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Abstract

In this work, we consider a general fully overdamped Frenkel-Kontorova model. This model
describes the dynamics of a infinite chain of particles, moving in a periodic landscape. Our aim
is to describe the macroscopic behavior of this system. We study a singular limit corresponding
to a high density of particles moving in a vanishing periodic landscape. We identify the limit
equation which is a nonlinear diffusion equation. Our homogenization approach is done in the
framework of viscosity solutions.
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1 Introduction

In this paper we consider the dynamics of particles on the real line, moving with interactions with
their neighbors and with a periodic landscape. For each i € Z, the position of the i-th particle
is called U;(7) € R, where 7 is the time. These particles are assumed to solve a generalized fully
overdamped Frenkel-Kontorova (FK) model. In this model, the velocity is proportional to the force
acting on the particles. The classical physical model was introduced by Kontorova, Frenkel in [12]
to describe the plasticity at a microscopic level. For a good overview on the FK model and on its
applications, we refer to the recent book [4] of Braun and Kivshar and the article of Floria and
Mazo [7]. In the present paper, our generalized fully overdamped FK model is the following infinite
system of ODEs:

d Z(T) =g Uiy (r) — Ui(7) Ui (7) for 7 € (0,00) and i € Z
d 2(a—1)
(1.1) T € j

1
Ui(0) = guo(isa) for i € Z,
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where € > 0 is a small parameter and we use the notation

[V]];ﬂ =V = (V*mavfm+1,' . ‘avfla‘/lw . .,mel,vm) € R2m

for some fixed m € N*. This dynamics corresponds to general interactions with the m nearest
neighbors on the left and the m nearest neighbors on the right.

Our goal is to study the macroscopic behaviour of the chain of particles as € goes to zero. To
this end we make the following assumptions on the initial data wug, on the interactions F' and on
the exponent a.

(HO) (Initial gradient bounded from below and above)
The function ug is such that (ug), € W2*°(R) and

1
do < (up)ys < — on R,
do

for some constant dg > 0.
(H1) (i) (Regularity)
F e CYR?™ x R) and is globally Lipschitz continuous on R*" x R.
(ii) (Periodicity)
For all (V,Vp) € R?" xR, F(V,Voi+1)=F(V, V).
(iii) (Monotonicity)

oF
Forall1<|i|<m, F;:=——=2>0 on R?™ x R.
V;

(iv) (Invariance by linear additions)

For all (V, Vo, q) € R x Rx R, F([V; + jq™, Vo) = F([V;]7", Vo).

Vi )

(v) (Non-degeneracy w.r.t. quadratic displacements)

2

.2 m
For all (Vp,q) € R x R, %F([]— ] ,%)zy,
q J

for some positive constant v.

(vi) (Zero mean value of f)
For all h € R, define f(h) as the unique real such that

(1.2) F ([—%f{h) rh> = 0;

J

the 1-periodic function f : R — R thus defined is assumed to satisfy

/1 F(h)dh = 0.
0



(H2) (The exponent a) We suppose a > 2.

Let us make some comments on these assumptions.

In assumption (HO) the relevant information is the boundedness of the gradient. The regularity
of ug can be weakened to Lipschitz continuous by standard approximation arguments. Moreover,
the regularity of the Hamiltonian F in (H1) (i) can also be weakened to only C! (without global
Lipschitz continuity). For the sake of simplicity in the proof of our main result (Theorem 1.1 below)
we decide to ask for (ug), in W2*(R) and F globally Lipschitz continuous.

Let us now discuss assumption (H1). First, assumption (ii) takes into account the existence
of the periodic landscape. Second, the monotonicity assumption (iii) will play a crucial role in
our analysis: this will guarantee the existence of a comparison principle for our system of particles.
Remark also that assumption (vi) is always satisfied for F' replaced by a+ F for a suitable constant
a € R. The zero mean value property of the function f means that the periodic landscape is
balanced and does not induce any drift in the motion of the particles. The most striking condition
is assumption (iv) which is technically used to remove the contribution of linear displacements
of the particles, and to focus on quadratic displacements. This assumption is for instance always
satisfied if F'(V, Vp) is a function depending only on the symmetric part V_;+Vj for each j = 1,...,m
and on V. Assumption (iv) is also satisfied if F'(V,V}) is linear in V, with suitable coefficients
vanishing the linear contributions []q];” The non-degeneracy assumption w.r.t. the quadratic

. m
contributions [% q} (V) is used to ensure the existence of the periodic potential f by the inverse
J

function theorem. In particular, our analysis would remain true if v depends on (Vp, q) and if we
are sure that equation (1.2) admits at least one solution.

Finally, let us remark that the reason why we need to restrict ourself to the case o > 2 in
assumption (H2) is the verification of our ansatz. More precisely, only to obtain the estimate
(3.15) in the proof of Lemma 3.2 in Section 3 (note that all the other computations remain true for
a > 1). For the sake of completeness the limit case a = 2 is discussed in Subsection 3.2. It is in
particular seen that the homogenized equation obtained for o = 2 is different in general from the
one obtained for o > 2.

The classical (and simplest) example of the fully overdamped Frenkel Kontorova model is

dU;
dr

=Ujy1 + U1 — 2U; + 82(a_1) Sin(27TUZ')
corresponding to interactions with the first nearest neighbors with m = 1 and
(1.3) F(V_1,V1,Vo) = Vo1 + Vi + f(W)

with f(Vp) = sin(27Vp). Remark that for an initial datum

1
Ui(0) = —uo(ie®),
€
we see that the high density of particles behaves like 61_0‘@. This shows that our scaling

corresponds to the case where the small amplitude €2~ of the periodic potential behaves ezactly

as the square of the inverse of the particle density. This can be rephrased, saying that we are
interested in a distinguished limit with a weak periodic landscape and height density particles.



To study the macroscopic behavior of the system in the limit as € goes to zero, it is convenient
to introduce a parabolic rescaling, defining the function

. t
(1.4) Us(t,x) := 5ULE%J <5>

where |-] denotes the floor integer part. Note that if U is a solution of system (1.1) then U® has
to solve the following equation:

Uf(t,x):éF [Ua(t,x—i—jea)—U&(t,x)}m U (t, )

, ) for (t,z) € (0,00) x R
i £

Us(0,z) = uo([ 25 |e“) for x € R,

(15) €2a—1

which will be understood in the viscosity sense.
Our main result, which studies the singular limit as € goes to zero, is the following.

Theorem 1.1. (Diffusive limit by homogenization)
Assume (HO), (H1) and (H2). There ezist a unique viscosity solution U of (1.5) and a function
G : (0,00) — R such that

(1.6) G € C°(0,00) is positive, liH(l) G(p) =0 and lim G(p) =1>0.
p—)

p—00

Moreover, the function U® converges to u® locally uniformly on compact sets of [0,00) xR as e — 0,
where u® is the unique viscosity solution of

(1.7) uw) = Gu)ud,  for (t,z) € (0,00) x R
' u®(0,2) = ug(z) for x € R.

Remark 1.2. Recall that for discontinuous viscosity solutions the uniqueness of solutions means

the uniqueness of the semicontinuous envelopes of the solution (for further details see the proof of

Theorem 2.6).

Remark that if we introduce the inverse g of u°, defined by u°(¢, g(¢,v)) = v, then the rescaled
particle density p(t,y) = gy(t,y) solves formally the following nonlinear diffusion equation p; =

p
huge diffusion coefficient for small rescaled densities.

Theorem 1.1 is an homogenization result and is obtained in the framework of viscosity solutions.
Let us mention the pioneering work of Lions, Papanicolau and Varadan [13] where homogenization
of Hamilton-Jacobi equations has been done for the first time.

In Theorem 1.1, the effective equation satisfied by the limit is parabolic and is naturally associ-
ated to the parabolic rescaling (1.4). This result has to be compared to the homogenization result
given in Forcadel, Imbert, Monneau [8] for an hyperbolic scaling (in the case a = 1), where the
limit equation is a first order Hamilton-Jacobi equation. We can also refer the interested reader
to [9], where a study of an overdamped dynamics of particles with two-body interactions is done,
with particular applications to dislocation dynamics.

<%G (%) py> . This shows a very small diffusion coefficient for large densities of particles, and a
y



The main idea of the proof of Theorem 1.1 is that the solution U*® is locally - close to a point
(to, o) - well approximated by the following ansatz

Us(t, )
£

(1.8) Us(t,z) =eh < 7U9;(t795)> with  U®(t,x) == u’(t,2) + v (L)(z’x)) )

where u° is the limit solution, A is a hull function and v is a corrector. Our proof follows the lines
of the “perturbed test function” method introduced by Evans in [6], based on the ansatz (1.8).
The functions h and v are defined below:

Proposition 1.3. (Hull function, corrector and diffusion coefficient)
Assume (H1).

(a) The hull function h

There exists a unique function h : R x (0,00) — R such that h is C? w.r.t. its first variable and
satisfies for all (z,p) € R x (0,00),

;2
F <[]7 thzz(z,p)L ,h(z,p)> =0,
(1.9) h(z+1,p) = h(z,p) + 1,
h:(z,p) > 0,
h(0,p) = 0.
Moreover, we have h € C3(R x (0,00)).

(b) The corrector v
For all (z,p) € R x (0,00), define

m

5 ) m
(110)  AGp) = 5+ 020D i K(ap) = Y ﬂm([%p%xz,p)} ,h<z,p>>.
J

hZ(Z’p) 1<]i|l<m

Then, for all pg > 0 and My € R there exists a unique A € R such that there exists v € CQ(R)
satisfying

A= K(2,p0)A(z,po) Mo + K (2, p0)pj <UZZQ(Z) + };LZZ((;’;O)) vz(z)> for zeR

v(z+1)=v(z) for z e R.

(1.11)

(c) The diffusion coefficient G
Finally, we have A\ = G(pg)My where G is the function in (1.7) and is defined for p > 0 by

1
| At pn ez

Y h2(z,p)

0 K(zp)”

In the ansatz (1.8) around the point (tg, ), we use the definition of v given in Proposition
1.3 with pg = ul(tp, o) and My = ul,(to, o). Remark also that the expression of the diffusion
coefficient G in (1.12) is explicit, which can be underlined, in comparison to general homogenization
results, where usually the effective Hamiltonian is not explicit.

(1.12) G(p) ==



Let us now list the main properties of G.

Proposition 1.4. (Qualitative properties of G)
Assume (H1). Then, the function G defined by (1.12) fulfills (1.6). Moreover G satisfies:

(a) The limit I can be computed explicitly as follows:

(1.13) l::% /01 Z 1'2Fi<— [%f(z)]m,z> _ dz

1<[i|<m
(f being the 1-periodic function in (1.2)).
(b) For each k € N, if F € CF1(R?™ x R) then G € C*(0,00).

In general, we do not know if G is a monotone function of p. Nevertheless, for instance in the
special case of the classical FK model, we have the following additional result:

Proposition 1.5. (Monotonicity of G for the classical FK)
For the classical FK model given in (1.3) with f € C*(R), 1-periodic and with zero mean value, the
function G defined in (1.12) is analytic on (0,00) and non-decreasing.

After finishing this work, we were aware of the work of Jerrard [11], where he studies general ho-
mogenization problems. A special case of his results concerns the homogenization of the particular
equation

,LLE

(1.14) uf(t,x):uigg(t,x)%—éf( ) for (t,7) € (0,00) X R,

€
with f periodic with zero mean value. This model is the continuous analogue of the classical FK
model with F' given by (1.3).

It turns out that the hull function and the corrector found by Jerrard are very similar to ours
(compare equations (2.1)-(2.5) in [11] with (1.9)-(1.11) in the special case where F' is given by
(1.3)). Moreover, by the implicit function theorem we lead our study of the hull function to
the study of the correctors done in [11]. However, we decide to give here the detailed proof of
Proposition 1.3 for the sake of self-consistency.

Naturally, the limit equation found in [11] is the first equation in (1.7) (i.e. u = G(u2)u?,), where
the function G is proved to fulfill properties (1.6). Therefore, as a byproduct, Proposition 1.5 shows
also that the diffusion coefficient G(p) found in [11] is monotone in p.

Moreover, in the limit case &« = 2 (not covered by Theorem 1.1), let us notice that the homogenized

equation is (see Subsection 3.2)
ug = bluy) + Glug)uz,

which is different in general from the limit equation in the case @ > 2. In comparison to the
homogenization of the PDE (1.14) studied in [11], this phenomenon is new and is connected with
the model (1.1) being discrete.

Let us finally remark that we are studying the homogenization of equations with periodic terms
in u/e, for which only few results exist. In this direction, let us mention the work of Boccardo,



Murat [3] about the homogenization of elliptic equations, and the two recent works of Barles [1]
and Imbert, Monneau [10].

Organization of the paper

The paper is organized as follows. Section 2 recalls some basic facts concerning viscosity solutions.
Sections 3-4 are devoted to the proof of Theorem 1.1. More precisely, in Section 3 we discuss our
anzatz (1.8), in Subsection 3.2 we give a formal discussion for the particular case of exponent o = 2
and in Section 4 we actually give the proof of Theorem 1.1. For the sake of clarity we postpone the
proofs of the existence and the regularity of the hull function A and the corrector v as well as the
properties of G (Proposition 1.3, Proposition 1.4 and Proposition 1.5) in the last Section 5.

Notations
Let us introduce the notations that are used throughout.

Integer parts. The floor and the ceiling integer part of a real number a are denoted by |a]
and [a], respectively.

Cylinders of (0, 00) x R. For (tg,z0) € (0,00) x R and 7, R > 0, define Q, r(to,zo) := (to —r,to +
r) X (zog — R, zo + R). For the sake of simplicity, Q, r(to,zo) will be sometimes denoted Q, .
Semi-continuous envelopes. Let u : [0,00) Xx R — R be a locally bounded function. We

let u* : [0,00) x R — R denote the smallest upper semi-continuous (u.s.c. for short) function
above u. The largest lower semi-continuous (1.s.c. for short) function below w is denoted ..

Relaxed semi-limits. Let u® : [0,00) x R — R be indexed by ¢ > 0. Assume that the fam-
ily {u® : & > 0} is uniformly locally bounded. The upper relaxed semi-limit of u® as ¢ — 0 is the
function lim sup *u® : [0,00) X R — R defined by

e—0
limsup *u®(t,xz) ;==  limsup  u°(7,y).
e—0 (1,y)—(t,x), e—0
The lower relaxed semi-limit is defined by: lim iélf «u® = —limsup *(—u°).
e~ e—0

2 On viscosity solutions

In this section, we list some basic facts concerning viscosity solutions that are needed throughout.
We skip almost all of the proofs, since they are either well-known or straightforward adaptions of
classical ones. For a survey on the classical viscosity solutions theory, we refer the reader to the
book of Barles [2] and to the user’s guide of Crandall, Ishii and Lions [5].

Moreover, let us stress the fact that for € = 1 our system is a special case of the one sudied by
Forcadel, Imbert and Monneau, therefore as more related reference one can see Section 2 in [8].

We need to introduce the concept of viscosity solutions because in order to study the system of
ODEs (1.1) we embed it into a single PDE. Indeed, by considering U(7,y) := U, (1) we are led to
the following “finite-difference like” PDE

U(T,y + je) — Ulr, )]
Z/[T(Tvy) - 52(04—1)}7 <[ (T ! j;:( ) 1) (T y)]J 72/[(7-7:[/)) for (Tay) S (0700) xR
ge\a—

U,y) =Uo(y) for y € R,

(2.1)



where here U(y) := 2ug(|y|e®). Note that, because all the results we are going to give are valid
for each « and ¢ fixed, we will not stress the dependence of the functions ¢ and Uy on them.

Since the initial datum is sublinear by (HO), it is natural to restrict ourself to the study of
sublinear solutions.

Definition 2.1. (Sublinear functions) A function u : [0,00) X R — R is sublinear iff for all

T>0, SUP(7,y)e[0,T] xR “i(léfl < o0

Let us recall the notion of viscosity solutions.

Definition 2.2. (Viscosity solutions)
Let U : [0,00) x R — R be sublinear and Uy : R — R be sublinear. We say that:

1. The function U is a viscosity subsolution (resp. supersolution) of (2.1) on an open set Q C
(0,00) xR if U is u.s.c. (resp. l.s.c.) and for any (10,1y0) € Q and any test function ¢ € C1(£2)
such that U — ¢ attains a strict local mazimum (resp. local minimum) at the point (19, yo),
we have

Z/{ T ) + €a _Z/{ 70, m
- (70,y0) — X VF <[ SULL ZQ(Q)—n (o, o) ,U(To,yo)> <0 (resp. >0).

2. The function U is a viscosity subsolution (resp. supersolution) of (2.1) in [0,00) X R, if it is
a viscosity subsolution (resp. supersolution) on Q = (0,00) x R and if moreover it satisfies

Yy eR, U0,y) < (Uo)"(y) (resp. U(0,y) > (Uo)«(y))-

3. The function U is a viscosity solution of (2.1) if U* is a subsolution and U, is a supersolution.
Here is a comparison principle for the Cauchy problem.

Theorem 2.3. (Comparison principle)

Assume (H1). Let u and v be respectively a sub- and a supersolution of (2.1) in (0,00) xR. Assume
moreover that there exists an uniformly continuous function Vy such that u(0,y) < Vo(y) < v(0,y)
for all y € R. Then, we have u < v on all [0,00) x R.

In the sequel, we shall also need a comparison principle on bounded subdomains. Precisely, let us

consider cylinders Q, r := Qr r(to, z0) and Qr r4m = Qr r+m(to, zo) such that @, r C (0,00) x R.
Then, we have the following result.

Theorem 2.4. (Comparison principle on bounded sets)
Assume (H1). Let u and v be respectively a sub- and a supersolution of (2.1) in Qy r such that

(22) usv on @r,Rqu \ QﬁR‘

Then we have u < v on Q. R.

Remark 2.5. Let us recall that the PDE in (1.5) is obtained from the one in (2.1), after rescaling
by (1.4). In particular, Theorem 2.4 remains true for (1.5) by replacing condition (2.2) by “u < wv

on QT,RJream \ QﬁR 7.



Let us now give an existence and uniqueness result.

Theorem 2.6. (Existence and uniqueness)
Assume (H1) and that Uy is non-decreasing and satisfies:

(2.3) sup {Uo(y +1) —Uo(y)} < oo

Then, there exists a unique viscosity solution of (2.1).

Proof of existence. To get the existence by the classical Perron’s method we need to construct
barriers. Because of (2.3), the monotonicity of Uy and (H1) (i)-(iii), we see that there exists a
constant C' > 0 such that for all A > 0

ut (1,y) == (Up)«(y) + CT and u_’h(T, y):= U)* (y—h)—Ct

satisfy
u™P <ut on [0,00) x R

and are respectively a super- and a subsolution of (2.1) on [0,00) x R. By Perron’s method, the
function
u:= (sup{v:v<ut,visa subsolution})*

is a solution of (2.1) on (0,00) x R and satisfy
(2.4) u™h <u < (uh)”
Moreover, one have
lim inf u™"(7,y) > (Un)s(y) — C,
(W) (r,y) < Uo)"(y) + C7

(actually, by the monotonicity of Up, the lower semi-limit becomes the limit and the inequalities
become equalities). Therefore, letting h — 0 in (2.4), we obtain

(Uo)«(y) — C1 < u(r,y) < Uo)*(y) + C,

which implies
u'(0,y) < (Uo)"(y) and u.(0,y) = (Uo)«(y),
thus w is a viscosity solution of (2.1) on [0,00) x R.
Proof of uniqueness. Let u and v be two viscosity solution of (2.1) on [0,00) x R. We want to
show the uniqueness in the following sense:

(2.5) u* = 0" and uy, = vy.

For h > 0, define u"(7,5) := u(r,y — h). By the invariance of the equation w.r.t. translations in
space, u” is a viscosity solution of (2.1) on [0, 00) x R. We plan to compare (u")* = (u*)" and v, by



using the comparison principle. To do so, we have to find a good uniformly continuous function V,
between the respective initial data (see Theorem 2.3). Define

Vo(y) := %/ihuo(z)dz

(notice that Uy is measurable as a monotone function). By the monotonicity of Uy, it is clear that
for all y1 < y2 < y3, (Uo)" (11) < Uo(y2) < (Up), (y3). Hence, we have

W < [ @) = wh). ),

for all y € R. The same way, one prove that

(o))" (y) = Uo)*(y — h) < Vo(y)
and conclude that
(2.6) (Uo)")" < Vo < (Up)« om R.
Moreover, easy computations show that

Vo), (v) = Uoly) = Z;L{O(y —h) for a.e. y € R,

which shows under (2.3) and the monotonicity of Uy that Vj is Lipschitz-continuous on R. Since,
by the monotonocity of the initial data, we have

(")*(0,9) = (u*)"(0,y) < (Uo)")" (y) = U0)*(y — h) < Uo)+(y) < ve(0,y) Vy € R,

we deduce that (u")*(0,y) < Vo(y) < v+(0,%) and the comparison principle (Theorem 2.3) applies
to get
(u")* < v, on [0,00) x R.

Therefore, letting h — 0, we obtain

(2.7) Uy < liznigfuh < lizni(r]lf(uh)* < v, on [0,00) X R.

Similarly, we can exchange the role of v and v from the beginning and obtain
vx < uy on [0,00) x R.

We thus have proved the equality for the lower enveloppes: v, = u, on [0,00) x R. The proof of
the equality for the upper enveloppes being completely similar will be omitted. ]

Remark 2.7. Actually, we have more information than (2.7); indeed, one have:

Vi > li;lninf(uh)* = liminf(u*)" > (u*)s,.

—0 h—0

Taking v = u, one conclude that (u*), = ux and similarly that (u.)* = u*.

10



To prove the homogeneization result (Theorem 1.1) we will consider the relaxed semilimits of
the sequence of solutions u* and we will need to prove that those are solutions of the limit equation
in the viscosity sense. For the sake of completeness let us recall the definition of viscosity solution in
this case and the comparison result we will need in the proof (the proof of the comparison principle
for the limit equation being completely classical can be found in [5, Theorem 8.2]).

Definition 2.8. (Viscosity solution: second order)
Let u: [0,00) x R — R be sublinear and ug : R — R be sublinear and continuous. We say that:

1. The function u is a viscosity subsolution (resp. supersolution) to (1.7) in [0,00) x R if u is
u.s.c. (resp. l.s.c.) and for any (to,z9) € (0,00) xR and any test function ¢ € C*°((0,00)xR)
such that u — ¢ attains a strict local mazimum (resp. local minimum) at the point (tg, o),
we have

bt(to, x0) — G(¢x(to, 20)) Pz (to, o) <O (resp. > 0),
and if at time zero we have: Yz € R, u(0,x) < wug(z) (resp. u(0,z) > up(x)).
2. The function u is a continuous viscosity solution of (1.7) if it is both wviscosity sub- and

supersolution.

Theorem 2.9. (Comparison principle) Assume (HO) and (1.6). Let u and v be a viscosity
sub- and supersolution of (1.7) in [0,00) x R, respectively. Then u(t,x) < v(t,x) for all (t,z) €
[0,00) x R.

3 The ansatz

In order to prove Theorem 1.1, we try to guess the behavior of U® around a fixed point (g, zp). Our
ansatz has been described in (1.8). To verify this thesis, we first have to answer to the following
questions:

Question 1. Does this ansatz almost satisfy the PDE in (1.5) around (¢g,z¢)?

Question 2. Does this ansatz converge toward u’ as ¢ goes to zero, around (g, zo)?

This section is devoted to the verification of these points. Let us first enumerate some required
properties on h and v that easily follow from the fact that h (resp. v) is regular and linear plus
periodic (resp. periodic).

Lemma 3.1. (Hull function and corrector properties)
Assume (H1). For each § > 0, the hull function satisfies:

(a) Co(9) = A, [5 1] |h(z,p) — 2| < o0.

(b) Ci(8) = lIh=llcz(mufs.2]) + 1wl oz (mx[s.1]) < o°-

(c) m(9) := minRX[é%] h, > 0.

The functions A and K defined in (1.10) satisfy:

(d) A and K are bounded and uniformly continuous on R x [5, %]
Moreover, all corrector (associated to fized po > 0 and My € R) satisfies

(e) Cy:= HvHCg(R) < 00 and vy, is uniformly continuous on R.

11



3.1 Verification of the ansatz

In both lemmata above, we replace u® in (1.8) by general test functions ¢ (see (3.3)). This test
function will be used in Definition 2.8, when we shall prove the convergence of U¢ by the perturbed
test function method in the next section.

For the sake of clarity, we introduce the following notation for the PDE operator in (1.5): for
all e >0, p € C°((0,00) X R) and (t,z) € (0,00) x R, define

(3.1) Le[o)(t x) := du(t, 2) — éF ([(b(t’m +ﬁ§§_)f (b(t’x)} ’ W; x)> ‘

J
With this notation in hand, the PDE in (1.5) can be rewritten as £, [U¢] = 0.

Here is the main result of this section that we will prove below.

Lemma 3.2. (Local error estimate)
(Settings) Assume (H1) and (H2). Let ¢ € C*°((0,00) x R) be such that

(3.2) ¢z (to,x0) >0  for some fized (tg,z0) € (0,00) x R.

Let X be defined by Proposition 1.3 item (b) with (po, My) := (¢x(to, x0), Pzz(to, xo)) , and let v be
an associated corrector. Let h be the hull function of Proposition 1.8 and for € > 0, define

09 e an( T ) i 5ot 0 (H0).
(Result) Then, ¢°(t,z) and L. [¢°] (t,x) are well-defined for (t,x, ) sufficiently close to (tg, zo,0).
Moreover, we have

(3.4) Lo [¢7] (t,x) = (Pe(t,x) = N+ E(t,x,e)) hz  with lim |E(t,x,e)] =0,

(t,{[’,E)*’(to 71'070)

where we set hy = hz (Z, ¢, (t,x)) with Z = J)g(gm)'

Lemma 3.3. (Convergence toward u”)

Assume (H1) and (H2) and let ¢° be defined by (3.3). Then, there exists r > 0 such that for
all e > 0, ¢° is well-defined on Q, = Qrr(to,z0) and converges toward ¢, as e — 0, uniformly
on Qrr.

Proof of Lemma 3.3. The thesis easily follows from Lemma 3.1 items (a) and (e). O
e around (tg,zg). These lemmata
O around (to,xo).

Remark 3.4. Taking ¢ = u°, our ansatz in (1.8) writes U¢ ~ (u
then mean formally that we indeed have L:[(u’)?] = 0 and (u°)® ~ u

Proof of Lemma 3.2. Let us first remark that without loss of generality we can replace the
assumption ¢ € C*°((0,00) x R) by the following:

is Lipschitz-continuous on (0,00) X R with § < ¢, < L for some § > 0.
4
(3.5) |0z| + |Pzz| + |Pzae| < Cg on (0,00) x R for some constant Cy.
|6t + [pze| < CF on (0,00) x R for some constant C7, .

12



Indeed, it is clear from (3.2) that 0 < ¢, < % on Qr2r = Qr2r(to, zo), for some 6 > 0 and r > 0. It
follows that ¢° is well-defined on @), 2, since the second argument of & in (3.3) is positive. By (3.1),

it is also obvious that for all ¢ < (%)é, L:[¢°] is well-defined on @, and only depends on the
values of ¢ on Q;,ycom C @Qr2r. In particular, it is easy to modify ¢ outside @), 2, in order to
verify (3.5), without changing the value of L.[¢°](¢,x) for (¢,z,e) close to (tg, g, 0).

Therefore we will prove (3.4) under the additional assumption (3.5). Our strategy is the follow-
ing. First, we develop L[¢°] w.r.t. € by using Taylor’s formula. This will give an expression of the
form:

1
(3.6) L)t 2) = — () +" () + o),
where o(1) denotes an error that vanishes as ¢ — 0. Second, we use the cell equations (1.9)

and (1.11), in order to vanish respectively the terms of order % and £°.

The rest of the proof is organized in several steps. In the first step, we introduce some notations
that shall be used throughout and the successive Taylor’s expansions used to get (3.6) are detailled
in the other steps.

Step 1: slow and fast variables. Define

The functions ¢¢ and ¢° then write
(3.7) ¢ (t,x) = eh(2,p) and ¢ (t,x) = (t, ) + £2v(2).
In order to simplify the notations, we will not precise if not necessary the variables of ¢, ée , ¢, h

and v. Without any more precision, the reader will have to understood that these functions and
their derivatives are expressed at the variables as in (3.7).

Step 2: first equation in ¢¢. We have
O = hzdi + chpdur = hzgy + e(hzv20 + hydur)-
Consequently, we get:

(33) L] = hetn + elhzundy + ) = 2 ( g Voh).

where we set:

(3.9) V= [V = [h (Mw +jaa>> - h<z,p>]

m
J

Step 3: expansion of V. In this step, we develop the first argument 52(1%2 V of F. Let us begin
by developing ¢, and ¢° around (t,x).

13



We claim that for all 1 < |j| < m, (¢,z) € (0,00) x R and € > 0 we have

~ ~ ~ '2 ~ ~
510) (b + o) = & + je 65 + T €05, + R(t.w.jie),
iy Bt 52)

5o as € — 0 uniformly in (¢, z, 7).

e

By the classical Taylor’s formula, we have:

S|~
(3.11) B(t.g.2)| < e D,

where w.(+) is the modulus of continuity in 2 of ¢S, = Gy + V..¢2 + cv.¢, (by Definition (3.3)).
Let us estimate the modulus of continuity of these three terms. The most difficult is the middle
term v,,¢2. Let (x,2") € R be such that |z — 2’| < 3. We have

e (2E) it0) - v (25 20,2

< CaCyB + C’;‘;

I:=

e (22) (R

where C5 is the bound on v, in Lemma 3.1 (e) and Cj is the bound in (3.5). We have

Vs (@) — Vs (@)‘ < wy <¢(t’x) — ¢<t’x,)> < w, (%ﬁ) ,

where wy(+) is the modulus of continuity of v,, on R from Lemma 3.1 (e). It follows that I <
CoCy8 + Céwv (% B), which proves that the modulus of continuity w(-) of v,,¢2 satisfies

w(B) < CaCyB + C;wv (%ﬁ) for all 8 > 0.

Since (3.5) and Lemma 3.1 (e) imply that ¢, +ev, ¢y, is Lipschitz-continuous in x with a Lipschitz-
constant Ly independent on small €, we get

welB) < LoB+ CoCo + s ( 28).

Thus (3.11) and o > 0 imply R(t, z, j,€) = o(2%) and the proof of (3.10) is complete.

Recall that é; = p+ev,p and (5233 = G + V22D + €V,¢. Dividing (3.10) by e, we get

£ (t, e ie B -2 B
¢ ( CUg"’] ) _ % +j€a71¢i + % 620{71 im _{_0(620471)
2
(3.12) = Z4je p+ jeup+ I g2a—1 (¢m + vzzpz) + 0(520‘_1)

2
= Z4+ &
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Next, from (3.5) we deduce that
(3.13) Gx(t, x4 je%) = p+ je%baa + 0(e%) == p + &a.
We can now develop the term A (...,...) in (3.9) around (Z,p). We get the following expansion

¢° (t, x + je%)
&

(3.14) h ( Oz (t, x —i—jao‘)) —h(Z,p) =h(Z+&,p+ &) — h(Z,p)

hss h
= hz& + hp& + - 2 + % E3 + hzpE1& + R,

for some rest R = R(t,x,7,¢). Since h is C3, Taylor’s Young formula implies that

1
|R| < (|&] + |&])° 315U |D%hl,

where D is the segment of extremities (Z, p) and <w, ¢ (t,x + jeo‘)) . But, both these points
belong to R x [5, %] by (3.5). Hence, Lemma 3.1 implies that

Ci(6
7)< (&) + &) A,

Since the term of lowest order in |E1] + &3] is je® 1p, the better estimate we can have for R

is |R| < Ce3@=1) (the constant C' does not depend on e sufficiently small, (t,2) € (0,00) x R

and 1 < |j| < m, since the other terms of |£;| + |£2| are controlled by (3.5) and Lemma 3.1). Since

by (H2) « is assumed greater than 2, we get a fortiori
(3.15) R=o(*).

Let us stress the fact that this is the only point in which (H2) is used. All the other estimates in
the paper are valid for a > 1.

Let us now develop all the terms in (3.14). In order to control all the negligible terms, we
use (3.5) and Lemma 3.1. We get:

-2
hégl = jhé (Ea_lp + gavzp) + 8204—1 % hi (¢$$ + Uzzp2) +o (52a_1) .
hp€s = je%hpdzs + 0(e%).
hss 2
2zz £2 = g2 % hesp? + €271 2 hosup? + o (62a71).
h
% 522 = o0 (620‘_1) .
hip&i&r = e 1P haypdes +o (€271).

Plugging this into (3.14), we get the following expansion:

¢°(t,a + je*)
&

(3.16) h ( s Gu(t, @ +j€°‘)> —h(z,p) =

-2
= 5 {hz (27 1p + %0.p) + e%hpyy } + 272 {% héépg}

-2
+ 520‘71 {% (hé (Qb:m: + ’Uzzp2) + 2h22Uzp2 + 2h2pp¢mm)} +o0 (520{71) .
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Dividing (3.16) by 22, we get the following expansion of V in (3.9):

1 1 ~€ ;s ~O
(317) = Vi = s {h (M,%(t,st&)) - h<z,p>}

: j2 2 .2 9 (Vs hiz
=Jja+ 5 hazp” +ej" hz Ay +p o T v +o(e),

where A = A(Z,p) is defined in (1.10) and ¢ := 62&%2 {hg (aaflp—i- Ea?}zp) + Eahp¢m} is a linear
displacement.

Step 4: removing linear displacement. This step is crucial, since g contains terms of order e~+1
and =2 that can not be controlled. We thus use (H1) (iv) to see from (3.17) that

1
(3.18) F (mu h)

2 2z héé "
=F ([ﬂﬁ' %h22p2 +ej% hz {A¢m +p? (% + o vz>} +0(6)} : h)

J
j2 9 " 9 2 [ Vzz hzz "
=F [Ehzzp} +6[J' hz{A¢m+P <7+ P Uz)}] +o(e),h).
j ‘ J

. m
Step 5: expansion of F'. We develop F' around <[§ hggpQ} L, h).
J
We claim that there exists a constant Ry such that for all £ small enough and all (¢, z) € (0,00) xR,
the first argument of F' in the third line of (3.18) is bounded by the constant R,;. To see this, we
simply use one more time (3.5) and Lemma 3.1. With these observations in hands, it is clear from
Taylor’s formula that

1 42 "
F <—2a_2V, h> =F [5 hggp2:| h
€ j

-9 m s
+eq Y PPF <[% hg,g,p?} ,h) hs {Agbm+p2 (% + };L v>} + o(e),

1<fi|<m /

J

where o(g) depends only on Ry, and on the modulus of continuity and the L°°-norms of the first-
order derivatives of ' on Bg, x R. Notice that this modulus is finite, thanks to (H1) (i)-(ii).
Dividing this equation by &, we get:

1 1 1 42 5"




where K = K (Z,p) is defined in (1.10).
Step 6: conclusion. By (3.19), equation (3.8) becomes:

(320) ‘CE [QSE] = h2¢t + e(hészSt + hpgbzvt)

1 j2 2 " 2 Vzz héé
_€F<|:2 hzzp:|A ,h> — hsz {KA¢m+Kp 5 + I Vy ‘|‘0(1)'

J

Our aim is now to use the cell systems (1.9) and (1.11) to control the terms of order % and €0,
First, we see from (1.9) that

éF ([éh]jh) = éF ([‘é hgg(z,p)]:n,h(g,p)> —0

Moreover, by (3.5) and Lemma 3.1, we have

(3.21) ’hg?)z(bt + hp¢$t’ S 01(5)0(;5(02 + 1).
Hence, the e-term in (3.20) can be included in the o(1). Therefore, we obtain:
(3.22) Le[¢%](t, ) = hz(2,p) [¢e(t, #) — G(2, Z,p, M)] + o(1),

where we set

N . N _ o ((vas(2) | hzz(Ep)
Gz, M) 1= K(2.0) AGn) M+ K G (57 4 52508 0.0
with M := ¢y, (¢, z). By (1.11), we have A = G(z, z, po, My) and thus
(323) ‘Ce[gbs](t?x) = hi(z’p) (gbt(tax) —A+ g(Z, %5 P0, MO) - g('z’ Z,p, M)) + 0(1)

The thesis follows now from the regularity of ¢, the estimate (3.5) and the fact that by Lemma 3.1 (b)-
(), G is uniformly continuous on R X (0,00) x [4, §] x [-Cy, Cy]. O
3.2 Formal discussion in the case o = 2.

We use the same notations than in the proof of Lemma 3.2. The main difference is the Taylor’s
development of the hull function h in (3.14). Indeed, as explained just below (3.14), the rest
satisfies R = O(g3*3) because of the term je® !p in (3.12). In particular, if o < 2 this rest is not
of order o(£2¢~!) as in (3.15). Consequently, the rest of the proof of Lemma 3.2 fails in this case.

To avoid this difficulty, we have to replace (3.14) by a Taylor’s expansion of h of order greater
than 2. We claim that by doing an expansion of order 3 of the hull function, we get the following
equation (see also (3.16)) for a > 1:

¢° (t, x + je*)
g

(3.24) h ( s Gu(t, @ +j€°‘)> —h(z,p) =

-2
=] {hZ (Eailp + Eavzp) + e’fahp(bxx} + g2a—2 {% hggp2}

2
+ 52a_1 {% (hé (¢mm + ’Uzsz) + 2h22Uzp2 + 2h2pp¢:m:)

H/_/
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Then we have:

(3.25) L:[¢°] = hs [¢t - {KA‘bm +Kp* (% = >H

2 " h

a—2 ZF th 2
— £ Z 5@ 522])

1<[i|<m

, h) hzzsp® + o(1).

This is the same than before with an additional term of order ¢*~2 produced by the displacements
of order 3. Notice that this term still comes from the worst term je® !p in (3.12).

Case o = 2. In this case, the additional term is of order €*~2 = 1 and has to be taken into account
in the equation of the corrector v. Therefore the cell equation (1.11) on the corrector v becomes:

(3.26)

r hZZZ Z?
N = K(epo) )

hz(zap(]) Fo
where K is defined by:

+ K(z,p0)A(z,p0) My + K(Z,po)pg (vzz(z) + =2 (% o) vz(2)> )

2 hz(zap(])

B 3 j2 m
(3.27) K(z,p) := Z gF@ ([— hzz(zap)p2:| A ,h(z,p)) :

- 2
1<i|<m J

Consequently an homogenization result could be formally performed. Notice that, here again, we
can completely explicit the effective Hamiltonian. Indeed, if we multiply (3.26) by h—lg and integrate
on one period z € [0, 1] (see also Step 1 of the proof of Proposition 1.3 items (b)-(c) in Section 5)
we get:

X = A(po, Mo) = b(po)pi + G (po) Mo,

where G is the same coefficient than in (1.12) and b is defined by:

1 2 Z,
fO ggz,igg h-(z,p0) hz(Z,po)dz

1 (hz)2(2,p0)
fO K(z,pg0 dz

(3.28) b(po) :=

The limit u° of U? then would have to solve the following equation:
(329) up = b(uy) (ug)” + G(ug)ug,.

Remark that in the case FI(V,Vy) = L(V)+ f(V) with L(V) = Z LiViim=2,1;>0,114+2ls =
1<i[<m

-1 +2l9and Iy — 11+ 8(ly —l_2) # 0, F satisfies (H1) and

fOl hzz(ZaPO)dZ
b(pO) =B 1 h2(z,po)

0 K(Z,po)

with B 17laf 8(ly —1_2)
dz 6(1y + 11 +4(ls +1_3))

£ 0.

This simple example shows that equation (3.29) is different from (1.7) in the case @ = 2. This is
in particular the case for the homogenization of the following variant of the FK model:

dU; _1) .
e = 2(U¢+1 — UZ) + (UZ;Q — Ul) + 62(a 1) Sln(27TUi).
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4 Proof of the homogenization result.

Proof of Theorem 1.1. We first notice that for each £ > 0 fixed, the general Theorem 2.6 applies
and we have the existence and uniqueness of the solution of (1.5). Moreover, Proposition 1.4 states
the existence and the regularity of the function G required in (1.6). This regularity allows us to
apply the now classical results on viscosity solution to obtain the existence and uniqueness of a
viscosity solution of the limit equation (1.7) (See for instance [5]).

We consider now equation (1.5) with the continuous initial datum wug, more precisely:

1 1 a m US(t,x)
EF <€2a——1 [’U,E(t,x +J€ ) - ua(taw)]] 7T> for (tw%') S (07 OO) xR
u

u®(0,x) = up(z) for z € R.

(4.1) up (L) =

We claim that if we prove that the sequence of solutions u¢ of (4.1) converges to u°, as ¢ goes to

zero, then our convergence result on the sequence U¢ follows (remark that Theorem 2.6 in particular
implies the existence and the uniqueness of a continuous viscosity solution u® of (4.1)).

Let us justify our claim. By the 1-periodicity of F' in (H1) (ii), the PDE in (1.5) is invariant
w.r.t. € X integer additions (that is to say, if u® is solution of (4.1), then u + en would satisfy the
PDE in (1.5) for all n € Z). Therefore u®(t,z) — ¢ {%W is a viscosity solution of (4.1) with initial

condition ug(x) — € {%W Moreover, since at initial time we have
o T | 4
wo(e) —< | | Swol| 5] &) Swolw) VaeR,

the function U€ is a viscosity subsolution (resp. supersolution) of (4.1) with a uniformly continuous

initial datum wug (resp. ug — € {%1 ). Thus the comparison principle (Theorem 2.3) implies that

ut(t,x) —e [%l < US(t,z) <u(t,xz) V(t,z) € [0,00) x R.

Hence, if u® converges toward u°, as € — 0, then U¢ would also converge toward 0.

Let us now prove the convergence result for u® solution of (4.1). The proof will follow the
classical method of building suitable perturbed test functions. Let us denote the relaxed semi-
limits of the sequence u® by:

u(t, ) = lim S(l]lp*ua(t, x), u(t,z) = ligljélf*ua(t, x).
E—>

Our aim is to prove that @ and u are respectively viscosity sub- and super solution of the limit
problem (1.7) in [0,00) x R. Indeed, if this is true by the comparison result for the limit equation
(Theorem 2.9), we have u(t,z) < u(t,z) for all (¢,x) in (0,00) x R. By construction we have the
reverse inequality, thus, as € tends to 0 we will have

uf(t,z) — u(t,z) = u(t,z) := u’(t,z) uniformly on compact set of [0,00) x R,

which will be the unique solution of (1.7) and this will give us the thesis.
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We will proceed in three steps. First, we will construct e-uniform barriers on u® to be sure that
the relaxed semi-limit are well defined. Secondly, we will prove a uniform bound on the gradients
of w and u in order to be allowed to choose p = ¢, = u, > 0 (or p = ¢, = u, > 0) in the third
step. Finally, we will prove that @ is a subsolution of (1.7) (the proof of u being a supersolution
being completely similar will be not detailed).

Step 1. Barriers on u®. The idea is to construct a sub- and a supersolution of (4.1) not
depending on ¢, or at least locally bounded uniformly in €. To do this, we look for semi-solutions
in the form of the ansatz (1.8). Precisely, for (¢,z) € [0,00) x R and € > 0, define

3

(1, 2) = ch (M <uo>x<x>) £ <[Co(5)],

where C' is a positive constant that will be appropriately chosen later. Let us recall that these
functions are well-defined, since (ugp), > dp > 0 on R.

Proof of u™° is a supersolution of (1.5). We begin by verifying the initial condition. By
Lemma 3.1 item (a), we have for all x € R,

w0, 2) = eh (“02“””) , (uo)m(az)> +e[Co(do)] > ¢ (“‘)f”) — 00(50)> +e[Co60)] > uo(a).

Let us now verify the equation. Since the equation is invariant w.r.t. € X integer additions we only
need to prove that

(L, )

e

¢°(t,x) == ch ( ,(uo)m(x)> with  ¢(t,x) := up(x) + Ct

is a supersolution of (1.5). Actually, all the computations have already been made during the
proof of Lemma 3.2. We see that ¢ is of the form (3.3) with v = 0. Moreover, ¢ satisfies (3.5)
with § := dg and

Cy := [[(u0)alloo + [[(u0)azlloo + [(40)ezzlloo, ¢¢=C and  ¢g = 0.
We then argue exactly as in the proof of Lemma 3.2 to show (3.20), which in this case is:
Lo[¢7]) = hsC — hz K Ay +0(1)
(since v, also equals zero). Therefore, we have

Le[¢F] = hz(Z, @2 (t, 1)) C = hz(Z, ¢a(t, ) K (2, 2 (t, 2)) A(Z, ¢ (t, 7)) $aa (t, ) + 0(1).

where lim._,g0(1) = 0 uniformly in (¢,z) € (0,00) x R. By Lemma 3.1, it is clear that there
exists a constant M (not depending on C) such that for all € small enough, L[¢°] > m(dy)C — M

on (0,00) x R. We conclude that v is a supersolution of (4.1) for C' > %

The same way, we prove that u ¢ is a subsolution of (4.1). By the comparison principle, we
deduce that u=¢ < u® < u™e. Moreover, it is easy to show from Lemma 3.1 item (a) that

‘ah <u0(ﬂz) + Ot

2 (wle)) = (o) €| < <Ca)
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for all (t,z) € (0,00) x R and € > 0. It follows that |u™¢(¢,z) — (up(x) + Ct)| < 2¢[Co(dp)].

To conclude, we have proved that there exists a positive constant C' such that for all ¢ small
enough and all (¢t,z) € (0,00) X R,
(4.2) i (1, ) — uo()| < Ct + 22 [Co(do)]

where Jp is the bound in (HO) and Cy(dp) the bound in Lemma 3.1 (a), and this guarantees us
the existence of the desired e-uniform barriers on u°.

Step 2. Uniform bounds on the gradients. Using again the invariance of the PDE in (4.1)
w.r.t. ¢ X integer additions, we see that (for fixed @ > 0 and £ > 0) the functions u®(¢,z) + ¢ L‘SO?“J

and u®(t,z)+e {&%1 are solutions of (4.1) in (0, 00) xR. But, hypothesis (HO) implies for all z € R,

up(x) +¢ VO—GJ <ug(z +a) <uo(zr) +¢ 4
€ do€

at the initial time. By the comparison principle, we deduce that for all (¢,z) € [0,00) X R,

0
u(t,z) +¢ {O?QJ <u(t,x) <u(t,z)+e|—
1

Thus, letting ¢ — 0 we obtain the bound on the gradient for the limits, i.e. 5 > (%), > ¢ and
5> (W >6.

Step 3. Proof that U is a subsolution of (1.7). First note that the initial condition is trivially
satisfied because of (4.2). We will argue now by contradiction. So let us assume that there exists
¢ € C*((0,00) x R) such that w — ¢ has a strict local maximum at (¢g,zo) with

(4.3) Gt(to, 20) = ¢ua(to, 20)G(z (to, o)) + 1

for some 1 > 0. Adding a constant to ¢ if necessary, one can assume that

(4.4) u®(to, x0) = H(to, 20),

so that

(4.5) u’(t,z) < ¢(t,x) for all (t,x) # (to,zo) sufficiently close to (to,z).

In order to construct our perturbed test function, we choose pg = ¢.(to, xo) and My = ¢, (to, o)
in Proposition 1.3 and thus obtain the existence of h, v and a unique real number A fulfilling (1.11).
Notice that Step 2 ensures that py > 0. Next, we define ¢ as in (3.3); by Lemma 3.2, ¢°(¢,x) is
well-defined for (¢, z, €) sufficiently closed to (to,xo,e). Our aim is to prove now that for e and r > 0
small enough, ¢° is a supersolution of (4.1) in a open set @, := Q. ,(to, o) with r independent of
. By estimate (3.4) of Lemma 3.2, our thesis will be

0 < Le[¢f](t,2) = hz(Z,p)[¢n(t, ) = A+ E(t 2,8)] V(E,2) € Qrr,

where z = @, p = ¢z(to, x0) and z =

#(t,x)

)

. Since by (1.9) hz > 0, we are left to prove

(4.6) oe(t,z) — A+ E(t,x,e) >0 V(t,x) € Qr, with r independent of .

21



We observe now that by the choice we made in Proposition 1.3, the real number A verifies A =

G (o (to, o)) Prz (to, o). Therefore

gbt(t, x) — )\ + E(t, x, E)
= ¢4(t, ) — ¢¢(to, xo) + d¢(to, 20) — Pre(to, v0)G (P2 (to, 20)) + E(t, 7€)
- (bt(tw%.) - ¢t(t07x0) + n + €(t7x78)7

where we used also (4.3). Since ¢; is continuous and lim ;o) (t,20,0) € (£, ,€) = 0, (4.6) follows.
At this stage, we have proved that there exists 7 > 0 such that for all € small enough, ¢ is a
supersolution of (4.1) in Q.

By Lemma 3.3, one can take a smaller > 0 if necessary to get the uniform convergence of ¢*
toward u? on Qrr. The same way, by (4.5), one can assume that

u(t,z) < ¢(t,x) — 26 on Qr2r \ @y for some 6 > 0;

hence, for € small enough we have

(4.7) ¢ (t,x) > us(t,x) + ¢ {gJ on @ \ Qrr

where we used also the definition of @w. Since u® is a solution of (4.1) in particular in the open set Q. ,
and thanks to the invariance w.r.t. exinteger translation, u®(t,z) + 6L§J is still a solution in Q..
Our aim is to apply now the comparison result on bounded sets (Theorem 2.4). By Remark 2.5

1
and (4.7), this can be done for ¢ < (£)® (i.e. 2r > r 4 e*m). Thus

¢ (t,x) > u(t,x) +¢ {gJ in all Q.

Letting ¢ going to 0 we are led to ¢(t,z) > u(t,z) + 0 in @, = Qrr(to, z9) which evaluated at
(to, o) is in contradiction with (4.4). Therefore @ is a subsolution of (1.7). O

5 Existence and main properties of h,v,G

Let us now prove Proposition 1.3 and Proposition 1.4 that have been admitted before. We also
prove the monotonicity of G for the classical FK model. Proposition 1.3 is proved in Subsection 5.2
just after the proof of some preliminaries in Subsection 5.1. Propositions 1.4-1.5 are proved in
Subsection 5.3. The last subsection is devoted to the proofs of some technical facts.

5.1 Preliminaries on f

The following result establishes the well-definition of f defined by (1.2). This function is introduced
in order to study problem (1.9) that defines the hull function h. Indeed, as we shall see in the next
subsection, this will allow to rewrite (1.9) in the “more readable” form (5.5) which can be solved
by the classical separation variable method.
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Lemma 5.1. (Well-definition and main properties of f)
Assume (H1) (i)-(v). Then, for each h € R, there ezists a unique real f(h) such that

F ([—g f(h)}j,h) = 0.

Moreover, the function f : R — R thus defined is C' and 1-periodic.

Proof. Step 1: well-definition of f. Let us define the function H = H(r,h) by
2

H(r,h) = F ([—% r]j,h) for (r,h) € R2.

For fixed h € R, consider the equation in r:

(5.1) H(r,h):F<[_§rr,h> = 0.

By (H1) (i) and (v), H € C'(R?) and satisfies:

oH i2 32 1" 5
(5.2) —-(rh) = - > SE\ |G| h)<-v<0 foral (rh) eR®
J

1<[i|<m
Equation (5.1) thus admits a unique solution r := f(h).

Step 2: 1-periodicity. The function H is in fact 1-periodic w.r.t. the h-variable, thanks to the
periodicity of F' in (H1) (ii). It follows that for all h € R, we have

H(f(h+1),h+1) =0=H(f(h),h) = H(f(h),h +1)
and the uniqueness of the solution to (5.1) implies that f(h+ 1) = f(h).

Step 3: regularity. By (5.2), the regularity result of the implicit function theorem implies
that f defined by (5.1) has (at least) the same regularity than H. We conclude that f € C'(R)
and complete the proof. O

Let us remark that, as a consequence of Lemma 5.1, the hull function solving (1.9), satisfies in

1
particular: h., + — f (h) = 0. In order to solve this equation by the separation variable method,
p

we have to introduce the function K = K(p) defined by the lemma below. This result also states
the main properties of K that will be needed for the qualitative study of G in Subsection 5.3.

Lemma 5.2. (Definition of F and K and main properties of K)
Assume (H1) and let F be the 1-periodic primitive of f with null mean. Then, for each p > 0,
there exists a unique real K(p) > maxF such that

1

1 dh
/o V2K(p) - F(h) »

Moreover, the function K : (0,00) — (max[F, 00) thus defined is analytic and satisfies:

p2

(5.4) K(p) ~poo -

We skip the details of the proof of Lemma 5.2 which is an elementary result.

(5.3)
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5.2 Proof of Proposition 1.3

We are now able to prove Proposition 1.3.

Proof of item (a). By Lemma 5.1, Problem (1.9) is equivalent to the following one: for all (z,p) €

R X (0700)7
hos(2,0) + 2 f(h(2,p)) = 0,
(5.5) h(z+1,p) = h(z,p) + 1,
| hz(z,p) > 07
h(oap) =0,

where f € C1(R) is 1-periodic with null mean. Let us solve this equation by the help of the
separation variable method.

Step 1: existence of the hull function. For (h,p) € R x (0,00), define

(5.6)

h dr
000~ || Ty

where K and F are defined in Lemma 5.2. Since K : (0, 00) — (max[F, o) is analytic and F € C?*(R),
we have ¢ € C3(R x (0,00)) with
99

(57) o)

_ p p
~ V2(K(p) — F(R)) = V2(K(p) — minTF)

For fixed p > 0, the function ¢(-,p) : R — R is thus invertible, C* and its inverse is also C?3, thanks
to the regularity result of the inverse function theorem. Let us denote this inverse by

(58) h(Z,p) = (QS('ap))il(Z)’

for each z € R, and let us prove that this function is solution to (5.5).
First, we have

(5.9) b — (%)‘1 _ Q(K(p;_ F(R)),

> 0.

in particular, }L—;p2 = K(p) — F(h) and derivating one time w.r.t. z, we get h..h.p*> + f(h)h, = 0.
Since (5.9) implies that h, is positive, we can divide this equation by h, to conclude that h satisfies
the ODE of (5.5).

Moreover, the 1-periodicity of F and (5.3) imply obviously that ¢(h + 1,p) = ¢(h,p) + 1 for all
real h. Taking the inverse, the function h defined in (5.8) satisfies:

h(z+1,p) = (¢(p) " (z+1) = (¢(-,p) "(z) + 1 = h(z,p) + 1

for all z € R, p > 0. Finally, we have already seen that h, > 0 and it is clear that h(0,p) = 0 for
all p > 0. Indeed, ¢(0,p) = 0 and it follows that h(0,p) = (é(-,p))~1(0) = 0. We conclude that h
is solution to (5.5) and a fortiori to (1.9).
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Step 2: uniqueness of the hull function. Assume that h is another solution. Then multiplying

~ 1~ 1 C
the first equation (1.9) by h, and integrating, we see that §(hz)2 + —F(h) = — and then
p p

/1 dﬁ B /1 %
0 \/2(C —F(h)) o P
which implies that C' = K (p) and then h = h.
Step 3: regularity of the hull function. For (h,p,z) € R x (0,00) x R, define ¢(h,p,z) :=
¢(h,p) — z. By (5.8), h(z,p) is the unique real that satisfies the equation
¥(h(z,p),p,2) = 0.

Moreover, 1 € C3(R x (0,00) x R) since ¢ is C3, and (5.7) implies that g—;f(h,p, z) = 8—¢(h,p) > 0.
By the regularity result of the implicit function theorem, we deduce that h € C3(R x (0,00)). The
proof of the item (a) of Proposition 1.3 is now complete. O

Proof of items (b) and (c). Let pg > 0 and My € R be fixed. We begin by rewriting equa-
tion (1.11) in the more “readable” form (5.10) below. To do this, observe that K defined by (1.10)
is positive, thanks to (H1) (v); since h? is also positive, the ODE in (1.11) is equivalent to

h? h?
AEZ = MyAR? + 7@ + hoshovs.

Using now that <%§vzz + hzzhzvz) = <h7§vz) , we see that (1.11) is equivalent to
z

(5.10) {A§ = MoAh2 + % ((h:)*:),,
o(z+1) = u(2).

We can now prove the existence and uniqueness of .

Step 1: uniqueness of A\. Assume that the equation above admits a solution v € C?(R). Then,
we can integrate (5.10) w.r.t. z € [0,1] and using the 1-periodicity of h,(-,pg) and of v, we get:

! hg(z,po)
0 K(Z,po)

This shows that there exists at most one A € R such that (5.10) admits a C? solution, and this A
is given by (5.11).

1
(5.11) A dz = Mo/ Az, po)hZ (2, po)dz.
0

Step 2: existence of A. Conversely, assume that A satisfies (5.11) and let us prove that (1.11)
has a solution. Define H = H(z) by

2 [ h? 9

By the regularity of h and assumption (H1) (i), A and K are at least C° w.r.t. z and so is H.
Let H = H(z) be a primitive of H such that

LH(z
(5.12) /0 %dz — 0.
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Let v = v(z) be a primitive of —, which is then 1-periodic. Since H is C°, v is C?. Moreover, by

H
h2’
construction, we see that v satisfies the ODE of (5.10).

Step 3: conclusion. To summarize, we have proved that (5.10) admits a solution iff (5.11) holds
true; since (5.11) is equivalent to (1.12), we have completed the proof of both items (b) and (c) of
Proposition 1.3. U

5.3 Qualitative properties of G

Let us now prove the properties of G in Propositions 1.4-1.5.

Proof of Propositions 1.4-1.5. The proof is based on the following decomposition for p > 0:

1 1
Jo 2A(2,p)hZ (2, p)dz and 1(p) = 1 [y h2(z,p)dz

fol h2(z,p)dz 2 fl };(((Zz’g)dz

(5.13)  G(p) == G(p)l(p) with G(p) :=

For the sake of clarity, the main properties of G will be stated and proved in the next subsection
(see Lemma 5.4).

Step 1: positivity and regularity. Recalling that K is positive by (H1) (v), we see that I is
positive. Therefore, Lemma 5.4 implies that G = GI is positive. Moreover, by the item (a) of
Proposition 1.3 and (1.12), it is clear that G € C°(0,00); notice that G is only C?, since F is
assumed to be only C' in (H1) (i). But, if F is C*¥*1, then G is C*. Indeed, the regularity result
of the implicit function theorem applied in Step 3 (resp. Step 1) of the proof of Lemma 5.1 (resp.
of the item (a) of Prop. 1.3), would imply that f is C**! (resp. that h is C*¥*3). Thus, A and K
would be at least C* and G also.

Step 2: limit as p — 0. Because of (H1)(i) we remark that

(5.14) M:= sup K < oo.
R X (0,00)

It follows that
2(
o<1 Mb M)z M
2 fo h2(z,p)dz 2
Since lim,_,0 G(p) = 0 by Lemma 5.4, we conclude that lim, .o G(p) = 0.

Step 3: limit as p — oo. Let us study the limits, as p — oo, of the different terms that define I.
First, it is clear that h..(z,p) — 0 as p — oo, uniformly in z € [0, 1]. Moreover, (5.9) and (5.4)
easily imply that limy, .o h.(0,p) = 1. The primitives h, of h,. then have to satisfy:

(5.15) h,(z,p) — 1, as p — oo, uniformly in z € [0,1].

Next, (5.15) and the initial condition h(0,p) = 0 imply that h(z,p) — z, as p — oo, uniformly
in z € [0,1]. Consequently, p?h..(z,p) = —f(h(z,p)) — —f(2) as p — oo, uniformly in z € [0, 1].
By the regularity of F' and (1.10), it is easy to deduce that

K(z,p) — K(z,00) as p — oo, uniformly in z € [0, 1],
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where

(5.16) K(z,00):= Y iZFi<[—j2@r,z>.

1<[i|<m

By (H1) (i) and (v), the limit function K(-,00) is still positive and continuous on R. Then,
min ;) K(+,00) =: v > 0, which implies that min,c(g 1) K(2,p) > /2 for p sufficiently large; in
particular, we get:

11
K(z,p)  K(z,0)

(5.17)

as p — oo, uniformly in z € [0, 1].

Passing finally to the limit under the integral signs that defines I'in (5.13), we deduce from (5.15)-
(5.17) that

1 1 -
lim I(p) =4 | ——dzt =1>0
i =3 wea 1
where [ is defined in (1.13). Since Lemma 5.4 states that lim, ..o G(p) = 1, we have proved that
limy, .. G(p) = L.

Step 4: analyticity and monotonicity for the classical FK model. For the classical FK model
(1.3), simple computations show that K (z,p) is constant equal to 2. Hence, = 1 and G = G. The
proof of the analyticity and monotonicity of G is then an immediate corollary of Lemma 5.4.

O
5.4 Technical results: properties of G.

Let us first prove the following technical lemma.

Lemma 5.3. For a € R andp > 0, define J%(p) := fol (2(K(p) —F(h)))* dh, where K(p) is defined
by (5.3). Then, J% is positive, analytic w.r.t. p >0 and fori € Z,

(5.18) (J2Y = iK' J7,

(5.19) J: o< I I iff#o,
1

(5.20) J3 < (J*%>3.

Proof. By Lemma 5.1, J% is analytic. Of course J is positive, since K > max[F. Moreover,
Equality (5.18) is an immediate consequence of the theorem of derivation under the integral sign.
To prove (5.19), we use Cauchy-Schwartz’s inequality. We have

it2 i—2

)T (2(K(p) —F(h))) 7 dh

i

dh x /0 (2K (p) —~ F(h)))'* dh,

142

)
K(p) —F(h))) =

1 i 1
/ (AK(p) — F(h)))sdh = / (2(K(p) — F(

0 0
(2

1
S /
0

h
(

27



which proves that J 3 <vJ Rl el But, these terms can not be equaled, because this would

imply that

vhe0.1], (2AK(p) - F(W)T = CRKp) ~F(h)T
for some constant C; since the primitive I of f is non-constant, it is clear that such an equality does
not hold true'. The same way, (5.20) follows by Holder’s inequality with exponents (p, q) = (3/2,3)
giving J 72 < (JO)%(J_%)% and the proof is complete. O

Lemma 5.4. Under (H1), G is analytic, positive and increasing on (0,00). Moreover, we have
lim, o G(p) = 0 and lim,_.., G(p) = 1.

Proof. Step 1: new formula for G. By the definitions of G and A in (5.13) and (1.10), simple
computations show that

d 1
R O X O 1 (L2 CoL) I )
fo h2(z,p)dz

fol h2(z,p)dz
where we set I := I(p) = fol h%(z,p)dz.
1
Note that equation (5.9) implies that I(p) = fol %\/Q(K(p) —F(h(z,p)) h.(z,p)dz = I2(@)

where the powers J¢ are defined and studied in Lemma 5.3.

Let us compute I’. By (5.18), it follows that I’ = K ‘I];
thus gives

(5.21) G=G(p)=1+p

1
2

1 Y
— }7)_2 =i 2 }—.{. Equation (5.21)

1 1
J 2 | — pK' J"2
I g

But (5.3) implies that J7z = %. Since (Jfé)’ = —K' J~2, we deduce that

hence, we get the following formula on G:

N2
(%)
5.23 G=—~+—%4-.
(5.23) J2.J"2
Step 2: positivity and analyticity of G. By (5.23) and Lemma 5.3 below, it is readily seen that
G is positive and analytic w.r.t. p.

Step 3: monotonicity of G. To compute G’, we simply have to derivate (5.23). Using (5.18),
we leave it to the reader to verify that this leads to the following formula:

)
(529 S Js (J—%>2 - (J%) 2J"3 7 Jz

'"Excepted in the trivial case f = 0, which is not interesting in our settings.
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On denoting the three terms in brackets by I, I and I3, we get G’ = K'(3I; — I — 2I3). Let us
prove that I; > I and I; > I3, thus concluding the positivity of G’, since K’ is positive by (5.22)
and Lemma 5.3. To establish that I; > Is, we have to prove that

-

which is equivalent to J72 J°2 < J°3 Ji. But (5.19) implies that J2<VJEJ 2 and 7 <
V2 J7s. Taking the product, we get the result.
2
The same way, I > I3 is equivalent to <J_%) < J_%J_%, which is already given by (5.19).

Step 4: limits as p — 0,00. By (5.4), we see that J%(p) ~p—oc p*“. By (5.23), we deduce that
lim, . G(p) = 1. To compute the limit as p — 0, remark first that

1
Jz > / V2(maxF — F(h))dh =: Cy > 0.
0

[un

Next, recall that (5.3) implies J 2 = %. By (5.20), we get: (J7%>§ > %. Finally, we deduce

from (5.23) that G(p) < & and thus lim;, .o G(p) = 0. The proof of Lemma 5.4 is complete. ~ [J
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