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Outline

e Some elements of statistical physics

e Sampling the canonical ensemble
@ Stochastic differential equations
@ Overdamped Langevin dynamics

@ Langevin dynamics

e Computation of transport coefficients
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General references (1)

e Statistical physics: theoretical presentations

)

)

R. Balian, From Microphysics to Macrophysics. Methods and Applications of
Statistical Physics, volume | - 1l (Springer, 2007).

many other books: Chandler, Ma, Phillies, Zwanzig, ...

e Computational Statistical Physics

)

)

)

)

)

D. Frenkel and B. Smit, Understanding Molecular Simulation, From Algorithms to
Applications (Academic Press, 2002)

M. Tuckerman, Statistical Mechanics: Theory and Molecular Simulation (Oxford,
2010)

M. P. Allen and D. J. Tildesley, Computer simulation of liquids (Oxford University
Press, 1987)

D. C. Rapaport, The Art of Molecular Dynamics Simulations (Cambridge
University Press, 1995)

T. Schlick, Molecular Modeling and Simulation (Springer, 2002)

e J.N. Roux, S. Rodts and G. Stoltz, Introduction a la physique statistique et a la
physique quantique, cours Ecole des Ponts (2009)
http://cermics.enpc.fr/~stoltz/poly_phys_stat_quantique.pdf
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General references (2)

e Longtime integration of the Hamiltonian dynamics

@ E. Hairer, C. Lubich and G. Wanner, Geometric Numerical Integration:
Structure-Preserving Algorithms for ODEs (Springer, 2006)

@ B. J. Leimkuhler and S. Reich, Simulating Hamiltonian dynamics, (Cambridge
University Press, 2005)

@ E. Hairer, C. Lubich and G. Wanner, Geometric numerical integration illustrated
by the Stérmer-Verlet method, Acta Numerica 12 (2003) 399-450

e Sampling the canonical measure

@ L. Rey-Bellet, Ergodic properties of Markov processes, Lecture Notes in
Mathematics, 1881 1-39 (2006)

@ E. Cances, F. Legoll and G. Stoltz, Theoretical and numerical comparison of some
sampling methods, Math. Model. Numer. Anal. 41(2) (2007) 351-390

@ T. Lelievre, M. Rousset and G. Stoltz, Free Energy Computations: A
Mathematical Perspective (Imperial College Press, 2010)

@ B. Leimkuhler and C. Matthews, Molecular Dynamics: with deterministic and
stochastic numerical methods (Springer, 2015)
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Some elements of statistical
physics
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General perspective (1)

e Aims of computational statistical physics:
@ numerical microscope

@ computation of average properties, static or dynamic

e Orders of magnitude
o distances ~1 A=10"1"m
@ energy per particle ~ kgT ~ 4 x 1072! J at room temperature
@ atomic masses ~ 10726 kg
@ time ~ 107 s
°

number of particles ~ N4 = 6.02 x 10?3

e “Standard” simulations
@ 10° particles [“world records”: around 109 particles]
@ integration time: (fraction of) ns [“world records”: (fraction of) us]
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General perspective (2)

What is the melting temperature of argon?
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(a) Solid argon (low temperature)
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General perspective (3)

“Given the structure and the laws of interaction of the particles, what are

the macroscopic properties of the matter composed of these particles?”
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General perspective (4)

What is the structure of the protein? What are its typical conformations,
and what are the transition pathways from one conformation to another?
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Microscopic description of physical systems: unknowns
e Microstate of a classical system of N particles:
(¢,p) = (q1,---,4N; P1,--.,PN) €E
Positions ¢ (configuration), momenta p (to be thought of as M¢)
e In the simplest cases, £ = D x R3*V with D = R3Y or T3V

e More complicated situations can be considered: molecular constraints
defining submanifolds of the phase space

e Hamiltonian H(q,p) = Exin(p) + V(q), where the kinetic energy is

mq Id3 0

1 _
Eyin(p) = §pTM p, M=

0 my Idg
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Microscopic description: interaction laws

e All the physics is contained in V

@ ideally derived from quantum mechanical computations
@ in practice, empirical potentials for large scale calculations

e An example: Lennard-Jones pair interactions to describe noble gases

V(ql, e

1<i<j<N

o =1 [(2)*- (0]

o=3.405x%x 10" m

Argon:
& {e/k:B =119.8 K
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Microscopic description: boundary conditions

Various types of boundary condi-
tions:
@ Periodic boundary
conditions: easiest way to
mimick bulk conditions

@ Systems in vacuo (D = R?)

@ Confined systems (specular
reflection): large surface
effects

@ Stochastic boundary
conditions (inflow/outflow of
particles, energy, ...)
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Thermodynamic ensembles

e Macrostate of the system described by a probability measure

Equilibrium thermodynamic properties (pressure,. .. )

(A)p =Eu(A4) = /gA(q,p)u(dqdp)

e Choice of thermodynamic ensemble
@ least biased measure compatible with the observed macroscopic data
@ Volume, energy, number of particles, ... fixed exactly or in average

o Equivalence of ensembles (as N — +00)
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An example: the canonical measure (NVT)

e Constraints satisfied in average: constrained maximisation of entropy

S(p) = —/plnpdk,

(A reference measure), conditions p > 0, /pd)\ =1, /Az-pd)\ =A;
e Euler-Lagrange equation using S’(p) =1+ 1np

1+lnp+a+z&Ai:0

7

e Canonical ensemble = measure on (g, p), average energy fixed Ay = H

pnvr(dg dp) = Zgyp e PP dg dp J

| 1
with 8 = T the Lagrange multiplier of the constraint / H pdqgdp = Ey
E
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Observables

e May depend on the chosen ensemble! Given by physicists, by some
analogy with macrosocpic, continuum thermodynamics

@ Pressure (derivative of the free energy with respect to volume)
1 N p?
Alg,p) = 7= D <i—q'-Vdi)

N 9
1 <
@ Kinetic temperature A(q,p) = INkn Z b
B “ my;
=1

@ Specific heat at constant volume: canonical average

Na
Cy = N T2 <<H2>NVT - <H>12\IVT)

Main issue J

Computation of high-dimensional integrals... Ergodic averages

e Also techniques to compute interesting trajectories (not presented here)
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Sampling the canonical ensemble
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Classification of the methods

e Computation of (A) = / A(q,p) n(dgdp) with
&

1
— 7—1,=BH(qp) =
p(dgdp) = Z, e dgdp, B T

e Actual issue: sampling canonical measure on configurational space
v(dg) = Z;'e V@ dg

e Several strategies (theoretical and numerical comparison?)
@ Purely stochastic methods (i.i.d sample) — impossible...
@ Stochastic differential equations
@ Markov chain methods
@ Deterministic methods a /a Nosé-Hoover

In practice, no clear-cut distinction due to blending...

'E. Cances, F. Legoll and G. Stoltz, M2AN, 2007
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Langevin dynamics

e Stochastic perturbation of the Hamiltonian dynamics : friction v > 0

dgy = M~ 'p, dt
2
dpy = —VV (qr) dt—y M 'py dt + /% AW,

e Motivations
@ Ergodicity can be proved and is indeed observed in practice
@ Many useful extensions (dissipative particle dynamics, rigorous NPT
and puVT samplings, etc)

e Aims
@ Understand the meaning of this equation
@ Understand why it samples the canonical ensemble
@ Implement appropriate discretization schemes
@ Estimate the errors (systematic biases vs. statistical uncertainty)
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An intuitive view of the Brownian motion (1)

e Independant Gaussian increments whose variance is proportional to time
V0<t0<t1<"'<tn, Wt¢+1_Wt¢NN(Oati+1_ti)

where the increments Wy, , — W, are independent

e G ~ N(m,o?) distributed according to the probability density

g(x) = ! eXp<—($_m)2>

oV 2 202

e The solution of dg; = 0dW; can be thought of as the limit At — 0
="+ oVALGY, G"~N(0,1) iid. J

where ¢" is an approximation of g,

e Note that ¢" ~ N(¢", onAt)

e Multidimensional case: Wy = (Wi, ..., Wy,) where W; are independent
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An intuitive view of the Brownian motion (2)

e Analytical study of the process: law 1(t, q) of the process at time ¢
— distribution of all possible realizations of ¢; for

@ a given initial distribution ¥(0, q), e.g. d0

@ and all realizations of the Brownian motion

Averages at time ¢

E(A(a) = /D Alg) ¥(t,q) dg

e Partial differential equation governing the evolution of the law

Fokker-Planck equation

0.2

o = ?Alb

Here, simple heat equation — “diffusive behavior”
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An intuitive view of the Brownian motion (3)

e Proof: Taylor expansion, beware random terms of order v/ At

A (q"'H) =A (qn + U\/EG")
=A(¢") + oVAIG" - VA(¢") + % (G (VA ()G + O(At3/2)

Taking expectations (Gaussian increments G™ independent from the current position ¢")

n n 2At n
B[4 6] = B[4+ TRtaa ] +o(ar”)
A n+1 — A(ag™ 2
Therefore, E [ (g )At (@") - %AA (¢")| — 0. On the other hand,

= 0. (ElAw)]) = [ Aot
This leads to
0= [Awast.0d- [sa@ueadi= [ a@ (a0 - 5000

This equality holds for all observables A.
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General SDEs (1)

e State of the system X € R? m-dimensional Brownian motion, diffusion
matrix o € Rx™

dXy = b(Xy) dt + o (X)) dW; J

to be thought of as the limit as At — 0 of (X™ approximation of X,,a¢)
X = X" L AtD (X)) + VALo(XMG", G~ N (0,1d,,)

e Generator

d
L 7 2 1 T
L£=b(x)-V+ 5007 (@) : V* = Z bi(@)0z, + 5 D, 00" (2)]; ; O0n,0n,
e Proceeding as before, it can be shown that

o (Ela@)) = [ Aow=B[(ea) ()] = [ care
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General SDEs (2)

Fokker-Planck equation

O =LY

where L£* is the adjoint of £

/X(ﬁA) dac_/A (L*B) () dx

e Invariant measures are stationary solutions of the Fokker-Planck equation

Invariant probability measure ¢, (x) dz

LYoo = 0, /Xz/)oo(:v) der=1, Yoo = 0

e When L is elliptic (i.e. ool has full rank: the noise is sufficiently rich),
the process can be shown to be irreducible = accessibility property

Pt(l‘,S) :]P)(Xt €S|X0 :ZL‘) >0
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General SDEs (3)

e Sufficient conditions for ergodicity
@ irreducibility
@ existence of an invariant probability measure 9 () dz

Then the invariant measure is unique and

1 /T
lim / cp(Xt)dt:/ o() Yoo () dz a.s.
T Jo x
e Rate of convergence given by Central Limit Theorem: ¢ = ¢ — /gmboo

ﬁ(; /OTgo(Xt)dt—/goz/zoo> %N(o,ai)
:fv;h: 28] [opxo] = im e | [ Tﬂx»@(xo)(l - 1)

Gabriel Stoltz (ENPC/INRIA) CIRM, november 2014 25 / 62



Generalities on SDEs (4)

e The variance can formally be rewritten as

—2// woodxdt—Q/ (£7'3) Pvoo
x
e Sufficient condition: exponential decay of the semigroup
tL —Xt
e HB(E) SCe

e Appropriate functional space E7 Explicit rate of convergence?

@ Lyapunov conditions? for ¢ € L>(W) with / W2 thoo < +00
X

o ()]
LW L —aW +b, W — 400, . = su
(z) o] o0 leellz (W) xeg W (z)
@ Logarithmic Sobolev/Poincaré inequalities [gradient structure]

@ Hypocoercivity [commutator structure]

2M. Hairer and J. Mattingly, Progr. Probab. (2011); L. Rey-Bellet, Lecture
Notes in Mathematics (2006)
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SDEs: numerics (1)

e Numerical discretization: various schemes (Markov chains in all cases)

e Example: Euler-Maruyama

e Standard notions of error: fixed integration time 1" < +00
@ Strong error  sup E|X" — X,a¢] < CAP
0<n<T/ At
@ Weak error: sup |E[p(X")] —E[p(Xpat)] | < CAP
0<n<T/At
@ “mean error” vs. “error of the mean”

e Example: for Euler-Maruyama, weak order 1, strong order 1/2 (1 when
o constant)
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SDEs: numerics (2)

Niter
. . : 1
e Trajectorial averages: estimator Oy, . = I E e(X™)
iter
n=1

e Numerical scheme ergodic for the probability measure 9o A,

e Two types of errors to compute averages w.r.t. invariant measure

@ Statistical error, quantified using a Central Limit Theorem

OAt,
(DNiter = /‘prO,At + \/W;g]viter’ g iter ~ N(07 1)

@ Systematic errors
o perfect sampling bias, related to the finiteness of At

/(Pwoo,At_/ Lpi/}oo‘ng,Atp
X X

o finite sampling bias, related to the finiteness of Nier
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SDEs: numerics (3)

Expression of the asymptotic variance: correlations matter!

+o00
Py = Var(g)+ 2 EFMFX),  F=p- [ovma
n=1

2
where Var(y) :/ P oo At :/ " hso,At — </ Solf)m,At)
X X X

N
- 1 iter
Proof: compute NjterE (d)i,iter) =N Z ]E([p‘(x"){ﬁ(xm))

iter 1, m=0

Stationarity E(@(X“)@(X’”)) = E(@(X"*mw(xo)) implies

Nt (B) =26 (1)) +2 35 (- 5 ) 2looenrone?)

iter

e Useful rewriting: number of correlated steps UQAW = Neorr Var(ep)

2 e
e Note also that UZAW, ~ EE [/ o(Xt)p(Xo) dt}
0
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SDEs: numerics (4)

e Estimation of o, by block averaging (batch means)

N M 5 1 EN

2 _ . k 1 k _ i i

OAte = Nyj‘lﬂlglﬁo M Z (CI)N - (I)NM) , On = N Z v(¢',p")
k=1 i=(k—1)N+1

UAt, k . ko::
Expected X N/ O oo nt + ——2 G", with G i.id.
N y t TV

8 %

oL
@"1 80
Q

c

%10' &7
el 8
S q;) 60
8 S50
©10°F g
b 40
[ =
S10 30
= Energy K
= 20
g ~

10 10

3 4 5 6 7 8 K
10 10 10 10 10 10 % 5 10 15 20 25 30

Trajectory length N Loaarithmic block lenath (p)
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Metastability: large variances...
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Overdamped Langevin dynamics

e SDE on the configurational part only (momenta trivial to sample)

2

e Invariance of the canonical measure v(dq) = ¥o(q) dgq
Yo(q) = 27 e V@), 7 = / e AV gq
D

1

p
1

@ invariance of ¢y: adjoint L*¢ = div, ((VV)QD + BV(M)

@ elliptic generator hence irreducibility and ergodicity

2At
e Discretization ¢"*! = ¢" — At VV(q") + \/?Gn

Gabriel Stoltz (ENPC/INRIA)
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Metropolization of the overdamped Langevin dynamics (1)

e Add a Metropolis rule®* to
@ stabilize the discretization when forces are singular
@ remove the bias in the invariant measure

@ Given ¢", propose ¢"*! according to transition probability 7'(¢", §)
@ Accept the proposition with probability min (1, 7(¢", ¢***) where

r(g,q) = v(dg) oc e~V

gt otherwise, set ¢! = ¢".

If acception, set ¢! =

G
N
3Metropolis, Rosenbluth (x2), Teller (x2), J. Chem. Phys. (1953)
*W. K. Hastings, Biometrika (1970)

°G. Roberts and R.L. Tweedie, Bernoulli (1996)

®P.J. Rossky, J.D. Doll and H.L. Friedman, J. Chem. Phys. (1978)
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Metropolization of the overdamped Langevin dynamics (2)

e The normalization constant in the canonical measure needs not be known

e Transition kernel: accepted moves + rejection
P(g,dq') = min (1, (g, f/))T(q, q')dq' + (1 - a(@))5q(dq’),

where a(q) € [0, 1] is the probability to accept a move starting from ¢:
a(@) = [ min (Lr(a.0))T(a. ) dd
D

e The canonical measure is reversible with respect to v

P(q,dq")v(dg) = P(q',dq)v(dq)

This implies invariance: /Dz/z(q’)P(q,dq') v(dq) :/Dw(q) v(dq)
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Metropolization of the overdamped Langevin dynamics (3)

e Proof: Detailed balance on the absolutely continuous parts
min (1,7(q,q")) T(q,dq")v(dg) = min (1,7(¢',q)) r(¢, )T (q, dq")v(dq)
= min (1,7(¢', q)) T(q', dq)v(dq’)

1
r(q’,q)

using successively min(1,r) = r min (1, %) and r(q,q) =

e Equality on the singular parts (1 — a(q)) d4(dq")v(dg) = (1 — a(q'))dy (dg)v(dq’)
[ [ 0.y (= at@) s,(adwidn) = [ ola.)1 — ata)vidn)

= [ [ #tad)a = atas, (dawan)

e Note: other acceptance ratios R(r) possible as long as R(r) = rR(1/r), but the
Metropolis ratio R(r) = min(1, r) is optimal in terms of asymptotic variance

"P. Peskun, Biometrika (1973)
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Langevin dynamics (1)

e Stochastic perturbation of the Hamiltonian dynamics

dgr = M 'p, dt
dpy = —VV(q) dt—y M tp, dt + o dW,

e +,0 may be matrices, and may depend on ¢

e Generator £ = Lyam + Lihm

dN
Loam = p" M7V = VV(@)TV, = Y 20, — 0,V ()9,
i=1 "

1 o2
Lihm = *pTM_I'yTVp + 3 (O'UT) : Vf, (: ?Ap for scalar 0)
e Irreducibility can be proved (control argument)
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Langevin dynamics (2)

e Invariance of the canonical measure to conclude to ergodicity?

Fluctuation/dissipation relation

ool = implies L* (e_BH) =0

e Proof for scalar v,0: a simple computation shows that

ﬁiklam = _ﬁhamv EhamH =0

1
e Overdamped Langevin analogy Linm = 7y <—pTM1Vp + BAP)
— Replace ¢ by p and VV(q) by M~1p

a1
thm [eXp <—5pszﬂ =0

e Conclusion: £}, ~and L} = both preserve e BH@P) dg dp
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Langevin dynamics (3)

e Rate of convergence? N o
Subelliptic estimates?:2:¢:9:€ on e L e
‘ o
Hz{fGLz(wo)‘/gfwozo} / .
I
= L2 (10) N Ker (AC)L / ° .
d o \ oy or
e Operator £ = Xy — ZXsz’ \
=1 ° o
with Xo = Lpam, X; = (/2 0,
/8 ‘\ [ ]
e £~ ! compact on H “‘rw .

?D. Talay, Markov Proc. Rel. Fields, 8 (2002)

bJ-P. Eckmann and M. Hairer, Commun. Math. Phys., 235 (2003)
°F. Hérau and F. Nier, Arch. Ration. Mech. Anal., 171 (2004)

C. Villani, Trans. AMS 950 (2009)

G. Pavliotis and M. Hairer, J. Stat. Phys. 131 (2008)
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Langevin dynamics (4)

e Basic hypocoercivity result: C; = [X;, Xo] (1 < i < d), assume
L Xék = —X()
o (fori,j > 1) X; and X commute with C}, X; commutes with X
@ appropriate commutator bounds
d d
° Z X X + Z C; Cj is coercive
i=1 i=1

Then time-decay of the semigroup Het < Ce ™M

L
HB(Hl(wo)ﬁ’H)
e The proof uses a scalar product involving mixed derivatives (a > b > 1)

M
((u,v)) = au, v)—i—z b (Xu, X;v)+(Xu, Civ)+(Ciu, X;v)+b(Cju, Civ)
i=1

1
e Langevin: C; = —0J,,, coercivity by Poincaré inequality
m
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Overdamped limit of the Langevin dynamics

1
oEitherM:€—>O(for’y:1)or’y:g—>+oo (for m =1 and an

appropriate time-rescaling t — t/¢)
dg; = v; dt

2
edvi = =VV(gf)dt — v dt + \/;th

2
e Limiting dynamics d¢? = —VV (¢?) dt + \/;th

e Convergence result: lim ( sup |l¢5 — q2||> =0 (as.)
t

e—0 0<s<

The proof relies on the equality

qf — q? =vp¢e (1 — Cit/5> — ./Ot (1 - ci(tir)/e) (VV(qi) - VV(qg)) dr

t "t
+/ e*(t*”/ivx/(q?,)drf\/i/ e~ =1/ qw,.
0 0
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Numerical integration of the Langevin dynamics (1)

e Splitting strategy: Hamiltonian part + fluctuation/dissipation

{ dgy = M~'p,dt - dgr =0 5
dpy = —VV (qr) dt dp; = —y M~ 'p, dt + ,/%th

e Hamiltonian part integrated using a Verlet scheme

e Analytical integration of the fluctuation/dissipation part

_ _ 2 _
d(evM ”pt) = M (dpy 4y My dt) = ,/%evM AW,

so that ,
_ 2 _
po=e M [ / e M=) gy,
0

t t
It can be shown that / f(8)dWs ~ N (0,/ f(s)2d3>
0 0
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Numerical integration of the Langevin dynamics (2)
e Splitting scheme (define an; = e YMTIAL choose YM~1At ~ 0.01 — 1)
ptH = pt - % VV(q"),
¢ = g+ AL M2
ol = /2 % vV (g™

11—«
P = anp 4 —22 M G,

\ B

Evolution operator

Parp(q) = E(v (¢")

)

q"Zq)

e Existence of a unique invariant measure ua; for compact position spaces

/PAt¢dﬂAt =/¢dum
& &
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Numerical integration of the Langevin dynamics (3)

e Evolution operator Pa; = et B/2eALAALB/2,ALC ity

1
A=M"'p-V,, B=-VV(g)-V, C=7 (‘Mlp Y+ ﬁAp)

e Exact remainders for the expansion of the evolution operator

A 2
Pay =T+ AL+ Tt (52 +[A+ B, C]) + At3Sy + At Ry o

Error estimates on the bias
For a smooth observable 1,

[vdnai= [ wdu+ a2 [ o 5du+0ya
& & &€
with f=—(£71)" S51
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Numerical integration of the Langevin dynamics (2)

e Structure of the proof®

@ by the invariance of pa; by Pay, it holds /(I — Pay)pduay =0,
&

@ using /(A + B)pdu = / Cpdu, a simple computation shows that
& &

/(I—PAt)cp- (1+Af) du = —At3/ (Lo [+ Sa] dp+ O(ALY)
& &

This suggests that L*f = —S51. Conclude with ¢ = Q a2t where
(pseudo-inverse, defined up to appropriate projections)

Id — Pa¢

Ay @arz=Td+ At} Zaro

8B. Leimkuhler, Ch. Matthews and G. Stoltz, IMA J. Numer. Anal. (2014)
Gabriel Stoltz (ENPC/INRIA) CIRM, november 2014 46 / 62



Computation of transport
coefficients

Gabriel Stoltz (ENPC/INRIA) CIRM, november 2014 47 / 62



Computation of transport properties

e There are three main types of techniques
@ Equilibrium techniques: Green-Kubo formula (autocorrelation)
@ Transient methods

@ Steady-state nonequilibrium techniques

@ boundary driven
@ bulk driven

e Definitions use analogy with macroscopic evolution equations

e Example of mathematical questions:
@ (equilibrium) integrability of correlation functions

o (steady-state nonequilibrium): existence and uniqueness of an
invariant probability measure

Gabriel Stoltz (ENPC/INRIA) CIRM, november 2014
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Steady-state nonequilibrium dynamics: some examples

e Perturbations of equilibrium dynamics by
Non-gradient forces (periodic potential V, ¢ € T)
dgy = M 'pydt
(1) 1 2y
dps — ( VYV (g) + nF) dt =AM pudi /W,

Fluctuation terms with different temperatures
dg; = pidt
dp; = (v’(qu — i) —v'(ai — Qi71)>df7 i#1,N
dp1 = (U/((D —q) — U’(Q1)>dt — yp1 dt + \/2y(T+AT) dW}
dpn = —v'(qn — an—1) dt — ypw dt + /2y(T—AT) dW,"

e Definition of nonequilibrium systems in physics: existence of currents
(energy, particles, ...)
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Invariant measure for nonequilibrium steady-states

e Mathematical definition of nonequilibrium systems?

The generator of the dynamics is not self-adjoint with respect to
L?(1), where p is the invariant measure.

Often, u replaced by invariant measure of related reference dynamics

e Quantification of the reversibility defaults by entropy production
RLR =L —o, o(q,p) =nBp" M~1F for (1)

e Prove existence/uniqueness of u: find a Lyapunov function

e May be difficult, e.g. 1D atom chains?-10:11

e Hypocoercivity? (works on L2(vy)...)

°L Rey-Bellet and L. Thomas, Commun. Math. Phys. (2002)

1°p Carmona, Stoch. Proc. Appl. (2007)

11J.-P. Eckmann and M. Hairer, Commun. Math. Phys. (2000)
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Invariant measure for nonequilibrium steady-states

e For equilibrium systems, local perturbations in the dynamics induce local
perturbations in the invariant measure

=~ 2
dr; = ( —VV(z) + VV(xt)>dt + \/;th
so that p(dz) = 7-1=BV(2)=V(2)) 1,

e For nonequilibrium systems, the invariant measure depends non-trivially
on the details of the dynamics and perturbations are non-local!

e For the dynamics dz; = ( — V' (xy) + F)dt +/2dW; on T,

z+1
/,L(dﬂ:’) — Z—le—V(Z‘)-i-Fa? </ eV(y)—Fy dy) dr
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Linear response (1)

e Generator of the perturbed dynamics Lo + 1Ly, on L?(vpg) (where 1) is
the unique invariant measure of the dynamics generated by Lo)

e Fokker-Planck equation: (L5 + nL7) f, = 0 with /fnqpo =1
Series expansion of the invariant measure v, = f, 1
+oo n
fo = (L5 +nLY)” 1501—<1+Z77 [ (£o)~ 15?} )1
n=1

e These computations can be made rigorous for 1 sufficiently small when...
@ (equilibrium) Ker(L§) = 1 and L invertible on

= {f e L*(¢o) /f% = 0} = L*(yo) N{1}*

o (perturbation) Ran(L£}) € # and (L)™' L% bounded on H, e.g.
when [[£1¢]|12(4) < allLo®llL2(p0) + bl L2(w0)

Gabriel Stoltz (ENPC/INRIA)
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Linear response (2)

e Response property R € H, conjugated response S = L1

Linear response from Green-Kubo type formulas

a = lim &
n—0 n

_ _/g [£51R] [£51] woz/OJrOOE(R(xt)S(xg))dt

+oo
using the formal equality —£;"' = / et©0 dt (as operators on H)
0
o Autocorrelation of R recovered for perturbations such that £11 oc R

e For general property: consider lim M
n—0 n
e In practice:
@ ldentify the response function
@ Construct a physically meaningful perturbation
@ Equivalent non physical perturbations (“Synthetic NEMD")
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e Some introductory references...
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e And many reviews on specific topics! For instance, thermal transport in
one dimensional systems
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Example: Autodiffusion (1)

e Periodic potential V, constant external force F'

dqt = M_lpt dt
2
dp; = (— VV(q) +nF>dt—7M_1ptdt+ \/%th

e In thiscase, L1 =F -0, and so L{1=—3F - M 'p
e Response: R(q,p) = F - M~1p = average velocity in the direction F

e Linear response result:

Definition of the mobility

400
R L 5/ Eeq<(F M p,)(F - M_1p0)> dt
0

(Expectation over canonical initial conditions and realizations of the dynamics)
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Example: Autodiffusion (2)

e Einstein formulation: diffusive time-scale for the equilibrium dynamics

Definition of the diffusion

—— Eeq [(F -(gr — %))2]

T—+o00 2T

e Relation between mobility and diffusion

v, =BFT'DF

2
E[(F-(qT ~ ) } 7 .
i - E(F-M—l F-M! ) 1— 2 )at
since 5T /0 ( Pt)( po) T
e Various extensions:
@ Random forcings

@ Space-time dependent!? forcings F'(t, q)

2R, Joubaud, G. Pavliotis and G. Stoltz, J. Stat. Phys (2014)
Gabriel Stoltz (ENPC/INRIA)
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Example: Autodiffusion (3)

e Diffusive rescaling on the dynamics not reprojected into the periodic cell

@ introduce Q; = qo +/ M~ ps ds € R?

@ equilibrium initial conditions (qo, po) ~ %o(q,p) dgdp
@ rescale as Q; = €Qy /.2 fore >0

Weak convergence to an effective Brownian motion

As ¢ — 0, the process ()7 weakly converges over finite time intervals to

the Brownian motion
dQ, = V2 D'?dB,

with initial conditions Qy ~ Z~'e=#V (@) dq.

-~

Proof: consider [,071<I>F = FTIVI’1p. The function @  and its derivatives are growing at most polynomially by subelliptic

2
estimates a la Talay. By Ité calculus, d® p(qs) = LPF(gs) + 4 ?’Y V®p(gs) - dWs, which shows that

[2~r rt
FTQy = ®p(q:) — @p(q0) + M ¢, with the martingale M p ; = % /0 V®r(qs)dWs. By the martingale

central limit theorem, e M

2
F,t/e2 converges to % / \V¢F|2 1o, which can be shown to be equal to 2FTDF.
s Je
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Error estimates on the Green-Kubo formula

PAt -

Assume = L+ AtS) + -+ At*71S, 1 + At*R, ar and

H Id PAt

<C [ vduse= [wdu+ iry
I I

Error estimates on the Green-Kubo formula
For v, ¢ with average 0 w.r.t. p,

/0+g<¢(Qt,pt)¢(QO,p0)> dt = At Zi)Em (JN (¢"p") ¢ (qo,po)) +O(AtY)

with Pa; = (Id FALSIL A+ Ata*ISa,lﬁ—l)w — pne(-.)

e Reduces to trapezoidal rule for second order schemes
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Error estimates on linear response

e Splitting schemes obtained by replacing B with B, = B+l -V,
— invariant measures [t , A¢
¢"t = q" + Atp",

+1 _ +1
PABIEAC p" —p”+At(—VV(Q” )+77F),
At

for
2
pn+1 — aAtﬁn+1 + / 1 _5aAt an

e Discard schemes obtained by replacing C' with C' + nF - V,, since they
do not perform well in the overdamped limit

e For instance,

e Recall that the mobility is defined as

.1 _ _
vpy = lim — [ F'M 'pp,,(dgdp) = / F'M™'p fo1,+(q,p) u(dq dp)
n—=0mn Je £

where the correction function satisfies L* fo 1, = —BFTM~1p

Gabriel Stoltz (ENPC/INRIA) CIRM, november 2014 59 / 62



Error estimates on the mobility

Error estimates for nonequilibrium dynamics

There exists a function fo1, € H' (1) such that
/ W dptyn.at = / v <1 +0fo1y + At fa0y + WAtafomlﬁ) dps + TyynAt,
£ &

where the remainder is compatible with linear response

7yt < K(WQ + Ata+1)» Pyt — Tyy0,at) < Kn(n+ Ata+1)

.

e Corollary: error estimates on the numerically computed mobility
1 _ _

Ve = lim — < / FTM™"p iy . ae(dg dp) — / F'M lpu%o,m(dqdp)>
n—0n £ £

&
o Results in the overdamped limit, possibly with superimposed Metropolis
procedure (SmartMC)

Gabriel Stoltz (ENPC/INRIA)

FTM?lp foz,l,w dﬂ + At&+1T’y,At

CIRM, november 2014 60 / 62



Numerical results

fitted linear responsé ‘ ‘ ‘ ‘
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Left: Linear response of the average velocity as a function of 7 for the scheme
16 B A B and At =0.01,y = 1.

Right: Scaling of the mobility vr, A+ for the first order scheme P,
fyC B,,A,B,, 'yC

associated with P,

AB,,C
7™ and

the second order scheme P
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A list of topics | haven’t mentioned...

e Sampling other thermodynamic ensembles
@ NVE by discretization of Hamiltonian dynamics
o NPT, uVT, etc

e Variance reduction techniques

e Computation of free energy differences

e Sampling of reactive trajectories (metastability)

e Coupling MD with
o finer scales (QM/MM)
@ coarser scales (DPD, SPH, etc)

e Developping better potential energy functions (electrostatics,
polarizability, etc)
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