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The Standard Dumbbell Polymer Model

Polymer chains, which are suspended in a solvent, are
assumed not to interact with each other; i.e. a dilute polymer.

The solvent is an incompressible, viscous, isothermal

Newtonian fluid in a bounded Q ¢ R¢ d =2 or 3,
with Lipschitz boundary 0f).

Set Q7 :=Q x (0,71, oV = 00 x (0,T].

Hence the Navier-Stokes equations in which
the symmetric extra-stress tensor 7

(i.e. the polymeric part of the Cauchy stress tensor),
appears as a source term:



Find the velocity field u(z,t) € R? and the pressure
p(z,t) € R of the solvent s.t.

~Y

%H%'Yw%—MwWWZ{Ww'Z "o
Vi -u=0 in Qr,
N ;:9 on 0Q7,
u(z,0) = u’(z) V,Zj e ()

N NY [ ~Y

where v € R+ is the given viscosity of the solvent, and f is a

given body force.

Here for simplicity, we assume a no slip boundary condition.



(&S

Noninteracting polymer chains modelled by using dumbbells.
A dumbbell is a pair of beads connected with an elastic spring,
and is characterized by its centre of mass, z, and

its elongation vector ¢(%). A very simple model.
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Y(z,q,t) € R is a probability density function

(the probability at time t of there being a dumbbell
with centre of mass at 2 and elongation ¢)

and satisfies the Fokker-Planck equation

i

o T (Ve )+ Vg - (Vo) g9)
1 .
:ﬁyq.(yq¢+U’q¢) in Qp x D,
1
ox (Ve + U q¥) - nop = (Vau) g4 - nap on {iy x 0D,

Y
Y

¥(z,q,0) = ¢°(z,q) > 0 V(z,q) € Q x D;

where ngp is L to D, and / wo(:g,q) dg =1 fora.e. x €l
N 2

b.c. = / Y(z,q,t)dg =1 for a.e. (z,t) € Q.
N 2 2



Here A > 0O i1s the elastic relaxation constant of the fluid.

D C R% d =2 or 3: the set of admissible elongation vectors g.

U is the potential for the elastic force [': D R? of
the dumbbell spring (U’ strictly monotonic increasing):

F(q):=U'(314P)q

Y

On introducing the normalised Maxwellian:

~Y

-U(351q°) _
M(q) :==¢ ! //De Udg

S Ve (Ve U0 =Y, (MY, (7))



EXAMPLES:
Hookean case: D = R%
Uis)=s = U'(s)=1 and e_U(§|g| ) e_§|g| .

b.c. on 0D replaced by decay conditions as |q| — oo.

—11qJ?

Note that M(q) xe *~ — 0 as |q| — oc.

FENE (Finitely Extensible Nonlinear Elastic) case:

D = B(0,b2),

Uls) =—5m(1-2) = U'(s)=(1-%)",
b

M(q) x 6_U(§|g| )

[

(1—”—) = M =0o0ndD.

Note that b — o0 =  Hookean case.



Finally, the symmetric extra stress tensor, due to the dumbbells,

on the RHS of the Navier-Stokes equations is

ZW) = (g(w) — p(¥) g) , Kramers expression.

Here 11 € R+ depends on the Boltzmann constant

and temperature, [ is the unit d x d tensor, and

C(y)(x,t) = /Dw(gg,g,t) U'(3lal") gq" dg

and  p(0)(@0)i= [ vlaa.t)d



We denote the above coupled Navier-Stokes/Fokker-Planck
system for u(z,t) and ¢(z,q,t) as (P).
(a Microscopic-Macroscopic Polymer Model)

The term that causes all the mathematical difficulties

in establishing the existence of global-in-time weak solutions
is the drag term

Y

in the Fokker-Planck equation
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A mathematically simpler model is the Corotational model.

Splitting the tensor Vzv = D(v)+w(v)

Y Y
~ ~

into its symmetric and skew-symmetric parts

D(v) =3[Vau+(Vor)'], w()=3[Ver—(Yar)'],
the difficult drag term is written as
Vo - () ).
The two cases are then
(1) the noncorotational case  ((v) = Vv,
or (ii) the corotational case %(v) = w(v).

Y

(1) is the original, difficult, case.

(i) is mathematically easier, (physical justification 7).
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In the Hookean case, as U’ = 1, one can eliminate 9(z, g, )

leading to a closed macroscopic model (Oldroyd-B model) for

u(z,t), p(z,t) and 7(z,1):

Navier-Stokes for u with extra stress tensor 7 plus

a .
a—§+(y-yx)p20 in Qr,
OT
A= =pdp[C(w) + W) ] in Qr;
where
57‘ oT .
5 =3 T V)T [T+ TIC(W)] ]

Is the upper-convected time derivative.

/wo dq—lforae rc = pz,t)=1
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Lions & Masmoudi (2001) have shown the existence of global-
in-time weak solutions to the COROTATIONAL Oldroyd-B

model.

Lions & Masmoudi (2007) have shown the existence of global-
in-time weak solutions to the COROTATIONAL FENE model.

Y
~Y ~ ~Y

l.e. in both cases ((v) = w(v) = 3 Vev— (Vs v)' ]
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To the best of our knowledge,

there are NO proofs of existence of global-in-time weak solutions to
(i) the original Oldroyd-B model,

(i) the original FENE model,

e C( ) = Vv, in the literature.

There do exist various local-in-time results.

Throughout we will consider, for mathematical simplicity, a slightly
different FENE model with z-diffusion in the Fokker-Planck

equation, with a corresponding no flux boundary condition.

In addition, we will work with zz = % as opposed to .
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For a given ¢ > 0.

(P.) Find us(z,t) € R? and pc(z,t) € R s.t.

O,
o T (U Vo Jue —v Agus + Vi pe
:f+NVx'Z(MIZs) in Qp,
V. U = 6 N in Qp,
N ;6 =0 on 07,
ue(z,0) = u’(x) Vf e Q;
where
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and z/p\g(;g,q,t) c R is s.t.

(9 IS5 h N
M 20 (V)M + Vi () 350
:%qu .(MYQ@E)HMA;C@ in Qp x D,

M L)\ {b\ K(gs)Q]{p\s "’38D:0 on )y x 0D,

~~

5MVMZ€-naQ:O on 007 x D,

M ¢e(z,q,0) = ¢¥°(z,q) > 0 Y(z,q) €Qx D;

~Y
~Y

where ngp is L to 9D, and ngq is L to OSL.

Paris Januar y 2009 — p. 16



The inclusion of ¢ M A, zﬁg can be justified.

It does appear in the derivation of the model, but is usually
dropped because ¢ is very small.

Corresponding Oldroyd-B model in the Hookean case for
ys(g?a t)) pE(z:? t) and IS(%? t)

Navier-Stokes for u. with extra stress tensor 7. plus

0 .

éifg‘l‘(us'vm)pe_gAxpe:O in O,
OT ¢

A ((;fsAx?) +Zg

= pApe[C(ue) + L)l ] in Q.

/wo dq—lforae rc) = pz,t) =1
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Formal Energy Bounds for (P.):

Testing the Navier-Stokes equation with wu., integrating over () =

— — \u! dx]+u/ Va2 u dx— f-ue. do
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We will consider the Oldroyd-B model separately
(i.e. the Hookean case, D = R%).

Here we consider only the FENE macroscopic/microscopic model:

D=B(0,b2), U(s)=-5m1-2) =
9 b
q17\ ®
M(q) x 1—“’7 and M =0on0D.

We will assume throughout that b > 2, which implies that

/M 1+ U?+|U')?] dg < o0.
D ~
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Introducing the weighted Sobolev norm (degenerate weight M)

|2l e (x Dsary =
([ [
QxD

X = HY(Q x D; M)

1
2

2 2
Vq@‘ + vx@‘ ] dqu} :

we set

= {% € Lioc(? x D) : |81l i1 (2w D31y < 00} -
One can show, for example, that
C®(Q x D) is dense in X,
the embedding L?(Q x D; M) — H'(Q x D; M) is compact.
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For all p € )A( we have that

/ C(MB)? da
Q ~ ~

d d 2
2/QS:S:</DM@U’%% dq) dz

1=1 j7=1

d (/ MU' |g|* dq)( M\@qudx)
D ~ ~ QxD ~ ™

C’( M\@qudaj) < 00.
QxD ~

VAN

VAN
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Multiplying the Fokker-Planck equation with .,
Integrating over () x D =

+ — M\quzg\Z dg dzx
2 A QxD ~ ~

te M |V |? dgdz
QxD ~ ~

s

— M (¢(ue) qepe) - Vg {D\s dgdz.
QxD ~ o~ ~ ~
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Corotational case ( skew-symmetric ( )

S

~Y %N

(W=w() =  qw)g=0 VgeR"

o] Y

Hence we have for all $ € X and v € [Whoo(Q)]? that

M (w(v)g@) - Vg dgdz

~Y

=3 M) - Ve(@?) dgde
QOxD Y~ ~ ~

NNN

3 [ M) - nop PP dsds
QxoD ~ ~

+3 | Mg ww) U@ dgdz =0,

)
X
>
2
2
2

since  nop =171, VgM =—-M U'q and trace(w(v)) =0.
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Hence in the Corotational case, we have the formal estimates:

d
a[ \ueﬁdx]*”/lwﬁdx—% fue da
Q-~ - Q~ ~ Q~ ~

2 AN AN
< “7 / C(M )| de < C M |9.|? dgdz;
Q ~ ~ ~ ~

Qx D

i
dt QOxD

+2¢ M |V |? dgdz = 0.
QxD ~ ~

~ 1 ~
M |9, |? dqu] +3 M |V 1. |* dgdz
~ QOxD ~ ~

The above can be made rigorous, and one can easily establish
the existence of global-in-time weak solutions for (P.) in the
Corotational case.

One can also easily construct Finite Element approximations,
and prove convergence to (P.) in the Corotational case;
see B. & Siili (2009).
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The Noncorotational case.

The trick is to choose the testing procedure so as
to cancel the extra stress term in the Navier-Stokes equation
with the drag term in the Fokker-Planck equation;

see e.g. B., Schwab & Siili (2005);
Jourdain, Lelievre, Le Bris & Otto (2006); Lin, Liu & Zhang (2007).

As before for the Navier-Stokes equations tested with .,
we have that

1 d 2 ] / 2
— — U |” dx| + v V., u:" dz

— f.ugdx—,u/C’(M{p\g):qugdm.
Q~ ~ ~

~
~
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Let F(s) :=s(lns—1)+ 1€ Rxg for s > 0.
Multiplying the Fokker-Planck equation with F'(1.) = In ¢,
assumes that @e > 0, integrating over Q. x D =

d ~
7 [ M F () dq d:l:]
dt QxD ~

1 - ~
+ M Vg - Vg [7’(¢s)]dqdﬂ7
I Jopp Y1) 1

+ € MV, -V [F' ()] dg dz
QOxD ~ ~ ~

= [ M. [(Vou)ql - Vg[F (¥e) dgda.
QxD ~ N ~

Note that F"(s) = s71 > 0 for s > 0.
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Noting that . V, [F (¢.)] = Vg, VoM =-MU'q,
M=0ondD and V; - u=0 =

~Y

M ) (Vzus)q]- Vg F'(¢.)] dg da

~Y

Qx D

= M [(Vaue)ql - Vqte dgda
QxD Y~ ~

~Y

= MU’q-[(qug)q]z/p\gdqu
QxD ~ Y~ ~

:/C(M{p\g) : Vg uede,

~ ~Y
~

on recalling that

M) = [ Miulz,a. U GlaP)ad do

Y
~~
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To make the above rigorous, and for computational purposes,
we replace the convex F € C*°(R~q) for any 6 € (0, 1) and

L > 1 by the convex Fy € C*'(R) :

( 52_52—|—(ln5—1)3+1 s <90

20
Fi(s) =14 Fls)=sms—1)+1 §<s<L
\52f4{mL—1h+l L<s

s+Ino—1 s <9

= [fgL]’(s) =< Ins 0 <s<L ,
$ilmL—1 L<s
61 s <9

= [Ff'(s)=<¢ s §<s<L

—1
L L < S Paris Januar y 2009 — p. 28



Let

0 s <
By (s) == [[F51"(s) 7 =< s <s<L
L <'s

Let {%5,59@::,5} solve (Pf,a)' which is (P.) with the drag term

qu (Vg ?fe) QM{D\E)

~~
~

replaced by

Vg - ((Y:z: gf,é) qMﬁcsL(QZgL,(s)) -

Y
Y
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Multiplying Fokker-Planck in (PgL5) with [F£])'( 55)
Integrating over () x D),

noting that B (4Ly) Vo |[FFV(0Ly)| = Yy ks
uL
~E

VoM =-MU"q and Vy-uis=0 =
d o~
- [ M Fy (42 s) dg dzv]
dt QxD ~
1 ~
tox | MYk, [[FH @) dgda
OxD ~ ~
e MV, 4LV, [[f(;](w )} dq dz
OxD ~ ~

= [ MBE@E) (Vauls)d - Vy [[FH(0F,)] dgda

Qx D ~

— [ cOrdty:vouksd
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Note that [F;]” > L™, and

s if s <0,
ORI
i —CL) ifs>0.

Let G : X’ — X, (duality with respect to the M weight)

be s.t. Gn is the unique solution of
/Q DM [(gﬁ)@JrVq (G7) -Vy &+ V. (GN) -V, §| dgdz
% - ~ ~ ~ ~ o~
:<Mﬁ7§5>)? \V/QE)?,

where (M -,-) ¢ is the duality pairing between X and X'
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Let

H = {fiu e [L2()])*: V, -w =0},

Y ~Y ~Y

Vi={we Hi(]%:V, -w =0},

[ Y Y

V' the dual of V" and (-, )y the duality pairing between V' and V.

Let S: V' —= V bes.t. Sv is the unique solution of the
Helmholtz-Stokes problem

/ [Sv-erVx(Sv):wa} dz = (v,w)y YweV.
Q) ~ ~~ ~ ~ ~ ~o ~ ~

S Y NY

Hence ||S - || 1 (q) is @ norm on V"’
Assumptions:

H, M2¢°=M"34¢%c L*( x D) with ¢° > 0
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Noncorotational case, assuming that 1;0 < L, we obtain

sup ]u£5|2dx] +1// Ve uls|*dzdt < C,
te(0,7) LJQ ~ ~ Qr ~ ~ ~

sup M |[BE5]- 12 dg dx] <05
te(0,7) L/ QxD ’ ~

where C'is a constant depending on the data u", 20 and f

(dependence suppressed from now on);

In addition, testing

the Fokker-Planck equation with (a) ¢;’; and (b) G

~ =)

ot

and the Navier-Stokes equation with S
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we obtain that

SHIS

T 8u£5 R
/ - dt + sup [ M |9k
o || 9 |y teon)Vaxp ’
/ / ff(; dg dz dt
QxD ~ ~
~ 2
+€/ / MV 2 s dqudt
QxD ~ 7 ~

+ sup [/ \C’ M¢€5)]2daz]

te(0,7)

z awsé
_|_/
e

The testing (a) and (b) require the cut-off 35(-), as opposed to 3s(-),
in the drag term of the Fokker-Planck equation.

< dt < C(L,T).
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One can pass to the limit 6 — 0, to obtain e.g. that
M3 @éé M3 @E&_L >0 strongly in L*(0,T; L*(Q x D)),
M:z ﬁéL(ngL’(;) M3 ﬁL(@ZeL) strongly in LQ(O,T; LQ(Q x D));

where

The above can be made rigorous, and one can establish the

existence of global-in-time weak solutions for (P£) in the
noncorotational case.
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Noncorotational case for given € € (0,1| and L > 1:

(PL) Find ul € L0, T;[L*(Q)]4) N L2(0,T; V) N Wha (0, T; V")

and L € L2(0,T; X) nWha(0,T; X"), with ¢ > 0,

Mz € L2(0,T; L2(Q x D)) and C(M 9L) € L=(0, T; [L2(Q)]%*9),

such that yL(° 0) = u0(), DL(-0)=¢°(,-) and
/ u -V } -w—l—uvxufzvxw} dx dt

~
~ Y

Y

_/ (. >th—M/ C(MQE) : Vyw dadt
0O ~ ™ Qp =

Yw € LH(O,T; V);
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/T< 8$L,¢>Adt
//pr ng v g w}' Ve @dgde dt

/ /Q D [2)\~q¢5 (% 8L)q£ (ws)] QQOdqd:Edt
—0 VgeLTa(0,T;X).

In addition, we have that

~
~Y

sup [ \ufﬂdx]—ku/ Ve ul|?dzdt < C,
te(0,1) L/ ~ ~ Qp ~ ~ ~

i.e. independent of ¢ and L; see B. & Siili (2008).
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For the Corotational case one can consider a very general
numerical approximation, as it is easy to mimic the testing
procedure for (P.). Not so easy for the Noncorotational case,
which we state specifically here.

Finite Element Approximation:
Let Q2 be a convex polytope (for ease of exposition).
Let 7. be a partitioning of € into open ACUTE simplices x,.

Q) = Unxeﬁh Kz, hg, =diam(kz), hy = max, c7n he, .

Let 7;h be a partitioning of D = B(0, b%) into open ACUTE
simplices r,, with possibly one curved edge/face (d = 2/3).
D= UK/QEE}L Rqs i, = diam(rg), hg:=max, c7n by, .
Assume both partitionings, 7;h and 7;1h, are quasi-uniform.

(Acute = Non-obtuse, i.e. right angles allowed.)
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P¥ and IP)Z polynomials of degree k or less in = and ¢, respectively.

The lowest order Taylor-Hood element for the pressure/velocity:

Ry :={nn € C() :mp, |, €PF Vg € T},
Wy, == {wy, € [C(Q)]*: wp, |, € [PF]? Vrz € T,
and  wj, =0 on N} C [Hi(2)]?,

Vi = {ghEWhI/(Vx ~op)pdz =0 Vi, € Ry}

Ry, and W), satisty the LBB inf-sup condition

/(V:z; -wp) rp da

T > Collrallz@  Vra € Ry

sup
wreWy, HEUhHﬁ”(Q)
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Hence for all v € V, 3 {vp}ns0, vn €V}, , such that

lim v = vp | g1 () = 0.

h—0 ~
Set
Xy ={31 €C@Q): 3} | €P} Vr, €T} C Ry,
X1 :={p1 €C(D): P! |n,€ P! Vrg €T},
X, :)?;"f@))?gcl{l(QxD)c)?.

To mimic the energy bound, we require Vv, € V', &j, € )?h that

Y [ Y

/(Vm o) (%) Pp(x,q)dxr =0 forany g € D.
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Mimic the testing procedure for (PsL,(;) in the Noncorotational case:
Ns(; for Navier-Stokes, []—"5] (@35) for Fokker-Planck.

Finite element discretization of the Noncorotational case is tricky as
L ~ AN ~ AN
F5 1 (Pn) & Xn for @y € Xp.
Let 75, : C(2 X D) X}, be the interpolation operator s.t.

m @)(P, P =GPy, YY)

Y Y Y Y

for all vertices {P )} », of T,* and {P } *, of Th

We require also the local interpolation operators

Wh,RxXKIq —_— 7Th ‘KZQ;XK/Q \v//ix - ,7-33 \v//{/q - ,7-q .

We extend these to vector functions, denoted by 7, and mp, .o xx, -
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For any &, € X}, and for all k, € T, Kkq € Tq

_L,(z) , ~ —L,(q) , ~

=5 (Bh) leunn,€ PP, 209 (Bh) leann, € [P
are s.t.

gg’(x)(gﬁh) and gg’(Q)(@h) are approximations of
(6] if ©on<o
By @) I=(FV" @) =4 &nl  if @uels L
LI it op>1L

So the above are discrete analogues of ﬂ(SL(@)NVx [F5) (@) =Va 0
and G5 (2)Vq [[F51(P)] = V4 @.



Note that for all v € V and w, z € [H}(Q)]

)

(U'Vx)’lU) zdx

~Y ~Y ~nd Y

/Q :((ijwvx)ﬁ“) i ((”‘j'yx)f) EU} da
(s - (1)

for vy, € Vi, wy, 25, € Wh,.

N\
2

DO

&
DO =

Note that the above vanishes if w;, = 25, which is not
necessarily true for the direct approximation

/((vh-vx)wh)-zhdx, ath¢V.
O\~  ~ ~ ~ o~ ~ ~
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let 0 =tyg <t1 <--- <ty_1 <ty =7T be a partitioning of
0, T] into time steps At, =t, —t,—1,n=1— N.

At := max,,—1_N Aty,.
We assume that

At, < CAt,_1, n=2— N, as At — 0.

Let

1 [in
() = — ., 1) dt =1— N;
I () Atn tn_l Z(? ) Y] n % 9

where we now assume that f € L?(0,T; ([Hg(Q)]9)) as
opposed to f € L*(0,T;V") as Vi, ¢ V, but V', C [Hj(Q)]%
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Approximation of the Initial Data:

et ug(;h € Vp, and wgéh S )?h be such that

Y

:/uo-whdx

My |95, @n) dadz= | MJ®Gdgda
~ QxD

. L0 L0
Q ~ ~ ~ ~ ~

Qx D

where Atg is such that Aty < C' Aty as At — 0.

It follows from our assumptions on v’ and ¢" that

/ {|u€5hl2+Ato\VQ;u€5h2} der < C
Q2

Y

and O§$f5oh<L

th & Vh,

V3h € Xp ;
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Our numerical approximation of (PgL’(S) is then:

(Pf’(ﬁf) Forn=1— N, given {uLn ! eL(th N e Vi, X X,

find {ugéh, 85h}€Vh><Xh S.t.

_Ln Lnl ]

55h 55h I
/ A -wh—kuvxus’glhzvxwh dx
) tn ~ ~ ~ T ~ ~ ~

1 L.n—1 L.n L.n—1 L.n
T2 /Q K(’ffs,é,h Va )?s,a,h) Wh ((95,5,h 'Yx)wh) 'E”s,&,h} dz

[ [

= (f" wh) gy ) — 1 / C(M ¢55h) Veowpdz  Vwp € Vi,

r\.J r\.J
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'{p\L,n g Ln—1 7

AN

£,0,h £,0,h ~L.n ~
M 7, A7 P +eVa s, - Vaop| dgda
QOxD n ~ ~ .o~

1 R ~
o M, {Vq Vein Va <Ph} dg dx
2\ QxD ~ Ag ~ e
- / M ((vx 5énh) Q> - Th { =5 & )(we,g?h) Vq goh} dgdx
QxD ~ ~ R 7T
r—|L,(.'L’) AL)n ~ R R
=+ - Mugéh Th [ —5 (wg,(s,h) Vi gph} dqg dx Vo, € X},
>< ~ ~ ~ ~Y

Here 7, and m, are really 7, . «, and mp, . xx, ON €ach
K X kg of QX D.
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- - L.,n “~L.n :
Hence the approximations U5 h and ¢s,5,h at time level ¢,

to the velocity field and the probability distribution
satisfy a coupled nonlinear system.

Scheme satisfies a discrete analogue of the above energy bound,
_ Ln ~ _ L/ L.on

choose wy, = u_s, and o, = mu[ [F5) (Y. 55,)]-

Exploiting this, existence of u™", and ™™ at time level ¢

P ) ’ <€,0,h £,0,h n

follows for any At,, > 0 from a Brouwer fixed point theorem.
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To prove convergence, we need more stability bounds.

We require the L? projector Qp, : V — V, defined by

/(U—th) wpdx =0 Ywy, € V.

Y
Y

() convex and T quasi-uniform = @, is uniformly H! stable; that is,

1Qn vl < Cllolm  YoeV.
In addition, we require @% . X > X, such that

M (QY9)pldgde = | M$@pdgde V@, € Xy,
Qx D ~ QOxD o~
One can show that
IOV % <Cldl% Ve X

(Obviously, the degeneracy of M makes this very delicate, )
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For these stability results, choose

~ __ TLmn
gph — ng’d’h Y]
umEEChl S

~ _ M

o=@y |9

Ln L.n—1

55h u&&h
At,

“~L.n
¢a&h__

L.n—1\ T
¢a&h

Aty

Finally, one can prove that a subsequence of

{{ug 5.1 wg 5h}}6>0 h>0,At>0 Converges to {Us y Pe } as 0, h, At — 04,

where {uZ UEY solves (PL),

but with the convective term ugL Vi @L replaced by jg,gL
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Recall Hookean = macroscopic Oldroyd-B model:

(P.) Find u.(z,t) € R?, p.(z,t) € R and Te(z,1) € [R]ng s.t.

a;j+(ga-NV)gs—vAgs+NVps=f+NV-Zg in Qp,
V -u =0 in Qp,
N ;5 =0 on 07,
us(z,0) = u’(z) Vx € (Q,
OT: o o N

4 [(v u) Te + 7o (V ug)ﬂ in Qp.
T.(x,0) = 70(x) Vx € Q.
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Setting 0. := (1. +pl) =

(P.) Find u.(z,t) € R?, p.(z,t) € R and o-(,t) € [R]ng s.t.

a;j+(gs-NV)ge—VAgg+NVps:f+NV~gg in Qr,
V u. =0 in Qr,
N ;5 =0 on 0Q7,
u-(z,0) = u’(x) Vo €,
0o 1 o o N

5t + (Ug -V>0'5+ X(Os _,u]) _€AO'5 — (VU5)05+05 (Vui‘?)—l_ In QT’

Y Y
~ NN

o.(z,0) = () Vx € Q.

~ ~Y
~Y ~Y
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Formal Energy Bounds for (P.): Hu & Lelievre (2007)

Testing the Navier-Stokes equation with u., integrating over (1 =

1 d
——[ u.|? dx]+V/|Vus!2 de — | f-u.dx=— / Ve dz

Y
~

Testing the stress equation with 1 > (I —pF"(0:)), integrating over Q =

o
(assumes o is positive definite, as F(s) := s(lns — 1) + 1 = F"(s) = s 1)

1d
2dt

&Q

1
tr(o. — /,Lf/(()'g)) dx + 5/ tr(o. + ,LL2 [0‘8]_1 —2pl)dx
Q ~ ~ Q ~ ~ ~ ~

Y
~

“25 Vo.: VI[F (o) dx:/ V. dz.
O~ = ~ ~ ~ ~
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For Finite Element Approximations of (P) mimicing the above
formal energy estimate - see Boyaval, Lelievre & Mangoubi (2009).

Based on piecewise constant approximation for o, i.e.

59 = {on € [LX(NE : gy |w€ [PolF? Vr € T}

o
~Y

0 1 I 0
Hence op €Sy = 5L —pF(ay)) €5}
However, one has to ensure that o7 is positive definite.

For f = 0 and uniform time steps At, BLM show that for
initial data {uy, o7} with g symmetric positive definite,
then 3 Cy(uy, 0}) such that for any At < C4

{uj, o} exists, is unique and oy is positive definite.
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B. & Boyaval (2009) show that o} is positive definite, via
regularization, for general f and any time steps, At,, n=1— N.

A regular partitioning: Q :=J, o7 &.

Wy, = {wp, € [C(V]?: wy, |x€ [Po]? Vi e Th
and  w;, = 0on 90} C [HE(Q)]?,

Ry = {nn € L=(Q) i [n€ Py Vi € T"},

Y% 3—{gh€NWh1/(V 'vh)nhdi{?:o Vi, € Ry},

[ ~Y

S8 = {on € [L(Q)F: 6n lue [PolS? Ve T}

Y
~

W}, x R) satisfy the LBB inf-sup condition. tr(Sy) C Ry,

S 0<s
Recall Bs(s) = [Fi(s)| ! = { i 2 -
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(P(SAfL) Forn=1— N, given {uj, ,O'(Shl} e Vi x SO,

' n n 0 0
find {ug,, 08,1 €V} x5} st.

] e R (T R (T )

Y

+v Vg, : Vop+ G5(05,) : Y?ﬁh] dz = (f", vn)my)y  Yon € Vi,

n n—1 ]
To6,h — 96,h . . 1/,
/Q - =2 (V) 55(050)) 2 0+ 5 (08— 1) < | da
n ~ R ~ ~ ~ ~ ~ ~
NEg » _|_u?7;1 0
+ Z/ El,g,h n [[agih]]_)ugzl ¢~ ds=0 Vo € 5}, .
7=1 J ~ ~ ~ ~ ~

Discontinuous Galerkin approximation of the stress convection term.
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1
For any ¢ € (0, 5] and
{ugn 055} ={up, op} €V x S} with g positive definite,
we prove existence of {u}, 0%, } € V) x S), n=1— N.

Moreover {uj,, g'g’h},ﬁfzo satisfy a discrete analogue of the ¢
regularized energy inequality, this yields that

max [ [yl + tx(loh ) + 5 (o))
n=0—N 0O ~ R ~
Nt
3 At [ wn((Bs(oi) ) < C
n=1 ~

Hence the following subsequence results:

n n n n n
Usp — Up, 05 Ps(osn) = op as 0 — 04

As [B5(a )]~ B5(0%;,) = I, we have also that ¢! is positive definite.
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(2 a convex polytope, an Acute Quasi-Uniform partitioning:

W, = {wy, € [CQ)]?: wp, |€ [P] Vk e T"
and  wj, =0 on N} C [Ha(N)]?,
R%L = {nh c C(ﬁ) : Mh ‘RE P Vk € Th},

Y}L iz{ghEWhZ/(V "Uh)??hdf:() Vo € Ry},

Y Y

ffll = {¢n € [CQ))LT: ¢y |w€ [P1]%? Vi € T}

~
~

Lowest order Taylor-Hood element W, x R}L satisfies the
LBB inf-sup condition. Also tr(%S}L) C R;.

Let 7 : C(Q) — R; be the interpolation operator,

extended to 7, : [C(Q)]4*% S

Paris Januar y 2009 — p. 58



LAt L.n—1 Ln 1 1 1
(P g(sh) Forn =1 — N, given @aé,h T8 )Eyhxg,

find (w5, 7.50) € Vi x S} st

L.n L.n—1

?js,cs,h B gs,é,h q
-V X
Q Atn Nh ~

+ 2 /Q {((%s,é,h ' NV )%5,5,h> "Uh T Uesh ((Qf&&h v )?jh)}

~Y

Y

+/Q[Vvu€5h vvh—l_ﬂ-h[ﬁ&( 55h>} V?}h} d$:<fn,?ih>[{&(ﬂ)
V”UhEV%L,

Paris January 2009 — p. 59



B Ln Ln 1 N
s5h 85h 1 I
[ 7 nty (B2 = nT) 6n| da

Atn N A ~/ ~
—I—/Q [8Y055h Nngh 2V u h[ﬂg’( fc;lh)¢h]] d%
d d C%h
Ln—1 L
b 3 S M) 5 =0
szlpzl ij

Yo, € S7 .
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200, T; V)N Wb (0,T; V') and
(Q)]féXd) NHY(0,T; ((HY(9Q)]$))
)

T [Oul
/ —, U dt+/ {VVugL:Vv—F [(us)uﬂ -v} dx dt
V
f

T 4
:/ ( 7U>H3(Q) dt — 5L(0€L) : Vodt VYo e LT9(0,T;V);
0 - Qr ~ ~ ~ ~
T | 0o )
/ < 5t a¢> dt+/ [(gf.y)[ﬁL(ggL)]:ngrng(zg ;;Nv¢] diﬁdt

:/ [2(VU£)5L(O'£)—§(O'£—ILLI)] ;¢ dedt
QT ~~Y ~ ~ ~ ~
v € L2(0,T; [H' ()]5").
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