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Outline

e Definition and examples of nonequilibrium systems

e Computation of transport coefficients
@ a survey of computational techniques
@ linear response theory

@ relationship with Green-Kubo formulas

e Elements of numerical analysis
@ estimation of biases due to timestep discretization

@ (largely) open issue: variance reduction
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Reference equilibrium dynamics

e Configuration (g;,p¢) € € = T¢ x R?

e Smooth periodic potential V'

Langevin dynamics in a periodic potential
dge = M~ 'p, dt,

2
dp: = —=VV(g)dt —yM'p;dt + \/ % dWs,

e Ergodic for the canonical measure with density (q,p) = Z; ‘e #H(ap)
1

t
t/O ©(qs, Ps) dsm/ggO?ﬁo a.s.

e Exponential convergence of the law (¢, ¢, p) (hypocoercivity, Lyapunov
techniques, ...)
() — ollp < Ce M [J9(0) — vol| g
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Definition and examples of
nonequilibrium systems
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Creating a particle flux

Langevin dynamics perturbed by a constant force term

dge = M~ 'pdt,
2
dps = (=VV(qe) + nF) dt — yM 1p dt + /% aws,

where
e F € R with |F| = 1 is a given direction

@ 7 € R determines the strength of the external forcing

e Non-zero velocity in the direction F' is expected in the steady-state

e [ does not derive from the gradient of a periodic function
@ of course, F = —~VWp(q) with Wr(q) = —F'q
@ ...but Wp is not periodic!
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Creating an energy flux

Langevin dynamics with modified fluctuation
dg = M~ 'p, dt,
dps = —VV(g) dt — yM 'pydt + /29T, (q) AW,
with non-negative temperature
Ty(q) = Tret + nT(q)

Typically, T constant and positive on D, C D, and constant and negative
onD_CD

e Non-zero energy flux from Dy to D_ expected in the steady-state
e Simplified model of thermal transport (in 3D materials or atom chains)

Gabriel Stoltz (ENPC/INRIA) Bad Belzig, April 2016 7 /54



SDEs: elements of analysis (1)

e Stochastic dynamics dz; = b(xy)dt + o(x¢) AW
@ smooth drift and diffusion
@ configuration space X, law (¢, x) of x;

@ unique invariant measure T

d d d
1 T
e Generator L=0b-V + §O'O'TZ V2= E b0z, + E E [U;} O,z
i=1 i=1 j=1 1]

o By definition, %[Ex(go(xt))]‘ = Lo(z) (It formula)

e Analytic formulation of the time evolution %[E‘T(gp(xt))] =E*(Lo(z4)):

i ([ et@meaan) = [ @owut.a i
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Understanding the Brownian motion and generators (1)

e Independant Gaussian increments whose variance is proportional to time
VO <ty<t) < <y, Wy —WtiNN(O,tiJrl—ti)
— W4, are independent

i+1
where the increments Wy,
e G ~ N(m,o?) distributed according to the probability density

g(x) = ! eXp<—($_m)2>

oV 2 202

e The solution of dg; = 0dW; can be thought of as the limit At — 0
="+ oVALGY, G"~N(0,1) iid. J
where ¢" is an approximation of g,

e Note that ¢" ~ N(¢", onAt)

e Multidimensional case: Wy = (Wi, ..., Wy,) where W; are independent
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Understanding the Brownian motion and generators (2)

e Analytical study of the process: law 1(t, q) of the process at time ¢
— distribution of all possible realizations of ¢; for

@ a given initial distribution ¥(0, q), e.g. d0
@ and all realizations of the Brownian motion

Averages at time ¢

E(ela) = [ o) vit.q)da

e Partial differential equation governing the evolution of the law
Fokker-Planck equation

0.2

o = ?AT/J

Here, simple heat equation — “diffusive behavior”
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Understanding the Brownian motion and generators (2)
e Proof: Taylor expansion, beware random terms of order VAL

¢ (a") = (¢ +oVALG")

=0 (q") + oVALG" - Vo (¢") + % (G (V20 (d")G" + O(AtS/Q)
Taking expectations (Gaussian increments G™ independent from the current position ¢")

oAt
2

Bl )] = 2 o)+ Ttap )] + o)

n+1y n 2
Therefore, E [W — %Agp (q”)} — 0. On the other hand,

= 0. (Ele(a))) = [ c@a(t.ada

This leads to
o? o?
0= [v@owitada-% [ s vitada= [ e@)(ovta -G auta)d
D 2 Jp D 2
This equality holds for all observables .
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Understanding the Brownian motion and generators (4)

e State of the system X € R? m-dimensional Brownian motion, diffusion
matrix o € Rx™

dzy = b(xy) dt + o(z) AW, J
to be thought of as the limit as At — 0 of (X™ approximation of X,,a¢)
XM= X" 4 Ath(X™) + VALo(XMG",  G" ~ N (0,1d,,)
e Generator
L 7
Ezb(m)-v+§aa (z):V? = Z x)0y, + = Z ool 0 0s

=1 2,j=1

J

e Proceeding as before, it can be shown that
d
G (Elotan) = [ vow =B[(ee) @] = [ (corv
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SDEs: elements of analysis (2)

e Fokker-Planck equation 0y = £, with adjoint on L?(X):

/X(EsoM:/X@ (Uqﬁ)

Invariance of measure 7

Expressed as Lir =0or Vo, / Lodr =0
X

e Other framework: work in L?(7) and consider the adjoint £* defined as

[ worsin= [ ¢ &o an

Invariance of measure 7

Expressed as L*1 =0 or Vi, / Lodr =0
X
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What is an equilibrium system?

Reversible dynamics: arrow of time cannot be read off trajectories

When xy ~ 7, the law of the forward paths (zs)o<s<: is the same as the
law of the backward paths (x¢—s)o<s<t

e From an analytic viewpoint: self-adjointness of the generator on L?()

[ ngan= [ rcoan

2
e Example: overdamped Langevin dynamics dg; = —VV (¢) dt + \/;th

r(g) = Z e V@, / (Lf)gdm = —; / VS Vgdn
D D
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What is a nonequilibrium system?

Non-reversible dynamics

The time arrow can be read off the trajectories: the generator is not
symmetric on L?(7)

e Subtlety: reversibility may hold up to a one-to-one transformation

e For Langevin dynamics, reversibility up to momentum reversal

S(q,p) = (¢, —p)

i.e. the law of the forward paths (gs, ps)o<s<t is the same as the law of the
backward paths with reverted momenta (q;—s, —pi—s)o<s<t

[ engan=[ (£o5)(ctgo9)an
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Stationary states (1)

e Stationary solutions of Fokker-Planck equation: £y =0 or

Y, / Lodr =0
X

e Usually not known for non-reversible dynamics... except in a
perturbative framework

e Generic existence of long-range correlations’

e Example: 1D dynamics dg; = (=V'(q;) + F) dt + /2 dW,, invariant
measure with density

vr(a) = 2! / eV TtV gy
T

Because of F' # 0, a modification to V' at a given point is felt everywhere!

!B. Derrida, J. L. Lebowitz and E. R. Speer, J. Stat. Phys. (2002)
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Stationary states (2)

e For the model case: generator £, = Lo + 77[,~ with
E: F- Vp, EO = Eham + PYEOUa
1

where Lyam =p' M 'V, — VV'V, and Loy = —p" MV, + 5

Ap
e |t can be shown that £§ = —Lpam + 7LoU

e Invariance of 1)y expressed as £j1 =0

e Lyapunov functions K,,(q,p) = 1+ |p|"* for n > 2, with

da, > 0,b, € R, LK < —anky + by

'

ICn Lo
e Evolution semigroup (ew"(p) (qo,po) = [(40:P0) [o(qt, pt)]

e Lyapunov techniques to prove existence of invariant measure?

o Weighted L norm defined as |||y =

2M. Hairer and J. Mattingly, Progr. Probab. (2011); Meyn and Tweedie (2009)
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Stationary states (3)

Exponential convergence to equilibrium

Consider 1, > 0. For any 1 € [—nx,7x], the dynamics (1) admits a unique
invariant probability measure with a C* density ¢, (q,p) w.r.t. Lebesgue

measure.

Moreover, for any n > 2, there exist C,, A\, > 0 (depending on 7,) such

that, for any 1 € [—nx, 7] and for any p € L (£),

etnyp — / @ by
£

e Corollary: E;l is a bounded operator on

12,6 = {e c 1z.6)| [ wu. =0}

vt > 0,

< Cne™* ]| e
L;’Con n

400
and £, = —/ et dt in B(Lg, ,,)
0
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Linear response theory
and the computation of

transport coefficients
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Computation of transport properties: general classification

e There are three main types of techniques
@ Equilibrium techniques: Green-Kubo formula (autocorrelation)
@ Transient methods

@ Steady-state nonequilibrium techniques

@ boundary driven
@ bulk driven

e Definitions use analogy with macroscopic evolution equations

e Examples of mathematical questions:
@ (equilibrium) integrability of correlation functions

o (steady-state nonequilibrium): existence and uniqueness of an
invariant probability measure
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Linear response of nonequilibrium dynamics (1)

e The force nF induces a non-zero velocity in the direction F
e Encoded by E,(R) = / Rp, with R(q,p) = FTM™'p
&

Definition of the mobility

= lim 2
PE nli% n n—0 n

e It is expected that v, = f,bo with ¢o(q,p) = Z~te #H(aP) and

fo=1+nf1+0(n?)

e In this case, pr —/Rfllﬁo
€

¢ Questions: Can the expansion for f, be made rigorous? What is f;?
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Linear response of nonequilibrium dynamics (2)

e Perturbative framework where L considered on L?(1)y) is the reference

e The invariance of ¢, can be written as
[ (earin =0= [ (portn

Fokker-Planck equation on L?(1)g)
Lyfn=0

e Formally, L} f, = (Lo)* (Id + Zﬁal>* fn=20

=17
e To make the result precise, introduce L2 (o) = IIoL?(vpo) with
of=f- [ fun
>
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Linear response of nonequilibrium dynamics (2)

Power expansion of the invariant measure

Spectral radius r of the bounded operator (Eﬁal)* € B(L3(vo)):

= Jm [[[(22) T

Then, for || < r~!, the unique invariant measure can be written as
Yy = fytbo, where f, € L?(vpg) can be expanded as

1/n

~ =il RS ~
fn = (1 + n(ﬁﬁal)*) 1= (1 - Z(—n)”[(ﬁﬁol)*]”> 1.
n=1

e Note that /wn =1
£

e Linear response result: pp = — / R [(Zﬁgl)*l} (0
£
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Elements of proof

e Since %HVPQOH%Q(%) = —(Low, P) 12(yy), it follows that

5 B
1117 2050) < IVpll72(p9) < §H£0S0||L2(wo)||90||L2(w0)

° Eal is a well defined bounded operator on L3(1y) (hypocoercivity +
hypoelliptic regularization)

1£L5 @l 25) ||<P||L2(¢0 125 oll 2 ()

o Hofﬁal is bounded on L2(3p), so (Zﬁgl)*ﬂo = (Eﬁal)* is also
bounded on L3(v)
e Invariance of f, by £} = L* + 772*

Lofy =5 (14 n(LLg" ) fo = £51 =0

e Prove that f,, > 0 (use some ergodicity result to show that v, = f,10)
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Reformulation as integrated correlation functions
e Conjugate response S = £*1, equivalently / (Zap) Py = / w S
£ £

Green—Kubo formula
For any R € Lg(¢0),

. E,(R too

lim L = / EO (R(qtvpt)S(QO7p0))dt7

where E,, is w.r.t. to ¢, (q,p) dg p, while Eq is taken over initial conditions
(go,po) ~ 1o and over all realizations of the equilibrium dynamics.

~

e For the dynamics (1), it holds S(q,p) = BR(q,p) = BFTM~p so that

- E(F-M7! Foo B _
pngéwzﬁ/ EO((F~M p)(F - M 1po))dt
0
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Elements of proof

e Proof based on the following equality on B(L3())

“+oo
—Eal = / etfo dt
0

) Then,

lim E”ff‘) = —/SR [(Eﬁgl)*l] Yo = —/g[ﬁglRHZ*l] o

n—0
- /0+°° (/g ("0 R) %) dt
- /o+oo E(R(q’f’pt)s(%po))dt

e Note also that S has average 0 w.r.t. invariant measure since

/Sdﬂ://:'*ldW:/EldTr:O
X X X
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Generalization to other dynamics

e Possible assumptions to justify the linear response

@ existence of invariant measure with smooth density v,

1 t
@ ergodicity t/ o(zs) ds —— Xgown
0

t——+o00
o Ker(L£y) =1 and L} is invertible on L3 (1))
@ the perturbation Lis Lo-bounded: there exist a,b > 0 such that

1L L2 o) < allLo@ll 2 ) + blloll 20

e When the perturbation is not sufficiently weak? (thermal transport)
® compute / (Lo +nL)e](1+nf1)tko = O(n?)
X
@ use a pseudo-inverse (), = HOE(;IHO — nHoﬁ(;ngEHoEalHo

@ allows to prove that/ oy =/ 901/10+77/ vf1 1/10—|—7727“W7
X X X
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Other examples
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Shear viscosity in fluids (1)

2D system to simplify notation: D = (L, T x LyT)N

force
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Shear viscosity in fluids (2)

e Add a smooth nongradient force in the x direction, depending on y
Langevin dynamics under flow

( Dit
dgit = —

) 2 T
dpgiy = —V, V(@) dt +nF(qyiy) dt — %pmvt dt + 4/ ; AW

Ty ) 7
| dpyie = =V, V (@) dt - ’yypy L gt w/% awy’,

.

e Existence/uniqueness of a smooth invariant measure provided v,,7, > 0

N
e The perturbation £ = ZF(Qy,i)apw,i is Lo-bounded
i=1
Loh
e Linear response: lim (ol = —6<h,2me(qyi)>
K " ' L2(4o)
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Shear viscosity in fluids (3)

- . (UYL ),
e Average longitudinal velocity u,(Y) = lim lim where

e—0n—0 n

UE(Y q, p y meXe Qyi — )

e Average off-diagonal stress 0., (Y) = 1 lim
e=0n— 7]

N
iPyi q —4q
pz;:yzx Z V/ ‘Qz o q] ’m x|] Xe(s _ Y) ds
1<i<j<N E

Ayj

e Local conservation of momentum3: replace h by UZ (with p = N/|D|)

doay(Y)

uy(Y) =5F(Y
% + Y2epuz (YY) = pF(Y)

3Irving and Kirkwood, J. Chem. Phys. 18 (1950)
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Shear viscosity in fluids (4)

du,(Y)
ay

Velocity profile in Langevin dynamics under flow

e Definition 0., (Y) := —n(Y) , closure assumption n(Y) =n >0

—nug (V) + 12pua(Y) = pF(Y)

u
167] Ve
14
Y 12:
10:
o
o
o
N
' o s oo o5 10 s
value
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Thermal transport in one-dimensional chains (1)

e Atoms at positions qq, . .., qN with qo = 0 fixed
2
e Hamiltonian H(q,p) sz + Z v(git1 — qi) + v(q1)

Hamiltonian dynamics with Langevin thermostats at the boundaries
dg; = p;dt
dp; = (U/(Qi+1 —q;) —v'(gi — @h’—l))dt’ i#1LN
dpr = (v’(qz -q) — v’(ql)>dt —yp1dt + /2y(T+AT) dW;
dpy = —v'(qn — qn-1) dt — ypw dt + /2y (T—AT) dW}

e Perturbation £ = v(02, — 93,,) (not Lo-bounded...)

e Proving the existence/uniqueness of the invariant measure already
requires quite some work*

*P. Carmona, Stoch. Proc. Appl. (2007)
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Thermal transport in one-dimensional chains (2)

e Response function: Total energy current

' j Di + Pit+1
“N_-1 Z Jit1,is Jit1i = =V (qiv1 — qi)%
=1

e Motivation: Local conservation of the energy (in the bulk)

de; . . 1
7dtl = Ji—14 = Jiji+1; € = 5 +3 5 ( (¢i+1 — @) + vla — ‘Jifl))
e Definition of the thermal conductivity: linear response
N-1
(J)ar o N [T : :
= 0 o Y S )
ry = lim AT/N B N_1 J2,1(qt; pe)ji+1,i(qo, Po)

i=1

e Synthetic dynamics: fixed temperatures of the thermostats but external
forcings — bulk driven dynamics with Lf=—L+c]
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Error estimates on
the computation of

transport coefficients
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Reminder: Error estimates in Monte Carlo simulations

e General SDE dxz; = b(zy) dt + o () dW4, invariant measure 7

e Discretization 2™ ~ x,, Az, invariant measure ma;. For instance,
2" = 2" 4 Atb(z") + VAt o (2™) G, G" ~ G(0,1d) i.i.d.

e Ergodicity of the numerical scheme with invariant measure wa;

1 Niter

A(z") ——— A
Niter ngl (l' ) Niter—+00  J x (l’) WAt(dl‘)

Error estimates for finite trajectory averages

Niter
~ 1 TA,AL
Ay, = > A(a") = Eq(4) + CAL + —28_g
Nicer Niter n—1 (x ) ( )+ v * NiterAt

bias
statistical error
e Bias E,,,(4A) — E.(A) — Focus today
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Weak type expansions

e Numerical scheme = Markov chain characterized by evolution operator

where (z™) is an approximation of (z,A¢)

e (Infinitely) Many possibilities! Numerical analysis allows to discriminate

e Standard notions of error: fixed integration time 1" < +00

o Strong error  sup E|X" — X,a¢| < CAP
0<n<T /At

o Weak error: sup |E[p (X")] —E[p (Xnat)] | < CAtP (for any ¢)
0<n<T/At

At-expansion of the evolution operator

Prrp = o+ At Ajp + AP Agp + -+ AT A 1o + APy,

e Weak order p when A, = £k/l<:! forI<k<p
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Example: Euler-Maruyama, weak order 1

e Scheme 2" = &5 (2", G™) = 2™ + Atb(z") + VAt o (2™) G"
e Note that Paip(z) = Eq [p(Pac(z, G))]
e Technical tool: Taylor expansion

1 1
oz +0) = p(x) + 6T Vy(x) + §5Tv2gp(x)5 + 6D3<p(x) i

e Replace § with VAto(x) G+ Atb(z) and gather in powers of At
P(Pai(w,G)) = p(z) + VAto(z) G - Vip(x)

o(z)? 1 1o
+ At 5 G' [VPp(2)] G+ b(z) - Ve(z) | +...
e Taking expectations w.r.t. G leads to

glx 2
Parple) = g(a) + At <(2)A<P(:v) T b(a) - Vso(x)) LO(AR)

=Lp(z)
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Error estimates on the invariant measure (equilibrium)

e Assumptions on the operators in the weak-type expansion

@ invariance of w by Ay for 1 < k < p, namely / Appdr =0
X
° /X.Apﬂgpclw: /Xgp+1<pd7r (ie. gp+1=A5 1)

Error estimates on 7y

/;Y (pdﬂAt = L g0<1 + Atpfp+1)d7r = Atp—‘rlR%At

1
o In fact, for1=—(A))" gpt1
@ when Ay = L, the first order correction can be estimated by some

+0o0
integrated correlation function as / E((p(:nt)gp+1(xo)> dt
0
@ in general, first order term can be removed by Romberg extrapolation

e Error on invariant measure can be (much) smaller than the weak error
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Sketch of proof (1)

Step 1: Establish the error estimate for ¢ € Ran(Pa; — Id)
o ldea: mar =7(1+ AtPfop1 +...)

e by definition of ma;

Jol(P) o e

e compare to first order correction to the invariant measure

/x KPAtA;Id) w] (1+ At? fo41) dr

= AP /X (pr/; + (Alw)fp+1)d7r + 0 (At

= Atp/ (g,,+1 + A“{fp+1>¢ dr + O (AtPH)
X

Suggests fy1 = — (A}) " gpi1 J
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Sketch of proof (2)

Step 2: Define an approximate inverse

e Issue: derivatives of (Id — Pa;¢) !¢ are not controlled
Ppy—1d ~
e Consider (H%H) QA = + AthrlTw,At where

Iy =¢ — / pdm
x
e |dea of the construction: truncate the formal series expression

(A+AtB)Y ' = A '~ AtA'BA + A A 'BA'BA™ + ...

Step 3: Conclusion

e Write the invariances with II (PAtA;Id> 1Ty instead of <PAtA;Id> ¥

e Replace 1) by Qa¢p, and gather in R, a; all the higher order terms
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Examples of splitting schemes for Langevin dynamics (1)

e Example: Langevin dynamics, discretized using a splitting strategy
1

A=M"'pv, B,= (—VV(q)+nF) 'V, C= —M*lp.vp+5

Ap
e Note that £, = A+ B, +7C

e Trotter splitting — weak order 1
PAYX — QALZ ALY (ALX _ (AL | O(A?)
e Strang splitting — weak order 2
PZYXYZ _ QALZ/2 ALY 2 AIX AIY/2 ALZ[2 _ (AL O(A#)

e Other category: Geometric Langevin® algorithms, e.g. PX?’A’B"’A

— weak order 1 but measure preserved at order 2 in At

°N. Bou-Rabee and H. Owhadi, SIAM J. Numer. Anal. (2010)
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Examples of splitting schemes for Langevin dynamics (2)

il =pn 4 ( VV(q )+77F)At
qn+1 _ qn + Athl'er»l

pn—i-l _ aAt]aﬂ-i-l l AtMGn

where G™ are i.i.d. Gaussian and aa; = exp(—yM ™ 1At

~n n 1 —aay n
PP = aneop” + 3 ‘MGn,

c

By, Ay
o P, corresponds to

P12 = et/ A; ( YV (") + UF)
° PZ?’B"’A’B"WC for q” =q¢"+ At M~ pn+1/2
‘ﬁn+1 n+1/2 A2t ( VV TL+1 + nF)

p7l+1 _ OéAt/Q ( aAt [ G7L+1/2
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Error estimates on linear response

Error estimates for nonequilibrium dynamics

There exists a function fo1, € H' (1) such that

/ Y dpiynar = / v <1 +0fo1,5 + At fa0 + WAtafomlﬁ) Ap+ Ty yn, At
£ £

where the remainder is compatible with linear response

Ty ymatl < K(p° + At*t), Pyt — Tyy0.at] < Kn(n+ At

-

e Corollary: error estimates on the numerically computed mobility

o1 _ _
prA: = lim = < / FEYM™p piy  ae(dg dp) — / Fr'ym 1zw»y,o,m(dqdp)>
n—0n £ £

= pr + At? / FIM™p for1qdp+ At ey ay
£

e Results in the overdamped limit®

°B. Leimkuhler, C. Matthews and G. Stoltz, IMA J. Numer. Anal. (2015)
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Numerical results

fitted linear responsé ‘ ‘ ‘ ‘
0.04 - - —
0.075 | — 1
=
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0.02 F =}
g £
[
> 0.07
© 001 |
0 . . . . . .
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Left: Linear response of the average velocity as a function of 7 for the scheme
16 B A B and At =0.01,y = 1.

Right: Scaling of the mobility vr, A+ for the first order scheme P,
fyC B,,A,B,, 'yC

associated with P,

AB,,C
7™ and

the second order scheme P
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Error estimates on Green-Kubo formulas (1)
e For methods of weak order 1, Rj_emman sum (¢, ¢ average 0 w.r.t. )
/0 o E(qb(:ct)cp(xo)) dt = At Enaq (TTard (a") o () + O(A?)
where a0 = 6~ [ gdra -
e Correlation approximat:d in pra;;tice using K independent realizations
Eas (Mot (1) 0 () = = 3 (6(a™) — 3 (o) 77K

K m=
—n 1
where ¢ - 7 Z B(z™")
m=1

e For methods of weak order 2, trapezoidal rule

+oo
| (st )t = SEar (s (%) o (a9))
0

+o00o
+ ALY Ea (Mard (a") ¢ (%)) + O(AF)

n=1
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Error estimates on Green-Kubo formulas (2)

o Error of order v on invariant measure: / Ydrar = / Ydm 4+ O(AtY)
X X
e Expansion of the evolution operator (p+1 > « and A; = L)

Parp = o+ At Lo+ AP Asp + - + AP A 10 + AP T2, py

Ergodicity of the numerical scheme
—AsnAt
Vn €N, \|Pzt|’B(L%&M) < Cee™ ™"

where K is a Lyapunov function (1 + |p|?® for Langevin) and

L;a,m_{,f e L=(X), /Xgodet—O}

e Proof: Lyapunov condition + uniform-in-At minorization condition’

"M. Hairer and J. Mattingly, Progr. Probab. (2011)
Gabriel Stoltz (ENPC/INRIA) Bad Belzig, April 2016 47 / 54



Error estimates on Green-Kubo formulas (3)

Error estimates on integrated correlation functions
Observables ¢, 1) with average 0 w.r.t. invariant measure 7

/0+°° E<¢(a:t)<p(x0)>dt = At:Zj)EAt <{/;At,a (™) o (z )) + Ato‘rAlt ,

where [Ea; denotes expectations w.r.t. initial conditions xy ~ ma; and
over all realizations of the Markov chain (z"), and

1/}At,a = @ZJAt,a - / ¢At,a dmag
X

with agq = (Id FAtAL T Ato‘_lAaﬁ_1>w

e Useful when A, L£~! can be computed, e.g. A; = aiLF

e Reduces to trapezoidal rule for second order schemes
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Sketch of proof (1)

e Define Ilarp = ¢ — / @ dmag
X

e Since £ 11 has average 0 w.r.t. 7, introduce ma; as

/X(—clzp)@dw:/x(—zlzp) Harpdr

—/ HAt( L™ ’(/J) HAth d’]TAt + Ata’l"At N
X

e Rewrite —IIo;£~ ! in terms of Pa; as

=2 Id — Py
— AL M) = —Tpy <Atz P£t> ITa¢ (At) L1y

n=0

+o0
= At (Z [HAtPAtHAt]n> (£ + “e e _|- Ata_lsa—l + AtaRa,At) ,C_lw,
n=0
400 -1
e L (ld=P ~
= Atz A PAcIng]™ Yaea + At (Atm) At RoatL ™).
n=0
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Sketch of proof (2)

e Uniform resolvent bounds

Id — Pas\ !
At

e Coming back to the initial equality,

Cs
< -
As

B(LE, a¢)

+00
| ey par—ad | > (o PRoara) (Harg) dmag + O (AL°)

e Rewrite finally

400 oo
/X Z <HAtPKt7ZAt,a> (aep) drar = /X Z (Pgtim,a) @ dma
n=0 n=0
+o0
=> En (JAW (q" ") ¢ (qo,po))
n=0
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Numerical results
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Conclusion and perspectives
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Main points: recall the outline!

e Definition and examples of nonequilibrium systems

e Computation of transport coefficients
@ a survey of computational techniques
@ linear response theory

@ relationship with Green-Kubo formulas

e Elements of numerical analysis
@ estimation of biases due to timestep discretization
o (largely) open issue: variance reduction

@ (not discussed) use of non-reversible dynamics to enhance sampling
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Variance reduction techniques?

e Importance sampling? Invariant probability measures 1., 92 for
dgy = bla) dt + 0dWi,  da = (blar) + VA(@) )dt + odWV,
In general ¢} # Z 1y, e? (consider b(q) = F and A = V)
e Stratification? (as in TI...) Consider ¢ € T?, ¥oo = 172
dg} = 05,U(af,47) + V2 dW}
dgi = —04,U(q} 7)) + V2 AW}
Constraint £(q) = ¢, constrained dynamics

daf = f(gf)dt +V2dW},  f(q") = 04,U(q",0).

1
Then v (q') = Z_l/ eV (@ =V@)=FY gy £ 14(¢)
0

1 q
whereF:/0 f and V(ql):—/o (f(s)— F)ds
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