche, Bernardi, Dauge, Girault 98]
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Maxwell

Regularity pickup on VxA
> Let V = H(curl; D), M, :={q € H'(D) | (9,1)2(py = 0}, and

X,..-1 ={b € H(curl;D) | (/@_lb,Vm)Lz(D) =0, Vm € M,.}

v

s’ > 0 and éb (depending on D and contrast factor £y ) s.t.
vbé[_)leHHs/(D) < HvaHLZ(D)7 Vb € X*R—l

The field R = kVxA s in X,,-1, so that R € Hsl(D)

v

v

Multiplier property: |k~ ¢|nrpy < Co-1|€|u-(p), V€ € HT(D)

1
)2

v

Letting o := min(s,s’,7) € (0, 3), we conclude that

Ac H°(D), VxAc H?(D)
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Edge FEM

Finite element setting
» Shape-regular sequence of affine simplicial meshes (75)n>0
» De Rham sequence for canonical FE spaces
c d V- pb
PE(Ty) —— PS(Ty) —» PU(Ty) — P*(Ts)
> Lagrange/Nédélec/Raviart-Thomas/dG FEM spaces
» conforming in H*(D)/H(curl; D)/H(div; D)/L?(D)
> degrees (k+1)/k/k/k
» Similar sequence with BCs
PE(Th) —— P§(Th) — PS(Ty) —= P5(Th)
with P&(Th) = P8(T5) N HY(D), P§(Tn) = PS(Tx) N H(curl; D), etc.

» Unified notation: P(7), Po(7h) with R9-valued functions, g € {1, 3}
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Periodic table of finite elements [Armold & Logg 14]

point evaluation

(k>1)
B edge integral (k>2)
£ |y .{#' o ,-bl". face integral (k >3)
| e R cell integral (k>4)

A\ A
H(curl)

edge integral

(k= 0)
face integral (k>1)
d:;gi,"’.- cell integral (k>2)
| |
.r'.\'l .r'.\'l r'.\'l
. i\ . LA face integral (k >0)
H(div s A an) e N
(div) 4 T_g_j".t fasﬁ;’f : :;_ ::lf cell integral (k>1)
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Edge FEM

Maxwell’s equations

v

Conforming edge FEM approximation in V,0 = Py(75) C Vo

v

Discrete problem: Find A, € Vo s.t. a(Ap, by) = £(by), Vby € Vo

v

The discrete problem is well-posed (Lax—Milgram Lemma)

» Main questions to be addressed

> u,-robust coercivity in the discrete setting
» error estimates for A € H?(D), VxA € H?(D), o € (0, 3)
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Edge FEM

Robust coercivity

» Since VP§(Tn) C P5(Ts), we do have a discrete control on the
divergence of Ay,

Ay € Xpop = {bn € Vo | (tbn, Vmpy)2py = 0, Vmy, € P5(Th)}
but Xy, is not a subspace of Xg,, ...

> One needs a discrete PS inequality in Xpo,,
> one can invoke a discrete compactness argument [Kikuchi 89;
Caorsi, Fernandes, Raffetto 00; Monk & Demkowicz 01]
> alternatively, one invokes commuting quasi-interpolation operators
[Arnold, Falk & Winther 10]
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Edge FEM

Error estimates

» The canonical interpolation operators commute with differential
operators ... but have poor stability properties

» For edge elements, stability only holds in H*(D), s > 1 (d = 3)

> using [Amrouche et al. 98] shows stability in
{ve H(D),s > 3,Vxv € LP(D), p > 2} [Boffi, Gastaldi 06]
> regularity barrier s > % still remains ...

» To approximate fields in H*(D), s > 0, we shall invoke averaging
quasi-interpolation operators from [AE, Guemond, 15-17]
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Analysis tools

FE analysis tools

» Commuting quasi-interpolation Jj, : L}(D;R9) — P(Tp)
— p(DRI) < C inf — p(D-RYI
v = Tb(v)l|e(pre) < L v = Vallr(D;ra)
> [Schéberl 01; Christiansen & Winther 08]
» Averaging quasi-interpolation Z, : L}(D; R9) — P(Tj)
inf  ||v — villiecprey < ||V —Zh(V)||1o(pray < € B |V] s
L | bl Lo (Direy < || h(V)|le(pyray < € B¥[V]wsp(D)

» for H'-conforming FEM [Clément 75; Scott, Zhang 90]
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Analysis tools

Commuting quasi-interpolation
There exist operators Jj, : L'(D; R9) — P(T) s.t.
Jn leaves P(T}) pointwise invariant (J, o Jp = Jh)
| Tbll £(eeiey < €, Vp € [1,00]
» Jn commutes with the standard differential operators

vy

HY(D) — o H(curl; D) > H(div; D) ——» 1%(D)
|7 R
PE(T:) PE(Th) — > P(T;) —— P"(T3)

v

Stability and polynomial invariance imply approximation

- P(D:RY) < inf - P(D:R4
v = Th(v)|le(Diray < thelg(Th) v = VhllLe(Dira)

A similar construction is possible with boundary prescription
jhO . Ll(D;Rq) — P0(77,)
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Analysis tools

Main ideas of the construction

v

See [Schéberl 01, 05; Christiansen 07, Christiansen & Winther 08]

Compose canonical interpolation fh operator with some
mollification operator s, § > 0

v

LY(D;RY) Xou €(D;RY) s P(Th)

v

fh = fh o ICs achieves stability and commutation
» T is invertible on P(Ts) if 6 < ch, ¢ small enough
> on shape-regular meshes, 0 is a (smooth) space-dependent function ||
> T = (Thlp(r;)) " © T satisfies all the required properties

v

Boundary conditions can be prescribed
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Analysis tools

Shrinking-based mollification [AE, Guermond 16]

» Globally transversal field j € C*°(R9) to D [Hofmann, Mitrea, Taylor 07]
» Shrinking map @5 : RY 3 x + x — Jj(x) € R?: Thereis r > 0 s.t.
ws(D)+ B(0,6r) C D, V6 € [0,1]

» The shrinking technique avoids invoking extensions outside D

» Shrinking-based mollification operators inspired from [Schéberl 01]

(KEF)(x) = / p(y)f(ps(x) + (6r)y)dy
B(0,1)

(K5g)(x) = / p(1)I5 (x)g(ps(x) + (6r)y)dy, etc.
B(0,1)

with Js5(x) the Jacobian matrix of ¢ at x € D and p is a smooth
kernel supported in B(0,1)
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Analysis tools

Averaging quasi-interpolation

> Finite element generation
» Main result: no boundary prescription

» Main result with boundary prescription
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Analysis tools

Finite element generation

» Reference finite element (R, .B, 2‘) of degree k > 0
> ]Pk,d(R;]Rq) cPc WI’W(R;R")
> reference shape functions {0;}ien and dof’s {Gi}ien

» For any mesh cell K € T,, we consider

> an affine geometric map Tk : K—K R
> a functional map 9 : L'(K;R9) — L'(K;RY) s.t.

Yi(v) = Ak(vo Tk)

for some matrix Ax € R?*¢ (Piola transformations)
» FE generation in each mesh cell K € Ty,
(K,Px,%k), Pxk=1wxtoP, Xx=2Xoyk
= local shape functions {0k ;}icnr and dof's {ok ;}ien
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Analysis tools

Finite element spaces

» Broken (or dG) FE space
P(Th) := {vy € L°(D;RY) | viyx € Pk, VK € Tp}
leading to P#P(7}) for Hl-conf. FE, P<*(7}) for H(curl)-conf. FE, etc.
» H'-, H(curl)-, and H(div)-conforming subspaces

PE(Th) = {vi € PE*(Th) | [valF = 0, VF € F7}
PS(Th) = {vh € P°°(Ts) | [velrxnF =0, VF € F}
PY(Th) = {vs € P*"(T3) | [valr-nF = 0, VF € F¢}

where F} collects the mesh interfaces
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Analysis tools

Fundamental property of face dof's

» Let K € 7, be a mesh cell, let F € Fix be a face of K
» Face unisolvence: 3 nonempty subset Nx r C NV s.t., for all p € Pk,
[ok,i(p) =0,Vie N r] <= [vkF(p)=0]
where vk r is one of the above trace operators from K to F

» This implies that for all i € Nk f, there is a unique linear map
ok.Fi: Pk r =9 F(Pk) = Rst. ok;i=0KFioVkF

» The fundamental property is that there is ¢, uniform, s.t.
lok F.i(q)] < cllAkllellgllieFry  Vq € Prr, Vi€ Nkr

This assumption is satisfied by all FE elements from de Rham
complex (all degree, all type, all kind)
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Analysis tools

Two-step construction procedure

# av
T, : (D RY) 25 PP(T5) 255 P(T5)

» First apply the projection operator Iﬁ onto the broken FE space

» [-orthogonal or oblique projection
> Iﬁ enjoys local stability and approximation properties

> Then stitch the result by averaging dof’s using Z;"
> the averaging step only handles discrete functions

» Some literature
> nodal-averaging for scalar FEM has a long history [Oswald 93; Brenner
93; Hoppe, Wohlmuth 96; Karakashian, Pascal 03; Burman, AE 07 ...]
> see also [Peterseim 14], [Kornhuber & Yserentant 16] for recent two-step
construction in scalar-valued case
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Analysis tools

Averaging operator (1)

» Recall the local shape functions 0k ;, V(K. i) € T x N

» Global shape functions ¢,, Va € A,

> connectivity array a: Th X N — Ap s.t. 0ak,i ik = Ok,
> connectivity set C, := {(K, i) € TaxN | a(K,i) = }

> IV : P>(Th) — P(Th) is defined by averaging dof's

) = Y (#(16) 3 o—K.,-(vm)%(y)

acAp (K,i)ec,
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Analysis tools

Averaging operator (2)

» Bound on averaging error

v = Z5" (vh) lwme(kire) < Chp BN A
FeFy

for all m € {0:k + 1}, all p € [1, 0], all vy € PP(T5)

> Fy is the collection of mesh interfaces sharing a dof with K
» A discrete trace inequality shows that Z¢V is LP-stable on P"(7T})
IZ5" (va) o (kimey < € [[vallLo(Dyire)

> Dy collects all the mesh cells sharing a dof with K
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Analysis tools

Theorem

T : LY(D;RY) — P(Th)
> leaves P(7},) pointwise invariant (Z,, o Z,, = Zp)
> ||Zhll2(eriey < € Vp € [1,00]
» has optimal local approximation properties

v = Zh(v)lwme(kray < € hie " [V wse(Dyira)

for all s € [0,k + 1] and m € {0:]s|}, all p € [1,00) (p € [1,00] if
seN), all K € Ty, all v € WP(Dg;R9)

In particular, we infer that

inf — ray < ch’ sh( D
Whe'Po(m [|v Wh”LP(D,]Rq) = v|w »(D;R9)
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Analysis tools

Polynomial approximation in Dy

ponf v = plwme(pe) < € i "IvIwsr(py)

» Poincaré(-Steklov) in W=P(Dg), s € (0,1) (direct proof)
v = vp,llee(pe) < € hylviwsre(py)
with v = ﬁ Jp, vdx
» Poincaré(-Steklov) in W=P(Dg), s =1

v = vp,ller(pr) < € hxlviwie(o)

> Dy possibly nonconvex, cannot use the result from [Bebendorf 03]
> break Dy into sub-simplices and combine PS in simplices with
multiplicative trace inequality (see also [Veeser & Verfiirth 12])
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Analysis tools

Main result with boundary prescription

» Two-step construction

It av
Tho - LY(D: RY) 225 PO(T3) 255 Po(T3)

» BCs enforced at the second stage (on polynomials) by zeroing out
the components of Zj5 (vs) attached to boundary dof’s

» Theorem

> Thno leaves Po(7s) pointwise invariant
> || Znol| (ersery < € Vp € [1,00]
> best approximation: for all s € [0, k + 1]

inf

wh€Po(Th)

v — wilir < ch’|vlws.e, Vv e W52 (D;RY) if sp > 1
= ekt vlwse, Vv e WHP(D;RY) if sp <1

where WP (D; RY) = {v € W*P(D;RY) | v(v) = 0}
> localized versions and bounds on higher-order norms available
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Analysis tools

Comments on the case sp < 1

inf vV —w < ch®l3P||vliwse DR
L [ nllee < o’ IVllws.r(Dira)

> v is not smooth enough to have a trace on 9D, it can even blow up

> Yet, we can achieve an h-optimal decay estimate of best
approximation w.r.t. discrete functions with boundary prescription

The reason is that v cannot blow up too fast (as p~%, p = d(+,0D))

> see [Grisvard 85]
> estimate cannot be localized close to 0D

v

This result seems to be new even in the H!-conforming setting
> see [Ciarlet Jr. 13] for Scott—Zhang operator and sp > 1

v
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Back to Maxwell

Robust coercivity for Maxwell's equations

> Recall Xo, = {b e Vo | (ub,Vm)ppy =0, Vm e Hj(D)} and that
éP,DEBIHbHLZ(D) < |[Vxb|zppy, Vb € Xoyu

» Recall Xhou = {bh S VhO ‘ (ubh,th)Lz(D) = 0, Vmy, € P§(77,)}
and that Xjg,, is not a subspace of Xg,,

> Letting Cp 7, = M;/lb”thOHZ(lLZ;L?)EPsD' we have

Co 0o 1ball2(py < IV Xball2(py, Vb € Xnoy
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Back to Maxwell

H(curl)-error estimate

» A, € Xh()# is s.t. a(Ah, bh) = g(bh), Vb, € xh()#
» Discrete PS inequality yields j,-robust coercivity on Xpo,,

» Standard techniques lead to

_ < B |

HA AhHH(curI,D) ~ b),IEr;I),o“ HA bhHH(curI,D)
< i - .

~ thEn\f/ho HA bhHH(curI,D)

where hidden constants depend on the contrast factors ju4,;, K45,

and the magnetic Reynolds number ~,,, = NMEZ’%
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Back to Maxwell

Convergence rates

» Convergence rates follow from

bhlen\f/hO“A bh”H curl; D) <lA- jhO(A)”H (curl;D)

= A= Tig(A)l ) + BV XA = X T (A) 2o
= A~ Ti(A)2, )HénwA Jho(wmnﬂ o

<c inf A—b +c€2 inf VXA = dy|?
S pema T Il nll32 Pl h)H nlliz2(p)
<cllA- I,C,O(A)ll +c£ IVxA— I;}O(VXA)HL2

and we can now use the decay estimates for averaging quasi-int.
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Back to Maxwell

L?-error estimate

> Recall that A € H(D), VxA € H?(D), o € (0,1)

» Main steps of the proof for L?-error estimate

> duality argument 4 bound on curl-preserving lifting
> main obstruction: dual solution is only in H? (D)
> see [Zhong, Shu, Wittum, Xu 09] with assumption o > 3

» New result [AE, Guermond 17]

1A= Anlliz S inf (1A= vhll2 + 77 ||A = villHeun)

hO

where hidden constant depends on i ,, y/p, Ky Ci-1, Ym
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Elliptic PDEs

Elliptic PDEs with contrasted coefficients

2d

> Lipschitz polyhedron D in RY, source term f € LY(D), q > %

» g>1ifd=2 g= 2 if d =3, one can always take g = 2

5
» L9(D) < (H'(D))" (minimal requirement is g > 7%

> X\ € L°°(D), uniformly positive and pcw. constant on a Lipschitz

polyhedral partition of D
> possible extensions: A tensor-valued and pcw. Lipschitz

» Weak formulation: Find u € H}(D) s.t., for all w € H}(D),
a(u,w) 1= / o(u)-Vwdx = / fwdx =: {(w), o(u):=AVu
D D

» Modest elliptic regularity pickup: v € H**"(D), r >0
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Elliptic PDEs

Nonconforming approximation

» Shape-regular sequence of (simplicial affine) meshes (75)s>0

v

Mesh faces Fj, = F U F{: interfaces F; and boundary faces F/
» F € Fj is oriented by the unit normal vector nr
> [-1F is the jump across F € Fy or the value at F € F?

v

Broken polynomial space (k > 0)

’Dl}:(ﬁl) ={vy, € L=(D) | Vhik € Py, VK € Tp}

v

Broken gradient V,, : (HY(D) + PP(Ts)) — L*(D;RY)
> Vv =Vvon H(D)
> (Vavi) ik = V(vaik) on PP(Ts), for all K € Th

v

Broken bilinear form on PP (T,) x PE(Th)
an(vh, wy) 1= / o h(vh)-Vewy, dx, oh(vh) := AV vy
D
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Elliptic PDEs

Examples of nonconforming methods (1)

» Crouzeix—Raviart finite elements
> Vi = P5(Th) = {va € PL(T3) | [-[valrds =0, VF € F}
> discrete problem: Find u, € V, s.t., for all w, € V,,

bh(uh, Wh) = ah(uh, Wh) = E(Wh)

» Nitsche’s boundary penalty with conforming FEM
Vi := P{(Th) = {va € P(Th) | [valr = 0, VF € 73}
» functions in V} can be nonzero at the boundary 9D
> discrete problem: Find u, € V, s.t., for all w, € V,

v

ba(un, wh) == a(un, wi) — np(un, wi) + sp(un, wi) = £(wh)
> consistency term (one can symmetrize)

(v, wh) = > /F(n~Vvh)Wh ds

2]
FE]:h

v

stabilization sp(vs, wh) = > o 770% fF vaws ds (o large enough)
h
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Elliptic PDEs

Examples of nonconforming methods (I1)
» Discontinuous Galerkin
> discrete problem: find uy € Vi, := PP(Ts) s.t., for all wy, € Vi,
bh(uh, Wh) = ah(uh, Wh) — nh(uh, Wh) + sh(uh., Wh) = K(Wh)

> consistency term (one can symmetrize)

RDEDY /n,c {Vvh}o[wa] ds

FEF,
e 22Kk
> stabilization s(vi, wy) = ZFE}.', 770;75 fFﬂvh]H[WhIl ds, \f = )\K/‘(‘AK:

for all F = 0K, NOK, € F;, no large enough (independent of \)

» Robustness w.r.t. contrast: weighted averages
{00 = OF kO 1k H0F k. Bk,s  OF K, O0F K €[0,1],  OF k+0F K =1

> Ork, =0F K = % recovers usual averages
- - i _ AKr
> diffusion-dependent averages: 0F x, = prES vl
Burman & Zunino 06; Di Pietro, AE, JLG 08]

see [Dryja 03;
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Elliptic PDEs

Quasi-optimal error estimate

» Quasi-minimal regularity space V; C V/, assume v € Vj
> Vj = Vs + Vi 3 (u— us), with norm ||-||y, (unbounded in V)
> discrete norm equivalence: ||vallv, < ¢yl|vallv,, Yvh € V4

» Bounded extension of nj, to ny on Vy x Vj, s.t. Vwy € Vp,

ng (v, wp) = np(vh, wp), Vv € Vi
ny(v, wy) = / {(V-o(v))wy + o(v)-Viaws} dx, Vv e Vi
JD
[ng(v, wh)| < wl|vlv,[[whllv,

» Quasi-optimal error estimate

|u— upllv, < c inf HU*VhHVu
vhEVy

» See also [Zanotti PhD Thesis 17; Veeser & Zanotti, 17-]
> energy-norm estimates, f € H™'(D)
> requires to modify RHS ¢(w;) (using, e.g., bubble functions)
> assumes (so far) constant diffusion coefficient A
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Elliptic PDEs

Choice of space V4
> Let o € L2(D;RY) with V-o € [3(D)

> (o-nk) can be given a meaning in H*%(ﬁK) by Green's formula
> this object cannot be localized to the faces composing 0K

> The classical route is to set Vi := H*"(D), r > 1
> [ue V] = [a(u)‘p € L*(F;RY), YF € Fy)
> one can set nﬁ(v Wh) =D e r Jene{Vviolwilds, Vv € Vs
> the ansatz r > 5 is unrealistic for heterogeneous diffusion

> Letting p > 2, g > we are going to work in

2+d'
Vi = {v e H;(D)| a(v) € LP(D;R?), V-a(v) € LI(D)}

> realistic choice since [u € H'*"(D), r > 0] = [o(v) € LP(D;RY)]
and V-o(u) = f € L9(D)

1

2 Al TvIZ £ Azt (pl2 ™ ) h -3 v 2
VIR, = 32 Ml Vvl + 2 (2l + IV-0r||a)
KeTy

1
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Face-to-cell lifting operators

> Let K € T; be a mesh cell (outward normal ng), face F C 0K

» T stable face-to-cell lifting operator based on zero-extension
LE - Wor (F) — WH(K) — WY (K) N LY (K)

with t € (2, p] be s.t. g > t+d

> Let o € LP(K;RY), p > 2, with V-0 € LI(K), g >

2+d

» Local normal component (o-nk)F € (WL (F)): Vo € Wt (F)

((on)iend) = [ (o:TLE@)+ (Vo)L (0)) dx
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Devising n;

v

Recall Vs := {v € H}(D) | o(v) € LP(D;R?), V-o(v) € LI(D)}

v

Recall Vj = Vi + Vi with Vi, = PR(Th)

v

For all (v, ws) € V4 x Vj,, we set

(v, wp) : Z Z ex,FOk,F((a(V)|k-nK)|F, [wa])

FeF, KETE

with ex F = ng-nF = £1 and diffusion-dependent weights O ¢

v

Boundedness (robust w.r.t. \)
1
(v, wa)| < wllvllv, sh(wh, wh)?

(sn uses harmonic average Ar and is controlled by stability norm)
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The two key properties
» The following holds true:
ny (v, wp) = np(vh, wy), Vv € Vi (A)
ng(v, wp) = /D {(V-io(v))wy,+o(v) Viws}dx, VYveVs (B)
» Property (A) results from elementary manipulations (we work with
pcw. polynomials)

> Property (B) is a bit more subtle

> being based on a “density argument”, it is “part of the folklore”

> we believe it deserves a rigorous proof

> this proof completes previous literature “claims”, e.g., [Cai, Ye,
Zhang, SINUM, 2011, p. 1767]

(Vorn, g) = (Vorn, vg)ox = (A¢, ve)k + (V, Vig)k
(first equality could be a definition and second one could deserve a proof)
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The density argument

» Based on commuting mollification operators

(K§v)(x) :=/ Cy)vlws(x) + (6p)y) dy
B(0,1)

(K56)(x) :=/ C(y)T5 (x)6(...) dy
B(0,1)

(K§a)(x) ::/ C(y)det(J5(x)) 15 H(x)a(...) dy
B(0,1)

(K3 ) (x) := / C(y)det(Is(x))F(...)dy
B(0,1)
Js(x): Jacobian of ¢ at x € D; ¢: smooth kernel in B(0,1)

> Proof of key property (B): evaluate in two ways (Green's formula)
DN ekt 0 (@ () iemi) e Twnl)
FEF,KeTE
and pass to limit 6 — 0 using commuting pty. V-(K{(c)) = K2(V-0)
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Summary

» New quasi-interpolation operators for FEM best-approximation

» Optimal H(curl)- and L?-estimates for Maxwell's equations with
Sobolev regularity H*, s € (0, %)

» Nonconforming error estimates for elliptic PDEs with Sobolev
regularity H'*=, s € (0, 3)

Thank you for your attention
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