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Objectives and Motivations

Goal: Development of a numerical two-phase shallow flow model for
mixtures of solid grains and fluidver variable basal surface.

Ultimate objectiveNumerical simulation of geophysical flows such as
avalancheanddebris flowsover natural terrain(Project DMA-ENS & IPGP.)

e Gravitational geophysical flows typically involve batblid granular material
andinterstitial fluid

e Inter-phase forces influence flow mechanics: flow defornmameobility,
run-out, deposit.

Source: USGS
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Thin Layer Granular Flow Models — State of the Art in brief

Thin layer (shallow flow) modelst /L < 1. H, L = characteristic flow depth and length.
Continuum flow equations asealedanddepth-averaged

e First 1D single-phase dry granular flow model: Savage anddtuit989.
Extensive work on dry granular flows: 2D models, complex tpaphy.
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Thin Layer Granular Flow Models — State of the Art in brief

Thin layer (shallow flow) modelst /L < 1. H, L = characteristic flow depth and length.
Continuum flow equations asealedanddepth-averaged

e First 1D single-phase dry granular flow model: Savage anddtuit989.
Extensive work on dry granular flows: 2D models, complex tpaphy.

e Solid-Fluid Mixture Model (Iverson, 1997; Iverson and Diagler, 2001)
(Similar mixture theory approach: Pudasaini-Wang—Huféo5).

Hp: 1) constant fluid volume fractior®) fluid velocity = solid velocity.
System:mass and momentum equations for the mixture

No inherent pore fluid motion descriptieg needs supplementary
specification of pore fluid pressure evolution

* 2D model, treats irregular topography; Numerical simwaatof many
laboratory experiments and debris-flow-flume tests.
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Thin Layer Granular Flow Models — State of the Art in brief

Thin layer (shallow flow) modelst /L < 1. H, L = characteristic flow depth and length.
Continuum flow equations asealedanddepth-averaged

e First 1D single-phase dry granular flow model: Savage anddtuit989.
Extensive work on dry granular flows: 2D models, complex tpaphy.

e Solid-Fluid Mixture Model (Iverson, 1997; Iverson and Diagler, 2001)
(Similar mixture theory approach: Pudasaini-Wang—Huféo5).

Hp: 1) constant fluid volume fractior®) fluid velocity = solid velocity.
System:mass and momentum equations for the mixture

No inherent pore fluid motion descriptieg needs supplementary
specification of pore fluid pressure evolution

* 2D model, treats irregular topography; Numerical simwaatof many
laboratory experiments and debris-flow-flume tests.

e A Two-Phase Model: Pitman and Le, 2005.

* Retainsmass and momentum equations for both solid and fluid phases

However: non-conservative mixture momentum eq.; no genepalgraphy.
Numerical method only for reduced model that ignores flugttial terms.
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Two-Phase Shallow Granular Flow

Physical and Mathematical Model

Pitman—Le approach (2005)

Consider thin layer of a mixture afolid grainsandfluid flowing over
a smooth basal surface.

Two-phase flow equations [Anderson and Jackson, 1967]

3t(psg0) + V- (IOSSOVS) =0,
psgp(atvs + (Vs . V)Vs) =V Ts + QOV ' Tf +7+ PsPy ,

O (pr(1 =) +V - (pr(1 —¢)Vy) =0,
pr(l =) O0Vr+ (Vi - V)Vy) =1 =)V - Ty =T+ ps(l—¢)g.
ps, p¢ = solid and fluid specific densities; = solid volume fraction;

Vs, V¢ = velocities; Ty, T'; = stress tensorgy = gravity vector;
7 = non-buoyancy interaction forces (e.g. drag).
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Two-Phase Shallow Granular Flow Model

Material Constitutive Behaviour

e Solid and fluid are incompressible: material densitigsp ; = constant
e Fluid is inviscid; only fluid stress is a pressure.
e Solid modeled as Coulomb material (as Savage—Hutter).

Coulomb friction law for solid shear stressés:* = —sgnV;)vT27,
v > 0, V, =solid sliding velocity.

Earth-pressure relation for lateral normal stres§€%: = KT7%. (K = 1)

Boundary Conditions

e Free upper surface stress-free, and material surface torgiases.
e Both solid and fluid motion tangent to the basal surface (ipoesndition).

Moreover: Only non-buoyancy interaction for¢as drag Z = D(V; — V).

Under the shallow flow hypothesis/ L < 1:
Scale and depth-average the governing two-phase flow eggati
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Model Equationle and hp. small topography slopes)

Depth-Averaged Solid and Fluid Mass and Momentum Equations

0 0

pm (¢h) + e (phvs) =0,

9 9 1y gor> b

Py (phvs) + p ( hv? —|—g—2 wh ) +%02 9 —QSOh&E
—sgn(vs)v° g(1 —v)ph +~yDh(vs —vs),

0 0

9 (1= @)+ - (L= g)hvg) =0,

) 9 ; goh? ob

9t (1= p)hvy) + 7 ((1- Sﬁ)hvf> + (1 - 90)55 = —g(1 Sﬁ)haaj
— Dh(vy — vs)

h = flow depth;y = depth-averaged solid volume fractian;, v = averaged solid and fluid velocities;
v = ’;—f <1, ps,py=material specific densities (constantj(z) = bottom topography;
g = gravity constanty® = tan §**¢, 6" = basal friction anglepD = average drag function (B/p).
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Presented model vs. original Pitman—Le model

Presented model: variant of the original Pitman—Le model.
Different averaging approximation of fluid motion equation

= Different fluid momentum balance

Pitman-Le: 2 (hvy) + 2 (hv?) + gon> _

Here: 5 (1 — p)hvy) + 2 ((1 — p)hvF) + (1 — 9)§ 5= = 0.
Difference:

™= hog (91— @) + 005 (1= 9)) = (1 — @)us0u(0h(vs — vy)).
= Different mixture momentum balance

Here:conservative equaticior the momentum of the mixture

% ((pvs +7(1 = @)vp)h) + (% (002 +9(1 = v}k + 2 (0 + 71— @)h?) =0.

Consistent with conservative mixture momentum equatiamvofphase flow
system before averaging and expected physical behaviour.
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Two-Phase Shallow Granular Flow Equations. Formulation hsvs, hs, hrvy).

Set hs =¢ph, hy =(1—¢)h, ¢=solid volume fraction.

(Here no friction.)

88}18 + ;C (hsvs) =0,

% (hsvs) + a% (hsvg + %hﬁ + g%hshf) + vghs% = —ghs% +E”,
a;f + 8(1 (hfvg) =0,

g (1) 5 (k4 308) ot 5t = ol =

Drag forceF® = D(hs + h¢)(ve —vs); v = pt/ps.

Note: Similar totwo-layer shallow flonmodel, except additional cross term
(ffx (glg7 hshf> In the solid momentum balance.
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Eigenvalues Analysis

Consider 0;q+ A(q)0,q=0, gcR*, Ac R,

In general:eigenvalues\, , £k = 1,...,4, cannot be expressed explicitly.

Define: a=+/gh  and ﬁ:\/%(l—gp)(1—7)<1.

If v; = vs = vthenA has real distinct eigenvalueg ¢ 1)
Ma=vVFa and Aa3=vTFap.

We can show that:
There are alwayswvo real external eigenvalues 4, and, moreover

min(vy,vs) —a < A < Re(A2) <Re(A3) < Ay < max(vy,vs) +a.
Furthermore:

o If |vs—vy¢| <2af or |vs —vy¢| > 2a then all the eigenvalues are real and
distinct (p # 1) = the system is strictly hyperbolic.

o If 2003 < |vs —vf| < 2a then the internal eigenvalues may be complex.

Hyperbolicity at least when the velocity differenge — v¢| is sufficiently small.

Il. Physical and Mathematical Model — p. 10/3



Eigenvectors
Right Eigenvectors

q = (hs, hsvs,hy, hyvs)T. Assumeh,, hy #0. Fork =1,...,4:

1
S Ak ¢ = (A = v5)> = g (hs + =52 hy) _ ghy
' T g2 h (Ae —vp)? —ghy
Ek Ak

Note: Can show thatst and4th fields are genuinely nonlinea¥ \ - r, # 0, Vq.

Left Eigenvectors, = R~!

- P'(Ow)]

Lk ng = (Vs.6(A — 205), Vs, O5(Ax — 205), V),

P(\) = characteristic polynomial,
hy

Voo = (A — vf)2 —ghr=g f_k and Uy =g———hs.
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Numerical Solution

e Assumejv; — v¢| small enough so that the system is strictly hyperbolic.

Class of methods use@odunov-type Finite Volume Schemes
(Schemes based 6n )

Difficulties:

e Non-conservative systenvlany well-established efficient finite volume
schemes: only for conservation laws.
(New difficulty with respect to dry granular flow models andxtore models.)

e Topography source terms need to be discretized so that ttieohes
well-balanced = it preserves steady states and capturasadely perturbations
Well-known difficulty for systems with sources.

e Positivity preservationcomputed values of flow depth and phase volume
fractions must be positive.
Important to handle interfaces between flow fronts endbed zone¢h = 0).

— still to be addressed. Here we will consider regimes witltytbed areas.

1. Numerical Solution — p. 12/3



Godunov-Type Schemes

0w _Ja fz<z,
O0rq + A(q)0,q = 0 with I.C. ¢(z,0) = {Qr f 2> T
n—}—l
n—l—l ;
\/ \/ \/ Q7 — approximate solution on cellr; 1 /2, ;41 /2)-
Discontinuities at cell interfaces- Riemann problems.

QTL
1) At each cell interface;  ; /o between);* and@7, ; — solve Riemann
problem with dataQ* andQ7, ;.

2) Use solution of local Riemann problems to update soluf)jn— QZ}“.

Set ofwaves)V”* and speeds” representing the
(approximate) Riemann solution structure.

e Ag=Qip1—Qi =, WF
e For conservative systenisg + 9, F(q) = 0: F(Qi+1)—F(Q;) = >, sFWH
QI =Qr — ﬁ(AJFAQi—Uz + A7 AQi41/2),

fluctuations: AT AQ; 1 1 /2 = Zk(sfﬂ/Q)iWHl/Q , st=max(s,0), s"=min(s,0).

1. Numerical Solution — p. 13/3



Numerical Solution
Homogeneous Systenw(z) = o, b = 0)

875q + 833f<Q> + w(Qa aa?Q) — 07 q — <h87 hSUS? hf7 hfvf)Ta
f(q) = (hsvs, hsv? + £ B2 + g 52 hy hy, hyvp, hpvd + £h2)',
w(q, 0,q) = (0, vghs Ozhys, 0, ghy (%hS)T

* Solid and fluid mass equations are conservative.
* Mixture momentum equation is conservativé;m + 0, fn(q) = 0,

m = hevs +yhpvp,  fulq) = fP(q) +v D (q) +vghshy.
» Non-conservative productggh, — 8’” ghy ahs In the momentum balances

couple sets of equations of the two phas;eavmd uncoupled schemes that
may generate instabilities.

We employ aRoe-typeRiemann Solver.
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Roe-type Riemann Solver

Consider the quasi-linear form of the systetyy + A(q)0,q = 0.

At each local cell interface; ; /o between solution valugg; andQ;, 1 solve a
Riemann problem for @anearized system

0rq + A(Qi, Qi+1)0q =0
with initial data@; and@; 1.

TheRoe matrixfl(Qi, (Qi+1) 1s defined so as to guaranteenservatiorfor the
mass of each phase and for the momentum of the mixture:

FP(Qir1) — FP(Qy) = AP (Qiy1 — Qi), p=1,3,
fm(Qit1) — fn(Qs) = (121(2’:) + 7A<4’:))(Qi+1 — Qi) .
We takeA = A(hg, hy, 9, 0;), with the choice

. VDo ivei+ \/Neit1v0i+1
and Vg = , O0=s,f.

0
2 Ve +/heit+1

Then: wavesVF = a7, Ag = S+, ap 7, and speeds® = M\, k=1,....4.
q k=1

A hg ; + ho ;
hp = 0, 1+ No it

{1+, \x} = eigenpairs ofd.
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Wave Propagation Algorithms (LeVeque, 1997) — F-Wave Fdabran

Basic softwareCLAWPACK.

A

1) Classical Riemann solverdg = >, W*; Roe:WF =qy. 7y, s" =\
2) F-wave ApproachFor a conservative systetyq + 9, F(q) =0,
decompose flux jumpAF = F(Q+1) — F(Qi) = >, Z¥.

Local Riemann solution approximated bwavesZ* and associatespeeds:*.
Roe: ZF = (74, s* = A, {f&, \x} = eigenpairs of Roe matrix faf’(q).

Fluctuations
A~ AQz+1/2— Z 7,+1/2» AT AQZH/?_ Z @+1/2

.51+1/2 <0 k.sz+1/2>0

Algorithm
QnH Qi — %(A+AQ¢—1/2 + A7 AQi41/2)

(2) can be equivalent t@l), but useful framework to includeource terms
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Wave Propagation Algorithms (LeVeque, 1997) — F-Wave Fdabran

Basic softwareCLAWPACK.

A

1) Classical Riemann solverdg = >, W*; Roe:WF =qy. 7y, s" =\

2) F-wave ApproachFor a conservative systetyq + 9, F(q) =0,
decompose flux jumpAF = F(Q+1) — F(Qi) = >, Z¥.

Local Riemann solution approximated bwavesZ* and associatespeeds:*.
Roe: ZF = (74, s* = A, {f&, \x} = eigenpairs of Roe matrix faf’(q).

Fluctuations
A"AQinip= Y Zhap, ATAQiup= Y Zhap.

.51+1/2 <0 k.sz+1/2>0

Algorithm (high-resolution)

Qn+1 Qn - %(A+AQi—l/2 + A_AQi—i—l/Z) oL (FZEH/Q FC 1/2)

FC

i11/2 = correction fluxes for second order accuracy

(2) can be equivalent t@l), but useful framework to includeource terms
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The Roe-Type Solver in the F-Wave Framework

Difficulty: Here non-conservative systetq + 9. f(q) + w(q, 0.q) =0,
w(q, 0zq) = (0, yghs Ozhy, 0, ghy Oxhg)' .

We lack a flux functionF to be used for f-wave decomposition.
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The Roe-Type Solver in the F-Wave Framework

Difficulty: Here non-conservative system.q + 0, f(q) + w(q,0.q) =0,
w(q, 0zq) = (0, yghs Ozhy, 0, ghy Oxhg)' .

We lack a flux functionF to be used for f-wave decomposition.

Nonetheless can still formulate our Roe-type method ined-tivave framework:

Take local linearization ofv(q, 0,.q) consistent with Roe linearization and define
approximate flux difference

AF = Af 4+ (0, yghs Ahy, 0, ghy Ahy)".

Then decompose

andset ZF=(p7,, s¥ =M\, k=1,...,4.
{7, A} = eigenpairs ofd.

Note: AF = AAq (classical Roe property).
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Topography Source Terms

Consider system with topography terms:
8tq_|_A(Q)8wq:¢b(Q)a q = (hsahsv&hfahfvf)-ra

WP(q) = — (0, ghsOsb, 0, ghy 0:b)" ,  b=b(z).

Needwell-balancing efficient modeling of equilibrium and
quasi-equilibrium states> A(q)0,q =~ ¥°(q).

Steady states at rest,(= vy = 0):

h
hs + hy¢ + b = const. and h_f — const.

S

That is
h + b = const. and = const.
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Well-Balancing Topography Terms - F-Wave Method
(Bale—LeVeque—Mitran—Rossmanith, 2002)

Idea: Concentrate source term at interfaces/? and incorporate topography

i+1/2
contribution??, , ,, Az into the Riemann solution. Now we decompose:
- A )
AF =2 1 Ck Tk -

Then, same algorithm with f-waves® = ¢, 7, and speeds® = \;.

The interface source ter#, , ,

AF[Ax =97 5,

must satisfy thaliscrete steady state condition

whenever initial data correspond to equilibrium at rest.

We take v°

i+1/2 Az = _(07 giLs Aba 07 gilf Ab)Ta Ab:bz’—l—l —bz'.

Then, if initially steady state> Z* = 0 = updating formula give®? ™" = Q"
= equilibrium is maintained

If solution close to a steady state, it is the deviation frayailbrium that is
decomposee:- perturbations are well modeled.
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Interphase Drag Terms

Consider system witdrag source terms

g + A(q)02q = ¥°(q) +v¥°(q),
YP(q) = (0,7 F°, 0, —=F°)",  F® = D(h, + hy)(vs — vs) .

Drag function: D =D/py,
o = parameters, e.@s, p¢, ds (grain diameter).

Note: Atresty)®(¢q) =0 = no influence on balance conditions at rest.

Fractional Step Method

1. Solve overAt the systemo,q + A(q)0.q — ¥°(q) = 0, as described.
2. Solve exactly overAt the system of ODE$;q = y°(q).

— Efficient modeling of both fast and slow velocity relaxatimocesses.
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Eigenvalues Computation

Explicit expression of the eigenvalues not available: na@nerical computation.
PO)

External eigenvalues); 4

computed throughNewton
iteration with starting guess
min(v¢,vs) — a for Ay and

s for \4.
Az/\ﬁ max(v¢,vs) + a 4

Ay A,

0 = &
min(v,,v,) — a \ max(vy,Ve) + a
For A\ € [min(vs,vs) — a, A1] :
P'(\) < 0,P"()\) >0,
For A € [A4, max(vys,vs) + a) :

a = sqrt(g h) P,()\) > 0, P”()\) > 0.

e Known\; 4: Vieta’s formulas to obtain the internal eigenvalues;.

e EXplicit expressions of right eigenvectars and left eigenvectors, in
termsof\,, k=1,....4.
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Initial flow hump with higher fluid content

Flow heightatt =0

11

-15 -10 -5 0 5 10 15

Solid volume fraction att =0

] ] ] ] ]
0.6
0.55F =
0.5F |
0.45+ =
04 | | | |
-15 -10 -5 0 5 10 15
Phase velocities at t =0
] ] ] ] ]
O e —— T TS — S S P ——— ) —— —
-0.11 | | | | 3' = = = g0lid [
-0.2+ fluid
| | | | |
-15 -10 -5 0 5 10 15

Grid cells =1000, 2nd order (MC limiter), CFL =0.9.
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Initial flow hump with higher fluid content

Flow height att = 0.5

T T I

11

-15 -10 -5 0 5 10 15

Solid volume fraction att = 0.5

] ] ] ] ]
0.6
0.55F —
0.5F | | | ‘ .
0.4 | | 1 | |
-15 -10 -5 0 5 10 15
Phase velocities at t =0.5
] ] ] ] ]
0.2F - - N =
0.1 S R SR G IO U I
O [ o i e DY N e e e e
By AR SRR A AL | | = = =solid ]
—0.2 fluid H
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-15 -10 -5 0 5 10 15
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Initial flow hump with higher fluid content

Flow heightatt=1.5

T T I

11

-15 -10 -5 0 5 10 15

Solid volume fraction att= 1.5

T T T T T
0.6
0.55 —
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045L S
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-15 -10 -5 0 5 10 15
Phase velocities att =1.5
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: : R PR
O [ o - o e s - e S Am———— " "'a _— e *’\ lL - S ———
0.1y ' \’ 3 | = = =solid [}
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-15 -10 -5 0 5 10 15
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Initial flow hump with higher fluid content

Flow heightatt=2.5

T T I

11

-15 -10 -5 0 5 10 15

Solid volume fraction att= 2.5

0.4 l l ya l l
-15 -10 -5 0 5 10 15

0.2F e e
0.1F N Cr T

0.1 ; 7/ ; ; . | | = = =solid

—0.21 B fluid M
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Initial flow hump with higher fluid content

Flow height att = 3.5

T T I

11

-15 -10 -5 0 5 10 15

Solid volume fraction att = 3.5

0.6 - :

-15 -10 -5 0 5 10 15

O.Lm N T

-0l 28 A \' | = = =s0lid []

-15 -10 -5 0 5 10 15
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Only initial variation ofh

Flow depth att = 3.5

Only initial variation ofy

Flow depth at t = 3.5
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Numerical Test: Perturbation of a steady state at rest

Extension of LeVeque’s classical test [JCP, vol. 146, 1998]

b(z) = | 0-25(cos(m(z —0.5)/0) +1) i |2 ~0.5] <0.1,
YT o0 otherwise
h+batt=0
' | For —0.6 <z < —0.5:
A h(x,O)zhOJrﬁ and
S e po(@,0) = e0 — @

gatt=0

ho =1, wo = 0.6,

R h=¢=10"3.

I I I I I I I I I I
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Grid cells =100, 2nd order, CFL =0.9.
Reference curve: Grid cells ¥)00.
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Perturbation of a steady state at rest

h+batt=0
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Perturbation of a steady state at rest

h+batt=0.25
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Perturbation of a steady state at rest

h+batt=0.5
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Perturbation of a steady state at rest

h+batt=0.75
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Perturbation of a steady state at rest

=1

h+batt
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Perturbation of a steady state at rest
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Numerical Test: Perturbation of a steady flow moving over iapu
Steady state conditions for a moving flow with= v; = v:

1
¢ = const. , hv = const. , g(h+b) + 51;2 — const.

Test 1. Convergence to a steady subcritical flow over a bugngle-phase s.w.)

h+b

25

0.2—0.05(z—10)%? if8<z<12,
b(x)=

otherwise

.C. h =2, ¢ =const, vg=vy=0.

B.C. (hv)in = 4.42, hout = 2. 05

* computed
exact

100 grid cells; solution at = 50. % 0 5 10 15 20 25

Now: take initial disturbance ap.
©(2,0) = o+ @, 0o =06, =107, for —35 <z < -25.
Grid cells =150, Reference curvet 500 cells. 2nd order; CFL =0.9.
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion

h-nh
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att=1
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patt=1
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0.6 R RO LEREREEE
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion

< 10 h - hSteady a.t t — 3

4 T T T T

AT AT a's VY
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9,

Y 2%
V.YV VIV VI ISP

15
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion

=5
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x 10

ARAAS
PAVi. VAV,

25

20

15

10

=5

patt

V.V.V,VV.V.V V.VVVV.VVV VY,

TAATATATAATATATAATATA ATATATATATATATAT

ANZ

X

YYYYXY
V9V,

Yy
.,

0.601

0.5995

25

20

15

10

1. Numerical Solution — p. 27/3



Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion

h - hSteady at t = 20

x 10

0 (R

25

20

15

10

gatt=20

NAAAAAAAATAAATAAAAATS

TaTATAA a
X VY.V,

VYV VIV VIV

0.601

0.6005 -

25

20

15

10

1. Numerical Solution — p. 27/3



x10

h-nh

steady

att=21

Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion
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Perturbation of a steady flow in motion

. h—-h att=23

% 10 steady

A"AATAaTATaTaTATATATA

0.601 ! ! ! ! !

0.6005

aTATATATATATATAATAATATA A TATATATATA A ATATATA"AY
V.V,V,V.V.V.V.V,V,V,V.V.V.V.V,V,V,V.9V.V,V,V,V.V,

e NAAAR

VA" AN VATAAAAAAAAATATATATS
IV YIII VNV,

VV.V.V.V,V,V.V.V.V,V.V.V,V,VN

0.6¢

0.5995 : : : : :
-5 0 5 10 15 20 25

1. Numerical Solution — p. 27/3



Perturbation of a steady flow in motion

h - hSteady at t — 38
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Numerical experiments with drag

Flow hump with higher fluid content
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Numerical experiments with drag

Flow hump with higher fluid content
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Numerical experiments with drag

Flow hump with higher fluid content
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Numerical Experiment: Dam-Break Problem

Initially: discontinuity between two constant states with flow at rest(v =0).
Left: hy =3, 0, =0.7; Right: h, =2, ¢, =0.4.
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Initially: discontinuity between two constant states with flow at rest(v =0).
Left: hy =3, 0, =0.7; Right: h, =2, ¢, =0.4.

Compare:

1. Solution of two-phase model with no drag.
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Numerical Experiment. Dam-Break Problem

Initially: discontinuity between two constant states with flow at rest(v =0).
Left: hy =3, 0, =0.7; Right: h, =2, ¢, =0.4.
Compare:

1. Solution of two-phase model with no drag.

2. Solution of two-phase model with drag effects.

3. Solution of reduced modelerived theoretically from two-phase model by
assuminglrag strong enough to drive instantaneously phase vedgdui
equilibrium = Hyperbolic system of three equations:

* Mass and momentum conservation for the mixture + advecoop f
Riemann problems can be solvexiactly.
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Numerical Experiment. Dam-Break Problem

Initially: discontinuity between two constant states with flow at rest(v =0).
Left: hy =3, 0, =0.7; Right: h, =2, ¢, =0.4.

Compare:

1.
2.
3.

Solution of two-phase model with no drag.
Solution of two-phase model with drag effects.

Solution of reduced modelerived theoretically from two-phase model by
assuminglrag strong enough to drive instantaneously phase vedgdui
equilibrium = Hyperbolic system of three equations:

* Mass and momentum conservation for the mixture + advecoop f
Riemann problems can be solvexiactly.

Solution of two-phase model in thienit of infinitely large drag
Impose numerically instantaneous velocity equilibriunmseyting
Vs = Vs = Ugq IN fractional step.

havat+rh - :
Veq = ,"isgh;”f o= limit for ¢ — oo of solution of 9;q = ¥°(q).

1. Numerical Solution — p. 29/3



Dam-Break Problem

hg:?),QOg:O.’?; hr:2,¢r20.4.

1. No drag contribution

Grid cells =1000

Flow depth att=0.5
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— — — Exact solution reduced model (instantaneous velocitylidguim)
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hg :3,g0g = 0.7;

2. Drag effects included

Grid cells =1000

Flow depth att=0.5

Dam-Break Problem

25F ~
2 | .
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-5 -4 -3 -2 -1 0 1 2 3 4 5
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— — Exact solution reduced model (instantaneous velocitylidguim)

No drag

hr:21907”20'4-
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Dam-Break Problem

hg:?),gOg:O.’?; h?":2,S0’r':O-4-

2. Drag effects included Infinitely large drag
Grid cells =1000 Vs = Vf = Veq IN fractional step
Flow depth att=0.5 Flow depth att=0.5
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— — — Exact solution reduced model (instantaneous velocitylidguim)
No drag

. hsfus—l—'yhfvf
Ueq o hs""yhf

= equilibrium velocity.
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Summary

A mathematical and numericalo-phase shallow flow modaias
been presented fgrain/fluid mixturesover variable topography.

Numerical solution technigudinite Volume Method based on a

Roe-type Riemann Solvawhich includes treatment abpography
andinter-phase draterms.

This is only a very first step towards the modeling of reatisti
geophysical flows.
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A mathematical and numericalo-phase shallow flow modaias
been presented fgrain/fluid mixturesover variable topography.

Numerical solution technigudinite Volume Method based on a
Roe-type Riemann Solvawhich includes treatment abpography
andinter-phase draterms.

This is only a very first step towards the modeling of reatisti
geophysical flows.

Current Work

Major issue:positivity preservatiorof flow depth and phase volume
fractions, to handlelry bed state¢h = 0) and/or vanishing of one
phase =0, ¢ = 1).

Need to guarantek;, hy > 0 < h >0, p € |0, 1].
Further work: friction terms, 2D model, complex topography
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Summary

A mathematical and numericalo-phase shallow flow modaias
been presented fgrain/fluid mixturesover variable topography.

Numerical solution technigudinite Volume Method based on a
Roe-type Riemann Solvawhich includes treatment abpography
andinter-phase draterms.

This is only a very first step towards the modeling of reatisti
geophysical flows.

Current Work

Major issue:positivity preservatiorof flow depth and phase volume
fractions, to handlelry bed state¢h = 0) and/or vanishing of one
phase =0, ¢ = 1).

Need to guarantek;, hy > 0 < h >0, p € |0, 1].
Further work: friction terms, 2D model, complex topography

...Thank you for your attention!
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