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Langevin dynamics for shear viscosity
computations
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Hydrodynamics in clay nanopores

Multiscale materials:

nnnnnn

Figure: multiscale structure of clays (courtesy of B. Rotenberg)

e Stack of sheets forming particles of nanometric size;
e Solvent (water) et ions;

A need of numerical simulation to understand the transport properties
of the material at the nanoscale
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The Newton law for shear viscosity

e Shear viscosity of a Newtonian fluid u = (uy, uy) velocity field.

Oxy o auX

Txy = —-—.
Try ay

e Incompressible Navier-Stokes equation in a periodic channel
82
pOUx = TIWUX(Y) + pF(y)+ PBC

Goal: Obtain the shear viscosity from a microscopic description of the
fluid.
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Classical systems

e N particles system

(qvp):(qlv--'quapla---7pN) EDN XRZN

D = R/L«Z x R/LyZ for positions and R?N for momenta.
e The Hamiltonian

N
Zzp— ql,...,qN).

all the physics is contained in V.
Hypothesis: V smooth and given as the sum of pairs interactions.
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Thermodynamical averages

e Macroscopic averages in a thermodynamic ensemble

= [, Ha.pu(cp,a)

f observable, 1 probability measure (1 > 0, u(DN x R?N) = 1).

e Example of the canonical measure (NVT)
macroscopic constraints :
N (number of particles), V (accsessible volume), T (temperature).

pnvr (dg, dp) = Zr\TvlTefﬁH(q’p)dqdp = 1odqdp,
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Sampling an invariant measure

Difficulty : Integrals in high dimension d = 2N > 2: we have to use
stochastic methods.
Idea : Replace the computation of (f), by an ergodic average:

(fy, = lim /f
T—+00 T

— find a dynamics that samples .



Introduction to Statistical Mechanics

Transport coefficients computations

Transports coefficients (shear viscosity, thermal conductivity,
diffusion) describe dynamics properties of fluids;

Calculation are possible via Green-Kubo type formula, for the
shear viscosity:

v=sol ([ axy(O)axy(t)dt>eq-

oyxy being an off-diagonal term of the microscopic Cauchy stress
tensor;
They can be “measured” in a system where thermodynamics
fluxes are ?_xcited via nonequilibrium dynamics;

Yy




Context and introduction Introduction to Statistical Mechanics Nonequilibrium method for the Shear Viscosity Numerical illustrations | Asymptotics for large

Outline

Nonequilibrium method for the Shear Viscosity



Context and introduction Introduction to Statistical Mechanics Nonequilibrium method for the Shear Viscosity Numerical illustrations | - Asymptotics for large

Nonequilibrium Langevin Dynamics |

Hamiltonian + Ornstein-Uhlenbeck + linear nongradient perturbation:

Pt

dqt = dt

274
B

p“ dt +

dpxt = —Vg,V(ar)dt + {F(qgy¢) dt —

2
dpy. = —Vg,V(ar)dt — pyt dt + \/% dwy,

¢ € R, ",y > 0 (frictions coefficients), (W, W, )i>o standard
brownian motions on R?N.
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Nonequilibrium Langevin Dynamics |l

Motivations:
¢ Artificial dissipation mechanism that allows steady states;

e Rigorous mathematical arguments (ergodicity, linear response);

Theoretical questions:
e Existence and uniqueness of an invariant measure
(Rey-Bellet [4], Pavliotis-Stuart [3] ('04));
¢ Analysis of the Shear Viscosity : Irving Kirkwood identification
process ('54) [1];
o Asymptotics for large frictions.
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Infinitesimals generators

e Generators for the Nonequilibrium dynamics:

Ag = Ao +EB;
Ao = Anam + Athm;

N
B= Z F (Qlyi ) Op:
i=1
¢ Adjoints defined on L?(ty) : Le = A;
» Fokker-Planck equation for the law of the process (g, pt)i>o:

atd} = ﬁﬁwv
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Structure of the invariant measure

Theorem The dynamics (1) has a unique invariant measure with
density ¢ € C°(DN x R?N) et

ve =feo,  fe=1+) &%, 2

k>1

and fy € L?(3o).
Average w.r.t the nonequilibrium invariant measure :

(h)e = / h(a,p) ¢¢(q,p) dgdp = (h, fe)iz(y)-
DN xR2N
Linear response:

1) P A
5IanO : ——E<h;§pxi|:(qyi)> : ®)

L2(o)
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Localization

Longitudinal momenta

Us(Y,q,p) NmZpXIXs Qyi — Y),

Off-diagonal stress tensor term:

Ly(Y.q.p) Z P pyl <(ayi—Y) (4)
C— Ovi Qyj

S5 F via-ap (B M-
X 1<i<j<N 4 — 9 Qyi

(5)

Regularization with mollifiers: x. with lim._o x:(- —y) =
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Conservation equation

Proposition (G. Stoltz, RJ '11): Conservation of the
longitudinal momenta [2]
The following limits hold true

(Ux(Y,))e

u(Y) = lim lim

e—0£6—0 13
and < ( )>
Ty (Y,-
T ; £
oy (Y) = EIH]O glﬂqo i3
and Aoy (V)
doy\t) P _r
v + m'Yxe(Y) mF(Y). (6)

in the classical sense.



Nonequilibrium method for the Shear Viscosity

Discretization of the SDE

Splitting between the Hamiltonian and fluctuation/dissipation part:
o Verlet scheme for the Hamiltonian equations;
e Exact integration of the drifted Ornstein-Uhlenbeck process:

At
pn—§—1/4 — pn _ TVV(C]”),

qn+1 — qn + At pn+1/4,

At

pn+l/2 — pn+1/4 _ 7vv(qn+l)’

1

P — a4 [ S0 - 0BG+ (L ) f—XF (@),
1

pItt = aypy 2 + 51— af)cy.

(7)
where ayy = exp(—,yAt), and Gg, Gy are i.i.d standard
Gaussian random variables.
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Closure relation and practical computations

e Closure relation (postulate)

dux(Y)
dy -
e Fourier representation of the solution of (6) thanks to PBC:

2 (Y 2ik
Uc== [ uly)exp ( Wy) dy.
Ly Jo Ly

The coefficients Uy can be approximated numerically using
trajectory averages as

oxy(Y)=-n

Nitr N

2ikmq"
Niter __ pXI Vi
= 22 oo ()

n=1i=1

e Practical computations of the shear viscosity by using the closure

relation:
(K Ly \?
T=P ok T ) \2kr )

with Fy the fourier coefficients of the nongradient force.
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Lennard-Jones system
Lennard-Jones potential:

s ()" (2)

Thermodynamic state: (p, T) = (0.7, 2.5).
Truncated interaction at rq; = 3d.
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Validation of the Newton law

T T 0 T T
-15 -1.0 -05 0.0 05 1.0 15 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

value value

Figure: Velocity profile / pressure term oy, evaluated with binning methods,
sinusoidal perturbation.
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Validation of the Newton law

T T
05 10 15 -04 -03 -02 -01 0.0 0.1 02 0.3 0.4

‘70.5 0.0 N
value value

-15 -1.0

Figure: Velocity profile / stress tensor term oxy evaluated with binning
methods, piecewise linear perturbation.
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Validation of the Newton law

Figure: Velocity profile / pressure term oy, evaluated with binning methods,
piecewise constant constant perturbation (discontinuous).
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Linear response
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Figure: |U;1] as a function of ¢; 3 shape of forces. Left: 7« = 0 and 7y = 1.
Rightyx =1andy =1
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Asymptotics for large frictions |

Theorem (G. Stoltz, RJ '11): Infinite transverse friction [2]
Let f,, the unique solution of the Poisson equation:

N
A f'Yy = priG(qyi)7
i=1

there is f9, 1 and C > 0 such that for all W > >0

_ C
Hf’Yy f© lleHl 1/10) = _'

o0

— asymptotic velocity profile u,” ~ U5
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Asymptotics for large frictions |l

Theorem (G. Stoltz, RJ '11): Infinite longitudinale friction
[2]

Let f,, the unique solution of the Poisson equation:

N
_AOf'yX = Z pXiG(qyi)7
i=1

there is f1,f2 and C > 0 such that for all 7y > v > 0

c
||f’Yx _’Yx_lfl _’Yx_zfz”Hl(wo) < ’7_)%

. . - F
— asymptotic velocity profile u)* ~ —
Yx
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Parametric exploration: v, — oo
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Figure: Fourier coefficient U; as function of 4, 7y = 1 (sinusoidal
perturbation).
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Parametric exploration: vy, — oo

x X X

o] XX

U, 7 Xf
X

Figure: Shear viscosity n as function of -, v = 1 (sinusoidal perturbation).



Conclusions and perspective

What has been done:
e Mathematical understanding of the Method;
e Choice of the friction parameters;

¢ Robust method and simple to implement in a MD code — testin
LAMMPS are running!;

What is left to do:
e Variance reduction method in the case of positive frictions;

e Comparison with other thermostat (Nose-Hoover, DPD) —
ongoing work;

e Application to real system (clay, ionic liquids).
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Thank you for your attention!
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