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Introduction

Introduction

@ Description of diffusion of a particle in a fluid

@ Mechanism, collective variables?

@ e.g. proton transport, hops between cages...
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Introduction

Diffusion of CO, molecule in molten CaCO3

D. Corradini, F.-X. Coudert, RV, Nature Chemistry 8 (2016): 454-460.

R. Vuilleumier (ENS Paris) Algorithms for projected dynamics CECAM-Moser discussion meeting 3/33



Introduction

Introduction

Mori-Zwanzig formalism for projecting on a slow variable

Application to the diffusion of a particle in a fluid

Other slow variables: hydrodynamic modes

Long-time behaviour of the memory kernel?
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Introduction

Mori-Zwanzig formalism for the diffusion of a tagged
particle in a fluid

@ Here, we will consider the case of diffusion and consider the velocity v
as relevant variable The projector of any quantity A on v is defined as

(vA)
(v?)
(e) is the average over the canonical distribution function at
temperature T

PA =v Q=1-7P

@ The microscopic dynamics is decomposed in components othorgonal
and along the projection space

IL=IPLA+iQL
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Introduction

Generalized Langevin equation for the tagged particle
velocity
e GLE

m%(t) _ —/Ot K(u)(t — u) du+ R(¢),

@ Mori-Zwanzig Memory kernel

_ (Fel2%F)  (FR(u))
KW =T = %t

e Random force R(t) = e'9*tF

@ Projection operator P =1— Q: PA = <<‘:,§>>V
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Computation of projected dynamics

Computation of projected dynamics

We want to compute
R(t) = exp(iQLt)F
We first note that

QL = i(1-P)L = ,-£+v<'<:v'2;>

So that the time evolution of R is

d . F-R
aR(t) = iLR(t) + v%
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Computation of projected dynamics

Projected dynamics along the flow

@ Force is transported unchanged backward in the phase-space flow:
d

—F(t) = iLF(t

SF(t) = iLF(t)

F(q, p; t + 6t) = F(qst, pse; t)

@ Total derivative of the random force in the flow is non zero

SR = ieR(e) +viT S

dt
(F-R(t))

R(q, p; t + 6t) = R(qst, pse; t) + ) v(gst, Pses t)
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Going backward

R(q, p; t + 6t) = R(qst, pst; t) + WV(%, Pst; t)

Order 1: Carof, A.; Vuilleumier, R.; Rotenberg, B. J. Chem. Phys. 2014, 140, 124103.

Order 2: Lesnicki, D.; Vuilleumier, R.; Carof, A.; Rotenberg, B. Phys. Rev. Lett. 2016, 116, 147804.
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lllustration

lllustration: double well potential

@ Characteristic function for the products and reactants
1ifx>0
hx) =4
0 otherwise

@ Reaction rate 7~ 1:

400 +o00 (h eiQLth) <h eiQLth>
K — M Y di= lim ~— 1
/0 (t) dt /0 T G Nm e T

but

b _ [T hh) L (hh()
/0 C(t)dt—/o p dt = | =0

BT t—00 kBT
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lllustration

lllustration: double well potential

hix) = 4 LTx >0 /OT C(t) dt = (h(0)A(T)) = (he“T hy

0 otherwise
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lllustration

lllustration: double well potential — projection

1if 0 T - hA
hx)=4 "X / K(t)dt = (hei Ty pa— 1A,
0 otherwise 0
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Asymptotic behaviour

Diffusion in a Lennard-Jones fluid — correlation function

MD simulations of liquid Argon at T* = 1.5, p* = 0.5 (10000 particles)
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Asymptotic behaviour: MD results
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Lesnicki, D.; Vuilleumier, R.; Carof, A.; Rotenberg, B. Phys. Rev. Lett. 2016, 116, 147804.

Hydrodynamic limit (L — +oo then t — +o00):
Asta, A. J.; Levesque, M.; Vuilleumier, R.; Rotenberg, B. Phys. Rev. E 2017, 95 (6).
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Asymptotic behaviour: theory

@ Velocity autocorrelation function (Bedeaux and Mazur)

2kg T

om [47(D +v)t] "2

2(t) = v -v(1)

@ Force autocorrelation function

d? 7
(F(t)F(0)) = 42 2(t) ~ t72

e Random force autocorrelation function: Corngold (PRA 1972)

2 262 3
K(t) ~ —kB—TZ(t) ~ —3p—m[4ﬂ'(D +v)t]"2
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Asymptotic behaviour

Retrieving the hydrodynamic solution: Basset-Boussinesq
force

o Integrating by parts the GLE (for long times t)
t
m (1) = / K(u)v(t — u)du+ R(¢)
0
t
= —&v(t) — / L(u)v(t — u)du
0

L) = / k() dr

@ Generalized friction force

mv(t) = f(t) — &v(t) — mov(t )—0471'_1/2/0 (t— u)_%;v(u) du

with

@ Hydrodynamic added mass m(’)gB 37TR3p0
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_ Aympoticbehaviw .
Added mass
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Asymptotic behaviour

Interpretation of the negative contribution to the added
mass

@ Retardated force
va(t) = fe(t) — 55\7(1‘ — 7’0) = fe(t) — 55\7(1') + & X T X V(t)

@ Short-time decay of the memory kernel

K(t) = SEet/m

70

@ Enskog contribution to the added mass
mE = —¢em0 ~ —0.29 m,

with 79 ~ 0.05 t* and £ ~ 5.8
@ Sum of contributions

mo = m§ + mff ~ -0.16 m
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Random force distribution

MD simulations of liquid Argon at T* = 1.5, p* = 0.5 (10000 particles)
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Eigenfunctions of iQL

Eigenfunctions of iQL for the double well potential

@ /QL has a non-trivial eigenfunction with zero eigenvalue
@ On the left:
h(iQL)=0
since Qh =10

@ On the right:
iQL, =0 = iLtpxh

1 o0 i oo
TH = ,—h=/ e'“hdt=/ h(t) dt
I£ 0 0

Formally,

Committor time
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Eigenfunctions of iQL

1D model

V), pylx)
&
T
1
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0= [ 2
. D oV o 0?
Overdamped dynamics: iL = T Ox Ox + DW
D=1 kT =2

Th = tp — tg: committor time
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1D model

— x(t) — x(
— <h(t)>
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Eigenfunctions of iQL

Relation between 7, and p.

Committor p.

Rescaling (h(t)) by pc:

0.8

0.6

0.4

0.2

Th & Tp X P, With 79 the reaction time
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Eigenfunctions of iQL

Equation for 7, and p,

@ T, satisfies
D oV 0 0?

——————+D— =—h
( KT Ox ox 8X2) 7h
A: source, B: sink; Tppo stationary state

@ p. satisfies

D 9oV 9 92

<_EE& + DW) pc=0; pc(0A)=1, p(9B)=-1

Can be solved using Lagrange multipliers

Dova P
( kTaXEJFDW)pC:A(X)
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1D model

in 1D: 7, = 79 X pc outside A and B
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Hydrodynamic flow

Inspection of limy_., e/ %*Tv

@ Taking limits in the GLE

@ It can be shown with some algebra that

/_0 (v(t)B) dt = W X TETOJBG_IQETW

@ in the sense of a density, we can say that

lim e—"QﬁTv:/_ V() = lim (r(0) —r(=T))

T—+o0 T—+o0
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Hydrodynamic flow

Comparison with linear response

Infinitesimal force

force f applied on particle 1 since t = —o0 along x

Averages of observables

0
Ay ~ (A BF / dt(vi.<(£)AYo
—00
~ <A>0 +f x ,8 (AI’17XA>0
Ary : displacement along x of particle 1 from t = —coto t =0

A= vi: B(Arxvi)g is the mobility
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Observables B

Induced local structure

o Particle density:

p(r) = Z m;&* (r —r;)

Induced flow around the diffusing particle

@ Momentum density:

pv(r) = Z m; (vi—v1) 53 (r—r;)

o ()
v = p(r)U
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Hydrodynamic flow

Use of symmetries

@ Density
dp(r) = ~1(r) cosf

@ Momentum density

pv(r) = ©(r)cosbu, + ©1(r)sin fuy

Same symmetries as Stokes flow! J
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Density map
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R. Vuilleumier (ENS Paris) Algorithms for projected dynamics CECAM-Moser discussion meeting 30/3



Velocity field: diffusing particle frame

pv(r) = B(An x (vi —vi)d(r —r1;)) = f(r)cos6 - e, + g(r)sinf - ey

04

> .06

-08

Lesnicki, D.; Vuilleumier, R. J. Chem. Phys. 2017, 147, 094502.
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Conclusions

Summary

@ An algorithm to compute accurately projected correlation function
and random noise from equilibrium MD simulations

We found the expected long-time behaviour of the projected
correlation function

Extraction of an added mass

Determination of molecular flow

Extension to collective variables to describe diffusion mechanism of
diffusion?

Proton transport,...
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Conclusions
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