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Main target: tractable hods for solving d-dimensional PDEs

High-dimensional applications:
@ d-dim. operators: Green's functions, Fourier, convolution and wavelet transforms.
@ Molecular systems: electronic structure, quantum molecular dynamics.
@ PDEs in RY: quantum information, stochastic PDEs, dynamical systems.
» Elliptic (parameter-dependent) BVP: Find u € Hj (Q), s.t.
Hu = —div(agradu+w)+Vu=F in QeR’
» Elliptic EVP: Find a pair (A, u) € R x H¢ (Q), s.t.
Hu=Xu inQeR? (uu)=1
» Parabolic-type equations (o € {1,i}): Find v :RY x (0, T) = R, s.t.

u(x,0) € H*(R?) : a% +Hu = 0.

Tensor methods adapt gainfully to main challenges:
» High spacial dimension: Q = (—b,b)? ¢ R (d = 2,3, ...,100, ...).
» Multiparametric eq.: a(y, x), F(y,x), u(y,x), y e RM (M =1,2,...,100, ...).
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Tensor numerical methods in higher dimensions: focus, building blocks, benefits

Main focus: O(d) - numerical approximation to d-dimensional PDEs
Basic ingredients:
» Traditional numerical methods.
» Numerical multilinear algebra
» Low-parametric separable approximation of d-variate functions: theory/algorithms.
>

Tensor representation of linear operators: Green's functions, convolution(d),
FFT(d), wavelet, multi-particle Hamiltonians, preconditioners.

» lterative solvers to steady-state and temporal PDEs on “tensor manifolds”.
“Separation” of variables beats "curse of dimensionality:
» O(dN) tensor numerical methods, N¢ — O(dN).
Super-compression:
» O(dlog N) Quantized tensor approximation (QC, QTT), N¢ — O(d log N).
Guiding principle:

» Validation of numerical algorithms on real-life high-dimensional PDEs.
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Separable representation of (discrete) functions in a tensor-product Hilbert space

Tensor-product Hilbert space, Vo = Vi ® ... ® Vg, n = (n1, ..., ng), ne = dimV,.
» Euclidean vector space V, = R™> X", V, =R"™ (£ =1,...,d),

V=[leVa: WV)=> ww, i=(ir,..ig):ic €l =A{1,..,n}.
1
» Tensors are functions of discrete variable, Vo, 5V : /i X ... X Iz — R.
Separable representation in V,: rank-1 tensors
d d
V= [Vil...id] =v® ®...Q (@ € Va, Vig..ig = H[zlv.( ).

» The scalar product

d
WV =wPe. .. . aw? vWg. o= H (w9, v([)>v£.

=1
» Storage: Stor(V) = Zle ng L dimV, = H‘Z:l ne.

» O(d) bilinear operations: addition, Hadamard product, contraction, convolution, ...
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Parametrization by separation of variables: from canonical to tensor network formats

Def. Canonical R-term representation in V,: V € Cgr(Vy), if [Hitchcock "27, ...]
R
_ (1) (d) (£)
v=> we..eovw vlew.
» d = 2: rank-R matrices, V = Zleukva.
Visualizing canonical model, d = 3.

Ve Ve W

v YA s

) (€] (1
Vl

» Advantages: Storage = dRN, simple multilinear algebra.

» Limitations: Cr(Va) is the non-closed set = lack of stable approximation methods.
Example. f(x) = x1 + ... + xq. rankcan(f) = d, but approximated by rank-2 elements
d

1 -1
F(x) = lim LI+ ex) =1

e—0 12
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Orthogonal Tucker model

Def. Rank r = [r1, ..., rq] Tucker tensors: V € T;(Vq) if [Tucker '66]

r

V= Z biy.. .k, v,g) ®...0 v,gj) e ®.0Ty, Ti= span{v,gf)};‘zzl C R™.
ky,..kg=1

> d =2: SVD of a rank-r matrix, A= UDVT, U € R™", D € R"™*", [Schmidt '1905]
» Storage: drN + r?, r = maxr, < N (efficient for d = 3, e.g. Hartree-Fock eq.).

Beginning of tensor numerical methods: Tucker for 3D functions (e.g. f =e™", 1).
[BNK, Khoromskaia '07]

Stater function, AR=10, n = 64

10 10

Boris Khoromskij CEMRACS-2013, CIRM  Tensor methods for high-dim. PDEs



Matrix Product States (MPS) factorization:

In quantum physics/information:

The matrix product states (MPS) and tree-tensor network states (TNS) of slightly
entangled systems, matrix product operators (MPO), DMRG optimization.

[White '92; ..., Ostlund, Rommer '95; ..., Cirac, Verstraete '06, ..

Re-invented in numerical multilinear algebra:

Hierarchical dimension splitting, O(dr'°¢ N)-storage: [BNK "06].
Hierarchical Tucker (HT) = TNS: [Hackbusch, Kiihn '09]

Tensor train (TT) = MPS (open b.c.) [Oseledets, Tyrtyshnikov '09].

Def. Tensor Train (MPS): Given r = (r1,...,rq), ra =1, ro = 1.
V € TT[r] C V, is a parametrization by contracted product of tri-tensors in R™-1*"¢X"

V[i..ig] = Zacgll)[il]Gﬁ)az[iz]...ng)_l[id]
W] 6P[ia]... i),

G(()[I'(] isa rp_1 X rp matrix, 1 < i, < ng.

Example. f(x) =x1 + ... + xq, rankr7(f) = 2.

S A R
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Benefits and limitations of the TT format

Example. d = 5.

» Advantages: Storage: dr’N < N9, N = max ny.
Efficient and robust MLA with polynomial scaling in r, linear scaling in d.
Can be implemented by stable QR/SVD algorithms.

» Limitations: strong entanglements in a system, large mode-size N.
Multilinear matrix-vector algebra and DMRG iterations cost: O(dRr*N?)

d,R,r ~10% N ~ 10%® = 10* — non-tractable local problems ?

Rank bounds:
rTT = Rcan, MNuck = ITT7 I'Tuck =~ Can-
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Tensor network formats without loops

Tucker TNS (HT)

G
7l o]l ] ]
|U(1)| |U<2>| |U(3)| |U(d)|

AR n
O] (v [ue)] u®)
| k| B q
MPS (TT) QTT-Tucker

Qe —
i i2 id
i i 'Yl,L—ll "/2‘L—1: :
Canonical =}~ Tucker,, {1y
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Approximation in tensor formats

Approximation problem: Given X € V, (in general, X € So C V,,), find

T(X) := argmin | X — Al|, where S C {Tr,Cr, Tcg,, MPS/TTIr]]}.
AcS

Quasi-optimal (nonlinear) tensor approximation: SVD, ACA, Greedy

» SVD (or Schmidt) decomposition for matrices

» SVD-based (R)HOSVD for Tucker and canonical tensors [De Lathauwer; BNK, Khoromskaia]
» ACA interpolation [Tyrtyshnikov et al.; Grasedyck et al.].

| 2 Greedy algorithms [Temlyakov, Maday, Cances, Lelievre, Cohen, Dahmen, Chinesta, Nouy, ...].

» SVD-based ALS/DMRG iteration in TT [Dolgov, BNK, Oseledets, Savostianov, ..]

MPS/TT ranks: TT[r] := {A € Vq : rank Ay, < rp},
rp =rankAp( jij2 - Jp iJp+1---Jd)

column index row index

Canonical rank can not be presented as matrix ranks! = unstable approximation.

Rank reduction in the canonical format:
Reduced HOSVD: Canonical — Tucker — canonical (ALS) [BNK, Khoromskaia, SISC "08].
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Tensor approximation on the quantized image in higher virtual dimensions

» Quantized Tensor Approximation of N-vectors with N = 2L [Bnk 2009]

N=2
L=log N=3

P e

+‘4

L
(isometry) Fi:[x]Mi =X —A=[g] € Q= ®]R2, aj 1= X;.
=1

. o L P v—1 F L
i—1= ZVZI(J, 12" j—1e{0,1}%"
Can/TT approximation of quantized image in Q. = QCan/QTT method

» Storage in quantized tensor formats scales logarithmically in N = 2t,
2L < 2h.

» N=gqg', g=2,3, .. Qopt = € = 2,7.... Standard choice g = 2: binary coding.
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Why the multi-resolution QT T-method does a job? QTT-approximation theory

Thm. [BnK '09). QT T-approximation of functional vectors. Let N = 2t

» For quantized exponential N-vector: rankqcan(X) = rankcan(Q1,.(X)) =1,

1 L

n—1yN N L 2
X:={z""}p1eC '_)®p_1|:22P1:|€®i(C, zeC.
p—

» For the quantized trigonometric N-vector: rankqcan,c(X) = rankqrt r(X) = 2,

X = {sin(wh(n~ )1 T, h= e, VweC

» Proof. Hint: sin z = ¢2—-¢"*

57 = Im(e®).

» For QTT-image of polynomial of degree m, rankqr1(Pm) < m+ 1.
» QTT-rank of the step function and Haar wavelet is 1 and 2, resp.
» Chebyshev polynomial Tpm(x) = cos(m arccos x), sampled as a vector

X:={xn:= T,,,(x,,)},,N:0 e ]RN, N =2 1, x| <1,

over CGL nodes {x, = cos 5}, has the explicit rank-2 QCan-image.
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QTT based quadratures (cf. Chebfun2, L.-N. Trefethen, et al.
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QTT based quadratures of O(log n) complexity

Quantized weight function w(x), integrand f(x), both with moderate QT T-ranks.

The rectngular n-point quadrature, n =25, |I — I,| = O(27°%), Time = O(log n).

1 n
| we0r G~ () 1= hY wlx)F(x) = W, Fhorr. WLF € ohaB
-1 i=1

Examples. Highly oscillated and singular functions on [—1,1], eqrr = 107°:

fi(x) = €*sin(3x)tahn(5cos(30x)),  (N. Hale, L.-N. Trefethen, '12)
f(x) = (1-1|x])%, q=0.025.

)
f3(x) = (homogenization example: 3 scales).
)=

fa(x) = (x + 1)sin(w(x + 1)?), w =100 (Fresnel integral).
n\7 | rerr(f) | rerr(f2) | rerr(fs) | rerr(fa)
2 7.0 4.0 3.5 6.5
215 7.0 4.0 3.6 7.0
21e 8.5 4.5 3.6 7.5
217 9.0 5.0 3.6 7.9

Boris Khoromskij CEMRACS-2013, CIRM  Tensor methods for high-dim. PDEs



TT/QTT representation of operators (large multidimensional matrices)

Example. d-dimensional discrete Laplacian.

d d
Dy=D1 @@ @I+ 1 QAL @ @ 4o+ 1@ .. @ Ay € RVTDN

A; = tridiag{—1,2, -1} € R¥*"N [ is the N x N identity.

» Canonical/Tucker representation: rankcp(Aq4) = d, rankruck(Qd) = 2.
» Explicit TT representation: ranktr(Ag) = 2, rankqrr(Ad) < 4, Vd.

| 0 x(d—2) |
Ad—[Al /}M[Al /:| N|:A1:|.

> [Kazeev, BNK '10] Explicit QTT representation: rankgrr (A1) = 3, rankQTT(Afl) <5,

VA N SR Y By Ry
A o= [I 7 I J ” —J
J iy

“»”" is a regular matrix product of block core matrices, blocks being multiplied by means of tensor product.
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Spin systems and chemical master equation (CME)

» d-dimensional operators in chemical master equation:

Thm. [Dolgov, BNK '12]. Given matrices Ej, F,f, F,f“ € RM*Nk - The cascadic sum
d d [i-2 ) ) d
HeFle (@a) iy <®Ek> SR ofe (@ a)
k=2 i=2 \ k=1 k=i+1

possesses an explicit rank-3 TT decomposition H = H*(i1, j1) - - H¥(iy, ja), with

E. FFY 0
H'=[E F2 F], H=|0 o F,
0 0 E
Fia O £
H™ =1 o FI1, H = [Ed] .
0 Eq_1 ?

CME operator: [Kazeev, Schwab '12]
Similar Hamiltonians arise in the spin systems models with local interactions

[Cirac, Verstraete '06; Huckle et al '12, ...]
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Tensor methods for the Hartree-Fock model

Grid-based Hartree-Fock calculations
1 .
Foi(x) = (_EA + Ve+ Vu — K)pi(x) = Xigi(x), i=1,.., Nop.

Nob
The Fock operator F depends on 7(x,y) =2 > pi(x)pi(y),

i=1

M
1 Zy 7(y, ) 1/ 7(x,¥)
Fo:=[-=0— +/ o dyle — 5 y)dy.
P T e e T 2 o Ty PV

The efficient Galerkin representation of the nonlinear Fock operator in low-rank basis
{g.} is based on the precomputed two-electron integrals (TEI) tensor:

B = / 8:()8.(N&8-WB\Y) 1 1 < vk A < N,
R3 xR3 l[x =yl

Complexity scaling Ni x (3D convolution cost).

Challenges: High accuracy, 3D singular convolutions, nuclear cusps, hard scaling.
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Competing grid-based tensor approach to computational quantum chemistry

Benchmark packages (analytic): MOLPRO [werner et al], GAUSSIAN, CRYSTAL, ...

Grid-based tensor methods in HF calculations: [BNK, Khoromskaia, Flad, 2009, SISC '11],

» Example of a compact molecule computed by tensor method: Alanin aminoacid

» Grid-based tensor numerical methods are promising for structured extended systems
and for periodic compounds !
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Basic building blocks [Khoromskaia, BNK '08 - "13]

» Canonical, Tucker and QTT tensor arithmetics.
» Grid basis {g.}, and QTT core Hamiltonian (on example of H>O)

[ P | 15 ] 16 | 17 ] 18 | 19 | 20 |
[ N3 =23P | 327673 | 65535 | 1310713 | 2621437 | 524287 | 1048575° |
[ Er(Ag) | 00027 [ 6.8-10-% [ 1.7-10°% [ 42-10°° | 1.0-10° [ 26-10"° |
[ Richardson e. | -] 10-107° [ 83-10°% [ 26-10_° [ 3.3-10_ 10 | o ]
[ _time(sec) | 128 | 17.4 ] 25.7 ] 42.6_] 77 ] 135 ]

» Fast tensor convolution via sinc-quadrature, [BNK '08; Bertoglio, BNK '09]:
1

i / e dt & Z Cke_t"r2 = rank-Ry tensor Py = [P(l), P®, P(3)].
0

» Direct or redundancy free factorization of TEl matrix B = [buu;.x].

» Cholesky decomposition (c-approximation) of B:
Compute columns and diagonal of B using precomputed factorization,

B = mat(B) := [buuxa] & LLT,  rank.(B) = O(N,).

QTT compression of the Cholesky factor L € RN *Re . NZ = N2, Np =~ 10Nyp.
» DIIS self-consistent iteration.

» MP2 energy correction via tensor factorizations.
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Fast Poisson solver A~1F via tensor approximation of Green’s kernel

Laplace transform and sinc-quadratures
[Gavrilyuk, Hackbusch, BNK ’08], [Bertoglio, BNK '10]:

Green's function for A in R3, via sinc-quadrature approximation
1

R 22 22 3 2 2

_t —t — 2 X

- :/ e " dt~ E cre kT = E C"H e kN,
r i=1

0

| n° [ 128° [ 256° | 512° | 1024° | 2048° | 4096 | 8192° 16384° |

FFTs 4.3 | 55.4 | 582.8 | ~ 6000 - - - | ~ 2 years
CxC 0.2 0.9 1.5 8.8 20.0 61.0 | 157.5 209.2
c2T 4.2 4.7 5.6 6.9 10.9 20.0 37.9 86.0

CPU time (in sec) for Vi = % x p for H,0.
[BNK '08; BNK, Khoromakaia '09]

Similar for Green's kernels
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Grid representation of 3D functions and operators

[BNK, Khoromskaia '08 (SISC '09)]

The computational box: [—b, b]?, e
b~ 15 A i
n x n x n 3D Cartesian grid, n ~ 10*

lo: gk — &k = > gk(x)G(x).

i€z
_ _(¢ LY 0
gk(x) ~ logi == 8 (x) = [Ti1 80 (%) = T3y > g (x,)¢ ) (xe),

rank-1 tensor Gx = G,El) ® G,iz) ® G,g?’), can. vectors G,E[) = {gy)(x,-l)}azl € Rk,

R
9
ki Ok,

-b X2 Xyie b
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Direct factorization of TEIl matrix

Grid-based TEI: [Khoromskaia, BNK, Schneider, SISC’'13]

» Separable basis rank(G,) =1 = G, = Gﬁl) ® GLZ) ® G;(La) € RN,
» Direct factorization: Precompute tensors G and full set of convolutions Par x G,

G=[G,0G,] ¢ ]RNBXNI:X"@S, G.0OG, € R

then
[b;wnx] = <Gu ® Gu, Par* (Gn O] GA)>n®3 .

The unfolding matrices of the side tensor G(*) € R"*Me*Ns:
GO = mat(GY) e R™Me, £=1,2,3.

PO = [P,(f)] € R™ RN _ factor matrices in the rank-Rxs canonical tensor Par € R"X"<",

Ry
.
B = [bua] = D 032G (P %, G1).
k=1

» QTT compression of G® and P,(f) *n GO,
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Numerics: QTT compression leading to O(log n) HF calculations

Example for CH4

2

45 , ; : 2500 . . . . . : : :
—4—scalar-QTT|
4 L ——TT-time
35 20001 o iG-time 1
—e—scalar-can
3y
" 15001 4
2.5 E
S
2 | &
‘ 1000}
1.5 ‘
! 500 4
0.5
0 0 =
0 500 1000 1500 2000 2500 5 6 7 8 9 10 11 12 13 14

grid levels L, n=2"

(Left) average QTT ranks of the Newton potential, Par % Gt
e=10"° N, =55 n=28192;

(Right) Coulomb operator:
Times vs. level L of the univariate grid size n = 2%, maximal n® = 242 ~ 10'2.
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3D EVP solver for the Hartree-Fock equation in a general basis

[Khoromskaia "13]
Left: convergence of DIIS iteration for Glycin aminoacid, N, = 170 (large TEI).

Right: Computed energy (blue) vs. Molpro (red) after 30 + k iterations.

-282.
=——err in Lambda
. -282.835
—residual
10° ——abs. err. in EO -282.84
-282.845
-282.85
-282.855
-5
10
-282.86
-282.865
e \/\’__\_/\_.
-10
10 282815, 5 10 15 20 25

10 20 30 40 50

The Laplacian —A is approximated on n®3 grid, n = 32768.
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Mgller-Plesset (MP2) energy correction: factorized TEI + QTT compression

» MP2 energy correction by tensor factorization. [Khoromskaia, BNK '13]
Cholesky decomposed TEl matrix B = L L is transformed from the AO to the MO-basis,
Np

Vke;mn = § Cp,k CI/Z Cnm C)\nbpu;fc)\,

HyVy Kk, A=1

k,f,m,n € {1, ey Nb},

Cost O(Nﬁ) = O(RBNg,—vairtNorb)-
MP?2 . . _ VkZmn(zkamn - anmZ)
correction: Eppr = — E E VI VY 3
k ¢ — Am — An

kL€l iy m,nElocc

I

loce = {1, ey Norb}. Lire := {No,b +1,..., Nb}, and Mg, k=1,..., Np.

Reduced complexity O(RgNZ,.N2,). Storage RgNyirt Norp.

MP2 calculations for H20. Eexperimen: = —76.439.
Emolpro = —76.0308; Etensor = —76.0308
Enmpr = —76.3292, CPU time ~ 1 sec.
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Low rank canonical approx. A;l (super-fast Poisson solver, preconditioning)

d-Laplacian: AzU=F on NxNx..x N —grid.

> eftAd = ®Z’:1 eitAll A1 = Ff/\lFl, Fiis the 1D sin-FFT.

1

» sinc-quadrature approximation Gu; >~ Ay~ " in rank-R canonical format,

o M d
A7t = / gt Y g Rep(—ths) = S @ Fie MR = Gu,
k=—M =1

tk:ekhv Ck:htkv h:ﬂ-/mv

with the exponential convergence rate in R = 2M + 1, [Gavrilyuk, Hackbusch, BNK '05]

HA;]' — GM”oo < Ce*w\/ﬂ7 (or < CefTrM/IogM).

N Precomp Time for sol Residue Relative L, error

28 6.14 2.98 6.6e-06 7.0e-06
29 8.37 3.52 8.7e-06 7.0e-06
210 10.81 4.02 9.4e-06 7.0e-06

100D Poisson eq. in C-QTT, F =1, W = O(d|loge|? log N) complexity.
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Stochastic/parametric PDEs

Find up € L2(F) x H3(D), s.t.
Aum(y,x)=f(x) inD, VyerT,
um(y,x) =0 ondD, Vyerl,
A= —div(am(y,x)grad), fel?>(D), DecR? d=1,23,
am(y, x) is smooth inx €D, y = (y1,...,ym) €T :=[-1,1]M, M < oo.

Additive case (via the truncated Karhunen-Loéve expansion)

am(y,x) := ao(x) +Zam X)Ym, am € L¥(D), M — oco.

Log-additive case
m(y,x) := exp(ao(x) + Z am(x)ym)

P> Sparse stochastic Galerkin/collocation: [Babuska, Nobile, Tempone '06-'10; Schwab el. '07-'10, Matthies '06]
P> Stochastic Galerkin, Cg format, additive case: [BNK, Ch. Schwab '10]
P QTT, both additive and log-additive cases: [BNK, Oseledets '10]

P HT, additive: [Kressner, Tobler '10]
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Stochastic collocation (additive case): discretization in x and y

A parametric linear system, N - grid size in x (Galerkin-FEM, FD in x)

A)uly) =f, feR" u(y)eR", yeTl, 1)
Y
Aly) = Ao + Z AmYm, Am e RN parameter dependent matrix.
m=1

Collocation on n®M™ grid, n - grid size in y (uniform, Chebyshev, etc.)

M
N =Tmel-Ll k=1....n, Th=QR)Tm
m=1

= Assembled large linear system
Au=f ufe RNXn®M Ae R(an®M)><(N><n®M)

A=A xIxX...xI4+A xXDixIx...xI+...4Au x 1 x...x Dp,

Dm, m=1,..., M, is n x n diagonal matrix with positions of collocation points,
{y,(,f)} € m, on the diagonal: rankcp(A) < M.

f=fxex...xe, e=(1,..,1)7 eR".
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Stochastic/parametric PDEs: iteration on tensor manifold

» Parametric elliptic BVP on nonlinear manifold S:
Ay)u(y) =f = Au=f,

Uit =Um — B "(Aum —f), Umi1:= Ts(limi1) €S.
Assumptions:
» u, f allow the low S-rank approximation,
> A and B! are of low matrix S-rank,
» A and B are spectral equivalent (close).
Good candidates for B~

(A) Shifted FD d-Laplacian inverse (Ag + al)™?.

d d
Dy =D1@DINGD . @I+ + I @ Iy @ Ay € RVTNET

(B) A(y*)™* with optimization in y*.

C) Reciprocal preconditioner B~ = A Ay /4,1 AL Strongly variable coeff. a(y, x).
d M1/a(y)=d

[Dolgov, BNK, Oseledets, Tyrtyshnikov '10]

» Rank bounds:  rankcan(A,') < Clloge|?, rankerr(A,") < C rankcan(AZ1).

Boris Khoromskij CEMRACS-2013, CIRM  Tensor methods for high-dim. PDEs



Stochastic/parametric PDEs: preconditioned iteration in canonical format

[BNK, Ch. Schwab, '11]
> Preconditioned S-truncated iteration in (d + M)-dimensional parametric space.
Rank-R canonical format, M < 100.

NEM+d) _grid, d =1, M = 20 (S = Cg, B~* := A(0)™1).
Variable coefficients with exponential decay (N = 63, R < 5),

am(x) =0.5e *"sin(mx), m=1,2,..,M, xe€(0,n).

Dim=20, alpha=1, rank=5, grid=63 | Dim=20, alpha=1, rank=5, grid=63
10 10
10”
107 107
£ R
? g1
o~ o
10° 10°
10
10" 10°
1 2 3 4 5 1 2 3 4 5 6 7
rank T-iter
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Time dependent problems: dynamics on tensor manifold

» Parabolic BVP projected onto SC V,: U € S,

U%—Ltj =AU+ F, U(0)=TsU(0), o=1,i.
Problem 1. Complex-time molecular Schrédinger eq. in QMD,
;oY _ d
at H¢_(__Ad+ VWJ 1/’(X70)—1/’0(X)7 x €R )

V :R? — R is (given) approximation to the potential energy surface (PES).

Problem 2. Real-time evolution. The Fokker-Planck equation

d
¥(0) = o, d—f = —AY; Ay = —eAy +div(yv), P RY — R,
v:R? = R? is a given velocity field. 1(t) = 1. : At = 0.
Problem 3. Chemical master equation. Joint probability density P(x, t),

dP(x,t)

P(X70) = PO, dt

= AP(x,t), xeR™* 7",
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Main approaches

» Time integrators
@ Sparse grids in (x, t): [Schwab et al.; Griebel et al.]
@ Dirac-Frenkel projection onto Tucker/TT/QTT-manifold S,

(% — Ay,dy) =0, oy e T,S.

[Meyer et al. '03; Lubich '07-'12; BNK, Oseledets, Schneider "12]

@ Greedy iterations (canonical format)

[Cancés, Le Brie, Lelievre, Maday et al; Chinesta et al; Suli et al; Binev, Cohen, Dahmen, et al]

@ Time stepping by implicit scheme + TT/QTT + ALS/DMRG local solver,
[Dolgov, BNK, Oseledets '11; Kaseev, Schwab '12]

» Global time-space schemes

@ Global time-space separation by QTT-Cayley transform [Gavrilyuk, BNK '11]

@ QTT-Tucker + ALS-type solver on global (x, t) tensor manifold [Dolgov, BNK '12-13]
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Discretization on global QTT-tensor manifold in space-time

Crank-Nicolson, A, f are given in the TT/QTT format,
(1 5AWier = (1= 3AW+ 5 (et fien) = .
(A) Time stepping by DMRG-TT iter. for
(I + %A)}/k+1 = Fit1.
(B) Global O(log Ny log N:) block solver in QTT format:
Ykl — Yk + %A}/k+1 + %AYk = %(fk + fet1).
Solve the huge global N¢ x N system in QTT format,

I+ ZA i (1-ZA)y°
—I+ZA [+ZA y2 0 T
| = + =
' . : : 2
—I+ZA 1+ZA] [ 0
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Chemical master equation (CME): h-dimensional real-time dynamics

» QTT-Tucker for chemical master equation. [Dolgov, BNK, '13]

Species Si1, ..., Sq react in M channels.
The vector of concentration x = (x1, ..., x4), X; € {0, ..., N;j — 1},

The stoichiometric vector z™ € Z¢9,
The propensity function w™(x),m =1, ..., M.

0 .- 1

JF = - — row N—z ifz>0; F=u 3T ifz<o

CME is a deterministic difference equation on the joint probability density P(x, t):

M
P d N
L) =SS0 ydigunP©, PG <RI
=1
F=rrg...@Jd

={w™(x)} and P(t) = {P(x,t)}, x € é{o, oo, Np =1}
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Long-time dynamics: CME for the signaling cascade, d = 20

Figure: Cascade signaling network

@ d =20, M=40;

@ for m=1: w"(x) =0.7, 2" = —Jm: generation of the first protein;

@ for m=2,...,20: wm(x) = L, 2™ = —dm: succeeding creation reactions;
5 + Xm—1

@ for m=21,...,40: w™(x) = 0.07 - Xxm—20, 2" = dm—20: destruction reactions.

@ N; =63.

Om is the m-th identity vector.

Problem size 64%°

Boris Khoromskij CEMRACS-2013, CIRM  Tensor methods for high-dim. PDEs



Convergence history

10°
107!
1072
1073
1074
107
20 50 100 150 200 250 300 350 400 0, 50 100 150 200 250 300 350 400
FIgU €. Mean concentrations (x;)(t). FIgU rFe:. Closeness to the kernel |:;4P’T\H (t)
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O(log N;) CPU time

The performance of the global state-time scheme vs.
@ numbers of time steps N, in each interval [(p — 1) To, pTo].
@ the time interval widths To

1400 1850

150 1500
1750
1300
1700

1230 1650

1150 1550

HMUV 9 10 11 12 13 14 “;“3 10 12 14 16 18 20
Figure: CPU time (sec.) Figure: CPU time (sec.)
versus log,(N), To = 15. versus To, Ny = 214,

@ Logarithmic complexity in N;.

@ There is an optimal time-step To.
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Superfast QTT-FFT transform in O(log® n) operations

FFT matrix (unitary n x n, n =29, FFT, = F,).

1 w291 2mi 2
Fd:m[‘*’g}j,k:o’ Wd = exp <_2_d)’ i"=-1

QTT format for matrix

d
a(’?./) - a(,/1 Jd7 kl ) A(_/1k1,J2k2, . 7Jdkd) J:.’)<1A122’)<2 AJ(.;IE‘;I

QTT ranks
e = rank A[p](jlkl jzkz .. .jpkp;jp+1kp+1 . .jdkd)

column index row index
QTT decomposition of FFT matrix has full rank
QTT-FFT matrix has full e-rank < The low-rank e-approximation is not possible :-(
Given rank-R QTT vector x, y = %Fdx can be computed in QTT format!,

Cost O(d?R?®), storage O(dR?) [Dolgov, BNK, Savostyanov '12].
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Cooley-Tuckey FFT meets QTT-data

In contrast to the Fourier transform:
The Hadamard (Walsh) transform has QT T-ranks one,

11 1
Hyg = H®?, Hl:ﬁ{l _1].

Fourier transform y = FFT,(x) for dense vectors costs O(nlog n)
i 1 n—1

27 . .
y:\/ﬁF,,x & yk:ﬁjzoxjexp(_TJk)7 j,k=0,...,n—-1

Reccurence [Cooley, Tuckey, 1965]

PdFdX:%[Fdil Fd,l} [I Qd,l] [; _;} [Z}’

Py is the bit-shift permutation, agglomerating even and odd elements of a vector.

Twiddle factors QTT rank =2

2d-1_4

na—ans{oo (<570) ), oo (57a) o {oe (F)
= diag {exp (| —— = diag{exp [ —— ...diagqexp | ——jg_
d g Pl o g Pt g 5 dd—1

Boris Khoromskij CEMRACS-2013, CIRM  Tensor methods for high-dim. PDEs




QTT-FFT approximation scheme

Combine exact QTT-FFT with rank truncation: Algorithm (d-level approximation)

R L IR T

Xd-1

Zg—1

Pay
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QTT-Fourier images in 1D

The rectangle pulse function, for which the Fourier transform is known,

0, if [t|>1/2 -
nt) = 1/2, if |t =1/2, ﬁ(&) — sinc(€) def SINT .
1 e <1/2, ¢

The Fourier integral is approximated by rectangular rule.

Fle) = [ - f(t) exp(—27it€)dt.

f(t) = N(t) is real and even, we write for k,j =0,...,n—1, n =2,
N +o0 n—1
(&) = 2Re / f(t) exp(—2mitE;)dt ~ 2Re Z f(tx) exp(—2miti&;) he,
0 k=0

tx = (k+1/2)he, § = (j + 1/2)he, and use DFT for hy = he = 24% and d even.
The QTT representation of the rectangular pulse has QT T—ranks one, i.e.,

h
I'I(tk) = H(E +ky... kd/271h+ kd/z . kd/2) = (1 — kd/z)- . (1 — kd)
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Numerics on QTT-FFT in 1D: logarithmic complexity !

Table: Time for QTT—FFT (in milliseconds) w.r.t. size n = 29 and accuracy €. timegTT is the runtime of Alg.

QTT-FFT, timeppTw is the runtime of the FFT from the FFTW library, and rank f is the effective QT T—rank of
the Fourier image.

f=T1(t) e=10"" e=10"8 e=10""
d timerprw | rank f timeqrT | rank f timeqrT | rank f timeqrT
16 1.7 4.66 7.9 6.85 13.8 8.85 20.0
18 8.9 4.70 9.7 6.86 16.7 8.82 23.4
20 42.5 4.75 11.3 6.85 19.8 8.86 30.6
22 180 4.77 13.1 6.83 23.3 8.89 36.4
24 810 4.74 15.0 6.72 26.3 8.94 41.7
26 4100 4.62 17.0 6.76 30.0 8.89 46.5
28 26300 4.57 18.9 6.80 33.0 8.88 51.2
30 — 4.72 20.3 6.78 36.2 8.84 57.0
40 — 4.20 20.1 6.59 53.6 8.78 83.2
50 — 3.96 39.3 6.45 70.5 8.48 109
60 — 3.69 50.0 6.25 87.6 8.32 133
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Conclusions

Recent progress in fast tensor numerical methods:

@ Advanced O(dlog N) tensor formats: QCan, QTT, QTT-Tucker (+)
QTT convolution(d) and super-fast QTT-FFT(d) in O(d log N) op. (+£).
Low-rank preconditioning of elliptic operators on tensor grid. (+).
Tensor solver for the Hartree-Fock eqn. on N x N x N grids, N < 10° ().
Parametric elliptic/parabolic problems in tensor formats (+).

@ Time dependent Fokker-Planck and Master equations (£).
Future work:

Theoretical understanding, advanced solvers in higher dimensions, real-life applications.

Lecture notes on tensor numerical methods [BnK '10]:
http://www.math.uzh.ch/fileadmin/math/preprints /06 11.pdf

More details: http://personal-homepages.mis.mpg.de/bokh

Thank you for your attention !
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