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Machine Learning & Physical Systems
Many physical systems have very high-dimensional state spaces, are governed
by a very large number of ODE’s (or SDE’s), which make them di�cult to
analyze. Homogenization, mean-field approximation, renormalization theory
etc...are techniques to simplify such systems.

Physical systems with high-dimensional state spaces (e.g. many-particle sys-
tems) may exhibit behavior that is complex and high dimensional. Can Machine
Learning help extract useful reductions?

Challenges for ML: learning principles that transfer across physical systems;
incorporate existing physical knowledge or constraints.
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Two stories

From https://www.youtube.com/watch?v=bb9ZTbYGRdc

Learning interaction kernels of agent-based systems. Given trajectories
of a system of interacting agents, that may exhibit emergent behavior (e.g.
flocking), can we learn interaction kernels, in a flexible non-parametric fashion,
without being cursed by the high dimension of the state space?

Model reduction for stochastic processes (di↵usions and Lengevin dy-
namics) on manifolds. Given the ability of sampling inital conditions and
short paths, learn a stochastic process on a manifold (with both the process and
the manifold being unknown) that approximates the original not only at short
time scales, but also at long time scales. Combination of manifold learning and
learning of SDE’s.
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Many physical systems have very high-dimensional state spaces, are governed
by a very large number of ODE’s (or SDE’s), which make them di�cult to
analyze. Homogenization, mean-field approximation, renormalization theory
etc...are techniques to simplify such systems.

Noise, stochasticity, ergodicity, separation of time scales, multiscale character-
istics help.

Wide variety of applications, from weather and atmosphere modeling, to molec-
ular dynamics, to quantum control

Model Reduction
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High dimensional state
space

Low intrinsic dimension

Small time steps

Non-Euclidean distance
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Model Reduction
Problem: given observations of the system (Xt)t�0 ✓ RD

, whose trajectories

are determined by an unknown system S of ODE’s (or SDE’s) construct a map

' : RD ! Rd
, a system eS in Rd

such that trajectories (X̃t)t�0 of eS, when lifted

by '�1
, are “close” to those of S.
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(Partial) list of obstructions

Curse of dimensionality: estimation is di�cult in D dimensions, for D large.
E.g. to approximate a Lip 1 function f on the unit cube [0, 1]D to accuracy ✏

one needs at least O(1) points in each little cube of size ✏, and there O(✏�D)
such (disjoint) cubes.

Assumption: “important aspects” of the dynamics, at least at time scales not
too small, are captured by a low-dimensional subspace/manifold in the state
space. Think: attractors, inertial manifolds...  
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RD

Rd

(Xt)t�0

(X̃t)t�0

S

eS
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· High-dimension D of state space.

· Complex dynamics.

· Metastability.

· Roughness.



· High-dimension D of state space.

· Complex dynamics.

· Metastability.

· Roughness.

(Partial) list of obstructions

Dynamics may be complex, chaotic, highly dependent on initial conditions. In
that case even simulating the original system S is hard, except perhaps for very
short times.

Goal: interested in smooth, large time averages and functionals.



· High-dimension D of state space.

· Complex dynamics.

· Metastability.

· Roughness.

(Partial) list of obstructions

Figure 16: Left: Potential for three well example. Right: � = 0.2 net overlaid. Circles represent net points,
black lines represent connections between net points.

smooth. For larger values of �, the macroscale features of the system begin to wash out, and the two wells
merge into one.

5.3 Two Dimensional Example

5.3.1 Smooth Potential

In this example, consider the 2-d potential well U2(x) shown below.
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The stationary distribution is a mixture of Gaussians given by exp(�U2/2). There are three clearly defined
minima near p1, p2, p3. The parameters of the problem were chosen in such a way that the transition regions
between wells lie on di↵erent level sets of the potential (see figure 16).

We will see a simulator which approximates the process Xt given by

dXt = �rU2(Xt)dt+ dBt. (78)

Figure 17 shows a sample trajectory of the process Xt using a simple Euler-Maruyama scheme with
timestep 0.005. This is the simulator given to the ATLAS algorithm. The initial point set we use is a grid
spaced by 0.01, discarding points with U2(x) � 10. Figure 16 shows an example net for � = 0.2.

When generating the ATLAS in this example, we use p = 10, 000, t0 = �
2, �t = t0/5. Again the number

of landmarks does not matter since LMDS will return the exact result (up to machine precision) every time.
Next for each of 10 randomly chosen starting locations we run 10,000 paths from each simulator. Then we
compare them using a common coarse grained net with �c = 0.2 as in section 5.1. The output is shown in
figure 18. Again we notice that the errors are small for all times, including the range of timescales where
transitions occur.

In order to calculate transition times, we must first define the regions of interest. Region i will be a ball
of radius 1/4 around pi. We will use these same regions for future examples stemming from this potential
well. For a comparison of the transition times, see figure 19.
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Figure 17: Sample trajectory for three well example
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Figure 18: Comparison of ATLAS’s with original simulator in the smooth three well potential from example
5.3.1.
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Figure 19: Comparing transition times in example 5.3.1
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System S trapped for long times before
transitioning to di↵erent metastable states.

Goal: make S 0 really fast to simulate.



· High-dimension D of state space.

· Complex dynamics.

· Metastability.

· Roughness.
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1-d Example

Brownian motion in potential well

Ẋt = �rU(Xt) + Ẇt

Potential Well Sample Trajectory
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1-d Example

Brownian motion in potential well

Ẋt = �rU(Xt) + Ẇt

Potential Well Sample Trajectory
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Roughness forces small times in simulator
unless implicit schemes (expensive) are used.

Goal: (empirical) homogenization above
fine time scales can help.

source: IPAM



The dynamics of a small peptide (12 atoms with H-atoms removed) in a bath of
water molecules, is approximated by a Langevin system of stochastic equations

ẋ = �rU(x) + ẇ

The set of configurations is a point cloud in R12⇥3.

�

 

Example: Molecular Dynamics

R36

�

M. Rohrdanz, W. Zheng, MM,  
C. Clementi, Journ. Chem. Phys.

'3
<latexit sha1_base64="Qssgn0FWna1CtlRAoyWPzcSBD/4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LLaCp5LUgwoeCl48VjBaSEPZbDft0s1u2N0USujP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKa+sbm1vl7crO7t7+QfXw6FHLTBHqE8ml6kRYU84E9Q0znHZSRXEScfoUjW5n/tOYKs2keDCTlIYJHggWM4KNlYJ6d4xVOmS9i3qvWnMb7hxolXgFqUGBdq/61e1LkiVUGMKx1oHnpibMsTKMcDqtdDNNU0xGeEADSwVOqA7z+clTdGaVPoqlsiUMmqu/J3KcaD1JItuZYDPUy95M/M8LMhNfhTkTaWaoIItFccaRkWj2P+ozRYnhE0swUczeisgQK0yMTaliQ/CWX14lfrNx3fDum7XWTZFGGU7gFM7Bg0towR20wQcCEp7hFd4c47w4787HorXkFDPH8AfO5w/NPpB0</latexit><latexit sha1_base64="Qssgn0FWna1CtlRAoyWPzcSBD/4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LLaCp5LUgwoeCl48VjBaSEPZbDft0s1u2N0USujP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKa+sbm1vl7crO7t7+QfXw6FHLTBHqE8ml6kRYU84E9Q0znHZSRXEScfoUjW5n/tOYKs2keDCTlIYJHggWM4KNlYJ6d4xVOmS9i3qvWnMb7hxolXgFqUGBdq/61e1LkiVUGMKx1oHnpibMsTKMcDqtdDNNU0xGeEADSwVOqA7z+clTdGaVPoqlsiUMmqu/J3KcaD1JItuZYDPUy95M/M8LMhNfhTkTaWaoIItFccaRkWj2P+ozRYnhE0swUczeisgQK0yMTaliQ/CWX14lfrNx3fDum7XWTZFGGU7gFM7Bg0towR20wQcCEp7hFd4c47w4787HorXkFDPH8AfO5w/NPpB0</latexit><latexit sha1_base64="Qssgn0FWna1CtlRAoyWPzcSBD/4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LLaCp5LUgwoeCl48VjBaSEPZbDft0s1u2N0USujP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKa+sbm1vl7crO7t7+QfXw6FHLTBHqE8ml6kRYU84E9Q0znHZSRXEScfoUjW5n/tOYKs2keDCTlIYJHggWM4KNlYJ6d4xVOmS9i3qvWnMb7hxolXgFqUGBdq/61e1LkiVUGMKx1oHnpibMsTKMcDqtdDNNU0xGeEADSwVOqA7z+clTdGaVPoqlsiUMmqu/J3KcaD1JItuZYDPUy95M/M8LMhNfhTkTaWaoIItFccaRkWj2P+ozRYnhE0swUczeisgQK0yMTaliQ/CWX14lfrNx3fDum7XWTZFGGU7gFM7Bg0towR20wQcCEp7hFd4c47w4787HorXkFDPH8AfO5w/NPpB0</latexit><latexit sha1_base64="Qssgn0FWna1CtlRAoyWPzcSBD/4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LLaCp5LUgwoeCl48VjBaSEPZbDft0s1u2N0USujP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKa+sbm1vl7crO7t7+QfXw6FHLTBHqE8ml6kRYU84E9Q0znHZSRXEScfoUjW5n/tOYKs2keDCTlIYJHggWM4KNlYJ6d4xVOmS9i3qvWnMb7hxolXgFqUGBdq/61e1LkiVUGMKx1oHnpibMsTKMcDqtdDNNU0xGeEADSwVOqA7z+clTdGaVPoqlsiUMmqu/J3KcaD1JItuZYDPUy95M/M8LMhNfhTkTaWaoIItFccaRkWj2P+ozRYnhE0swUczeisgQK0yMTaliQ/CWX14lfrNx3fDum7XWTZFGGU7gFM7Bg0towR20wQcCEp7hFd4c47w4787HorXkFDPH8AfO5w/NPpB0</latexit>

'2
<latexit sha1_base64="iRZKS57G2by5JJvFyIAjFpYxuqw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ooKHghePFYwtpKFstpt26WY37E4KJfRnePGg4tV/481/47bNQVsfDDzem2FmXpQKbsB1v53SxubW9k55t7K3f3B4VD0+eTIq05T5VAmluxExTHDJfOAgWDfVjCSRYJ1ofDf3OxOmDVfyEaYpCxMylDzmlICVgnpvQnQ64v1mvV+tuQ13AbxOvILUUIF2v/rVGyiaJUwCFcSYwHNTCHOigVPBZpVeZlhK6JgMWWCpJAkzYb44eYYvrDLAsdK2JOCF+nsiJ4kx0ySynQmBkVn15uJ/XpBBfB3mXKYZMEmXi+JMYFB4/j8ecM0oiKklhGpub8V0RDShYFOq2BC81ZfXid9s3DS8h2atdVukUUZn6BxdIg9doRa6R23kI4oUekav6M0B58V5dz6WrSWnmDlFf+B8/gDLupBz</latexit><latexit sha1_base64="iRZKS57G2by5JJvFyIAjFpYxuqw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ooKHghePFYwtpKFstpt26WY37E4KJfRnePGg4tV/481/47bNQVsfDDzem2FmXpQKbsB1v53SxubW9k55t7K3f3B4VD0+eTIq05T5VAmluxExTHDJfOAgWDfVjCSRYJ1ofDf3OxOmDVfyEaYpCxMylDzmlICVgnpvQnQ64v1mvV+tuQ13AbxOvILUUIF2v/rVGyiaJUwCFcSYwHNTCHOigVPBZpVeZlhK6JgMWWCpJAkzYb44eYYvrDLAsdK2JOCF+nsiJ4kx0ySynQmBkVn15uJ/XpBBfB3mXKYZMEmXi+JMYFB4/j8ecM0oiKklhGpub8V0RDShYFOq2BC81ZfXid9s3DS8h2atdVukUUZn6BxdIg9doRa6R23kI4oUekav6M0B58V5dz6WrSWnmDlFf+B8/gDLupBz</latexit><latexit sha1_base64="iRZKS57G2by5JJvFyIAjFpYxuqw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ooKHghePFYwtpKFstpt26WY37E4KJfRnePGg4tV/481/47bNQVsfDDzem2FmXpQKbsB1v53SxubW9k55t7K3f3B4VD0+eTIq05T5VAmluxExTHDJfOAgWDfVjCSRYJ1ofDf3OxOmDVfyEaYpCxMylDzmlICVgnpvQnQ64v1mvV+tuQ13AbxOvILUUIF2v/rVGyiaJUwCFcSYwHNTCHOigVPBZpVeZlhK6JgMWWCpJAkzYb44eYYvrDLAsdK2JOCF+nsiJ4kx0ySynQmBkVn15uJ/XpBBfB3mXKYZMEmXi+JMYFB4/j8ecM0oiKklhGpub8V0RDShYFOq2BC81ZfXid9s3DS8h2atdVukUUZn6BxdIg9doRa6R23kI4oUekav6M0B58V5dz6WrSWnmDlFf+B8/gDLupBz</latexit><latexit sha1_base64="iRZKS57G2by5JJvFyIAjFpYxuqw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LLaCp5L0ooKHghePFYwtpKFstpt26WY37E4KJfRnePGg4tV/481/47bNQVsfDDzem2FmXpQKbsB1v53SxubW9k55t7K3f3B4VD0+eTIq05T5VAmluxExTHDJfOAgWDfVjCSRYJ1ofDf3OxOmDVfyEaYpCxMylDzmlICVgnpvQnQ64v1mvV+tuQ13AbxOvILUUIF2v/rVGyiaJUwCFcSYwHNTCHOigVPBZpVeZlhK6JgMWWCpJAkzYb44eYYvrDLAsdK2JOCF+nsiJ4kx0ySynQmBkVn15uJ/XpBBfB3mXKYZMEmXi+JMYFB4/j8ecM0oiKklhGpub8V0RDShYFOq2BC81ZfXid9s3DS8h2atdVukUUZn6BxdIg9doRa6R23kI4oUekav6M0B58V5dz6WrSWnmDlFf+B8/gDLupBz</latexit>

'4
<latexit sha1_base64="VTfcfGHxriYvHhxJ8TN3grPqobI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQQUPBS8eKxgtpKFstpt26WY37G4KJfRnePGg4tV/481/47bNQVsfDDzem2FmXpRypo3rfjultfWNza3ydmVnd2//oHp49Khlpgj1ieRSdSKsKWeC+oYZTjupojiJOH2KRrcz/2lMlWZSPJhJSsMEDwSLGcHGSkG9O8YqHbLeRb1XrbkNdw60SryC1KBAu1f96vYlyRIqDOFY68BzUxPmWBlGOJ1WupmmKSYjPKCBpQInVIf5/OQpOrNKH8VS2RIGzdXfEzlOtJ4kke1MsBnqZW8m/ucFmYmvwpyJNDNUkMWiOOPISDT7H/WZosTwiSWYKGZvRWSIFSbGplSxIXjLL68Sv9m4bnj3zVrrpkijDCdwCufgwSW04A7a4AMBCc/wCm+OcV6cd+dj0Vpyiplj+APn8wfOwpB1</latexit><latexit sha1_base64="VTfcfGHxriYvHhxJ8TN3grPqobI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQQUPBS8eKxgtpKFstpt26WY37G4KJfRnePGg4tV/481/47bNQVsfDDzem2FmXpRypo3rfjultfWNza3ydmVnd2//oHp49Khlpgj1ieRSdSKsKWeC+oYZTjupojiJOH2KRrcz/2lMlWZSPJhJSsMEDwSLGcHGSkG9O8YqHbLeRb1XrbkNdw60SryC1KBAu1f96vYlyRIqDOFY68BzUxPmWBlGOJ1WupmmKSYjPKCBpQInVIf5/OQpOrNKH8VS2RIGzdXfEzlOtJ4kke1MsBnqZW8m/ucFmYmvwpyJNDNUkMWiOOPISDT7H/WZosTwiSWYKGZvRWSIFSbGplSxIXjLL68Sv9m4bnj3zVrrpkijDCdwCufgwSW04A7a4AMBCc/wCm+OcV6cd+dj0Vpyiplj+APn8wfOwpB1</latexit><latexit sha1_base64="VTfcfGHxriYvHhxJ8TN3grPqobI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQQUPBS8eKxgtpKFstpt26WY37G4KJfRnePGg4tV/481/47bNQVsfDDzem2FmXpRypo3rfjultfWNza3ydmVnd2//oHp49Khlpgj1ieRSdSKsKWeC+oYZTjupojiJOH2KRrcz/2lMlWZSPJhJSsMEDwSLGcHGSkG9O8YqHbLeRb1XrbkNdw60SryC1KBAu1f96vYlyRIqDOFY68BzUxPmWBlGOJ1WupmmKSYjPKCBpQInVIf5/OQpOrNKH8VS2RIGzdXfEzlOtJ4kke1MsBnqZW8m/ucFmYmvwpyJNDNUkMWiOOPISDT7H/WZosTwiSWYKGZvRWSIFSbGplSxIXjLL68Sv9m4bnj3zVrrpkijDCdwCufgwSW04A7a4AMBCc/wCm+OcV6cd+dj0Vpyiplj+APn8wfOwpB1</latexit><latexit sha1_base64="VTfcfGHxriYvHhxJ8TN3grPqobI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQQUPBS8eKxgtpKFstpt26WY37G4KJfRnePGg4tV/481/47bNQVsfDDzem2FmXpRypo3rfjultfWNza3ydmVnd2//oHp49Khlpgj1ieRSdSKsKWeC+oYZTjupojiJOH2KRrcz/2lMlWZSPJhJSsMEDwSLGcHGSkG9O8YqHbLeRb1XrbkNdw60SryC1KBAu1f96vYlyRIqDOFY68BzUxPmWBlGOJ1WupmmKSYjPKCBpQInVIf5/OQpOrNKH8VS2RIGzdXfEzlOtJ4kke1MsBnqZW8m/ucFmYmvwpyJNDNUkMWiOOPISDT7H/WZosTwiSWYKGZvRWSIFSbGplSxIXjLL68Sv9m4bnj3zVrrpkijDCdwCufgwSW04A7a4AMBCc/wCm+OcV6cd+dj0Vpyiplj+APn8wfOwpB1</latexit>



Molecular Dynamics data for Alanine 

Slowest mode

Other slow 
 modes

Given simulated data, for very long 
trajectories, we construct an empirical 
approximation to the generator of the 
Fokker-P lanck, and compute i ts 
eigenvalues/vectors to obtain a low-
dimensional embedding and reaction 
coordinates.
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rate =
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barrier
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D(x)
dx
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G. Hummer, 2005

Reduced model with reasonably 
good rates

R. Coifman, S. Lafon, MM, B. Nadler, Y. Kevrekidis, PNAS, JMMS, ACHA

the full details.

For a system with N atoms, with a given potential energy function E(x), at constant

temperature T , and in the limit of high friction, the Fokker-Planck equation governs the

temporal evolution of the probability distribution p(x, t) at any configuration x ∈ R3N of

the system:

∂p

∂t
= −

3N
∑

i

∂

∂xi

(

1

β

∂

∂xi
+

∂E

∂xi

)

p = −HFPp, (1)

where β = 1/(kBT ), kB is Boltzmann’s constant, and t is the time variable. Under

rather general conditions, the operator HFP, which acts on an infinite-dimensional space

of probability distributions, has a discrete eigenspectrum of non-negative eigenvalues λi,

with λ0 = 0 < λ1 ≤ λ2 ≤ . . . , and corresponding eigenfunctions φi(x). Formally (and

rigorously in an appropriate metric that depends on various assumptions about HFP), the

general solution of the Fokker-Planck equation is:

p(x, t) = φ0(x) +
∞

∑

i=1

ciφi(x)e−λit (2)

where the coefficients ci are determined by the initial distribution p(x, t = 0). The eigen-

function φ0(x) is the Boltzmann distribution, approached by any initial distribution when

t ≫ 1/λ1.

For systems with one (or a few) slow process(es) dominating the dynamics (such as the

crossing of a free energy barrier), the eigenspectrum will present a gap; i.e. λk+1 ≫ λk

for some k, and the evolution of the probability distribution toward equilibrium may be

approximated as the first k terms of the general solution,

p(x, t) = φ0(x) +
k

∑

i=1

ciφi(x)e−λit, (3)

at least at time scales t ≫ 1/λk+1. In these situations it has been shown that φi(x)/φ0(x),

which are eigenfunctions of the backward Fokker-Planck operator,28 serve as collective coor-

dinates in the sense that their time evolution is approximately Markovian and independent

of the remaining degrees of freedom. These are the diffusion coordinates, and the diffusion

map is the nonlinear mapping from the space of molecular configurations to the diffusion

coordinate space.

An efficient numerical method to approximate these first few eigenfunctions and associ-

ated eigenvalues using samples of the equilibrium distribution has been recently proposed.23

4

FIG. 2: Top: Free energy of alanine dipeptide as a function of the first and second diffusion

coordinates. Bottom: Free energy profile along the first diffusion coordinate. The

Kramers rate along 1stDC is shown in Table I.

24
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Learning a Reduced Model

Complex, expensive simulator, 
at very fine (time)scale

Simple, fast simulator, accurate 
at coarse/long (time)scale

- Stochastic systems of interest: high dimensional, ergodic, well-approximated  
by first order Langevin equations on a low-dimensional manifold, at least at a 
certain time/spatial scale. 

- Examples may include MCMC samplers, systems with fast variables, 
molecular dynamics. 

- Given: ability to sample the effective state space; ability to obtain short paths 
from a given initial condition; a spatial scale parameter for homogenization, 

- Output: a fast simulator of the system, with large time guarantees.



Objectives
Given:

(i) ability to sample from some measure µ0 on M

(ii) ability to call a stochastic simulator for the system S concentrated around
a manifold M of dimension d

(iii) parameter � > 0 representing the smallest spatial scale of interest

(iv) distance function d on the state space

Return:

(i) a fast, continuos-time and continuous-space simulator (ATLAS) with ac-
curacy at scale � and and with accuracy Õ(�) for large times

(ii) ATLAS is constructed using O(d/�4) paths of length O(�) from S, col-
lected in parallel, starting at O(��d) locations sampled according to µ0

(iii) e�cient storage mechanism for all paths

Assumption: SDE (Ito di↵usion) on manifold M
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Large time guarantees
Theorem [M. Crosskey, MM]. Let M be a closed compact manifold, and sup-
pose Xt is a stochastic process on M satisfying

dXt = b(Xt)dt+ ⌃(Xt)dBt

with b,⌃ Lipschitz, and ⌃ uniformly elliptic on M. Let q the density of the
stationary measure of Xt. Let � > 0 be small enough, and ⌧ > 0. By collecting
p > (⌧2 + d)��4 paths of length O(�) from each of O(��d) initial conditions
sampled from µ0, ATLAS returns a stochastic process X̂t which has, with prob-
ability at least 1�2e�⌧2

, the following properties. X̂t has a stationary measure,
with density q̂, such that

TV (dq,��1
# (dq̂))  C� log(1/�) .
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Sketch of construction

; M unknown, we use only samples.
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Dividing the space: �-net

Given �, find {yk} such that:

�/2 balls around {yk} do
not intersect.

� balls around {yk} cover
the state space.

yk neighbors yj if
|yk � yj | < 2�.
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Sketch of construction

; M unknown, we use only samples.
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Sketch of construction

; M unknown, we use only samples.
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Sketch of construction

; M unknown, we use only samples.
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; M unknown, we use only samples.
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Sketch of construction

; M unknown, we use only samples.
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Large time guarantees
Theorem [M. Crosskey, MM]. Let M be a closed compact manifold, and sup-
pose Xt is a stochastic process on M satisfying

dXt = b(Xt)dt+ ⌃(Xt)dBt

with b,⌃ Lipschitz, and ⌃ uniformly elliptic on M. Let q the density of the
stationary measure of Xt. Let � > 0 be small enough, and ⌧ > 0. By collecting
p > (⌧2 + d)��4 paths of length O(�) from each of O(��d) initial conditions
sampled from µ0, ATLAS returns a stochastic process X̂t which has, with prob-
ability at least 1�2e�⌧2

, the following properties. X̂t has a stationary measure,
with density q̂, such that

TV (dq,��1
# (dq̂))  C� log(1/�) .
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Figure 20: Comparison of original simulator with the ATLAS (� = 0.2) in the rough three well potential
from example 5.3.2.

5.3.2 Rough Potential

In the next example we take U2(x) and add a fast oscillating component to simulate small scale interactions
as in example 5.2.2. The new potential well is

V2(x) = U2(x) +
1

6
cos(100⇡x1) +

1

6
cos(100⇡x2). (79)

And again see a simulator which approximates the process Xt.

dXt = �rV2(Xt)dt+ dBt (80)

As a result of the high frequency oscillations, the the timesteps will be of size 0.00005. This example will
show that our algorithm is robust to fast oscillations of the potential even in a more complicated system. In
this example we will again avoid using evenly spaced points as input, and run the grid points through the
simulator for a short time t = 0.01. These are samples we could obtain from running the original simulator
for a long time, or using some kind of fast exploration technique. Again, the distribution of this point set is
irrelevant as long as there are no holes of size �.

For this system we will use � = 0.2 which will return � nets with ⇡ 230 net points. We will again use use
p = 10, 000, t0 = �

2, �t = t0/5 for consistency, even though p could be chosen smaller (since � is larger).
Again, the timestep of the ATLAS is �t = 0.004 which is over 100 times larger than the timesteps of the
original simulator, and thus the ATLAS runs about 100 times faster. For the simulator comparison with
this example see figure 20. Define the regions the same as in example 5.3.1. To see the transition times, see
figure 21.

5.4 Random Walk on Images

Next we will embed the two dimensional three well examples from sections 5.3.1 and 5.3.2 into D = 12, 500
dimensions. The high dimensional embedding is given by the following algorithm given a two dimensional
point x:
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Figure 21: Comparing transition times in example 5.3.2

1. Generate a mesh {zj} on [�1.5, 3.5]⇥ [�1.5, 2.5] with evenly spaced grid points and spacing 0.04.

2. The output vector v at position j is 1 if |zj � x| < 1/2 and 0 otherwise.

See figure 22 for an example image generated by this algorithm run on the point (0, 0). The natural
distance to use in this space is the hamming distance, which counts the number of di↵erent entries. It
induces a norm, which we call ||v||1 since this is the same as the 1-norm of the vector on RD. Given a binary
vector v, we can write the ”inverse“ ex

ex = ||v||�1
1

X

j

vjzj (81)

This just averages the positions of the pixels {zj}, which should roughly return the center of the circle in
the image. Any two dimensional simulator now can be mapped to a simulator on RD in the following way:

1. Given input v 2 RD and a time t0, calculate the two dimensional point ex from the approximate inverse
mapping.

2. Run the 2-d simulator for time t0 with initial condition x0 = ex.

3. Take the output of the simulator, Xt0 and map it to RD with the high dimensional embedding.

Next, we rescale the distance function by the constant (0.04)2/2 so that the new norm is locally equivalent
to the original distance. In so doing, we can continue using values of � that made sense to us in the original
space. This high dimensional mapping is nontrivial, and all the possible vectors v we could see span the
entire 12, 500 dimensional space. The space can be locally approximated by a 2-d plane for a ball of radius
r < 1/2, and so we expect the ATLAS to find the appropriate local spaces to estimate the dynamics.

5.4.1 Smooth Potential

First we will apply the high dimensional mapping to the simulator with smooth potential well U2 from
example 5.3.1. Next we start with a set of points in RD which cover the known state space (the same covering
set from before only mapped to RD). The ATLAS algorithm is given the rescaled hamming distance function
for computing distances between vectors, and it is given the simulator which takes points in RD and a time
t0 and returns points in RD. Because distances are now 12, 500 times more expensive to compute, for this
example we set p = 1000 and m = 20 landmarks per point. Again keep t0 = �

2 and �t0 = t/5.
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Figure 24: Comparing transition times in example 5.4.1
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Figure 25: Comparison of the ATLAS � = 0.2 with original simulator for example 5.4.2.

After constructing multiple ATLAS’s for varying values of �, we find that the distributions are well
approximating the original given simulator. See figure 23 for details. The small number of samples, along
with the width of the pixels limits the accuracy for small values of �. In fact we can see that � = 0.05
returns a simulator which is worse than � = 0.1. Define the regions the same as in example 5.3.1. To see the
transition times, see figure 24.

5.4.2 Rough Potential

In the next example of this paper, we will apply the high dimensional transformation to the rough potential
well V2 from example 5.3.2. Again, we give the algorithm the same set of initial points from example 5.3.2
mapped to RD along with the simulator using V2 embedded in high dimensions. In this example we use
� = 0.2, p = 2000, m = 40, t0 = �

2 and �t = t0/5. Again the simulation timescale of the local simulator is
100 times larger than that of the original simulator. The ATLAS has a running time which depends only on
the local dimensionality of the system, and so the ambient dimension only enters in the construction phase.
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Figure 26: Comparing transition times in example 5.4.2

Function Simulator

f = S(f)

% simulate Brownian bridge

W = cumsum(randn(1,100))
W = W �W (1)
W = W � x ⇤W (100)

% Add bridge to f, smooth and renormalize

f = f + (1/100) ⇤W
f = smooth(f)
f = f ⇤ (fnorm/norm(f))

Figure 27: Pseudocode for a single step of the simulator used in example 5.5. fnorm is a fixed constant equal
to the norm of sin(⇡x). The function smooth is MATLAB’s default smoothing algorithm.

After simulating 10, 000 paths for each of 10 di↵erent initial conditions, we can test the simulator error
(see figure 25). Because running the original simulator is very expensive for this system, we used the same
original simulator samples (mapped to RD) for comparison as in figure 20. Define the regions the same as
in example 5.3.1. To see the transition times, see figure 26.

5.5 Random walk on Functions

In this example, we are given a dynamical system in the form of a random walk on functions on [0, 1]
with endpoints fixed at zero. These functions are represented by values on a grid of 100 evenly spaced
points (including the ends). Typical functions seen as output from the simulator are shown in figure 28.
The distance we will use is euclidean distance in R100, rescaled by 1/100 to approximate the L

2 distance on
functions. A single step of the simulator is done by adding a Brownian path fixed at the endpoints, then
smoothing the result and renormalizing. The pseudocode is shown in figure 27.

This behavior of this system in characterized by large dwelling times near the smoothest functions (f1
and f2 from figure 28) with rare transitions (103�104 steps) across functions like that of f3 in figure 28. The
three constraints f(0) = 0, f(1) = 0, ||f || = ||f0|| force the functions to live on S

97, a 97 dimensional sphere
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Figure 33: Comparing transition times in example 5.5

regions see figure 33. Notice that the rates of transition between states are accurate, but the comparison is
not very accurate for intermediate times. This is because the speed at which the system travels around the
limit cycles is not well approximated.

6 Extensions and Discussion

There are many open problems related to this work, some of which we mention here.
Theorem 4.1 reveals that the local learning algorithm works well on compact SDEs with Lipschitz drift

and di↵usion. We consider only bounded domains in the proof to make thing simpler, although the same
framework can be applied to the unbounded case with tight transition density. In this case, one has to
worry about parts of the space which are unexplored, but seldomly reached. Indeed we see that some of our
examples have unbounded state spaces, and the algorithm performs as desired.

The framework we introduced may be generalized to richer families of local simulators, enabling the
approximation of larger classes of stochastic systems. Proving large time accuracy may be di�cult for such
systems, so it is an open problem how much one is allowed to change these local simulators. Many molecular
dynamics (MD) systems remember the velocity of atoms and so do not follow an SDE of the form (14) which
is memoryless. A subject of ongoing research is to use more complex models locally to be able to capture
dynamics of typical MD systems.

Another subject of future work is e�cient computation of the function G, which is the inverse MDS
mapping. In some cases, such as when ⇢ is the root mean square distance (RMSD), it is possible to create
an inverse mapping which has error of order �2 instead of order �.

Using the ATLAS as a basis for generating samples from the stationary distribution is useful for quickly
computing di↵usion maps for these systems. A subject of interest is to understand how the errors made by
the ATLAS propagate through di↵usion maps. How similar do di↵usion maps look generated by samples
from the ATLAS as compared to di↵usion maps generated directly from the original simulator?

In some problems, choosing � and t0 is di�cult. Another subject of ongoing research is a robust way of
choosing these parameters based on short simulations. For simplicity in this paper we have assumed that �
and t0 is constant for each k 2 �, but it is possible to have these parameters depend on the location yk (and
perhaps statistics of short sample paths).

Last but not least, this construction as described here still requires a large number of steps to sample rare
events and reach stationarity, i.e. it does not address the problem of accelerating the sampling of rare events
or overcoming energy barriers. In many important applications, e.g. molecular dynamics, such barriers force
the simulations to be extremely long (e.g. 1012 � 1014 time-steps is common). The point of this work is
to produce a simulator that is much faster (in real world time) than the original fine scale simulator. It is
important to note that any of the many techniques developed over the years to attempt to overcome this
problem may be used in conjunction with our construction, i.e. it can be run on our ATLAS, instead of the
original expensive fine scale simulator. This yields a double gain in simulation speed, combining the gains
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Conclusions
ATLAS  
- decouples the ability of sampling in any way from interesting 

regions from the ability of getting a reduced model 
- learns locally and in parallel model reduction by sampling short 

paths 
- learns maps to stitch together the local models 
- reduced simulator has correct large-time statistics (guaranteed 

for stationary distribution) 

Extensions: 
- Multiscale: choose scale and dimension adaptively. 
- Fully online mode with exploration 
- Molecular Dynamics 
- Generalize theory to other large-time functionals [transition rates 

and beyond], and other notions of closeness in path space. 
- Hypoellipticity (e.g. second order Langevin); non-time-

homogeneous systems, MCMC

This is a NUMERICAL SCHEME. It 
exploits structure in the equations that 
is not exploited by any other 
numerical scheme.



Two stories

From https://www.youtube.com/watch?v=bb9ZTbYGRdc

Learning interaction kernels of agent-based systems. Given trajectories
of a system of interacting agents, that may exhibit emergent behavior (e.g.
flocking), can we learn interaction kernels, in a flexible non-parametric fashion,
without being cursed by the high dimension of the state space?

Model reduction for stochastic processes (di↵usions and Lengevin dy-
namics) on manifolds. Given the ability of sampling inital conditions and
short paths, learn a stochastic process on a manifold (with both the process and
the manifold being unknown) that approximates the original not only at short
time scales, but also at long time scales. Combination of manifold learning and
learning of SDE’s.
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Learning of Interaction Rules  
for agent-based systems

From https://www.youtube.com/watch?v=bb9ZTbYGRdc

Given trajectories of dynamical system of interacting agents, learn the interac-
tion rules. Applications: biological systems, particle systems.
Further goals: hypothesis testing for agent-based systems; transfer learning;
agents on networks; collaborative and competitive games; learning dictionary
for complex dynamical systems.
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From https://www.youtube.com/watch?v=gJhn7WmXWVY

Lots of recent interest

in ML for learning

ODE’s and PDE’s

e.g. M. Fornasier, N. Kutz,

Y. Kevrekidis, R. Ward...
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Learning of Interaction Rules  
for agent-based systems

Interesting extensions to:
- higher-order systems,
- stochastic systems,
- agents of di↵erent types,
- varying environment.
...
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Second-order prey-predator model.
Left: true trajectories; Right: trajectories with learned interactions.

<latexit sha1_base64="kkUuawllLC2MKoAXOqATV8Eb0Zo=">AAACZ3icbVFNbxMxEPUu0JYF2kAQQurFECFx6Wq3lyK4ROLCgUP5SFspiaJZezZx47VX9iwoitof2Rt3LvwLvGmkfs5h9PTejGfmuai18pRlf6L4wcNHG5tbj5MnT59t73SevzjytnECB8Jq604K8KiVwQEp0nhSO4Sq0HhczD+3+vEvdF5Z85MWNY4rmBpVKgEUqEnnfGSsMhIN8R8orJF71kl0PDyy2AtJAlnHKytRp0lyVf wVS/rIyTUYEpyiCGUK/Sf+XU1nK+WK5L8VzbhGcAYlV4bQgWjH+3TS6WVptgp+F+Rr0GPrOJx0LkbSiqYKOwgN3g/zrKbxEhwpofEsGTUeaxBzmOIwQAMV+vFy5dMZfxcYyctwUGnDDSv2escSKu8XVREqK6CZv6215H3asKHyw3ipTN0QGnE5qGw0J8tb07lULpihFwGAcCrsysUMWhfC1yTBhPz2yXfB0X6aZ2n+bb/Xz9Z2bLFd9pa9Zzk7YH32hR2yARPsb5RE3ehl9C/eiV/Fry9L42jd02U3In7zH8IIuZQ=</latexit><latexit sha1_base64="kkUuawllLC2MKoAXOqATV8Eb0Zo=">AAACZ3icbVFNbxMxEPUu0JYF2kAQQurFECFx6Wq3lyK4ROLCgUP5SFspiaJZezZx47VX9iwoitof2Rt3LvwLvGmkfs5h9PTejGfmuai18pRlf6L4wcNHG5tbj5MnT59t73SevzjytnECB8Jq604K8KiVwQEp0nhSO4Sq0HhczD+3+vEvdF5Z85MWNY4rmBpVKgEUqEnnfGSsMhIN8R8orJF71kl0PDyy2AtJAlnHKytRp0lyVf wVS/rIyTUYEpyiCGUK/Sf+XU1nK+WK5L8VzbhGcAYlV4bQgWjH+3TS6WVptgp+F+Rr0GPrOJx0LkbSiqYKOwgN3g/zrKbxEhwpofEsGTUeaxBzmOIwQAMV+vFy5dMZfxcYyctwUGnDDSv2escSKu8XVREqK6CZv6215H3asKHyw3ipTN0QGnE5qGw0J8tb07lULpihFwGAcCrsysUMWhfC1yTBhPz2yXfB0X6aZ2n+bb/Xz9Z2bLFd9pa9Zzk7YH32hR2yARPsb5RE3ehl9C/eiV/Fry9L42jd02U3In7zH8IIuZQ=</latexit><latexit sha1_base64="kkUuawllLC2MKoAXOqATV8Eb0Zo=">AAACZ3icbVFNbxMxEPUu0JYF2kAQQurFECFx6Wq3lyK4ROLCgUP5SFspiaJZezZx47VX9iwoitof2Rt3LvwLvGmkfs5h9PTejGfmuai18pRlf6L4wcNHG5tbj5MnT59t73SevzjytnECB8Jq604K8KiVwQEp0nhSO4Sq0HhczD+3+vEvdF5Z85MWNY4rmBpVKgEUqEnnfGSsMhIN8R8orJF71kl0PDyy2AtJAlnHKytRp0lyVf wVS/rIyTUYEpyiCGUK/Sf+XU1nK+WK5L8VzbhGcAYlV4bQgWjH+3TS6WVptgp+F+Rr0GPrOJx0LkbSiqYKOwgN3g/zrKbxEhwpofEsGTUeaxBzmOIwQAMV+vFy5dMZfxcYyctwUGnDDSv2escSKu8XVREqK6CZv6215H3asKHyw3ipTN0QGnE5qGw0J8tb07lULpihFwGAcCrsysUMWhfC1yTBhPz2yXfB0X6aZ2n+bb/Xz9Z2bLFd9pa9Zzk7YH32hR2yARPsb5RE3ehl9C/eiV/Fry9L42jd02U3In7zH8IIuZQ=</latexit><latexit sha1_base64="kkUuawllLC2MKoAXOqATV8Eb0Zo=">AAACZ3icbVFNbxMxEPUu0JYF2kAQQurFECFx6Wq3lyK4ROLCgUP5SFspiaJZezZx47VX9iwoitof2Rt3LvwLvGmkfs5h9PTejGfmuai18pRlf6L4wcNHG5tbj5MnT59t73SevzjytnECB8Jq604K8KiVwQEp0nhSO4Sq0HhczD+3+vEvdF5Z85MWNY4rmBpVKgEUqEnnfGSsMhIN8R8orJF71kl0PDyy2AtJAlnHKytRp0lyVf wVS/rIyTUYEpyiCGUK/Sf+XU1nK+WK5L8VzbhGcAYlV4bQgWjH+3TS6WVptgp+F+Rr0GPrOJx0LkbSiqYKOwgN3g/zrKbxEhwpofEsGTUeaxBzmOIwQAMV+vFy5dMZfxcYyctwUGnDDSv2escSKu8XVREqK6CZv6215H3asKHyw3ipTN0QGnE5qGw0J8tb07lULpihFwGAcCrsysUMWhfC1yTBhPz2yXfB0X6aZ2n+bb/Xz9Z2bLFd9pa9Zzk7YH32hR2yARPsb5RE3ehl9C/eiV/Fry9L42jd02U3In7zH8IIuZQ=</latexit>

Given observations of the positions of agents {xi}Ni=1 at di↵erent times {tl}Ll=1
and/or for di↵erent initial conditions {x(m)(0)}Mm=1, evolving for example ac-
cording to

ẋi =
X

i0

�(||xi � xi0 ||)(xi0 � xi)

we want to learn �. Di↵erent limits: N ! +1 (mean-field limit, joint work
with M. Fornasier and M. Bongini), M ! +1 (joint current work with F. Lu,
M. Zhong and S. Tang).
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The Mean-field limit
Rewriting

ẋi =
X

i0

�(||xi � xi0 ||)(xi0 � xi) =
1

N

X

i0

�0(||xi � xi0 ||)
||xi � xi0 ||

(xi � xi0)

we see this is the gradient flow of the energy JN (X) = 1
2N

PN
i,i0=1 �(||xi�xi0 ||).

<latexit sha1_base64="VbwdMzOzJWGODCxJ3/C91Z6hOUo=">AAADSXicfVJNj9MwEHVSPpbysV04crFoUVsJqqQXOFBpJS6IQ1UQ3a3UlMhxncRax4lsh1K5/ntcuHHjP3DhAEKccNqwWnaXHdnS83v2eN5oooJRqTzvq+M2rl2/cXPvVvP2nbv39lsH949kXgpMpjhnuZhFSBJGOZkqqhiZFYKgLGLkODp5WenHH4iQNOfv1LogiwwlnMYUI2Wp8MAJA55TviRcwbdkJaiiPGl2Os1gmSutgy iGH40J6SiQZRZq2jUwKFLa22xqLaRP/6JK3Wz6vbPnU5H2R0EsEPbHp5m2Zx1MUtq9Kp/R/xdN73KlX1lYESgJgSqlEtqlUgITgZa08hqzfAXzeEsSTkSyhp0gQyrFiOnXJhzvEs9MXbb2jR6OTV37E9od+eb9GFbFX1V7ZxC22t7A2wa8CPwatEEdk7D1xbYel5mtEjMk5dz3CrXQSCiKGTHNoJSkQPgEJWRuIUcZkQu9nQQDH1tmCeNc2G1dbtmzLzTKpFxnkb1ZmZXntYq8TJuXKn6+0JQXpSIc7z6KSwZVDquxgksqCFZsbQHC1RRhiFNkG6fs8DVtE/zzli+Co+HA9wb+m2H78EXdjj3wEDwCPeCDZ+AQvAITMAXY+eR8c344P93P7nf3l/t7d9V16jcPwD/RaPwBL18PRw==</latexit><latexit sha1_base64="VbwdMzOzJWGODCxJ3/C91Z6hOUo=">AAADSXicfVJNj9MwEHVSPpbysV04crFoUVsJqqQXOFBpJS6IQ1UQ3a3UlMhxncRax4lsh1K5/ntcuHHjP3DhAEKccNqwWnaXHdnS83v2eN5oooJRqTzvq+M2rl2/cXPvVvP2nbv39lsH949kXgpMpjhnuZhFSBJGOZkqqhiZFYKgLGLkODp5WenHH4iQNOfv1LogiwwlnMYUI2Wp8MAJA55TviRcwbdkJaiiPGl2Os1gmSutgy iGH40J6SiQZRZq2jUwKFLa22xqLaRP/6JK3Wz6vbPnU5H2R0EsEPbHp5m2Zx1MUtq9Kp/R/xdN73KlX1lYESgJgSqlEtqlUgITgZa08hqzfAXzeEsSTkSyhp0gQyrFiOnXJhzvEs9MXbb2jR6OTV37E9od+eb9GFbFX1V7ZxC22t7A2wa8CPwatEEdk7D1xbYel5mtEjMk5dz3CrXQSCiKGTHNoJSkQPgEJWRuIUcZkQu9nQQDH1tmCeNc2G1dbtmzLzTKpFxnkb1ZmZXntYq8TJuXKn6+0JQXpSIc7z6KSwZVDquxgksqCFZsbQHC1RRhiFNkG6fs8DVtE/zzli+Co+HA9wb+m2H78EXdjj3wEDwCPeCDZ+AQvAITMAXY+eR8c344P93P7nf3l/t7d9V16jcPwD/RaPwBL18PRw==</latexit><latexit sha1_base64="VbwdMzOzJWGODCxJ3/C91Z6hOUo=">AAADSXicfVJNj9MwEHVSPpbysV04crFoUVsJqqQXOFBpJS6IQ1UQ3a3UlMhxncRax4lsh1K5/ntcuHHjP3DhAEKccNqwWnaXHdnS83v2eN5oooJRqTzvq+M2rl2/cXPvVvP2nbv39lsH949kXgpMpjhnuZhFSBJGOZkqqhiZFYKgLGLkODp5WenHH4iQNOfv1LogiwwlnMYUI2Wp8MAJA55TviRcwbdkJaiiPGl2Os1gmSutgy iGH40J6SiQZRZq2jUwKFLa22xqLaRP/6JK3Wz6vbPnU5H2R0EsEPbHp5m2Zx1MUtq9Kp/R/xdN73KlX1lYESgJgSqlEtqlUgITgZa08hqzfAXzeEsSTkSyhp0gQyrFiOnXJhzvEs9MXbb2jR6OTV37E9od+eb9GFbFX1V7ZxC22t7A2wa8CPwatEEdk7D1xbYel5mtEjMk5dz3CrXQSCiKGTHNoJSkQPgEJWRuIUcZkQu9nQQDH1tmCeNc2G1dbtmzLzTKpFxnkb1ZmZXntYq8TJuXKn6+0JQXpSIc7z6KSwZVDquxgksqCFZsbQHC1RRhiFNkG6fs8DVtE/zzli+Co+HA9wb+m2H78EXdjj3wEDwCPeCDZ+AQvAITMAXY+eR8c344P93P7nf3l/t7d9V16jcPwD/RaPwBL18PRw==</latexit><latexit sha1_base64="VbwdMzOzJWGODCxJ3/C91Z6hOUo=">AAADSXicfVJNj9MwEHVSPpbysV04crFoUVsJqqQXOFBpJS6IQ1UQ3a3UlMhxncRax4lsh1K5/ntcuHHjP3DhAEKccNqwWnaXHdnS83v2eN5oooJRqTzvq+M2rl2/cXPvVvP2nbv39lsH949kXgpMpjhnuZhFSBJGOZkqqhiZFYKgLGLkODp5WenHH4iQNOfv1LogiwwlnMYUI2Wp8MAJA55TviRcwbdkJaiiPGl2Os1gmSutgy iGH40J6SiQZRZq2jUwKFLa22xqLaRP/6JK3Wz6vbPnU5H2R0EsEPbHp5m2Zx1MUtq9Kp/R/xdN73KlX1lYESgJgSqlEtqlUgITgZa08hqzfAXzeEsSTkSyhp0gQyrFiOnXJhzvEs9MXbb2jR6OTV37E9od+eb9GFbFX1V7ZxC22t7A2wa8CPwatEEdk7D1xbYel5mtEjMk5dz3CrXQSCiKGTHNoJSkQPgEJWRuIUcZkQu9nQQDH1tmCeNc2G1dbtmzLzTKpFxnkb1ZmZXntYq8TJuXKn6+0JQXpSIc7z6KSwZVDquxgksqCFZsbQHC1RRhiFNkG6fs8DVtE/zzli+Co+HA9wb+m2H78EXdjj3wEDwCPeCDZ+AQvAITMAXY+eR8c344P93P7nf3l/t7d9V16jcPwD/RaPwBL18PRw==</latexit>

Considering the measure µN
(t) = 1

N

PN
i=1 �xi(t), we may let N ! +1 to obtain

(under suitable regularity assumptions on �) the mean field equations

@tµ(t) = �r ·
✓✓

��
0
(|| · ||)
|| · || ⇤ µ(t)

◆
µ(t)

◆
, µ(0) = µ0 .

This is also a gradient flow for the energy J (µ) =
R
Rd⇥d �(||x�y||)dµ(x)dµ(y)

on the space of probability measures with Wasserstein distance.

This was studied in Inferring Interaction Rules from Observations of Evolutive

Systems I: The Variational Approach, M. Bongini, M. Fornasier, M. Hansen,

and MM, M3S, 2017
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Learning the Interaction Kernel

Many short time trajectories learning
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Fix the time scale [0, T ]. We introduce the measure on R+ defined by

⇢LT (r) :=
1

(N2 )L
PL

l=1 EX(0)⇠µ0

hPN
i,i0=1,i<i0 �rii0 (tl)(r)

i
.
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Example. The Lennard Jones force is the
derivative of the potential

VLJ(r) = 4✏
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.

Right figure: In blue the LJ �,
superimposed to an empirical estimate of ⇢LT ,
for a system of N = 7 agents, and L, T small.
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Observations: {(xi, ẋi)
(m)

(tl)}N,L,M
i=1,l=1,m=1, where x(m)

(0) ⇠ µ0 for some µ0 on

Rd
. Note that each state of the system is in RdN

.

All we want however is the one-dimensional interaction kernel � in the equations

ẋi0(t) =
X

i0

�(||xi0(t)� xi(t)||| {z }
rii0 (t)

)(xi0(t)� xi(t)) .
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Many short time trajectories learning
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Example. The Lennard Jones force is the
derivative of the potential

VLJ(r) = 4✏
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Right figure: In blue the LJ �,
superimposed to an empirical estimate of ⇢LT ,
for a system of N = 7 agents, and L, T small.
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Single large time trajectory learning
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Example (cont’d). The measure ⇢LT does
depend on L and T .
With the same system as above,
we consider here L and T large.
⇢LT is much more concentrated,
due to the system approaching equilibrium..
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Example: L-J kernel and ⇢TL
<latexit sha1_base64="tBObGp3LxcKlV3zT6PAuGztJyto=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyliWVABAuLCPnC5Ax7m71kyd7usbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTK7nfueJKs2kaJppTP0IjwQLGcHGSg/lvhrLwd1jszwoltyKuwBaJ15GSpChMSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SwWOqPbTxcUzdGGVIQqlsiUMWqi/J1IcaT2NAtsZYTPWq95c/M/rJSa88lMm4sRQQZaLwoQjI9H8fTRkihLDp5Zgopi9FZExVpgYG1LBhuCtvrxO2tWK51a8+2qpfpPFkYczOIdL8KAGdbiFBrSAgIBneIU3RzsvzrvzsWzNOdnMKfyB8/kDiLuQKQ==</latexit><latexit sha1_base64="tBObGp3LxcKlV3zT6PAuGztJyto=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyliWVABAuLCPnC5Ax7m71kyd7usbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTK7nfueJKs2kaJppTP0IjwQLGcHGSg/lvhrLwd1jszwoltyKuwBaJ15GSpChMSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SwWOqPbTxcUzdGGVIQqlsiUMWqi/J1IcaT2NAtsZYTPWq95c/M/rJSa88lMm4sRQQZaLwoQjI9H8fTRkihLDp5Zgopi9FZExVpgYG1LBhuCtvrxO2tWK51a8+2qpfpPFkYczOIdL8KAGdbiFBrSAgIBneIU3RzsvzrvzsWzNOdnMKfyB8/kDiLuQKQ==</latexit><latexit sha1_base64="tBObGp3LxcKlV3zT6PAuGztJyto=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyliWVABAuLCPnC5Ax7m71kyd7usbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTK7nfueJKs2kaJppTP0IjwQLGcHGSg/lvhrLwd1jszwoltyKuwBaJ15GSpChMSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SwWOqPbTxcUzdGGVIQqlsiUMWqi/J1IcaT2NAtsZYTPWq95c/M/rJSa88lMm4sRQQZaLwoQjI9H8fTRkihLDp5Zgopi9FZExVpgYG1LBhuCtvrxO2tWK51a8+2qpfpPFkYczOIdL8KAGdbiFBrSAgIBneIU3RzsvzrvzsWzNOdnMKfyB8/kDiLuQKQ==</latexit><latexit sha1_base64="tBObGp3LxcKlV3zT6PAuGztJyto=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyliWVABAuLCPnC5Ax7m71kyd7usbsnhCP/wsZCEVv/jZ3/xk1yhSY+GHi8N8PMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTK7nfueJKs2kaJppTP0IjwQLGcHGSg/lvhrLwd1jszwoltyKuwBaJ15GSpChMSh+9YeSJBEVhnCsdc9zY+OnWBlGOJ0V+ommMSYTPKI9SwWOqPbTxcUzdGGVIQqlsiUMWqi/J1IcaT2NAtsZYTPWq95c/M/rJSa88lMm4sRQQZaLwoQjI9H8fTRkihLDp5Zgopi9FZExVpgYG1LBhuCtvrxO2tWK51a8+2qpfpPFkYczOIdL8KAGdbiFBrSAgIBneIU3RzsvzrvzsWzNOdnMKfyB8/kDiLuQKQ==</latexit>



The estimator
Observations: {(xi, ẋi)(tl)}N,L

I=1,l=1, for M di↵erent IC’s, from

ẋi0(t) =
X

i0

�(||xi0(t)� xi(t)||)(xi0(t)� xi(t)) =: f�(xi(t)) .
<latexit sha1_base64="2K1b683jdF+puHdhP5F4NXXbRFE=">AAAC+nichVLLbtQwFHXCq4RHp7BkYzFBTaQwSroBVYxUqRsq8SgS01aaDJHjcTpWnTiyncLIyaewYQFCbPkSdvwNThrEMEXirs4999zr+3BaMipVGP607CtXr12/sXHTuXX7zt3Nwda9I8krgckEc8bFSYokYbQgE0UVIyelIChPGTlOz/bb+PE5EZLy4q1almSWo9OCZhQjZahkyxrEBafFnBQKvk4lEeddQO5CN9ZenCO1SD P9oUloEM+50n8YQ/meSpgfN4k+GEcBG0fNO/0qeNG4Acy4gO5LF85plhHRVj/Y35aGFzx3XNdZLQZNeU23G0/541hWeefAuFxQr65XWug1j1e7Mn5d+97/Vf549zeTNUlXfF3hxMHIdZPBMByFncHLIOrBEPR2mAx+mGFwlZshMUNSTqOwVDONhKKYkcaJK0lKhM/QKZkaWKCcyJnuTtfAR4aZd9vKuFlSx65maJRLucxTo2y7leuxlvxXbFqp7OlM06KsFCnwxUNZxaDisP0H5jCCYMWWBiAsqOkV4gUSCCvzWxyzhGh95MvgaGcUhaPozc5w71m/jg3wADwEHojAE7AHnoNDMAHYem99tD5bX+za/mR/tb9dSG2rz7kP/jL7+y9syu6A</latexit><latexit sha1_base64="2K1b683jdF+puHdhP5F4NXXbRFE=">AAAC+nichVLLbtQwFHXCq4RHp7BkYzFBTaQwSroBVYxUqRsq8SgS01aaDJHjcTpWnTiyncLIyaewYQFCbPkSdvwNThrEMEXirs4999zr+3BaMipVGP607CtXr12/sXHTuXX7zt3Nwda9I8krgckEc8bFSYokYbQgE0UVIyelIChPGTlOz/bb+PE5EZLy4q1almSWo9OCZhQjZahkyxrEBafFnBQKvk4lEeddQO5CN9ZenCO1SD P9oUloEM+50n8YQ/meSpgfN4k+GEcBG0fNO/0qeNG4Acy4gO5LF85plhHRVj/Y35aGFzx3XNdZLQZNeU23G0/541hWeefAuFxQr65XWug1j1e7Mn5d+97/Vf549zeTNUlXfF3hxMHIdZPBMByFncHLIOrBEPR2mAx+mGFwlZshMUNSTqOwVDONhKKYkcaJK0lKhM/QKZkaWKCcyJnuTtfAR4aZd9vKuFlSx65maJRLucxTo2y7leuxlvxXbFqp7OlM06KsFCnwxUNZxaDisP0H5jCCYMWWBiAsqOkV4gUSCCvzWxyzhGh95MvgaGcUhaPozc5w71m/jg3wADwEHojAE7AHnoNDMAHYem99tD5bX+za/mR/tb9dSG2rz7kP/jL7+y9syu6A</latexit><latexit sha1_base64="2K1b683jdF+puHdhP5F4NXXbRFE=">AAAC+nichVLLbtQwFHXCq4RHp7BkYzFBTaQwSroBVYxUqRsq8SgS01aaDJHjcTpWnTiyncLIyaewYQFCbPkSdvwNThrEMEXirs4999zr+3BaMipVGP607CtXr12/sXHTuXX7zt3Nwda9I8krgckEc8bFSYokYbQgE0UVIyelIChPGTlOz/bb+PE5EZLy4q1almSWo9OCZhQjZahkyxrEBafFnBQKvk4lEeddQO5CN9ZenCO1SD P9oUloEM+50n8YQ/meSpgfN4k+GEcBG0fNO/0qeNG4Acy4gO5LF85plhHRVj/Y35aGFzx3XNdZLQZNeU23G0/541hWeefAuFxQr65XWug1j1e7Mn5d+97/Vf549zeTNUlXfF3hxMHIdZPBMByFncHLIOrBEPR2mAx+mGFwlZshMUNSTqOwVDONhKKYkcaJK0lKhM/QKZkaWKCcyJnuTtfAR4aZd9vKuFlSx65maJRLucxTo2y7leuxlvxXbFqp7OlM06KsFCnwxUNZxaDisP0H5jCCYMWWBiAsqOkV4gUSCCvzWxyzhGh95MvgaGcUhaPozc5w71m/jg3wADwEHojAE7AHnoNDMAHYem99tD5bX+za/mR/tb9dSG2rz7kP/jL7+y9syu6A</latexit><latexit sha1_base64="2K1b683jdF+puHdhP5F4NXXbRFE=">AAAC+nichVLLbtQwFHXCq4RHp7BkYzFBTaQwSroBVYxUqRsq8SgS01aaDJHjcTpWnTiyncLIyaewYQFCbPkSdvwNThrEMEXirs4999zr+3BaMipVGP607CtXr12/sXHTuXX7zt3Nwda9I8krgckEc8bFSYokYbQgE0UVIyelIChPGTlOz/bb+PE5EZLy4q1almSWo9OCZhQjZahkyxrEBafFnBQKvk4lEeddQO5CN9ZenCO1SD P9oUloEM+50n8YQ/meSpgfN4k+GEcBG0fNO/0qeNG4Acy4gO5LF85plhHRVj/Y35aGFzx3XNdZLQZNeU23G0/541hWeefAuFxQr65XWug1j1e7Mn5d+97/Vf549zeTNUlXfF3hxMHIdZPBMByFncHLIOrBEPR2mAx+mGFwlZshMUNSTqOwVDONhKKYkcaJK0lKhM/QKZkaWKCcyJnuTtfAR4aZd9vKuFlSx65maJRLucxTo2y7leuxlvxXbFqp7OlM06KsFCnwxUNZxaDisP0H5jCCYMWWBiAsqOkV4gUSCCvzWxyzhGh95MvgaGcUhaPozc5w71m/jg3wADwEHojAE7AHnoNDMAHYem99tD5bX+za/mR/tb9dSG2rz7kP/jL7+y9syu6A</latexit>

For H linear subspace, this is a least squares problem (Gauss, Legendre). Coer-
civity constant is related to smallest singular value of matrix in the LS problem.

<latexit sha1_base64="lgH9UZ/jfgCuyas1cvEaxxLpXdw=">AAACn3icbVHLbtNAFB2bVxseDbAsiwspUpEqy+4GFiwqKtFKRCgI0hYlUXQ9vk5GHc+YeUREVn6LD2HH3zBOgwQtV7M4Ovdx7j2T11JYl6a/ovjW7Tt3721td+4/ePhop/v4yZnV3nAaci21ucjRkhSKhk44SRe1IaxySef55XGbP1+QsUKrL25Z06TCmRKl4OgCNe3+GCstVEHKwXttYG9coZtzlM3pag/aoWjA+tzWyOkA3F xYCA9BEloH9ptHQxZqo4NgBfsn6K09gD7NSBWGXiVwrMlwsRBuCVwr6zAohQmGJDoqwGmwFUpJ7TShZl4GwQVKT6BLCMsY8R2ECsoE/c9/hJJpt5cm6TrgJsg2oMc2MZh2f44LzX0VDuUSrR1lae0mDRonuKRVZ+wthRsvcUajABVWZCfN2t8VvAxMAWXwp9Rh/TX7d0eDlbXLKg+VrX32eq4l/5cbeVe+mTRC1d6R4ldCpZetK+1nQSEMcSeXASA3IuwKfI4GuQtf2gkmZNdPvgnODpMsTbJPh72jtxs7ttgue8H2WcZesyN2ygZsyHj0LHoXfYj68fP4JP4YD65K42jT85T9E/HX3346zM4=</latexit><latexit sha1_base64="lgH9UZ/jfgCuyas1cvEaxxLpXdw=">AAACn3icbVHLbtNAFB2bVxseDbAsiwspUpEqy+4GFiwqKtFKRCgI0hYlUXQ9vk5GHc+YeUREVn6LD2HH3zBOgwQtV7M4Ovdx7j2T11JYl6a/ovjW7Tt3721td+4/ePhop/v4yZnV3nAaci21ucjRkhSKhk44SRe1IaxySef55XGbP1+QsUKrL25Z06TCmRKl4OgCNe3+GCstVEHKwXttYG9coZtzlM3pag/aoWjA+tzWyOkA3F xYCA9BEloH9ptHQxZqo4NgBfsn6K09gD7NSBWGXiVwrMlwsRBuCVwr6zAohQmGJDoqwGmwFUpJ7TShZl4GwQVKT6BLCMsY8R2ECsoE/c9/hJJpt5cm6TrgJsg2oMc2MZh2f44LzX0VDuUSrR1lae0mDRonuKRVZ+wthRsvcUajABVWZCfN2t8VvAxMAWXwp9Rh/TX7d0eDlbXLKg+VrX32eq4l/5cbeVe+mTRC1d6R4ldCpZetK+1nQSEMcSeXASA3IuwKfI4GuQtf2gkmZNdPvgnODpMsTbJPh72jtxs7ttgue8H2WcZesyN2ygZsyHj0LHoXfYj68fP4JP4YD65K42jT85T9E/HX3346zM4=</latexit><latexit sha1_base64="lgH9UZ/jfgCuyas1cvEaxxLpXdw=">AAACn3icbVHLbtNAFB2bVxseDbAsiwspUpEqy+4GFiwqKtFKRCgI0hYlUXQ9vk5GHc+YeUREVn6LD2HH3zBOgwQtV7M4Ovdx7j2T11JYl6a/ovjW7Tt3721td+4/ePhop/v4yZnV3nAaci21ucjRkhSKhk44SRe1IaxySef55XGbP1+QsUKrL25Z06TCmRKl4OgCNe3+GCstVEHKwXttYG9coZtzlM3pag/aoWjA+tzWyOkA3F xYCA9BEloH9ptHQxZqo4NgBfsn6K09gD7NSBWGXiVwrMlwsRBuCVwr6zAohQmGJDoqwGmwFUpJ7TShZl4GwQVKT6BLCMsY8R2ECsoE/c9/hJJpt5cm6TrgJsg2oMc2MZh2f44LzX0VDuUSrR1lae0mDRonuKRVZ+wthRsvcUajABVWZCfN2t8VvAxMAWXwp9Rh/TX7d0eDlbXLKg+VrX32eq4l/5cbeVe+mTRC1d6R4ldCpZetK+1nQSEMcSeXASA3IuwKfI4GuQtf2gkmZNdPvgnODpMsTbJPh72jtxs7ttgue8H2WcZesyN2ygZsyHj0LHoXfYj68fP4JP4YD65K42jT85T9E/HX3346zM4=</latexit><latexit sha1_base64="lgH9UZ/jfgCuyas1cvEaxxLpXdw=">AAACn3icbVHLbtNAFB2bVxseDbAsiwspUpEqy+4GFiwqKtFKRCgI0hYlUXQ9vk5GHc+YeUREVn6LD2HH3zBOgwQtV7M4Ovdx7j2T11JYl6a/ovjW7Tt3721td+4/ePhop/v4yZnV3nAaci21ucjRkhSKhk44SRe1IaxySef55XGbP1+QsUKrL25Z06TCmRKl4OgCNe3+GCstVEHKwXttYG9coZtzlM3pag/aoWjA+tzWyOkA3F xYCA9BEloH9ptHQxZqo4NgBfsn6K09gD7NSBWGXiVwrMlwsRBuCVwr6zAohQmGJDoqwGmwFUpJ7TShZl4GwQVKT6BLCMsY8R2ECsoE/c9/hJJpt5cm6TrgJsg2oMc2MZh2f44LzX0VDuUSrR1lae0mDRonuKRVZ+wthRsvcUajABVWZCfN2t8VvAxMAWXwp9Rh/TX7d0eDlbXLKg+VrX32eq4l/5cbeVe+mTRC1d6R4ldCpZetK+1nQSEMcSeXASA3IuwKfI4GuQtf2gkmZNdPvgnODpMsTbJPh72jtxs7ttgue8H2WcZesyN2ygZsyHj0LHoXfYj68fP4JP4YD65K42jT85T9E/HX3346zM4=</latexit>

When the tl’s are equi-spaced in time, we consider the estimator b'L,M,H mini-
mizing over some set of functions H the empirical error functional

EL,M (') :=
1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f'(x

(m)
i (tl))

��2,

over ' 2 H, a simple hypothesis space of functions on R+, with dimension n
which will be chosen dependent on M :

�̂L,M,H := arg min
'2H

EL,M (') .
<latexit sha1_base64="QQRs1n/z03yvTyIKmf8kd/R0/Ts=">AAAESHicdVNNb9NAEHWdAiV8tXDkMqJGJMKN4l5AFZUqIaQeWlQQ/ZDqxFpv1vGq67XxrhuC2Z/HhSM3fgMXDiDEjbHj0k/2NJ55M/vmPW+YCa50v/9tzm7NX7t+Y+Fm+9btO3fvLS7d31NpkVO2S1OR5gchUUxwyXY114IdZDkjSSjYfnj0sqrvH7Nc8VS+09OMDRIyljzilGhMBUv20JcplyMmNezHTIKOGTg6EM4TBSRnwN </latexit><latexit sha1_base64="QQRs1n/z03yvTyIKmf8kd/R0/Ts=">AAAESHicdVNNb9NAEHWdAiV8tXDkMqJGJMKN4l5AFZUqIaQeWlQQ/ZDqxFpv1vGq67XxrhuC2Z/HhSM3fgMXDiDEjbHj0k/2NJ55M/vmPW+YCa50v/9tzm7NX7t+Y+Fm+9btO3fvLS7d31NpkVO2S1OR5gchUUxwyXY114IdZDkjSSjYfnj0sqrvH7Nc8VS+09OMDRIyljzilGhMBUv20JcplyMmNezHTIKOGTg6EM4TBSRnwN </latexit><latexit sha1_base64="QQRs1n/z03yvTyIKmf8kd/R0/Ts=">AAAESHicdVNNb9NAEHWdAiV8tXDkMqJGJMKN4l5AFZUqIaQeWlQQ/ZDqxFpv1vGq67XxrhuC2Z/HhSM3fgMXDiDEjbHj0k/2NJ55M/vmPW+YCa50v/9tzm7NX7t+Y+Fm+9btO3fvLS7d31NpkVO2S1OR5gchUUxwyXY114IdZDkjSSjYfnj0sqrvH7Nc8VS+09OMDRIyljzilGhMBUv20JcplyMmNezHTIKOGTg6EM4TBSRnwN </latexit><latexit sha1_base64="QQRs1n/z03yvTyIKmf8kd/R0/Ts=">AAAESHicdVNNb9NAEHWdAiV8tXDkMqJGJMKN4l5AFZUqIaQeWlQQ/ZDqxFpv1vGq67XxrhuC2Z/HhSM3fgMXDiDEjbHj0k/2NJ55M/vmPW+YCa50v/9tzm7NX7t+Y+Fm+9btO3fvLS7d31NpkVO2S1OR5gchUUxwyXY114IdZDkjSSjYfnj0sqrvH7Nc8VS+09OMDRIyljzilGhMBUv20JcplyMmNezHTIKOGTg6EM4TBSRnwN </latexit>



Coercivity condition

Lemma. Coercivity =) unique minimizer of limM!+1 EL,M (') over ' 2 H
<latexit sha1_base64="1ouX9bf3ii2TrnoyeT1jz3t1cGo="></latexit><latexit sha1_base64="1ouX9bf3ii2TrnoyeT1jz3t1cGo="></latexit><latexit sha1_base64="1ouX9bf3ii2TrnoyeT1jz3t1cGo="></latexit><latexit sha1_base64="1ouX9bf3ii2TrnoyeT1jz3t1cGo="></latexit>

EL,M (') :=
1

LMN

L,M,NX

l,m,i=1

��ẋ(m)
i (tl)� f'(x

(m)
i (tl))

��2,

�̂L,M,H := arg min
'2H

EL,M (') .
<latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit><latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit><latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit><latexit sha1_base64="4JaLFjl/emTPRdZ2c+tgG1hq0vs="></latexit>

We shall assume that the unknown interaction kernel � is in the admissible class
KR,S := {' 2 C1(R+) : supp' ⇢ [0, R], supr2[0,R] |'(r)|+ |'0(r)|  S}.
Coercivity condition: 8' : '(·)· 2 L2(⇢LT ), for 0 < cL  (N � 1)/N2

cLk'(·) · k2L2(⇢L
T )

1

NL

L,NX

l,i=1

E
�� 1

N

NX

i0=1

'(rii0(tl))rii0(tl)
��2 .
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Main Theorem
Theorem. Let {Hn}n be a sequence of subspaces of L1

[0, R], with dim(Hn) 

c0n and inf'2Hn k'(·)��(·)kL1([0,R])  c1n�s
, for some constants c0, c1, s > 0.

It exists, for example, if � is s-Hölder regular. Choose n⇤ = (M/logM)
1

2s+1 :

then for some C = C(c0, c1, cL, R, S)

E[kb�L,M,Hn⇤ (·) ·��(·) · kL2(⇢T
L)]  C

✓
logM

M

◆ s
2s+1

.
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Example. The Lennard Jones kernel
is not admissible, yet since particles rarely
get very close to each other, we obtain a
convergence rate close to optimal.
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· The good: Rate in M is optimal, in fact even optimal in the case of
regression, where we would be given (rm,�(rm))Mm=1.

· The bad: no dependency on L.
<latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit><latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit><latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit><latexit sha1_base64="jU/zB7ammE84ZCg95eBasoSM71Y=">AAAC03icbVJdaxNBFJ1dv2r8ivroy8Ws0EIIu31RSoWCLz5YiNK0hWwMs7N3k6HzsczMpsQlKOKrf843/4K/wpk0ira97MDh3Htnzz13ilpw69L0ZxTfuHnr9p2tu5179x88fNR9/OTY6sYwHDEttDktqEXBFY4cdwJPa4NUFgJPirM3IX+yQGO5VkduWeNE0pniFWfUeWra/ZUrzVWJykEnL3DGVcsdSv4JV508oHGSs1K7ZA JHc4SZ1uUefKAOgStIDhPgFnTtuKSiH6iKMge4QPWHDaTzncyLBF2BwZlBG/T04XyOBuHcf7oRJRT+fh5ak20zlf28nvMAdnamrXydrT4eJoPrNBXUS1IaSqwxTMKWoP0d70K1J/7OM+320kG6DrgKsg3okU0Mp90fealZI705TFBrx1lau0lLjeNMBH8aizVlZ3SGYw8VlWgn7XonK3jhmRIqbfzx5q7ZfztaKq1dysJXSurm9nIukNflxo2rXk1arurG+VkvflQ1ApyGsGAouUHmxNIDygz3WoHNqfF78c+g403ILo98FRzvDrJ0kL3f7R3sb+zYIs/Ic7JNMvKSHJC3ZEhGhEXDaBF9jr7Eo7iNv8bfLkrjaNPzlPwX8fffo8LdqQ==</latexit>



Errors on trajectories

Proposition. Assume b�(k · k)· 2 Lip(Rd), with Lipschitz constant CLip. Let
bX(t) and X(t) be the solutions of systems with kernels b� and � respectively,
started from the same initial condition. Then for each trajectory

sup
t2[0,T ]

kbX(t)�X(t)k2  2Te8T
2C2

Lip

Z T

0

���Ẋ(t)� f�̂(X(t))
���
2
dt ,

and on average w.r.t. the distribution µ0 of initial conditions:

Eµ0 [ sup
t2[0,T ]

kbX(t)�X(t)k]  C(T,CLip)
p
Nk�̂(·) ·��(·) · kL2(⇢T ) ,

where C(T,CLip) is a constant depending on T and CLip.
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We may extend to first order agent systems with multiple types of agents, with
di↵erent interaction kernels for each directed pair of interactions.

<latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit>

Examples: multi-type agents



We may extend to first order agent systems with multiple types of agents, with
di↵erent interaction kernels for each directed pair of interactions.

<latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit>

Example 1st order Prey-Predator system. Left: the interaction kernels and
⇢TL’s. Right: trajectories of the true system (left col.) and learned system (right
col.) with an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit>

Examples: multi-type agents

true
<latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit>

learned
<latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit>



We may extend to first order agent systems with multiple types of agents, with
di↵erent interaction kernels for each directed pair of interactions.

<latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit>

Examples: multi-type agents + noise
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Example 1st order Prey-Predator system + noise: multiplicative noise ⇠
1
10Unif[� 1

2 ,
1
2 ] is added to observed positions and velocities.

<latexit sha1_base64="qGGVCmVse5SteyXWe2bMDRZPYBw=">AAACnXicbVHLjtMwFHXCayivAjtYcEUHCQmmSroBIRaV0EiAECoSnY7UVJXj3MxY40fk61REUf+KL2HH3+C0WcAMd2Efn+Nr+xznlZLkk+R3FF+7fuPmrYPbgzt3791/MHz46IRs7QTOhVXWneacUEmDcy+9wtPKIde5wkV+8aHTFxt0JK357psKV5qfGVlKwX2g1sOfmbHSFGh8m+UlHP/gulK4hZQ8WFegg5nD5igMBffWAT XkUcMrCG2E70DXysvw0O68De5ZOMxIashKx0Xapsk209yfO93Ow83b5dFemLzu59UhSAJeFFiAt2BzQrcJuLIku0cGzRSwQWVFWCONYT0cJeNkV3AVpD0Ysb5m6+GvrLCi1sGmUJxomSaVX7XceSmC20FWE1ZcXPAzXAZouEZatbt0t/AiMAWUwXxpjYcd+3dHyzVRo/Ows/NJl7WO/J+2rH35dtVKU9UejdhfVNaqC6H7KiikQ+FVEwAXLngXIM55yMyHDx2EENLLlq+Ck8k4Tcbpt8lo+r6P44A9Zc/ZS5ayN2zKPrIZmzMRPYmm0afoc/wsPo6/xF/3W+Oo73nM/ql48Qd6Ysxb</latexit><latexit sha1_base64="qGGVCmVse5SteyXWe2bMDRZPYBw=">AAACnXicbVHLjtMwFHXCayivAjtYcEUHCQmmSroBIRaV0EiAECoSnY7UVJXj3MxY40fk61REUf+KL2HH3+C0WcAMd2Efn+Nr+xznlZLkk+R3FF+7fuPmrYPbgzt3791/MHz46IRs7QTOhVXWneacUEmDcy+9wtPKIde5wkV+8aHTFxt0JK357psKV5qfGVlKwX2g1sOfmbHSFGh8m+UlHP/gulK4hZQ8WFegg5nD5igMBffWAT XkUcMrCG2E70DXysvw0O68De5ZOMxIashKx0Xapsk209yfO93Ow83b5dFemLzu59UhSAJeFFiAt2BzQrcJuLIku0cGzRSwQWVFWCONYT0cJeNkV3AVpD0Ysb5m6+GvrLCi1sGmUJxomSaVX7XceSmC20FWE1ZcXPAzXAZouEZatbt0t/AiMAWUwXxpjYcd+3dHyzVRo/Ows/NJl7WO/J+2rH35dtVKU9UejdhfVNaqC6H7KiikQ+FVEwAXLngXIM55yMyHDx2EENLLlq+Ck8k4Tcbpt8lo+r6P44A9Zc/ZS5ayN2zKPrIZmzMRPYmm0afoc/wsPo6/xF/3W+Oo73nM/ql48Qd6Ysxb</latexit><latexit sha1_base64="qGGVCmVse5SteyXWe2bMDRZPYBw=">AAACnXicbVHLjtMwFHXCayivAjtYcEUHCQmmSroBIRaV0EiAECoSnY7UVJXj3MxY40fk61REUf+KL2HH3+C0WcAMd2Efn+Nr+xznlZLkk+R3FF+7fuPmrYPbgzt3791/MHz46IRs7QTOhVXWneacUEmDcy+9wtPKIde5wkV+8aHTFxt0JK357psKV5qfGVlKwX2g1sOfmbHSFGh8m+UlHP/gulK4hZQ8WFegg5nD5igMBffWAT XkUcMrCG2E70DXysvw0O68De5ZOMxIashKx0Xapsk209yfO93Ow83b5dFemLzu59UhSAJeFFiAt2BzQrcJuLIku0cGzRSwQWVFWCONYT0cJeNkV3AVpD0Ysb5m6+GvrLCi1sGmUJxomSaVX7XceSmC20FWE1ZcXPAzXAZouEZatbt0t/AiMAWUwXxpjYcd+3dHyzVRo/Ows/NJl7WO/J+2rH35dtVKU9UejdhfVNaqC6H7KiikQ+FVEwAXLngXIM55yMyHDx2EENLLlq+Ck8k4Tcbpt8lo+r6P44A9Zc/ZS5ayN2zKPrIZmzMRPYmm0afoc/wsPo6/xF/3W+Oo73nM/ql48Qd6Ysxb</latexit><latexit sha1_base64="qGGVCmVse5SteyXWe2bMDRZPYBw=">AAACnXicbVHLjtMwFHXCayivAjtYcEUHCQmmSroBIRaV0EiAECoSnY7UVJXj3MxY40fk61REUf+KL2HH3+C0WcAMd2Efn+Nr+xznlZLkk+R3FF+7fuPmrYPbgzt3791/MHz46IRs7QTOhVXWneacUEmDcy+9wtPKIde5wkV+8aHTFxt0JK357psKV5qfGVlKwX2g1sOfmbHSFGh8m+UlHP/gulK4hZQ8WFegg5nD5igMBffWAT XkUcMrCG2E70DXysvw0O68De5ZOMxIashKx0Xapsk209yfO93Ow83b5dFemLzu59UhSAJeFFiAt2BzQrcJuLIku0cGzRSwQWVFWCONYT0cJeNkV3AVpD0Ysb5m6+GvrLCi1sGmUJxomSaVX7XceSmC20FWE1ZcXPAzXAZouEZatbt0t/AiMAWUwXxpjYcd+3dHyzVRo/Ows/NJl7WO/J+2rH35dtVKU9UejdhfVNaqC6H7KiikQ+FVEwAXLngXIM55yMyHDx2EENLLlq+Ck8k4Tcbpt8lo+r6P44A9Zc/ZS5ayN2zKPrIZmzMRPYmm0afoc/wsPo6/xF/3W+Oo73nM/ql48Qd6Ysxb</latexit>

true
<latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit>

learned
<latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit>



We may extend to first order agent systems with multiple types of agents, with
di↵erent interaction kernels for each directed pair of interactions.

<latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit><latexit sha1_base64="qAuMsH409a1xVVzvfuU7RNL2i34=">AAACh3icbVFNbxMxEPUuBdrwFeDIZUSEhBAKuwWVHjgUceFYJNJUSqLI6x03Vvyx8ngLq6h/hR/FjX+DneyhtMzpad6bmefnqtGKQlH8yfI7e3fv3d8/GDx4+Ojxk+HTZ2fkWi9wIpx2/rzihFpZnAQVNJ43HrmpNE6r9ZfETy/Rk3L2e+gaXBh+YZVUgofYWg5/za1TtkYbYIpgeAf4M6CtITiQylMA52v0wC+ShDoKaAh+qL AC0+qgGo2Q9hI4uRPR2x1dKynRpyllA3ou0kFYo7eoCaTzgFwkmUcRsIaGK5+WXFPTeDkcFeNiW3AblD0Ysb5Ol8Pf89qJ1sS7QnOiWVk0YbHhPiih8WowbwkbLtbR6ixCyw3SYrPN8QpexU69tSZd9L3tXp/YcEPUmSoqDQ8rusml5v+4WRvk8WKjbNPGbMXukGx1CjmF14eguwi48Cp6BbHiKYX4dYMYQnnzybfB2eG4LMblt8PRyac+jn32gr1kr1nJPrIT9pWdsgkT2V72JnuffcgP8nf5UX68k+ZZP/Oc/VP5579lOcUR</latexit>

Example 1st order Prey-Predator system. Left: the interaction kernels and
⇢TL’s. Right: trajectories of the true system (left col.) and learned system (right
col.) with an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit><latexit sha1_base64="ILc4ixbiT2ycJpvY27k9fWi6mn4=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsuxcQ4lAJIXHoIaCmrZSEaL0ex0vWu9bumBJF/RFcOIAQV34PN/4Na8dC0DIH62nezNuZN04rJR3F8a8gvLJ19dr17Ru9m7du37nb37l37ExtBY6FUcaeptyhkhrHJEnhaWWRl6nCk3T5suFPPqB10ugjWlU4K/lCy1wKTj413wm2ptpInaGm9TTN4dVHXlYKzyFxBMZmaGFkcf XEfzJOxoJbOcIygkPM6TlQgSA1oeWi0YMlWo3KAdcZ7E5tYeaH7452H7sI3spF0TRY/h6FF5LowOStANkaO10YKq8Lfq9orxVRyL1i9oe2jUzHn0kqfJEfQJLkymd1JtsxcmvK5inP6AX4wTkMyVQbSQ4az8BohGFqiEy5F837gziK24DLIOnAgHUxmvd/TjMj6tLbJhR3bpLEFc3W3JIU3r3etHZYcbHkC5x4qHmJbrZuz3UOj3wmg9ybmRvdLmPs3x1rXjq3KlNfWXIq3EWuSf6Pm9SUP5utpa5qQi02D+W1AjLQ3B4yab33auUBF9ZbJUAUvLmd/0N63oTk4sqXwfF+lMRR8mZ/cPCis2ObPWAP2ZAl7Ck7YK/ZiI2ZCJbBp+BL8DWsws/ht/D7pjQMup777J8If/wGknzpjA==</latexit>

Examples: multi-type agents + scaling N

N 7! 4N
<latexit sha1_base64="u2ifVQpd3b/l7r2cG9wIpEDSmWA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFQQuLgI1ViGA+IDnC3mYvWbK7d+7uBcKR32FjoYitP8bOf+MmuUITHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzf32hCrNIvlopjH1BR5KFjKCjZX8cr0ncKxNhK7q5X6x5FbcBdA68TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XR8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrzxUybjxFBJlovChCP75DwBNGCKEsOnlmCimL0VkRFWmBibU8GG4K2+vE5a1YrnVryHaql2m8WRhzM4h0vw4BpqcA8NaAKBJ3iGV3hzJs6L8+58LFtzTjZzCn/gfP4AUI6RHA==</latexit><latexit sha1_base64="u2ifVQpd3b/l7r2cG9wIpEDSmWA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFQQuLgI1ViGA+IDnC3mYvWbK7d+7uBcKR32FjoYitP8bOf+MmuUITHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzf32hCrNIvlopjH1BR5KFjKCjZX8cr0ncKxNhK7q5X6x5FbcBdA68TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XR8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrzxUybjxFBJlovChCP75DwBNGCKEsOnlmCimL0VkRFWmBibU8GG4K2+vE5a1YrnVryHaql2m8WRhzM4h0vw4BpqcA8NaAKBJ3iGV3hzJs6L8+58LFtzTjZzCn/gfP4AUI6RHA==</latexit><latexit sha1_base64="u2ifVQpd3b/l7r2cG9wIpEDSmWA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFQQuLgI1ViGA+IDnC3mYvWbK7d+7uBcKR32FjoYitP8bOf+MmuUITHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzf32hCrNIvlopjH1BR5KFjKCjZX8cr0ncKxNhK7q5X6x5FbcBdA68TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XR8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrzxUybjxFBJlovChCP75DwBNGCKEsOnlmCimL0VkRFWmBibU8GG4K2+vE5a1YrnVryHaql2m8WRhzM4h0vw4BpqcA8NaAKBJ3iGV3hzJs6L8+58LFtzTjZzCn/gfP4AUI6RHA==</latexit><latexit sha1_base64="u2ifVQpd3b/l7r2cG9wIpEDSmWA=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFhPBKtwFQQuLgI1ViGA+IDnC3mYvWbK7d+7uBcKR32FjoYitP8bOf+MmuUITHww83pthZl4Qc6aN6347uY3Nre2d/G5hb//g8Kh4fNLSUaIIbZKIR6oTYE05k7RpmOG0EyuKRcBpOxjfzf32hCrNIvlopjH1BR5KFjKCjZX8cr0ncKxNhK7q5X6x5FbcBdA68TJSggyNfvGrN4hIIqg0hGOtu54bGz/FyjDC6azQSzSNMRnjIe1aKrGg2k8XR8/QhVUGKIyULWnQQv09kWKh9VQEtlNgM9Kr3lz8z+smJrzxUybjxFBJlovChCP75DwBNGCKEsOnlmCimL0VkRFWmBibU8GG4K2+vE5a1YrnVryHaql2m8WRhzM4h0vw4BpqcA8NaAKBJ3iGV3hzJs6L8+58LFtzTjZzCn/gfP4AUI6RHA==</latexit>

true
<latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit>

learned
<latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit>



Example 2nd order Prey-Predator system. Left: the interaction kernels and
⇢TL’s. Right: trajectories of the true system (left col.) and learned system (right
col.) with an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit><latexit sha1_base64="wVU8ZJ8q3r0pRZawpzxw2lVykos=">AAAC7nicbVJNb9NAEF2bAiV8pXDkMiJFpAcsOxcQ4lAJIXHoIaCmrdSEaL0ex0vWu9bumhJF/RFcOIAQV34PN/4NY8dC0DIH62nezNuZN04rJZ2P419BeGXr6rXr2zd6N2/dvnO3v3PvyJnaCpwIo4w9SblDJTVOvPQKTyqLvEwVHqfLlw1//AGtk0Yf+lWFs5IvtMyl4J5S851ga6qN1Blqv56mObz6yMtK4TmMdAbGZmhhbH H1hD4Z98aCWzmPZQQHmPvn4AsEqT1aLho9WKLVqBxw6t6d2sLMD94d7j52EbyVi6JpsPw9ChKS6MDkrYC3NXa6MFSkC7RXtNeKKOSkmP2hbSPT8WfSF1REA0gvuaKszmQ7Rm5N2TxFjF4ADc5h6E21keSg8QyMRhimxntT7kXz/iCO4jbgMkg6MGBdjOf9n9PMiLok24Tizp0mceVna269FOReb1o7rLhY8gWeEtS8RDdbt+c6h0eUySAnM3Oj22WM/btjzUvnVmVKlSX3hbvINcn/cae1z5/N1lJXtUctNg/ltQJvoLk9ZNKS92pFgAtLVgkQBW9uR39Ij0xILq58GRyNoiSOkjejwf6Lzo5t9oA9ZEOWsKdsn71mYzZhIlgGn4IvwdewCj+H38Lvm9Iw6Hrus38i/PEbYeHpeA==</latexit>

Examples: 2nd order systems

true
<latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit><latexit sha1_base64="zBCgae/Hwb66QsWX7cVT2bwmxmQ=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBmwsYxgPiA5wt5mkizZ3Tt294Rw5C/YWChi6x+y89+4uVyhiQ8GHu/NMDMvSgQ31ve/vdLW9s7uXnm/cnB4dHxSPT3rmDjVDNssFrHuRdSg4ArblluBvUQjlZHAbjS7W/rdJ9SGx+rRzhMMJZ0oPuaM2lzSKQ6rNb/u5yCbJChIDQq0htWvwShmqURlmaDG9AM/sWFGteVM4KIySA0mlM3oBPuOKirRhFl+64JcOWVExrF2pSzJ1d8TGZXGzGXkOiW1U7PuLcX/vH5qx7dhxlWSWlRstWicCmJjsnycjLhGZsXcEco0d7cSNqWaMuviqbgQgvWXN0mnUQ/8evDQqDUbRRxluIBLuIYAbqAJ99CCNjCYwjO8wpsnvRfv3ftYtZa8YuYc/sD7/AFDfY5Q</latexit>

learned
<latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit><latexit sha1_base64="pL1R2f5Ho9lFQrI3HGUNPtRbuHc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0l60WPBi8cK9gPaUDabSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSAXXxnW/ncrW9s7uXnW/dnB4dHxSPz3r6SRTDLssEYkaBFSj4BK7hhuBg1QhjQOB/WB2V/j9J1SaJ/LRzFP0YzqRPOKMGiv1BVIlMRzXG27TXYJsEq8kDSjRGde/RmHCshilYYJqPfTc1Pg5VYYzgYvaKNOYUjajExxaKmmM2s+X5y7IlVVCEiXKljRkqf6eyGms9TwObGdMzVSve4X4nzfMTHTr51ymmUHJVouiTBCTkOJ3EnKFzIi5JZQpbm8lbEoVZcYmVLMheOsvb5Jeq+m5Te+h1Wi3yjiqcAGXcA0e3EAb7qEDXWAwg2d4hTcndV6cd+dj1Vpxyplz+APn8wdlMo+J</latexit>



Example with environment (phototaxis)

Example 2nd order Phototaxis model, which includes an environment modeling
light, interacting with the agents. Left: the interaction kernels and ⇢TL’s. Right:
trajectories of the true system (left col.) and learned system (right col.) with
an initial condition from training data (top) and a new one (bottom).

<latexit sha1_base64="efk7D5q0+6BM64l8dTFH75vRGq8=">AAADNXicbVJNbxNBDN1dvkr4SuHIxSJFpFIVJbmAEIdKCAmJHgJq2kpNiGZnvdkhszOrGW/TKOqf4sL/4AQHDiDElb+AdxNV0GJpJMt+frafJy608tTtfg2jK1evXb+xcbNx6/adu/eam/cPvC2dxKG02rqjWHjUyuCQFGk8KhyKPNZ4GM9eVvnDE3ReWbNPiwLHuZgalSopiEOTzfDNyFhlEjS0HMUpvDoVeaHxDPomAesSdD DILFkSp8pDbhPUOzDPlMxAGanLBD0IA2hOlLMmZ5oVSJkpaDXNaIdxhE5IqkJzRRlQhiCmDPUd2MOUnteRc5g1MENnUFfMCWyNXGYne+/3t54w/l3FyQVOfEBJ1inub9OagFyJ4BeeMIe2Zl5geTrbNYlGwYzJedpVNOt8PRPvoIwiJTRHTaLqMVJn86oVZ3j2RJCANtliRSnA4BysQWjHlsjm251Js9XtdGuDy05v7bSCtQ0mzc+jxMqykk1q4f1xr1vQeCkcKclHaIxKj4WQM1brmF0jcvTjZX31M3jMkQRS6/iZehnr/q5Yitz7RR4zMheU+Yu5Kvi/3HFJ6bPxUpmiJDRy1SgtNZCF6gtBohxrrxfsCOlYKgkyE9Xt+KM1WITexZUvOwf9Tq/b6b3tt3ZfrOXYCB4Gj4J20AueBrvB62AQDAMZfgy/hN/DH9Gn6Fv0M/q1gkbhuuZB8I9Fv/8A/G8G4g==</latexit><latexit sha1_base64="efk7D5q0+6BM64l8dTFH75vRGq8=">AAADNXicbVJNbxNBDN1dvkr4SuHIxSJFpFIVJbmAEIdKCAmJHgJq2kpNiGZnvdkhszOrGW/TKOqf4sL/4AQHDiDElb+AdxNV0GJpJMt+frafJy608tTtfg2jK1evXb+xcbNx6/adu/eam/cPvC2dxKG02rqjWHjUyuCQFGk8KhyKPNZ4GM9eVvnDE3ReWbNPiwLHuZgalSopiEOTzfDNyFhlEjS0HMUpvDoVeaHxDPomAesSdD DILFkSp8pDbhPUOzDPlMxAGanLBD0IA2hOlLMmZ5oVSJkpaDXNaIdxhE5IqkJzRRlQhiCmDPUd2MOUnteRc5g1MENnUFfMCWyNXGYne+/3t54w/l3FyQVOfEBJ1inub9OagFyJ4BeeMIe2Zl5geTrbNYlGwYzJedpVNOt8PRPvoIwiJTRHTaLqMVJn86oVZ3j2RJCANtliRSnA4BysQWjHlsjm251Js9XtdGuDy05v7bSCtQ0mzc+jxMqykk1q4f1xr1vQeCkcKclHaIxKj4WQM1brmF0jcvTjZX31M3jMkQRS6/iZehnr/q5Yitz7RR4zMheU+Yu5Kvi/3HFJ6bPxUpmiJDRy1SgtNZCF6gtBohxrrxfsCOlYKgkyE9Xt+KM1WITexZUvOwf9Tq/b6b3tt3ZfrOXYCB4Gj4J20AueBrvB62AQDAMZfgy/hN/DH9Gn6Fv0M/q1gkbhuuZB8I9Fv/8A/G8G4g==</latexit><latexit sha1_base64="efk7D5q0+6BM64l8dTFH75vRGq8=">AAADNXicbVJNbxNBDN1dvkr4SuHIxSJFpFIVJbmAEIdKCAmJHgJq2kpNiGZnvdkhszOrGW/TKOqf4sL/4AQHDiDElb+AdxNV0GJpJMt+frafJy608tTtfg2jK1evXb+xcbNx6/adu/eam/cPvC2dxKG02rqjWHjUyuCQFGk8KhyKPNZ4GM9eVvnDE3ReWbNPiwLHuZgalSopiEOTzfDNyFhlEjS0HMUpvDoVeaHxDPomAesSdD DILFkSp8pDbhPUOzDPlMxAGanLBD0IA2hOlLMmZ5oVSJkpaDXNaIdxhE5IqkJzRRlQhiCmDPUd2MOUnteRc5g1MENnUFfMCWyNXGYne+/3t54w/l3FyQVOfEBJ1inub9OagFyJ4BeeMIe2Zl5geTrbNYlGwYzJedpVNOt8PRPvoIwiJTRHTaLqMVJn86oVZ3j2RJCANtliRSnA4BysQWjHlsjm251Js9XtdGuDy05v7bSCtQ0mzc+jxMqykk1q4f1xr1vQeCkcKclHaIxKj4WQM1brmF0jcvTjZX31M3jMkQRS6/iZehnr/q5Yitz7RR4zMheU+Yu5Kvi/3HFJ6bPxUpmiJDRy1SgtNZCF6gtBohxrrxfsCOlYKgkyE9Xt+KM1WITexZUvOwf9Tq/b6b3tt3ZfrOXYCB4Gj4J20AueBrvB62AQDAMZfgy/hN/DH9Gn6Fv0M/q1gkbhuuZB8I9Fv/8A/G8G4g==</latexit><latexit sha1_base64="efk7D5q0+6BM64l8dTFH75vRGq8=">AAADNXicbVJNbxNBDN1dvkr4SuHIxSJFpFIVJbmAEIdKCAmJHgJq2kpNiGZnvdkhszOrGW/TKOqf4sL/4AQHDiDElb+AdxNV0GJpJMt+frafJy608tTtfg2jK1evXb+xcbNx6/adu/eam/cPvC2dxKG02rqjWHjUyuCQFGk8KhyKPNZ4GM9eVvnDE3ReWbNPiwLHuZgalSopiEOTzfDNyFhlEjS0HMUpvDoVeaHxDPomAesSdD DILFkSp8pDbhPUOzDPlMxAGanLBD0IA2hOlLMmZ5oVSJkpaDXNaIdxhE5IqkJzRRlQhiCmDPUd2MOUnteRc5g1MENnUFfMCWyNXGYne+/3t54w/l3FyQVOfEBJ1inub9OagFyJ4BeeMIe2Zl5geTrbNYlGwYzJedpVNOt8PRPvoIwiJTRHTaLqMVJn86oVZ3j2RJCANtliRSnA4BysQWjHlsjm251Js9XtdGuDy05v7bSCtQ0mzc+jxMqykk1q4f1xr1vQeCkcKclHaIxKj4WQM1brmF0jcvTjZX31M3jMkQRS6/iZehnr/q5Yitz7RR4zMheU+Yu5Kvi/3HFJ6bPxUpmiJDRy1SgtNZCF6gtBohxrrxfsCOlYKgkyE9Xt+KM1WITexZUvOwf9Tq/b6b3tt3ZfrOXYCB4Gj4J20AueBrvB62AQDAMZfgy/hN/DH9Gn6Fv0M/q1gkbhuuZB8I9Fv/8A/G8G4g==</latexit>

true
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learned
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Testing hypotheses for agent systems

ExampleWe want to test if a 2nd order system is driven by energy or alignment
interactions. Left: we learn a general model (with both types of interaction)
on a system with only energy interaction terms: we obtain �̂A is u 0. Right:
learning on a system with only alignment term yields �̂E u 0.
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Example We want to test if a system is governed by 1st or 2nd order interac-
tions. We are able to tell the
di↵erence reliably, by testing
the predictions of the learned
models on trajectories.
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Conclusions

Inference of interaction laws in systems of agents from trajectory data , F. Lu, S. Tang, M. Zhong, MM

· Learning agent-based type system may be performed e�ciently, nonpara-

metrically, at least in special cases, notwithstanding the high-dimensional

state space.

· Important generalizations: 1st- and 2nd-order, multi-type; more general

interaction kernels.

· Hypothesis testing; transfer learning; dictionary learning for dynamical

systems.

· Many open problems. E.g.: quantifying information needed for learning;

stochasticity; hidden variables; general interaction kernels; ...

· Many applications: biological systems, particle systems, learning forces in

molecular systems, ...
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+ ECG data (modeling and prediction) 
+ Cardiac MRI data for arrhythmia and sudden cardiac death 
risk assessment 
+ Learning in metric spaces, for example for images and 
multi-model data 
+ Zero-shot learning for detection of novel image classes
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