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Overdamped Langevin dynamics
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Computing average properties

Aim: Sample target measure u(dq) = Z;le_ﬁv(q) dq on Q = T¢
(assume Z,, = 1 in the remainder; configuration space = torus)

Main issue

Computation of high-dimensional integrals... Ergodic averages

L 1t
Eu(p) = lim &, %:/0 ©(gs) ds

t——+o0 t

e One possible choice: overdamped Langevin dynamics
= Stochastic perturbation of gradient dynamics

2
dqt = —VV(qt) dt + \/;th

e Other choices include Metropolis-like schemes
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Properties of the standard overdamped Langevin dynamics

1
Generator £L = -VV (q) -V, + BAq

@ elliptic generator hence irreducibility and ergodicity
e adjoints on L2(Q) versus L?(11)

[ena=[ r(ca). [ enoan=[ ricom

1
o flat adjoint LTy = div, <(VV)<p + Bvq¢>

e self-adjoint operator on LQ( ), hence reversibility

L= —BV*V == Z 0 = =0y, + BV

Invariance of canonical measure encoded as £y or £*1 =0

G B = 5 ([ o) = [ 2o du=o0
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Overdamped Langevin dynamics with multiplicative noise

Diffusion matrix D(q) € R? (symmetric positive, not necessarily definite)

dg; = <—D(qt)VV(qt) + ;diVD(qt)> dt + \/ZDI/Z(%) dW; |

with div D the vector whose i-th component is the divergence of the i-th
column of the matrix D = [Dy, ..., Dy

Two possible motivations:
o Compensate for anisotropic potential energy landscapes
@ Reduce metastability

Generator still self-adjoint, invariant probability measure p

d
1 1 X
Lp = _BV*DV =3 E 94, Di 0y,

1,7=1
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Behavior of overdamped Langevin dynamics for various D
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Convergence of overdamped Langevin dynamics

Various measures of convergence, for instance
@ asymptotic variance in central limit theorem
@ convergence of the law at time ¢ to the stationary distribution

@ average exit time of a metastable well

Here: second option, in a L?(u) framework

Law at time ¢ written as 9 (t) = f(t)u, so that f(t) = e**P £(0)
By (¢(60) = [ o1 0dn= [ 0 f0)n

Typical convergence result: exponential convergence rate for et

17(8) = Lz = [P (£(0) = D)l 2y < ™ PP F(0) = 1l 2

Implies bounds on the asymptotic variance
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Obtaining an exponential rate of convergence
Spectral gap on Hj(u) = {u € H'(u ‘ / = O}
Td

> /Tw D(g)Vu(q) pulg) dg
A(D) = inf

we Y (u)\{0} 2 () d
[, utaPuta)ds

Desired inequality follows from a Gronwall estimate and

d

1 A(D) 2
dt (2 le"“P e HL2 #)) (P, Lp etLD‘P>L2(u) S B HGMD@HLQ(M

Criterion to choose D
Maximize the spectral gap A(D)

Possible choices:

-1 .
D= (VQV) for strongly convex potentials [Girolami/Calderhead 2011]
o D = PV [Roberts/Stramer 2002, Ghimenti/van Wijland,/... 2023]

Gabriel Stoltz (ENPC/INRIA) Cambridge, Nov. 2024 9/25



Characterization of the

optimal diffusion
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Need for normalization

Motivation: A(aD) = aA(D) and large D require smaller timesteps
L™ bounds trivial (saturate the constraint)

Chosen normalization: LY, (T¢, M,;) (note @ = T%), with associated

norm
1/p
IDls, = ( [ 1ot o dq)
\%4 Td

and requirement ¢ VD ¢ M with (for a,b > 0)

/V1ai,=: {]V[ S éij

1
Ve € RY, alelt < €T ME < 5'5'2}
Matrix norm compatible with order on symmetric positive matrices

Maximization performed on

Db = {D € L (T M)

[ p@i e <}
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Well posedness of the maximization problem

Existence of maximizer for p € [1, +00): For any a € [0, [Idg|5"]
and b > 0 such that ab < 1, there exists D; € ’Dg’b such that
A(Dy) = sup A(D)

DeDi?
Moreover, for any open set © C T, there exists ¢ € 2 such

that Dy (q) # 0.

Main arguments/properties:
e A is bounded (Poincaré inequality)
@ A is concave (sup of linear functions in D)
@ A is upper semicontinuous for the weak-* L topology (b > 0)

o the set @,‘ﬁ”’ is compact for the weak-* L{? topology
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Characterization of positive optimal diffusions (1/2)

Uniformly positive optimal diffusions Dy lead to degenerate eigenvalues

Precise statement:
e Frobenius norm |-|, Lebesgue exponent p € (1,4+00) and a =0

@ assume that there exists a maximizer D} of A on ’Dg’b,
with D*(g) e~V < gL 1dg for by > b
e additionally Dy € C°(T,R,) when d =1
If Dy > cldg, then A(D*) is a degenerate eigenvalue of —BLps.

Idea of proof: Proceed by contradiction and assume that the eigenvalue is simple.
From the Euler—Lagrange equation (regular perturbation theory)

0D(q) : (VUD; ®VUD;) q) dq —pfy/ |’D |P 2 :0D(q) e —BpV(q) dq,
Td

so that D, = a, ‘D;|i7p eﬁ(p_l)VVuD; ® Vupy, contradicting Dj(q) > clda
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Characterization of positive optimal diffusions (2/2)

Difficulty: Cannot directly rely on Euler-Lagrange equation

Strategy: max fa = regularize using softmax and pass to the limit!

DeDy
’ NoXo + Z Ni)\ieao\ —A2)
fulD) = SR L) )
i Trpz () =1 Ny + 3 Nietimha) oo ’

123
Can write Euler-Lagrange condition for f. using spectral calculus

N N o(l4+ arg,o) — aH,
DP,& = Ypa |DP~,&|F P ,8(17 nHv Z |: k, ) o a?xk rx:| Vera ® Ve.a

2
k>2 G
with Go = Y Nje™™ e, Hy = " N;\;e*; limit depends on lim a(Aa = Aze)
a—r 00
j=2 Jjz2

Typical example: d = 1, degeneracy of order 2 of first non zero eigenvalue
1/(p—1)
* _ o~ BV (q) ’ 2 en(1+e’7 +7]) / 2
Dp,oo(q) = Vp,00€ <|62,oo(q)| + 1+ en — 7’]677 |63,oo(Q)|

Second term vanishes for a value n* =~ 1.27

'Thank you Danny Perez for suggesting this!!
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Approximation by homogenization theory
Diffusive time rescaling eq; /.2 = 51/23,5 for effective diffusion D

Homogenized limit: for fixed D,
@ decrease the period: Dy 1(q) = D(kq) and Vy 1(q) = V(kq)
@ associated spectral gap

VUTD#JCVU, e BFVak

Ay k(D) = min 1 we PVar =0
ue HL(T9)\{0} / W2 e BVitk Td
Td
@ converges to Apom (D), spectral gap of —L5 on L?(T%) with (1D case)
— /
D= | (@) (1~ wp(a)’) ulg)da. VD1 + wp)| =0

Commutation optimization/homogenization: maximize Ay, (D)
Difom(q) = ™V
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Numerical results
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Numerical discretization

Maximization of the spectral gap
@ D piecewise constant, on uniform mesh
e finite element approximation of test functions/eigenfunctions

@ Sequential Least Squares Quadratic Programming algorithm for
nonlinear eigenvalue problem with constraints

A(D)Up = \(D)BUp,  UJBUp=1d

Discretization of the SDE
@ use Metropolis acceptance/rejection to ensure unbiased sampling

@ rejection probability O(v/At) for proposals based on naive
Euler—Maruyama discretization

o lowered to O(At3/2) with dedicated (implicit) HMC algorithms?

?Noble/De Bortoli/Durmus (2022), Leligvre/Santet/Stoltz (2023)
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Optimal diffusion / case n € (0, n*)

Potential V' (q) = cos(2mq) n=0.51

optimal diffusion >~ second eigenvalue
~ — — homogenized diffusion 7 3t +- third eigenvalue
N —-= constant diffusion
\ — - target distribution /

371

2
37.0

1 369

b K K K K X R K
368 s
L
0 1 2 3 a 5 6 7
0.00 025 0.50 075 1.00 a

Spectral gaps: 30.47 (constant), 32.43 (homogenized), 36.75 (optimal)
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Optimal diffusion / case n = n*

Potential V(q) = sin(4mq)(2 + sin(27q))

Spectral gaps: 0.81 (constant), 10.6 (homogenized), 11.2 (optimal)
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Influence of the lower bound

1.0

o8 \ AN /

0.6

Spectral gap for various lower bounds a

Lower bound a 0.0 0.2 0.4 0.6 0.8 1.0
Spectral gap | 11.227 11.226 11.208 11.145 10.983 10.572
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Approximation by homogenized limit

Ao . - - - - .
3 optimal diffusion, k = 1 .
—-—-- optimal diffusion, k = 2
N PN ——— optimal diffusion, k = 3 30 .
homogenized diffusion
2 28
26
1
24
.
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Positive diffusion when periodizing

Fast convergence to the homogenized limit
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Simulation of overdamped Langevin dynamics

-4

=5 optimal diffusion
homaogenized diffusion
constant diffusion

-6 E 1 I I
0 2.50%10° 5.00x10° 7.50x10° 1.00x10°

Spectral gaps: 0.81 (constant), 10.6 (homogenized), 11.2 (optimal)
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Metropolis rejection probabilities

Potential V' (q) = sin(47q)(2 + sin(27q))

constant diffusion 04
A target distribution
5 /w‘/’ A ——— MH rejection probability
/ | \ >
™ / [N 03 =
4 \ I [ =
\ [ [ | \ ©
\ E<}
\ f \ °
3 | | \ c
\ / \ R
| [ \ =1
|\ u / g
2 | | \ / v
I e
\ | | \ \ / N 01 =
(I \ / \
1 Vo | [
| \
Vo / 4
~ \ N\
0 - 0.0
0.00 0.25 0.50 0.75 1.00

Rejection probabilities for constant diffusion mostly where V' maximal

Rejection probabilities for optimized diffusion mostly where V' minimal
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Conclusion and perspectives
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Extensions

Normalization: numerical criterion (e.g. Metropolis rejection probability)

Scaling with dimension:3 diffusion depending only on some metastable
degrees of freedom, e.g.

D(q) = P¢(q) + al€(@)Pe(a),  Pe= V‘év@zHVQf

where £ : R? — RF (with k& < d) is a collective variable

Underdamped Langevin dynamics:
@ no variational framework

@ optimization of constant diffusion®

3| eligvre/Santet/Stoltz, arXiv preprint 2410.00525 (2024)
*Chak/Kantas/Pavliotis/Leligvre (2021)
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