
���������
	����
����������������
�������! #"%$%"'&�()$+*-,/.0 #13254!(64!(6$+*8792:�3;0 #"'2:�<,��3(0 # �(>=@?52:"% 

f
�!�3(A7B2:�3;0 #"'2:�<CD2:E#�3.F(

&��!E
R

2 =�G�(F&@H>*�E#"+*�C!$'(F&
U
(0 

V
.0 I*��� @"%�34!.0JD(0�343*��� �(F&-(0 @K�4!(0�3&�"% �.>LM$'(N;F2:�!J!$'(

(U, V )
*:4O,/(0 P�!�3(64!(0�3&#"% �.A4!2:�!�3.F(AJQ*�E�$'(AJ!E�254O�!"% P4!(F&P4!(0�3&#"% �.F&P4!(

U
(0 �4!(

V
=

R �3&�&#"SL

E[f(X,Y )] = E

[

f

(

U1/2

U1/2 + V 1/2
, U1/2 + V 1/2

)]

=

∫∫

[0,1]2
f

(

u1/2

u1/2 + v1/2
, u1/2 + v1/2

)

dudv T9U�V
���W;F2:�3&#"'4!X0E�(�$SYZ*�J!J!$%"';[*� #"'2:��\

ϕ :











]0,+∞[×]0,+∞[ → ]0, 1[×]0,+∞[

(u, v) 7→ (x, y) =

(

u1/2

u1/2 + v1/2
, u1/2 + v1/2

)

]^2:�!E
(x, y) ∈]0, 1[×]0,+∞[

L
2:�W*














x =
u1/2

u1/2 + v1/2

y = u1/2 + v1/2

⇐⇒







u = x2y2

v = (1 − x)2y2

_`2:�3;
ϕ
(0 a�!�3(PC!" b#(F;0 #"'2:�c4!(

]0,+∞[×]0,+∞[
&#�!E

]0, 1[×]0,+∞[
=d]e2:�!E�4!.0 �(0Egf

,@"%�3(0E�$SY "%,8*�h�(i4O�j4!2:,8*�"%�3(
]0, 1[×]0, 1[

JQ*�E�;F(0 # �(�C!" b#(F;0 #"'2:��L32:�kE�.F&I2:�34<\
{

0 < u, v < 1
(x, y) = ϕ(u, v)

⇐⇒







0 < x < 1, y > 0
0 < xy < 1
0 < (1 − x)y < 1

⇐⇒







0 < x < 1

0 < y < min

{

1

x
,

1

1 − x

} T9l�V
���m�32: �(

D
$'(n4!2:,8*�"%�3(c(0�

(x, y)
4!.po3�!"a(0� T9l�V =jGq(-;I1Q*��!h�(0,/(0�� 84!(-H:*�E#"+*�C!$'(E�.[*�$%"'&I(`�!�3(`C!" bg(F;0 #"'2:�

C1 4!( ]0, 1[×]0, 1[
&#�!E

D
=rG�(db�*:;F2:C!"'(0�k4!(`$+*6 #EI*��3&g792:E#,8*sf

 #"'2:�
ϕ
&[Yt.F;0E#"% [\

D

(

u, v

x, y

)

=

∣

∣

∣

∣

2xy2 2x2y
−2(1 − x)y2 2(1 − x)2y

∣

∣

∣

∣

= 4x(1 − x)y3

���u*@*�$'2:E�&vJQ*�E�;�1Q*��!h�(0,/(0�w P4!(iH:*�E#"+*�C!$'(F&�43*��3& T9U�V \

E[f(X,Y )] =

∫∫

(x,y)∈D
f(x, y).4x(1 − x)y3 dxdy

x (F;0"q,/2:�� #E�(�yw�3(`$'(�;F2:�!J!$'(
(X,Y )

*:4O,/(0 �$+*@4!(0�3&�"% �.
4x(1 − x)y3

1(x,y)∈D
=

z



� Gq*u4!(0�3&#"% �.N4O� ;F2:�!J!$'(
(X,Y )

��Yt(F&� 6JQ*:&)�!�3(c4!(0�3&#"% �.nJ!E�254O�!"% @(0�mEI*�"'&I2:� 4!(
$SY "%�34O"';[*� #E#"';F(64O�j4!2:,8*�"%�3(

D
yw�!"���Yt(F&# �JQ*:&��!�j4!2:,8*�"%�3(iJ!E�254O�!"% [= Gq(F&�H>*�E#"+*�C!$'(F&

*�$'.[*� �2:"%E�(F&
X

(0 
Y
�3(i&�2:�w �4!2:�3;�JQ*:&v"%�34!.0JD(0�343*��� �(F&[=

� Gq*/4!(0�3&#"% �.
pX

4!(
X

&[Yt2:C! #"'(0�w �JQ*�E�$+*A792:E#,��!$'(A4!(`$+*@4!(0�3&#"% �.`,8*�E#h>"%�Q*�$'(8\

pX(x) =

∫

4x(1 − x)y3
1(x,y)∈D dy

� $%$'(i(F&# v���!$%$'(A(0�k4!(0132:E�&�4!(`$SY "%�w �(0E#H:*�$%$'(
[0, 1]

=v���k2:C3&�(0E#H�(0EI*/yw�3(

min

{

1

x
,

1

1 − x

}

=
1

1 − x
10≤x< 1

2

+
1

x
1 1

2
≤x≤1

R �3&�&#"SLOJD2:�!E
0 ≤ x < 1

2

L!2:�W*O\

pX(x) =

∫ 1

1−x

0
4x(1 − x)y3 dy =

x

(1 − x)3

�  �J 2:�!E 1
2 ≤ x ≤ 1

L

pX(x) =

∫ 1

x

0
4x(1 − x)y3 dy =

1 − x

x3

�������������� �
����� JQ*�E# #"%Ec4!(k$SYt(��OJ!E�(F&�&#"'2:�

φN (s) =
∑+∞

n=0 P{N = n}sn La"%$�(F&� -;0$+*�"%Ecy��3(
φ

(n)
N (0) = n!P{N = n} =P]^*�E�;F2:�3&�.Fyw�3(0�� [L $+*-;F2:�!�Q*�"'&�&I*��3;F()4!( φN

L (0 P4!2:�3;64!(
&I(F&�4!.0E#"%H�.F(F&6(0�
	OL^(F&# �.Fyw�!"%H:*�$'(0�w �(nKc$+*j;F2:�!�Q*�"'&�&I*��3;F(-4!(/$+*N$'2:" 4!(/$+*NH>*�E#"+*�C!$'(
(0�w #"'X0E�(

N
=

�����M�k4!.0E#"%H>*��� v �(0E#,/(iK6 �(0E#,/(`$+*6&�.0E#"'(�(0�� #"'X0E�(�4!.po3�!"'&�&I*��� 
φN

2:�nJD(0�! �.F;0E#"%E�(>\

∀s ∈] − 1, 1[, φ′
N (s) =

+∞
∑

n=1

nP{N = n}sn−1 = E[NsN−1]

�w� Ge*W7B2:�3;0 #"'2:�
φ′

N

(F&# );0E�2:"'&�&I*��w �(N&#�!E
[0, 1[

Ld(0 @&I*W$%"%,@"% �(cKWh�*��3;I13(k(0��n(F&� 
∑+∞

n=1 nP{N = n} =MG Yt.Fyw�!"%H>*�$'(0�3;F(iE�(F;�13(0E�;I13.F(A(0�k4!.F;F2:�!$'(6*��3&�&#"% ��: [=
��� ?52:"% 

s ∈ [−1, 1]
=rG�(F&e4!(0���`H>*�E#"+*�C!$'(F&

sN1
(0 

sN2
&�2:�� q"%�34!.0J (0�343*��w �(F& T ;[*�E N1(0 

N2
$'(`&�2:�w V (0 d"%�w �.0h>EI*�C!$'(F& T ;[*�EaCD2:E#�3.F(F& V =MG�(0�!EvJ!E�254O�!"% a(F&� a4!2:�3;`.0h�*�$'(0,/(0�w "%�w �.0h>EI*�C!$'(�(0 �2:�j*O\

E
(

sN1+N2
)

= E
(

sN1sN2
)

= E(sN1)E(sN2)

x (0 # �(iE�(0$+*� #"'2:�j.0 I*��� �HwEI*�"'(�JD2:�!Ev �2:�! 
s ∈ [−1, 1]

L3$'(�E�.F&#�!$% I*� �(F&# �*:;Fyw�!"'&[=

�



� � ���N&I*�"% �yw�3(
T1

(F&# a�!�3(`H>*�E#"+*�C!$'(`h�.F2:,/.0 #E#"'y��3(�4!(`JQ*�EI*�,/X0 #E�(
p
L5;>Yt(F&� gf Ksf 4O"%E�(

yw�3(�&I*6$'2:"q(F&� �4!2:�!�3.F(�JQ*�E[\

∀n ≥ 1, P{T1 = n} = p(1 − p)n−1

?52:"% P*�$'2:E�&
s ∈ [−1, 1]

=

φT1
(s) = E(sT1) =

+∞
∑

n=1

p(1 − p)n−1sn =
ps

1 − (1 − p)s

� ��� $�&����/ �4!(MH�2:"%Eqyw�3(r$SY �!�3( ;F2:,@,/(M$SYZ*��! #E�( 4!(F&�.F;0E#"% #�!E�(F&eE�(0J!E�.F&�(0�w �(0�� q$SYt.0H�.0�3(0,/(0�w 
� $'(vbg2:�3(0�!E�*)h�*�h>�3.A*����c;F2:�!J3&

n1
L
n1 + n2

L%=%=%= (0 vJD(0E�4O�W*����k*��! #E�(F&�;F2:�!J3& � =
� ��� $r4!.F;F2:�!$'(A4!(A$SYt.0h�*�$%"% �.6J!E�.F;F.F4!(0�� �(@yw�3(iJD2:�!E

(n1, . . . , nk) ∈ (N∗)k
2:�jJD(0�! 

.F;0E#"%E�(>\

P{T1 = n1, T2 − T1 = n2, . . . , Tk − Tk−1 = nk}
= (1 − p)n1−1p(1 − p)n2−1p . . . (1 − p)nk−1p

x (0 # �( *:&�&#�!E�( yw�3(�$'(F&NH>*�E#"+*�C!$'(F&
(Ti − Ti−1)1≤i≤k

&I2:�� k"S= "S=t4 = &#�!"%H:*��w k$+*m$'2:"
h�.F2:,/.0 #E#"'yw�3(�4!(`JQ*�EI*�,/X0 #E�(

p
=

� � Gq*-H:*�E#"+*�C!$'(
Tr

&[Yt.F;0E#"% �;F2:,@,/(6$+*n&�2:,@,/()4!(F&
r
H:*�E#"+*�C!$'(F&`h�.F2:,/.0 #E#"'yw�3(F&�4!(

JQ*�EI*�,/X0 #E�(
p
"%�34!.0JD(0�343*��� �(F&

(Ti − Ti−1)1≤i≤r
= x (F&�H>*�E#"+*�C!$'(F&P*���*��� �,	�0,/(i$'2:"SL

(0$%$'(F&M2:�w .0h�*�$'(0,/(0�� $+*�,	�0,/(d792:�3;0 #"'2:�@h�.0�3.0EI*� #E#"';F(>L
φT1

=
� $5E�.F&#�!$% �(v4!2:�3;v4!( T F4 Vyw�3(>\

G(s) = φT1+(T2−T1)+···+(Tr−Tr−1)(s) = (φT1
(s))r = (ps)r

(

1

1 − (1 − p)s

)r

� $ �3(8E�(F&# �(-J!$%�3&Ayw��YZKk(�� (F;0 #�3(0E)$'(84!.0H�(0$'2:J!JD(0,/(0�� /(0� &I.0E#"'(-(0�w #"'X0E�(-4O� &�(F;F2:�34
 �(0E#,/(�4!(i;F(`J!E�2w4O�!"% [\

G(s) = prsr
+∞
∑

m=0

(−r)(−r − 1) · · · (−r − m + 1)

m!
(−1)m(1 − p)msm

=
+∞
∑

m=0

(

m + r − 1

r − 1

)

pr(1 − p)msm+r =
+∞
∑

n=r

(

n − 1

r − 1

)

pr(1 − p)n−rsn

Ge*)$'2:"�4!(
Tr

(F&# �*�"%�3&�"q4!2:�!�3.F(�JQ*�E[\

∀n ≥ r, P{Tr = n} =

(

n − 1

r − 1

)

pr(1 − p)n−r





� � ���NJ (0�! �.F;0E#"%E�(�J 2:�!E
n ≥ r

\
{Tr = n} = {Xn = 1, X1 + · · · + Xn−1 = r − 1}��Er$+*�H>*�E#"+*�C!$'(
X1+· · ·+Xn−1

(F&# e"%�34!.0JD(0�343*��� �(�4!(
Xn

(0 r&��!"% e$+*�$'2:"OC!"%�32:,@"+*�$'(
B(n − 1, p)

= G�(`E�.F&#�!$% I*� �*� # �(0�34O�u(0�k4!.F;F2:�!$'(i"%,@,/.F4O"+*� �(0,/(0�w [\
P{Tr = n} = P{Xn = 1}P{X1 + · · · + Xn−1 = r − 1}

= p ×
(

n − 1

r − 1

)

pr−1(1 − p)n−r

� � � $�4!.F;F2:�!$'(i4!(�$SYt.0h�*�$%"% �.iJ!E�2:J 2>&�.F(�y��3(>\

P{S1 < D1} =
+∞
∑

n=1

P{S1 < D1, S1 = n} E�.0�!�!"'2:�u4!.0�32:,�C!EI*�C!$'(64O"'&Bbg2:"%�w �(

=

+∞
∑

n=1

P{n < D1, S1 = n}

=

+∞
∑

n=1

P{n < D1}P{S1 = n} JQ*�E�"%�34!.0J (0�343*��3;F(A4!( S1
(0 

D1

=

+∞
∑

n=1

P{S1 = n}(1 − λ)n ;[*�E
D1

(F&# vh�.F2:,/.0 #E#"'yw�3(�4!(`JQ*�EI*�,/X0 #E�(
λ

= G(1 − λ)
� �

N
(F&# A$SY "%�3&� I*��� @4!(8J!E�(0,@"'(0E@&#�3;F;FXF&64O� &�;�13.0,8*u4!(��d(0E#�32:�!$%$%"

(1Si<Di
)i≥1

=
x Yt(F&� �4!2:�3;`�!�3(`H:*�E#"+*�C!$'(�h�.F2:,/.0 #E#"'yw�3(i4!(`JQ*�EI*�,/X0 #E�(

P{S1 < D1} = G(1 − λ)
=

��� ��� � � $�(F&# �;0$+*�"%E�yw�3(>\

Z =

N
∑

i=1

Xi =

+∞
∑

i=1

(

Xi1{N≥i}

)

���<*8JQ*�E`;F2:�3&I.Fy��3(0�w [L (0�W�! #"%$%"'&I*��w `$%"%C!E�(0,/(0�� �$SY "%�� �(0E#H�(0E�&�"'2:�
E
(0 ∑ J 2:�!E`4!(F&

H>*�E#"+*�C!$'(F&�*�$'.[*� �2:"%E�(F&�J 2>&�"% #"%H�(F&[\

E(Z) =

+∞
∑

i=1

E
[

Xi1{N≥i}

]

��� ��� �B�)]r*�E�4!.po3�!"% #"'2:�W4!(
N

2:�j*O\
1{N≥i} = 1{S1≥D1,...,Si−1≥Di−1}x 2:,@,/(

Si
(0 

Di
&I2:�� k"%�34!.0JD(0�343*��� �(F&u4!(

(Sj, Dj)1≤j≤i−1
LP"%$i(F&# j;0$+*�"%EWy��3(

1{N≥i}
(F&# v"%�34!.0JD(0�343*��� P4!(

Xi
L3(0 �4!2:�3;>\

E(Z) =

+∞
∑

i=1

E(Xi)E(1{N≥i}) =

+∞
∑

i=1

E(X1)P{N ≥ i}

;[*�E�$'(F&
Xi

2:�w �,	�0,/(�$'2:"�yw�3(
X1

(0 
E(1A) = P(A)

=
 	



��� ��� �B�B� � $�&#���/ �4 Yt.F;0E#"%E�(>\
+∞
∑

i=1

P{N ≥ i} =
+∞
∑

i=1

+∞
∑

n=i

P{N = n} =
+∞
∑

n=1

n
∑

i=1

P{N = n} =
+∞
∑

n=1

nP{N = n} = E(N).

��� � � �/����H:*a4!.F;F2:,@JD2>&�(0Eq&��!E $'(F& H:*�$'(0�!E�&qJ!E#"'&�(F& JQ*�E
S1
= x 2:,@,/( ∑+∞

n=1 1{S1=n} =
1
L32:�j*

E(X1) = E(min(S1, D1)) = E

(

+∞
∑

n=1

1{S1=n} min(S1, D1)

)

= E

(

+∞
∑

n=1

1{S1=n} min(n,D1)

)

=
+∞
∑

n=1

E
(

1{S1=n} min(n,D1)
)

(0 �2:�W;F2:�3;0$%�! �JQ*�E�"%�34!.0JD(0�343*��3;F(�4!(
S1

(0 
D1

=
��� � � �B�

E
(

(D1 − n)1{D1>n}

)

=
+∞
∑

k=n+1

(k − n)λ(1 − λ)k−1 = (1 − λ)n
+∞
∑

l=1

lλ(1 − λ)l−1

= (1 − λ)n
E(D1) =

(1 − λ)n

λ
.

� � x 2:,@,/(�JD2:�!E
x, y ∈ R

L
min(x, y) = y − (y − x)1{x>y}

L

E (min(n,D1)) = E
(

D1 − (D1 − n)1{D1>n}

)

=
1 − (1 − λ)n

λ
.

� �k�! #"%$%"'&I*��� �;F(0 # �(i.Fy��Q*� #"'2:�W43*��3&�$'(`,/(0,�C!E�(A4!(�h�*��3;�13(A4!(`$SYt.0h�*�$%"% �.

E(X1) =

+∞
∑

n=1

E(min(n,D1))P{S1 = n},

"%$qHw"'(0�w 
E(X1) = 1−G(1−λ)

λ

= x 2:,@,/(
N

(F&# vh�.F2:,/.0 #E#"'yw�3(64!(�JQ*�EI*�,/X0 #E�(
G(1 −

λ)
L
E(N) = 1

G(1−λ)

(0 �2:�k;F2:�3;0$%�! P*FH�(F;i$SYt.0h�*�$%"% �.
E(Z) = E(X1)E(N)

=
� � x 2:,@,/(

S1
(F&# �&# #E#"';0 �(0,/(0�w �JD2>&#"% #"%H�(

G(0) = P{S1 = 0} = 0
= _`2:�3;

lim
λ→1−

1 − G(1 − λ)

λG(1 − λ)
= +∞.

Gq2:E�&�y��3(i$'(0�!E�JQ*�EI*�,/X0 #E�(
λ
 �(0�34kH�(0E�&

1
L!$'(F&�H>*�E#"+*�C!$'(F&�h�.F2:,/.0 #E#"'yw�3(F&

Di
&�(�EI*�JOf

J!E�25;�13(0�w �4!(
1
(0 �$'(db#2:�3(0�!E�*)4!(�J!$%�3&�(0�kJ!$%�3&�4!(`,8*�$eK) �(0E#,@"%�3(0E�$'(abg(0��=

x 2:,@,/(
G(1) = 1

LAJ 2:�!E
λ ∈]0, 1[ 1−G(1−λ)

λ = 1
λ

∫ 1
1−λ G′(s)ds

= x 2:,@,/(
E(S1) < +∞ LO2:�j(0�j4!.F4O�!"% �*[H�(F;�$+*@yw�3(F&# #"'2:� F;iyw�3(

lim
λ→0+

1 − G(1 − λ)

λG(1 − λ)
=

E(S1)

G(1)
= E(S1).

Gq2:E�&�y��3(
λ
 �(0�34�H�(0E�&

0
Le$+*cJ!E�2:CQ*�C!"%$%"% �.

P(S1 < D1) = G(1 − λ)
JD2:�!E�y��3(

Z&I2:"% �.0h�*�$'(�K
S1

 �(0�34NH�(0E�&
1
= Gq(�E�.F&#�!$% I*� ���Yt(F&# �4!2:�3;iJQ*:&�&#�!E#J!E�(0�Q*��� [=

 


