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Eulerian equations

div v =0 in Q(t)
D,[viz .

T+ W Dt —2eD|v] =0 in Q(t),

—pn+2(1 —¢€)D[v] -n+7-n—aHn+gxon =0 on Sk(t),

v =0 on Sg,

v(x,t =0) =up(x) inQ,

1(x,t =0) g,(x) inQ,
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Some notations

n(,t): Q — Qt)
X = 7(X,1),
and
n(X, t) = X +n(X, ).
and
Lagrangian Eulerian
H(th) = Z(W(X7t)vt)7
a(X,t) = p((X,t),t),
g(Xﬂt) = ;(ﬁ(X,t),t),
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Some notations 2
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Eulerian equations

Lagrangian equations

Operators, spaces and sketch of the proof

Re uje — (1 — €)€0k(€jui) + €Ok — T34 =0,

€ kil k -0
Ooj a—1 - z

ojj + We < 8tu — T(f/iuk,lakj + ok, i€y)

2 31 (Uikglkuj |+ uj /E/kﬁkj)> ey kEkj + Uj,kgki) =0,
—qgN; + (1 5)(5@“: k T it k)N + oNj+
go(h(X1) + ma(X, t))N;—

ady <(1+(<D+h’)2)_71 ( o h )> =0,

with the conditions

®(t =0) = 0;u(X, t =0) = uy(X), (X, t =0) =g (X),u=0on Sg.
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Operators

n(X,t)=X+n(X,t) ~ X so

From
P(§>H7 q, ¢>g) = (070)070)07H07go)7
for u vanishing on Sg and ®(t =0) = 0.
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Operators

n(X,t)=X+n(X,t) ~ X so

From
P(§>H7 q, ¢> g) = (07 0) 07 0) 07 U, gO)’

for u vanishing on Sg and ®(t =0) = 0.

P(§7ﬂ7q7¢7g) - ’D(070707070)+Pl(g7q7¢7g)+E(§ag7qa¢ag)
= (0>070>0707H07go)7
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Operators

n(X,t)=X+n(X,t) ~ X so

From
P(§>H7 q, ¢> g) = (07 0) 07 0) 07 U, gO)’

for u vanishing on Sg and ®(t =0) = 0.

P(§7ﬂ7q7¢7g) - ’D(070707070)+Pl(g7q7¢7g)+E(§ag7qa¢ag)
= (0>070>0707H07go)7

We define
P2 [Hoa go](gv q, Qb, g) = P]_(HO—FH, q0+q7 ¢0+¢7 go+g)_P1(H07 qO’ Gbo,goz
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K'(Q x (0, T)) = L2(0, T; H"(Q)) N H"/?(0, T; L2(Q)),
K"(Se x (0, T)) = L2(0, T; H"(Sg)) N H/?(0, T; L?(SF)),

X;’(Q X (07 T)) = {(H7 q, (b?g)/
u€ K*2and u=0on Sgx (0, T);

Vq € K" and qs, € HzT5(0, T; L2(SF));
0,6 € L2(0, T: H'*2(SF))
é: € K™ 2(Sg x (0, T))

$(0) = 0;
o e KT Qx(0,T)) }.
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Spaces 2

The image space Y7 is

Y2 x (0, 7)) = {(f,a,m g,k uy,a,)/
feK(Qx(0,T)),
ae 20, T; HY(Q) N HZH(0, T, oH 1(Q)),
me K™*HQ x (0, T)),
g, k € K+2(Sp x (0, T)),
ug, g, € HH(Q)},

where ¢H~1(Q) is the dual space of °H! = {p € H'/p = 0 on Sf}.
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Main result

Theorem

Let 0 < r < 1/2, the height functions h and (hg — Li[m ho) be in
o
H™5/2(R), (ug, o) be in H™Y x HLfY and the compatibility

sym
conditions div uy = 0 in Q, ug = 0 on Sg be satisfied. Then there
exists To > 0 depending on the data; r,Q,go,go, h, hg, We, e, a
and there exists (u,q,¢,0) € X7, solution of the Lagrangian
system. Under the same hypothesis, the Eulerian system admits a

solution with 7j € HX(0, T; H*+"(Q)) N H**2(0, T; L2(Q)).
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Inverting reduced auxiliary operator (P;)
Intermediate results Lift the initial conditions (solve P;)

Solving the full second auxiliary operator (P>)

The error terms

First step

We define
Pa[u®, 0%y, q. ¢, 0) := P1(u’+u, °+q, ¢°+¢, c%+a)—P1(u°, ¢°, ¢°, o°
and we want to solve

P2[H0>go](ﬂv q, ¢>g) = (£>072>070>070)-
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Inverting reduced auxiliary operator (P;)
Intermediate results Lift the initial conditions (solve P;)

Solving the full second auxiliary operator (P>)

The error terms

The system P,

Re%—(l—e)Ag—i—Zq—divg =f,

divu =0,
80
a+vve< (Yu,0) — (T, 0) - g( u,;1>) 2Dl -m,

ot £ =
—qN +2(1 —€)D[u] - N — ad(¢N) + o - N =

0
(bt_alﬂ'ﬂ :07
0
0

u(t=0) —
o(t=0) =
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Inverting reduced auxiliary operator (P;)
Intermediate results Lift the initial conditions (solve P;)

Solving the full second auxiliary operator (P>)

The error terms

The sequence (
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Inverting reduced auxiliary operator (P;)
Intermediate results Lift the initial conditions (solve P;)

Solving the full second auxiliary operator (P>)

The error terms

The sequence (u, g, ¢)

and then
8u"+1
Re _at - (1 —E)Ag”H _|_zqn+1 —_ f—l—divg"ﬂ,
div y™! = 0,
_qn-i-lﬂ + 2(1 _ g)g[gn—i-l] . N _ 0481(¢n+lﬂ) —_ _gn-i-l . N7
g+1 - (Olg""'l) N = 0
¢”+1(t =0) = 0,
u"(t = 0) - 0
umtl = 0Oon Sg.
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Inverting reduced auxiliary operator (P;)
Intermediate results Lift the initial conditions (solve P;)

Solving the full second auxiliary operator (P>)

The error terms

Uniform (in n) estimates

Proof by induction of the existence of To > 0,0< V <1,5>0
such that Vn

|H1+r (1) < S,

q", 9", 0 |Xr< V,
Vu |20, 15:H141) <V,
Vu, |20, 7;1+1) < 1,
C\/_(V+ | Vu, |20, 10;111)) < 1,
C(V+ | m 200, 7;H14r)) < S,
C1 £ s 1< V/5
CT(V+ | m 1200, 19;H1+r)) < V/5,
CTG’(V+ | m 11200, 79:11)) < V/5,
CT(V+ | m| < V5.

12(0, To; HI))
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Inverting reduced auxiliary operator (P;)
Intermediate results Lift the initial conditions (solve P;)

Solving the full second auxiliary operator (P>)

The error terms

One uniform estimate

Scalar product of the definition of " with g in HI*" :

n+1l |2 Wed | g"-i-l |%+I’ n
| g™ Ry e < C 2| VU |igr + [ @ 14 +

CWe(| 20" luarl €™ f1ar + | Zuy luarl @™ far +

12 el 2, )] ™ T
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Inverting reduced auxiliary operator (P;)
Intermediate results Lift the initial conditions (solve P;)

Solving the full second auxiliary operator (P>)
The error terms

d | gn-i-l |2
(1~ CWe(| Zu” 14/ + | Zuy 1) | € By + 58 —=—H <

C|(2s+ CWe | 2, luar) | Xu” s + | mlasr| [ 2™ fagr

and so

o [ LT b S ),
a|e i 2 Ry, (1)

dt
< C(5721’We) (| gn |%+r + | 2 |%+r) A

/’-‘ (1/2 — CWe(| Vu" |14+ + | Vu, 14+))
2 ds
xe J0

We
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Inverting reduced auxiliary operator (P;)
Intermediate results Lift the initial conditions (solve P;)

Solving the full second auxiliary operator (P>)
The error terms

. _2/ (1/2 — CWe(| Vu" [14r + | Vu, l14r)) dt’
e Js We X

0
X(C | 2” |%+r + | 2 |%+r)ds'
Thanks to the induction property ;

| @™ J1gr (1) < C(IVU" 20,7100y + | M |20, 75114))
<C (V+ |g |L2(07T;H1+r)) 5

Same computations for the contractance.

(u",q",¢",a") is of Cauchy type in X% and P; is solved with

simple rhs.
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Inverting reduced auxiliary operator (Ps)
Intermediate results Lift the initial conditions (solve P;)

Solving the full second auxiliary operator (P>)
The error terms

Let T, such that

{ T —I—Weaa—tl—
(o X) = g,(X) VX.

and uq, p, ¥V such that

—pN +2(1 —€)D[uy] - N — ad(WN) = —1,-N+gonSgx(0,T)
—O0ruy - N =k onSFx(O T)

uy =0 on Sgx(0,T)

u(t=0) = up(X) in Q

divu, =a in Q.

Then (u; +u,p+q,V+¢,7, +a) € X7 and solves Py (full).
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Inverting reduced auxiliary operator (Ps)
Intermediate results Lift the initial conditions (solve P;)

Solving the full second auxiliary operator (P>)

The error terms

An other lifting

Lift the initial conditions and change of fields enables to solve :
’D2[H17g]_](g7 q, (ba g) = (ia 3727 8, ka 07 0)

Notice : initial vanishing conditions.
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Introduction
Intermediate results
Main proof

Why it does work

Inverting reduced auxiliary operator (Ps)

Lift the initial conditions (solve Pj)

Solving the full second auxiliary operator (P>)
The error terms

The error is small and contracting

Theorem

Let 0 <r<1/2, (u° q°¢° a%) € X7, and

(u,9,¢,a) € Bxr=(0, R). There exists € >0 and 0 < Ty < To
depending on (u°, q°, gbo,go) and R, such that if0 < T < T},
then E(u® + u, q° + q,¢° + ¢,0° + o) is in the space Y(Q) and

the following estimates hold :

| EV(u® +u,6° + ,¢° + ¢, 0° + o) |(vr), < CT< i #2
| E2(1® 4+ u,9° 4+ ¢,¢° + ¢, 2" + 0)—
Ez(ﬂovqovqbovgo) |(Y.,’_)2§ CTG,'

See next slide.
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Inverting reduced auxiliary operator (Ps)
Intermediate results Lift the initial conditions (solve P;)

Solving the full second auxiliary operator (P>)

The error terms

The error is small and contracting

Theorem

Same assumptions as before. In addition, let (v',q',¢',0") € XF
also. The operator E is contracting :

| E(uw® 4+ 4,6+ q,6° + ¢,0° + o)
E(+u,q°+d,¢°+¢,0° + ') |v: <
CT |u—u'.q—q,¢—¢.a—d |x:

with constants C that depend on ¢,a, We, r, R, (u°, q°, gzbo,go), but
not on T provided T < T.

-
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Let us remind :

P(& u,q,6,0) = P(0,0,0,0,0) + Pi(u,q,¢,0) + E(§,u,9,9,0)
= (0)070)070)H07go)

Let (u°, qo,gbo,go) be such that :
Pl(ﬂoa q0’¢0720) = (070)070)07H0)go) - P(0,0,0,0,0),

Let (u,q,¢,0) == (1 + u,¢° + q,¢° + ¢,0° + 0).
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Main proof

The final proof

We look for (u, q,¢,0) € XI with u(t =0) =0,o(t =0) =0
such that :

P1(®+u,¢° + q,0° + ¢,0° + o)+
+EE(u® +u),u® +u,6°+q,¢° + ¢,6° + o) =
— Pl(ﬂo7 qou (boago)
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Main proof

The final proof

We look for (u, q,¢,0) € XI with u(t =0) =0,o(t =0) =0
such that :

P1(®+u,¢° + q,0° + ¢,0° + o)+
+EE(u® +u),u® +u,6°+q,¢° + ¢,6° + o) =
— Pl(ﬂo7 qou (boago)

which is equivalent to

Po[u®, 0% (u, q, ¢, 0) = —E(E(u®+u), i +u, ¢ +q, ¢°+ ¢, 0"+ a).
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Main proof

The final proof

We look for (u, q,¢,0) € XI with u(t =0) =0,o(t =0) =0
such that :

P1(®+u,¢° + q,0° + ¢,0° + o)+
+EE(u® +u),u® +u,6°+q,¢° + ¢,6° + o) =
— Pl(ﬂo7 q07 (boago)

which is equivalent to
Po[u®, 0% (u, q, ¢, 0) = —E(E(u®+u), i +u, ¢ +q, ¢°+ ¢, 0"+ a).
or

(4,q,0,0) = Py, o®)(—E(EW® + ), u® + u,q° + q,0° + ¢,0° +
= F(u,q,9,9).
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Main proof

Thank you for your attention
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Lagrangian equations
Constants do not depend on Ty
Why it does work

The equations

The constitutive equation :

o+ We <6—g (Vu,g)) —2eD[u] = m

ot _:a—

No loss of regularity.
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Lagrangian equations
Constants do not depend on Ty
Why it does work

A crucial lemma

In an algebra, product is continuous.
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Lagrangian equations
Constants do not depend on Ty
Why it does work

A crucial lemma

In an algebra, product is continuous.

1 |H%(O,T)S (A1 |H%(O,T
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Lagrangian equations
Constants do not depend on Ty
Why it does work

A crucial lemma

In an algebra, product is continuous.

| 1] 2y CA) [ 1] e

2 (0, T)_
Then

1< C(A) L5 7,
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Lagrangian equations
Constants do not depend on Ty
Why it does work

A crucial lemma

In an algebra, product is continuous.

|11, CA) [ 1] e

20, T) =

Then

1= CA) | L] mge o 1y -

So C(A) = C(T) and even tends to +oco when T tends to 0.
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Lagrangian equations
Constants do not depend on Ty
Why it does work

A crucial lemma

In an algebra, product is continuous.

|11, CA) [ 1] e

20, T) =

Then

1<C(A )|1|Hm(OT)

So C(A) = C(T) and even tends to +oco when T tends to 0.

Let X a Hilbert space, 0 < s < 2, such that s — % is not integer.

There exists a bounded extension operator from
{g € H5(0, T; X),0ku(0) =0, 0 < k < s — %} in H5(R*; X).
The boundedness constant C does not depend on T < Ty.
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Lagrangian equations

Constants do not depend on Ty

Why it does work

Thank you for your attention.
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