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Outline

Some elements of statistical physics
@ Microscopic description of physical systems
@ Macroscopic description: average properties

Practical computation of average properties
o Ergodic averages using Langevin dynamics
@ Bias vs. variance

Timestep bias for the computation of average properties
@ Discretization of Langevin dynamics
@ A priori estimates on the invariant measure

Extensions!

@ Error estimates on transport coefficients (nonequilibrium dynamics)
@ Nonlinear dynamics (Feynman-Kac)

'Time permitting...
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Some elements of statistical
physics
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General perspective (1)

e Aims of computational statistical physics:
@ numerical microscope

@ computation of average properties, static or dynamic

e Orders of magnitude
o distances ~1 A=10"1%m
@ energy per particle ~ kg T ~ 4 x 10721 J at room temperature
@ atomic masses ~ 10720 kg
e time ~ 10715 s
@ number of particles ~ Ny = 6.02 x 10?3
e “Standard” simulations
@ 10° particles [“world records”: around 10° particles]
@ integration time: (fraction of) ns [“world records”: (fraction of) us]
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General perspective (2)

What is the melting temperature of argon?
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(a) Solid argon (low temperature)
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(b) Liquid argon (high temperature)
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General perspective (3)

“Given the structure and the laws of interaction of the particles, what are

the macroscopic properties of the matter composed of these particles?”
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General perspective (4)

What is the structure of the protein? What are its typical conformations,
and what are the transition pathways from one conformation to another?
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Microscopic description of physical systems: unknowns

e Microstate of a classical system of N particles:

(qap):(qlv"'>q/\/a P1>--'aPN)65

Positions g (configuration), momenta p (to be thought of as M§)
e Here, periodic boundary conditions: £ = D x R3N with D = (LT)*N

e More complicated situations can be considered: molecular constraints
defining submanifolds of the phase space

e Hamiltonian H(q, p) = Exin(p) + V(q), where the kinetic energy is

mq Id3 0

0 my Id3
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Microscopic description: interaction laws

e All the physics is contained in V

@ ideally derived from quantum mechanical computations
@ in practice, empirical potentials for large scale calculations

e An example: Lennard-Jones pair interactions to describe noble gases

V(...
1<i<j<N

0-e[(2)- ()]
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Gabriel Stoltz (ENPC/INRIA)

cav) = Y v(lg—ail)

1.51

o
T

o
o

Potential energy

o
o

Fad
q

>

v

T T T T T
1.0 15 2.0
Reduced interatomic distance

Inria, December 2018

25

9/31



Average properties

e Macrostate of the system described by a probability measure

Equilibrium thermodynamic properties (pressure,. .. )

(Pl =Eu(p) = /gso(q,p)u(dq dp)

N 2
1 <
P Pressure SD(q’ p) = — Z (pl - ql vq, V(q)>
3|D] = \'mi M
1 2
@ Kinetic temperature g0(q7 P) = 3Nk Z B
B mj

e Canonical ensemble = measure on (g, p) (average energy fixed)

_ _ 1
pnvr(dg dp) = Zgy e PHP) dg dp, p= ks T
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Practical computation of average
properties
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Computing average properties

Main issue

Computation of high-dimensional integrals... Ergodic averages

X - - 1/t
()= lim &y, %z/ ©(qs, ps) ds
0

t——+00 t

e One possible choice: Langevin dynamics with friction parameter v > 0
= Stochastic perturbation of the Hamiltonian dynamics

dgr = M~ 'p, dt

[2
dpe = —VV(q¢) dt—yMp, dt + % dW,

e Denote by v (t, q, p) the law of (g¢, pt)
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Convergence of the Langevin dynamics

e Irreducibility + smoothness of the transition probabilities (hypoellipticity)

e Invariance of the canonical measure
o Generator of SDE dx; = b(x¢) dt + o(x¢) dW;

1
L=b-V+ 00"V
e Evolution of the law: iE(cp(qt pt)> = E(&p(qt pt)>, ie.
dt Y 9y

/gsow:/cw or O =Ll

o Here £ = Lypam + YLthm With

p p 1
£ham: qu—VV(q)Vp, £thm:—;'vp+BAp
e A simple computation shows that LT (e7#H) =0
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Statistical error

e Asymptotic variance o
t——+00

“+o00
o2 = 2/0 /E(etﬁﬂgo)rlcpdﬂ dt = 2/5(—£1ﬂs0)”s0 dp

e Well-defined provided —£® = My has a solution in L3(u) = NL%(u)

e Sufficient condition: integrability of the semigroup, e.g.

e 152y < Ce ™

Provided here by hypocoercivity results?

e A Central Limit Theorem holds in this case®: 3 — E,(¢) ~ %o g

V't

2Villani, Dolbeaut/Mouhot/Schmeiser, Hairer/Pavliotis, Hérau/Nier,...
3R. N. Bhattacharya, Z. Wahrsch. Verw. Gebiete (1982)
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Practical computation of average properties

e Numerical scheme = Markov chain characterized by evolution operator

Paeo(q, p) = E(s@ (", p") )(q”, p") = (a, p))

e Discretization of the Langevin dynamics: splitting strategy
A=M1p.v,, B=-VV(q)-V,, C=-M1p.V,+

e First order splitting schemes: PZ1X = eAtZeAtY (AX ~ oALL
e Example: PAB’tA’“’C corresponds to (with aa; = exp(—yM~1At))

5n+1 — pn _ AtVV(q”),
qn+1 — qn + At Mflﬁn#»l,

2
pn+1 — aAt’b“mH + / 1 _IBQAt M Gn7

where G" are i.i.d. standard Gaussian random variables

Gabriel Stoltz (ENPC/INRIA) Inria, December 2018

Ap

15 / 31



Practical computation of average properties (2)

e Second order splitting PZYXYZ = eAtZ/2eAtY 2eAtX oALY 260t /2

e Example: Pp

\

'yCBAB,'yC (

Verlet in the middle)

~ 11—«
P2 = apsop” + 3 MG,
pn+l/2 _ ﬁn+l/2 At V\/( )

qn+1 — qn —|—AtM lpn+1/2

5n+1 — pn+1/2 VV( n+1)

pn+1 — aAt/Zﬁn—H + /1 —504At M Gn+1/2’

e Other category: Geometric Langevin algorithms, e.g. PZ?’A’B’A
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Error estimates on the
computation of average properties
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Error estimates on the computation of average properties

e The ergodicity of numerical schemes can be proved (D bounded):

Niter
1
> e p") —— [ ©(a,p) dpiy,ae(a, p)
Niter —1 Niter——+00

e Statistical errors vs. systematic errors (bias)

Systematic error estimates: « order of the splitting scheme

/@(m P) ty,a¢(dq dp) Z/w(q, p) u(dq dp)
& &

NS /g (0, P)fur (9, P) 1(dg dp) + O(ALH)

v

e Correction function f, - solution of an appropriate Poisson equation
Lrfor = gy

where g, depends on the numerical scheme (adjoints taken on L2(1))
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Proof for the first-order scheme PXf’B’A (1)

e By definition of the invariant measure, / Patd dpy, ar = / ¢ dpiy Aty SO
£ £

Id — Pp,
S5 ) o] s =

e In view of the BCH formula e2tAseltAzoAtAr — (ALA \yith

At
A=A1+A2+A3+7<[A3,A1+A2]+[A2,A1]) + ...,

At?
it holds PS8 =1d + AtL + — (L2+51) + ARy o with

1 1
S =[C,A+B]+[B,A, Riac= 2/ (1= 0)*Rya: 6,
0
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Proof for the first-order scheme PVC 54(2)

e The correction function f; - is chosen so that

Id — P3$5A
[(a)e

This requirement can be rewritten as

1 1
& E

1
which suggests to choose L*f; , = —ESf (well posed equation)

(1+ Atfi,) du = O(At?)

C,B,A
Id — PX}

e Replace ¢ by < At

1

) ©? No control on the derivatives...
e Use the “nice” properties of the continuous dynamics, i.e. functional
estimates* on £~ to use pseudo-inverses

At
Quar= L1+ — (Id+£151£ h

*D. Talay, Stoch. Proc. Appl. (2002); M. Kopec, arxiv 1310.2599 (2013)
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Practical computation of transport
properties
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Definition of transport coefficients (1)

e Example: D = (LT)9, non-gradient force F € R3N

Nonequilibrium dynamics

dg: = M~p; dt

2
dp; = ( ~VV(q) + nF) dt — M 'p; dt + | % dw,

e Existence and uniqueness of invariant measure (Lyapunov techniques)

e Generator L + 7]2, invariant measure fn,u

o In fact, f, = (Id + n(ZE‘l)*)ill - (1 + +f(—n)” [(Ez—l)*} ) 1
n=1
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Definition of transport coefficients (2)

e Response property R € ‘H, conjugated response S = £*1:

o = tim Rl _/5 [£7'R] [Z*l} p= /0+OOE(R(qt,Pr)5(qO,Po))dt

n—0 n

e |n practice:

Identify the response function

Construct a physically meaningful perturbation

Obtain the transport coefficient a (thermal cond., shear viscosity,...)
It is then possible to construct non physical perturbations allowing to
compute the same transport coefficient (“Synthetic NEMD")

e For the previous example, definition of mobility with R(g, p) = FTM~1p
(FTM~p)

lim — — BFTDF
n—0 n

+oo
with effective diffusion D = / E((M_lpt) ® (M_1p0)> dt
0
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Error estimates on the Green-Kubo formula

Pa; —1Id ~
Assume Atf =L+ AtS + -+ A" 7S, 4+ At“R, a+ and

H Id — PAt

< C, /€¢dﬂAt:/€¢dﬂ+Atar¢,At

B(LE)

Error estimates on the Green-Kubo formula
For ¢, o with average 0 w.r.t. u,

+00 oo _
/0 E(¢(qt, Pt)‘P(qu PO)) dt = At g Ea¢ (¢At (qn7 Pn) ® (qo» PO)) +O(Ata

b e = (Id FALS L At“*lsa,lﬁ—l)gb — pae(. )

e Reduces to trapezoidal rule for second order schemes
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Error estimates on linear response

e Splitting schemes obtained by replacing B with B, = B +nF -V,
— invariant measures (i, At
q" =q"+ Atp”,

5L o +At( —VV(g"™) +77F)7

2
pn+1 _ aAt"Bn—i-l + l]' _IBQAt G"

e Discard schemes obtained by replacing C with C 4 77/3 since they do not
perform well in the overdamped limit

e For instance, Pg’tBJr"L"YC for

e Recall that the mobility is defined as

.1 _ _
VFy = lim / FTM ' piy,n(dg dp) = / FTM~'pfy1,(q,p) u(dq dp)
7]—>0’I7 £ £

where the correction function satisfies £*fy1, = —8FTM~1p
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Error estimates on the mobility

Error estimates for nonequilibrium dynamics

There exists a function f, 1, € H(u) such that

/ @ dpbynar = / ‘P<1 +nfo1y + At a0y + 77Atafa71,'y) dp+ roqymAts
I I

where the remainder is compatible with linear response

|r<P7%777At| < K(U2 + Ata+1)a ’rcp,w,n,At - rcp,’y,O,At’ < K77(77 aF Ata+1)

e Corollary: error estimates on the numerically computed mobility

1 . .
VF ot = lim = (/ FTM lpuy,n,At(dqdp)—/FTM lpuy,o,m(dqdp)>
=01 \Je £

= VE~ + At” / FTM™pfo1ydu+ At e, A
E
e Results in the overdamped limit

Gabriel Stoltz (ENPC/INRIA) Inria, December 2018 26 / 31



Numerical results

fitted linear responsé ‘
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Left: Linear response of the average velocity as a function of 7 for the scheme

associated with PWC BrABr3C and At =0.01,7 = 1.
Right: Scaling of the mobility v 4 a; for the first order scheme PA 7€ and the
second order scheme PVC B ABnC
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Discretization of Feynman-Kac
semIgroups
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Discretization of Feynman-Kac semigroups

e Dynamics dq; = b(q:) dt + o dW;, weighted nonlinear average

E,, [(p(qt) ol 8(as) ds}

of = / d
‘ (IUI)(SO) EH [efot g(qs) d5:| t—00 D pave

e Discretization of the SDE and of the time integral in the weight

. E, [@(q”) AT g(q’)}
¢ = : d
At,n(/ﬁ)(@) E, {eAfZEol g(q,)} R /DSO Vg,At

e Error estimates/ pdvg at :/ godl/g+Ata/ of dvg + O(At)
D D D

e Based on an approximation result for the first eigenvalue/eigenfunction
of the non-selfadjoint operator £ + w

Gabriel Stoltz (ENPC/INRIA) Inria, December 2018 29 /31



References

Gabriel Stoltz (ENPC/INRIA) Inria, December 2018 30 /31



Some references

e B. LEIMKUHLER, CH. MATTHEWS AND G. STOLTZ, The
computation of averages from equilibrium and nonequilibrium Langevin
molecular dynamics, IMA J. Numer. Anal. 36(1), 13-79 (2016)

e T. LELIEVRE AND G. STOLTZ, Partial differential equations and
stochastic methods in molecular dynamics, Acta Numerica 25, 681-880
(2016)

e G. FERRE AND G. STOLTZ, Error estimates on ergodic properties of
discretized Feynman-Kac semigroups, arXiv preprint 1712.04013

Gabriel Stoltz (ENPC/INRIA) Inria, December 2018 31/31



