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Outline

e Sampling probability measures with Langevin dynamics

e Mini-batching for (overdamped) Langevin dynamics
@ Structure of the covariance matrix of gradient estimator
@ Bias on the posterior distribution

e Adaptive Langevin dynamics (AdL)
@ Motivation for constant covariance matrix
@ Error estimates for generic covariance matrices
@ Theoretical convergence results!

e Extended AdL (non-constant covariance matrices?)

!B. Leimkuhler, M. Sachs and G. Stoltz, Hypocoercivity properties of adaptive
Langevin dynamics, SIAM J. Appl. Maths. (2020)

2], Sekkat and G. Stoltz, Removing the mini-batching error in Bayesian inference
using Adaptive Langevin dynamics, arXiv preprint 2105.10347
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Bayesian inference

e Data {z;}i—1 . n,, to be explained by a statistical model
o Parametrization by # € R%: individual likelihoods Pijem (2:]6)

@ Prior Ppyrior(f) on the parameters
Ndata

e Sample 6 from m(6]x) < Pprior (0 H Prejem(i]0)

e Usual MCMC (e.g. Metropolis): each step costs O(Ngata)

e Running example: Gaussian mixture model 6 = (1, p2)

($i—u1)2> 1—w < (ﬂfi—uz)2>
Pe em (T3 0 ex — -+ ex — ,
It ( ‘ ) /70'1 p ( 20_% /—27_[_0_2 p 20_5

with 01 = 09 = 0.4, w = 0.4, and Gaussian prior
Sample Ngata = 200 points from Peje (+|0*) with 6% = (1,0.5)
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(Overdamped)

Langevin dynamics
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(Underdamped/kinetic) Langevin dynamics

Momenta p € R?, conjugate to parameters § € R¢
2
Hamiltonian H(0,p) = —In7(f|x) + p2| friction v > 0
d@t = Dt dt
dp; = V Inmw(0|x) dt—ypy dt + /27y dW;

Generator £ = Ly, + 7Lrp with
Lyam =p Vo + [VInn(-[x)]' V,,  Lep=—p'Vy+ 4,

Unique inv. proba. meas. u(df dp) = m(0]x)N(0,1dg) o e 1@P) 4o dp

Yo, /ﬁ(pd/i:() — Lip=0
E
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Hamiltonian and overdamped limits

e As v — 0, the Hamiltonian dynamics is recovered

d
T [H (61, p0)) = = (E [|pe[*] — d) dt
Time ~ 7! to change energy levels in this limit3

e Overdamped limit v — +o00: rescaling of time ~t¢

b [ e \F L |
— 0y = — Vin7(0s|x)ds + /=Wy — — -
vt 0 o ~ ~t ~ Pyt — Po

t
1
_ / V(0. ds + V2B, ~ ~ (b ~ o)
0

which converges to the solution of dO; = V In7(0;|x) dt 4+ V2 dB;

e In both cases, slow convergence, with rate scaling as min (’y,ﬁ/_l)

*Hairer and Pavliotis, J. Stat. Phys., 131(1), 175-202 (2008)
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Ergodicity results for Langevin dynamics (1)

Almost-sure convergence* of ergodic averages §; = 1/; ©(bs,ps)ds

Asymptotic variance of ergodic averages (with Ilpp = ¢ — E,(¢))
O'?p = tE«Igloo tVar [@f] = 2/5 (fﬁ_lﬂogo) Mo du

Central limit theorem® when Poisson equation can be solved in L?(p)

—Ld = Tlyp ]

Well-posedness for £ invertible on subsets of L3(u) = IToL? (1)

+oo
—i = / et dt ’
0

*Kliemann, Ann. Probab. 15(2), 690-707 (1987)

®Bhattacharya, Z. Wahrsch. Verw. Gebiete 60, 185-201 (1982)
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Ergodicity results for Langevin dynamics (2)

Prove exponential convergence of the semigroup e on E C L(Q)(u)
Lyapunov techniques® L% (€) = {gp measurable, sup ‘%‘ < +oo}
standard hypocoercive’ setup H'(u)

L?(u) after hypoelliptic regularization® from H* (1)

direct transfer from H'(u) to L?(u) by spectral argument®
directly’® L2(u) (recently!! Poincaré using 0; — Lpam)

coupling arguments!?

e direct estimates on the resolvent using Schur complements!3

®© 6 6 6 6 o

Rate of convergence min (7,7~ ') in all cases

®Wu ('01); Mattingly/Stuart/Higham ('02); Rey-Bellet ('06); Hairer/Mattingly ('11)

"Villani (2009) and before Talay (2002), Eckmann/Hairer (2003), Hérau/Nier (2004),...
8Hérau, J. Funct. Anal. (2007)

°Deligiannidis/Paulin/Doucet, Ann. Appl. Probab. (2020)

®Hgrau (2006), Dolbeaut/Mouhot/Schmeiser (2009, 2015)

1 Armstrong/Mourrat (2019), Cao/Lu/Wang (2019), Brigati (2021)

2Eberle/Guillin/Zimmer, Ann. Probab. (2019)

13Bernard/Fathi/Levitt/Stoltz, Annales Henri Lebesgue (2022)
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Mini-batching for

(overdamped) Langevin dynamics
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Mini-batching procedure

Sample n data points with(out) replacement: random set I,
Naata

Vo(log w(0]x)) = Vo(10g Porior(0)) + > Vo(log Peter(;16))
j=1

Unbiased stochastic estimator of V(log7(6|x))

= N, ata
Fn(6) = Vo(log Poior(60)) + % 3" Vg (log Patem(il0))

i€l

= Vo(log m(0]x)) + /e(n) Zx(6)/* Zy Nyiarm

N2
where £(n) ~ =932 for n < Ngata
n
N ata
B 1 . T _ mdxd
k() = ————= > [Vo(log Peiem(xi]0)) — average] [...]" € R
Ndata -1 i—1

Zx Nuam Centered with identity covariance (Non-Gaussian for n small)
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Covariance of gradient estimator for Gaussian mixture
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Nature of the random variable Zx, Naatarmt

Marginal over 6,
~

Joint 6,
&

- 0 1 2 3 40 1 3 _%).00 0.25
Joint 6y Marginal over 6, Joint 6, Marginal over 6,
(a)n=1 (b) n =30
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Mini-batching and overdamped Langevin dynamics

e Overdamped Langevin df; = Vg(log 7(6;|x)) dt + /2 dW;, discretization
g+ = 9™ 4+ AtVy(log T(0™]x)) + V2AL G™
e With mini-batching (Stochastic gradient Langevin dynamics4)
gt = 0™ + ALF,(0™) + V2ALG™.
e Amounts to adding additional Brownian motion of unknown magnitude

Effective Langevin dynamics

6, = V(log 7(G,|x)) dt + \/2 (1 + 6(n2)At

Ex@)) dw,

Key point: E% (p(9!)) = E% ((p(gm)) + O(A?) = E%(p(0ar)) + O(AL?)

e Bias of order £(n)At on the invariant measure!®

“Welling/Teh, ICML (2011)
S Vollmer, K. Zygalakis, Y. Teh, JMLR (2016)
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Mini-batching and underdamped Langevin dynamics

e Underdamped Langevin dynamics (I' € R%*¢ symm. positive definite)

db; = py dt
{dpt = Vy(log w(0y|x)) dt — Tp; dt + /202 aw,

e Preserves the measure m(6|x) x N(0,Id,)
e Splitting scheme + mini-batching (C. Matthews and J. Weare (2018))
pm = ant/2p" + (I — aAt)1/2 G, aj=e""
gmrL/2 _ gm Atpm+1/3/2
pm+2/3 _ pm+1/3 + Atﬁnwmﬂm)

g+l _ gmt1/2 4 Atpm+2/3/2

P = angp 0T 4 (Ig — an) '/ G2

e Bias O(2(n)At) since effective Langevin dynamics corresponds to
N12

VY2 aw, «— (2r + s(n)AtEx(Gt)> AW,
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Numerical evidence of the bias
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L' error on the #; marginal of the posterior distribution for various values
of At and n, when sampling with (o) and without replacement (0).
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Adaptive Langevin dynamics
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Motivation for Adaptive Langevin dynamics (1/2)

Key assumption: ¥,(6) is constant (not realistic)

e Variable friction ¢ € R4*?¢ Nosé-Hoover type feedback

Adaptive Langevin dynamics': unknown A
dby = py dt,
dp; = (V(log m(64|x)) — &pr) dt + V2AY2 dW,

1 ..
dl&li; = . (Pigpje — 0iz)dt, 1<i,j<d,

d
e Invariant measure 7(6]x) x N(0,1dy) x H N(Aijyn™)
ij=1
e Marginal in 6 is indeed 7(6|x) whatever A... Prove convergence/CLT?

LA. Jones and B. Leimkuhler, J. Chem. Phys. (2011); Ding et al., NIPS (2014);
B. Leimkuhler and X. Shang, SIAM J. Sci. Comput. (2015)
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Motivation for Adaptive Langevin dynamics (2/2)
e(n)At

e effective dynamics of Strang splitting — AdL for A = ~vIdy + Yix

, ey . e \1Y2
e s [y 1 )] P
gmHl/2 _ gm At <pm+1/2 (pm+1/2>T B 1d> |
2n
6m+1/2 — " 4+ gpm+l/2
2 )

G2 /2 Atlf*—’\n <0m+1/2> 7

e When X, is constant, bias on the invariant measure is O(z(n)%/?At?)

&L&ﬂm
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Reduction of the mini-batching error with AdL

L' error on #; marginal of posterior; sampling without replacement
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Linear (asymptotic) regime: error ~ e(n)At Jpoin 2% = Ml g2y
M depends on representation of ¢ (full matrices, diagonal, isotropic...)
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Bayesian neural networks

Loss: binary cross entropy, prediction Ny(z') = o(W?2r(W'z' + b))
Hidden layer of size 8

+ Class 0
» Class1

(b) No(z') for ¢ diagonal

(a) Data to classify

Reduction of minibatching error compared to scalar case
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Convergence of

adaptive Langevin dynamics
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Convergence of Adaptive Langevin dynamics

e Case A = aldy and scalar friction (otherwise ergodicity issues)
e Change of variable £ = A + n~'/2¢1d, with ¢ € R
Normalized Adaptive Langevin dynamics (a unknown)

d9t = Dt dt

dps = <V(log w(04|x)) — apy — jﬁpt> dt + V2a dW;
¢ =0 (|pf* - d) dt

e Generator Lagr, = Lyam + aLrp + 1 /2 Lnw
@ Lham, Lnu antisymmetric and Lpp symmetric
@ exponential rate of decay ~ min(a,a™!) for Lyam + aLrp
o Nosé—Hoover-like part rewritten as n_l/Q(ENH + ay/MLFp)
— suggests rate of decay ~ 1~ %/?min(a,/7, (ay/7) 1)
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Precise convergence result

Hypocoercive estimates'® in L?(v); complements Lyapunov estimates®’
Exponential convergence of the semigroup

There exist C, X such that, for any a,n > 0, there is A\, , > 0 for which

Vt >0,V € L2(), |le"CAtg ‘/wdu < Ce e |lg —/sody

L2(v) L2(v)
. - a1l 1

with the lower bound A, ; > Amin ( a,an, —, —,— ]. As a consequence,

n a an
C 1 n 1
=il
bz < 5 o (aon 2.2 2)

Bounds on the resolvent hence on the asymptotic variance!® and CLT

18F  Hérau (2006); J. Dolbeault, C. Mouhot and C. Schmeiser (2009, 2015)
"D, Herzog, Commun. Math. Sci. (2018)

18E_ Bernard, M. Fathi, A. Levitt and G. Stoltz, Ann. Henri Lebesgue (2022)
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Extended

adaptive Langevin dynamics
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Construction of extended AdL

Key assumption: >,(6) = Z Sk fr(0) with S, € RI*d

e Position dependent friction & (6 sz +fx(6) with &, € Raxd

Extended Adaptive Langevin dynamics for A = vIdy + e(n)AtX, /2

db; = py dt,
dp; = Vo (log m(6:|x)) dt — &(0:)py dt + V2A(8;) Y2 dW,
Ulsalig = fk(ft) (Pigpjt — dij), 1<i,j<d, 0<k<K,
K
e Bias on invariant measure ~ £(n)At //Omu}//K Yk — kzojlkfk

L3(m)
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Error on the posterior for Gaussian mixture

Basis functions: partition domain into 4 rectangles D;

fi(0) = 1p,(0) polynomial(6)
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Left: L' error on the #; marginal posterior for n =1 (AdL for K = 1)
Right: L?(7) projection error of ¥ onto Span(fo, ..., fx)
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Conclusion and perspectives

Gabriel Stoltz (ENPC/Inria) IHP, March 2023 27/28



Main messages

e Bias on posterior for underdamped-like Langevin dynamics

At
data
o 12x = Prllpamy

where Py depends on the dynamics which is considered

@ Px = 0 for standard Langevin

@ Pr=3,= / Yy m(+|x) for matrix AdL
(S

1
o Px = gTr( )Idd for scalar AdL

e Scalar AdL sufficient when ix almost isotropic (ex. MNIST logistic regression)

e Need to better understand the structure of ¥y (low rank?)
Current investigations on Bayesian neural networks...
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