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Numerical simulations: the context

e Electronic structure models used by thousands of physicists, chemists,
biologists, materials scientists, nanoscientists on a daily basis

@ over 10,000 papers a year and growing;
@ about 15% of the resources available in scientific computing centers;

@ W. Kohn and J. Pople: 1998 Nobel prize in Chemistry for their
contributions to electronic structure calculation methods
@ Numbers of hits (April 2014) for “Density Functional Theory”

@ in google scholar: 2,630,000
@ in mathscinet: 251

Most of these models are completely, or largely, unexplored from
mathematical and numerical points of view.
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Numerical simulations: some orders of magnitude

e Main challenge in first principle molecular simulation:
@ solve numerically the electronic Schrédinger equation (3N dim. PDE)

@ ...up to chemical accuracy

e What chemical accuracy can mean...
@ energy of a C atom : ~ 100 ha
energy of a H atom : 0.5 ha
energy of a covalent bond : ~ 0.15 ha (100 kcal/mol)

electronic excitation energy : ~ 0.03 ha (1 eV)

kg T at room temperature : ~ 0.001 ha (1/40 eV)
van der Waals characteristic energy : ~ 0.0003 ha (0.2 kcal/mol)

°
°

°

@ energy of a hydrogen bond: ~ 0.003 ha (2 kcal/mol)

°

°

@ spectroscopic accuracy : ~ 0.000005 ha (1 cm~1=29,470 MHz)
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Numerical methods: some zoology

Hartree—Fock
- Wavefunction methods { MP2, MP3, MP4, ...
MCSCF. CASSCF, CISD, CCSD, CCSI(T), ...

= Density functional theory

Thomas—Fermi (orbital free) : TF, TFW, ...
(DFT) |:

Kohn-Sham : Hartree, X o, LDA, GGA, ...

N-bhod } g

electronic — Variational MC

& - Quantum Monte Carlo
Schrodinger
e Ditfusion MC

equation
Time—dependent DFT

- GW
= Green function methods

Bethe—Salpeter equation
- Strongly correlated electron methods  DMFT, DFT+DMFT

2 Low rank tensor methods  DMRG, ...

- Reduced density matrices
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Outline

e Density functional theory
@ General formulation for finite systems
@ Kohn-Sham approximation

@ Models for crystals

e Numerical solution of the Kohn-Sham equations
@ Discretization of effective periodic operators

@ Solution of the nonlinear Euler-Lagrange equations

e Numerical analysis
@ Discretization errors for nonlinear eigenvalue problems

@ Open issues and perspectives
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Density-functional theory
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The Levy-Lieb approach (1)

e Hamiltonian of N electrons in the absence of external potential

Hg'_z AX,+ Z ’_XJ|

i=1 1<i<j<N

e Ground state energy: minimization over electronic density

pul) = N [ ol de . dun
R3(N-1)

using the following equalities

N
E(V) = inf O, [ HY + V(X)) | v
BN, HI(ED), [[4]]= 1< ( ¢ Z;
= inf {<¢,Ho¢>L2(R3N)+/ Pw\/}
peAN, HI(R?), [l|=1 RS

= inf {FLL(p)—I-/ p\/}
PERN R3
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The Levy-Lieb approach (2)

e N-representable densities Ry = {p =20, \pe HY(R3), / p= N}
R3

e Levy-Lieb functional: “universal” functional of p

FLu(p) = inf {W, HE' ) 12 (gamy

N
e \NH R, vl =1, py= p}

i=1

e Mixed-state approach: convex, lower semicontinuous functional

o . N _ .
Fr(p) = I'EDINn,fpr:p {TI'L2(R3N) (HO F)} (=+4+ocif p & Ry)

with Dy ={0 < T = "< 1, Trpaguomy(1) = 1, Trpzqeom)(~AT) <oc }

E(V)=  inf F 1% Ve 324 [°R3
W= it R0+ [ov] verrim)

E. Lieb, Density functional theory for Coulomb systems, Int. J. Quant. Chem. 24 (1983)
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Approximation of Fp, (1)

e No explicit expression for Fp,... Approximations needed:
@ Orbital-free models: reference = homogeneous electron gas
@ Kohn-Sham model: reference = non-interacting electrons

e Approximation of the kinetic part: Janak functional
1
T. = inf T —=Al
3(p) repmpr:p{ Tp2(R3N) ( 5 )}

1
— inf T A
(e (30
= f A Hi \Y 2 / —5“ i i2:
{M&W{ 3o [ Vol [ o=y ,I"W p}

0<ni<1

where N-representable density matrices (operators on L2(R3)) are
Cn = {0 <y=9"<1, TrL2(]R3)('Y) =N, TrLz(R3)(—A’y) < OO}
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Approximation of F, (2)

e Classical Coulomb interation J(p / / d Ix dy
R3 JR3 \X—Y\

Exchange-correlation functional
Exe(p) = FL(p) = Ts(p) — J(p) J

e In practice, |Exc(p)| < Ti(p), J(p)

e Simple example: local density approximation (LDA)

™

1/3
Ecl) = [ etk el =5 (2) 4+ e

where e.(p) is the exchange-correlation energy in a homogeneous electron
gas (Quantum Monte Carlo computations + fit + asymptotics)

e We will consider this example in the sequel, and denote vy = €.,
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A whole zoo of functionals...

Heaven Exact exchange—correlation functional
i i
Rung 5 : : P ; .
explicit functionals of the Kohn-Sham occupied and unoccupied orbitals
SAOP, ..
Rung 4 .. . o . . .
explicit functionals of the density matrix (ex: hybrid functionals)
1/2 & 1/2, B3P, BALYP, PBEO. O3LYP, X3LYP, mPW IPW91, BMK, PWB6K, BIBYS, PW6BOS, TPS
Rung 3 ad
ung J = 2 ;
g meta-GGA (explicit in p(r), Vp(r), Ap(r) and 7(r) = Z |Vl 1‘)|"l
BR89, tauPBE, VSXC, BB9S, TPSS, PBS00, LAP, ... =1
Rung 2 i R
o GGA (explicit in p(r) and V(1))
SIC. PW91. BLYP. mPWPW91, PBE. revPBE. G96LYP. HCTH, OPTX. EDFL. ...
Rung 1 s
= LDA (explicit in p(r))
Earth
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The Kohn-Sham model for crystals (1)
e Thermodynamic limit, periodic nuclear density ppcr, lattice R ~ (az)3

3
. . . . 27 . .
with unit cell T, reciprocal lattice R* ~ <Z> with unit cell T*
a

o
e Bloch-Floquet transform: unitary L?(R%) — f L%er(r) dq

g
. 27)3/2 - .
= Y f(xt RyeaberR) - Tr)\ S Flg+ K)o
ReER KeR*

@ Any operator commuting with the spatial translations 7 (R € R)

can be decomposed as (Af)q = Aqfy, and o(A) = U o(Ag)
qer*
@ Bloch matrices: Ak K/(q) = <eK,A eK/>L2 L(r) eK(x) =

FAV)(q+K)= > Axk(a)Fv(g+K')
K'eR*

‘r’71/2eiK-X

[CLLO1] I. Catto, C. Le Bris, and P.-L. Lions, Ann. I. H. Poincaré-An, 2001
[CDLO8] E. Cances, A. Deleurence and M. Lewin, Commun. Math. Phys., 2008
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The Kohn-Sham model for crystals (2)

Nonlinear eigenvalue problem

71(3)61" = 1( 00 €F]( per) pger = 'O’Yger’
1
0 0 0 0
Hper = EA + Vper? Vper = Wper + Vxe pper)

CAWS, = (0, — ), / Lo = / g —

More explicit expressions using the Bloch decomposition

1 \q\
0 0
(H )q:_EA— ig-V + + Voer = Zanq|unq (Un,ql

per
+oo
(f)/ger) q = Z l{snngsp} ‘ Un q> <u” q’

n=1
Z\{qer | €ng < e}

Aalborg, April 2014

Fermi level obtained from N = |F*|
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The Kohn-Sham model for crystals (3)

The spectrum of the periodic Hamiltonian is composed of bands

_ - 5+ e _
o(H) = U [z, %], Y, =ming,g, i =maxeng
n>1 qgelr* qerlr*

1
Insulator /' Conductor ’
semi-conductor [* q

N=2 N=3
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Numerical solution of the
Kohn-Sham equations

Gabriel Stoltz (ENPC/INRIA) Aalborg, April 2014 15 / 28



Practical computation of the ground state: linear operator

1
e Consider a periodic operator H = _EA + Vper

e Discretization of the Brillouin zone with M points in I}, (symmetries)

][ fl@)dg= Y wef(q), D> wg=1
* qers, qers,
¢ Galerkin discretization of the operator H,

@ Localized orbitals, wavelets, discontinuous Galerkin,

o Planewaves ex(x) = |T|~1/2 e~ K energy cut-off ]K]

max
— Nmax €lements

1 ks
[Hq]K,K’ = <eK, quK/>L}2:)er(r) = §|K—|— q’zéK,K’ +][ \/0 ( ) i(K—K’) dx

per
@ Quadrature rules needed to evaluate matrix elements (or FFT)

e Diagonalize the matrices [Hg]k k to obtain eigenvectors Whmax € Clmax
and eigenvalues eKmaX
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Discretization of the Brillouin zone

N AT LR =k
-- @ (= L]
* [ e _ o _© *
Nmax -
Construct fyger(x,y Z Wy Z l{aKmx<5F}¢Kmx( X)) eia (=)
qely,
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Practical computation of the ground state: general topics

e Pseudo-potentials: Many flavors...
@ Core electrons not significantly affected by the chemical surrounding
@ Reduce the computational cost: only valence electrons
@ Smoother wavefunctions, less planewaves needed

o Effective potential: modify V[, add a non-local operator

e Solution of the nonlinear eigenvalue problem: fixed-point iterations
@ compute the potential V" associated with pyn

(4

1
diagonalize the Hamiltonian —§A + V"

@ construct 7"t using the lowest energy eigenfunctions

@ obtain p,n1 by mixing pyn and pyni

@ Some results from numerical analysis (Cances/Lebris, Levitt)
e Direct minimization for large basis sets (planewaves)

e Other topic: fast resolution of linear subproblems (preconditioning, etc)
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Elements of numerical analysis

E. Cances, R. Chakir and Y. Maday, Numerical analysis of nonlinear eigenvalue
problems, J. Sci. Comput. 45 (2010) 90-117

E. Cances, R. Chakir and Y. Maday, Numerical analysis of the planewave discretization
of orbital-free and Kohn-Sham models, M2AN 46 (2012) 341-388
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Nonlinear eigenvalue problem

e Results for Kohn-Sham models quite technical — simplified model
Minimization problem

Domain Q = (0, L)9, with d = 1,2,3

l:inf{E(v), veHg(Q),/v _1}
E(v):/Q|VV\2+/ Vv + /|v4 p>0, Vel?Q)

e Properties
@ exactly two minimizers: u (with u > 0in Q) and —u

@ JI\ € R such that (A, u) satisfies the nonlinear eigenvalue problem
—Au+ Vu+ pu® =, llul|2=1

@ uc H*(Q) — C%(Q) for some a >0 and u >0 in Q
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Variational approximation
e Family of finite dimensional subspaces (X;)s=0 of H}(£2) with

min {||u— usl 1, us € xa} ——0

e Variational approximation /5 = inf {E(V5), vs € Xy, / v52 = 1}
Q

e At least one minimizer us such that (us, u);2 > 0. Uniquess for § small

e A priori error estimators in the linear case (u = 0)
Jus = ulls < € i s — ull
cllus — ullfp < E(us) — E(u) < Cllus — ullfp
A5 = Al < Cllus — ulff

|. Babuska and J. Osborn, Eigenvalue problems, in: Handbook of numerical analysis.
Volume 1l (1991) 641-787
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Proof for the linear case (1 = 0)

e Find a solution of —Au+ Vu = Au with [Ju[;2 = 1, A minimal

a(u, v)—/Vu-Vv—i—/ Vuv, E(u) = a(u,u) = A
Q Q
e Approximate minimizer us satisfies ||us]|,2 = 1 and A\s minimal
Yvs € X5, a(us, vs) = As(us, vs)12
e Energy of the approximate minimizer E(us) = a(us, us) = As
e Error estimate on the energies
As — A = E(us) — E(u) = a(us, us) — a(u, u)
= a(us — u,us — u) + 2a(u, us) — 2a(u, u)

= aEu(s —u,us — u) + 2Ny, us) 2 — 2A\(u, u) 2
a(us — u,us — u) — 2X\(1 — (u, us)2)

= a(us — u, us — u) — N|us — ul|?

e Conclusion: 0 < A\s — A = E(us) — E(u) < Cllus — ull2,
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A priori error estimators in the nonlinear case

e Nonlinear setting 1 > 0: general results
A priori error estimates
us — ullyr < C min |lvs —u||pp —— 0
s = ullin < € min [1v5 = ullm ——

cllus — ulln < E(us) — E(u) < Cllus — ul|fa
/ ug(u(; + u)(us — u)
Q

2 -
s = ullZa < Cllus = ulln miny [y = sl

IAs — Al < Cllus — ullz + p

e For any w € [2(Q), the element 1), is the unique solution in
ut = {v € H}(Q) ‘ (vyu)p2 = 0}
to the adjoint problem

Vv € ut, ((E"(u) = \) Yw, V>H_1’Hé = (w, V)2
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Aubin-Nitsche argument for a simple linear elliptic equation

e Aim: obtain good estimates on the L2 norm of u — u;

e General setting
@ a bilinear, continuous, coercive on H}(Q) x H}(Q)

o L linear, continuous on H}(Q)
@ unique solutions u € H}(Q) and us € X5 of

Vv € H3(Q), a(u,v) = L(v), Vvs € X5, a(us, vs) = L(vs)

e Adjoint problem with corrector u — us on the right-hand side

Iy € H3(Q) such that Vv € H3(Q), a(v,v) = (us — u, v);2

e Then, introducing the projection 751 of ¥ onto Xj, in the H! norm:
||U5 - u”%? = a(U5 - Uﬂb) = 3(U5 - U>¢ - 7T5¢)
< Cllus — ullpr [[¢ = 9|
=C us —u 1 min — Ys||H1
s = ullyn iy [ = sl

Gabriel Stoltz (ENPC/INRIA) Aalborg, April 2014 24 /28



Planewave discretization

e Periodic boundary conditions on Q = (0,27)9 and V periodic

l:inf{E(v), v € Hy(9Q), /Q|v\2:1}

e Variational space Vyy = E Ckek| C—k = ¢ p with ex(x) =
kezd, |k|<N

o uy = argmin{E(vN), v e Wy, / lvn|? = 1} with (uy, u);2 >0
Q

elk-x

(27r)d/2

e Strategy for better a priori estimates for |\ — \;|:

@ prove regularity of u, us (assumptions on V' and nonlinearity)
1
@ bound / Wy,us (U — us) by [[u — us||y-r = / w(u — us)
Q # W;éO HWHH’ Q

@ Aubin-Nitsche like treatment of / w(u — us)
Q
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Spectral approximation

Convergence result

Assume that V' € HZ(Q) for some o > d/2. Then (uy)nen converges to
uin HZ(Q) and there exists 0 < ¢ < C < oo such that for all N € N,

C
Hu,\,—uHH;gW forall —o<s<o+2

clluy — Ulli@ < E(un) — E(u) < Clluy — UH?@

C

|)\N_)\|<W

e Note that |[A\y — )| is of the same order as ||uy — qu_,l

e Results for the pseudo-spectral approximation (numerical integration)

e Results for the planewave approximation of Kohn-Sham: convergence
rate depends in particular on the regularity of the pseudo-potential
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Some open issues and perspectives
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Some open issues and perspectives

A lot remains to be done!

e Numerical analysis (compare with e.g. computational fluid dynamics)

@ A priori error estimations: discretization of the Brillouin zone
(metals), numerical quadratures, ...

@ A posteriori error estimators: adaptivity and load balancing

@ More efficient methods: “linear scaling”

e For some models, even the theoretical study is missing!
@ Post-DFT methods such as GW for instance

@ Nonlinear models of electronic transport
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