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Motivation

e Transport coefficients can be obtained from
@ nonequilibrium dynamics in the linear response regime
@ integrated correlation functions at equilibrium (Green-Kubo)
@ transient response to displacement from equilibrium

For concreteness: mobility/self-diffusion (direction F € R9)

e E[(F-(Qt—ao))z]

t—+00 2t

What is the numerical error arising from time discretization?
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Reminder: Error estimates in Monte Carlo simulations
e General SDE dx; = b(x¢) dt + o(x¢) dW, invariant measure 7
e Discretization x"T1 ~ x,a;, invariant measure wa;. For instance,

Xn+1 — X" + At b(Xn) + ‘/AtU(Xn) G"’ G" ~ g(O,Id) ii.d.

Error estimates for finite trajectory averages

Niter
PN 1 OA At
AN, = g A(x") =E, (A CAt® —
Nlter Niter (X ) 7T( ) + \ . , + /Niter
n=1 bias N——

statistical error

e Bias E,,(A) — E-(A) — Focus of this talk

“+oo
2 / E [5A(x)0A(x0)] dt
TADE 0 where T = N, At
v Niger T
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Definition of the self-diffusion
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Definition of the self-diffusion: Langevin dynamics

e Periodic potential V, Langevin dynamics for (g, p) € £ = (LT)? x R?
dge = M~ p; dt

2
dpr = (— VV(q:) + 1 F)dt — M pdt + | /% dw,

Mobility: averages in a nonequilibrium steady-state

E, (FTM1p _
E, (FM7p) —ﬁ/gFTM 'pfo1(q, p) u(dg dp) = B F T DF

v = lim
n—0 n

~

Effective diffusion computed at equilibrium: n =0

t
Unperiodized displacement Q; — Qg :/ M~1ps ds
0
+00
FTDF:/ Eo |(FTM tp) (FTM 1 py)| dt
L Eo[(FTM ) (FTM )]

o Integrability by exp. convergence to u(dq dp) = Z~1e=8H(@P) dg dp
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Definition of the self-diffusion: overdamped Langevin

2
e Dynamics dqg; = ( —VV(ge) + 7 F) dt + \/;th
e Invariant measure v(dg) = Z~te=#V(9) dq
Mobility: averages in a nonequilibrium steady-state

. E,(-FTVV(q
ve=lim
n—0 n

) —B/S—FTV V(q) go0,1(q) v(dq) —; FT(1d—D)F

4

Effective diffusion computed at equilibrium: n =0

t
2
Unperiodized displacement Q; — Qp = —/ VV(gs)ds + \/; W,
0
+o0

FTDF = |F|? — 52/0 E, [(FTVV(qt)> (FTVV(qo))} dt
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General definition of transport coefficients
e Ergodic stochastic dynamics dX; = b(X;) dt + o dW;
@ Invariant measure 7(dx)

@ Generator L=b-V + %A

e Drift perturbation b + 775 — perturbation of generator L=b-V

Linear response and Green-Kubo type formulas

With adjoints taken on L2(7) and when Eo(R) = 0,

| a:AiLnOIE"?(?R) _ _/8 [c72R] [£41] ar = /()+OOEO<R(xt)S(x0)>dt

e Conjugated response function § = £*1

+oo
e Relies on the equality —£71 = / et~ dt (functional analysis)
0
Error estimates on « resulting from finite At > 0?7

Gabriel Stoltz (ENPC/INRIA) November 2015 7 /24



Error estimates

for equilibrium dynamics
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Weak type expansions

e Numerical scheme = Markov chain characterized by evolution operator
Paco(x) = E((p (x™+1)

x" = x

where (x") is an approximation of (x,a¢t)
e (Infinitely) Many possibilities! Numerical analysis allows to discriminate
At-expansion of the evolution operator

Patp = o+ At Ao+ AP Ao + - - + AP Ap 10 + AtPT2r, o,

e Weak order p when A, = £¥/k! for 1 < k < p, namely
sup |E[p (x")] — Elp (xpac)] | < CA
0<n<T/At
e Ergodicity of the numerical scheme with invariant measure ma;
Niter
1
AX") ——— | A(x) mac(dx)

Niter p— Njger—+00 )y
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Example: Euler-Maruyama, weak order 1

e Scheme x" 1 = ®p,(x", G") = x" + At b(x") + VAt o(x") G"
e Note that Parp(x) = Eg [g@(d)At(X, G))]
e Technical tool: Taylor expansion

o(x +0) = p(x) + 6" Vip(x) + %(5TV2§0(X)5 + %D?’cp(x) RS
e Replace 6 with v/Ato(x) G + At b(x) and gather in powers of At
P(Par(x, G)) = p(x) + VAta(x) G- Vi(x)
o(x)?
+ At <(2) GT [V2p(x)] G + b(x) - Vgp(x)) +...

e Taking expectations w.r.t. G leads to

_ a(x)* . 2
Parp(x) = @(x) + At ( =5 Dp(x) + b(x) - Vip(x) | +O(AF)

=Le(x)
Gabriel Stoltz (ENPC/INRIA) November 2015 10 / 24



Error estimates on the invariant measure

e Assumptions on the operators in the weak-type expansion

@ invariance of m by Ay for 1 < k < p, namely / Akpdr =0
X
° /X.Apﬂcp dr = /)(gp+1§0 dr (i.e. gpt1=Aj 11)

Error estimates on 7y

/;(gOdWAt —/Xg0<1+Atpfp+1>d7r+Atp+1R%At

e In fact, fp+1 = — (.AI)_I 8p+1
@ when A; = L, the first order correction can be estimated by some

+0o0
integrated correlation function as / E((p(xt)gp+1(xo)> dt
0
@ in general, first order term can be removed by Romberg extrapolation

e Error on invariant measure can be (much) smaller than the weak error
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Sketch of proof (1)

Step 1: Establish the error estimate for ¢ € Ran(Pp; — Id)
o ldea: mar = (14 AtPfop1+...)

e by definition of ma;

(P -

e compare to first order correction to the invariant measure

/X KF)NAtId) w} (1+ AtPfpyr) dr

= AtP /X (.Ap+1¢ + (All/J)fp_H) dm+ 0 (Atp'H)

= Atp/ (gpﬂ + Ajfpi1 ) dr + O (A1)
X

Suggests fot1 = — (A1 8p+1 J
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Sketch of proof (2)

Step 2: Define an approximate inverse
e Issue: derivatives of (Id — Pa;) 1y are not controlled

PAt—Id

Consid M
e Consider < At

|_|> Qaty =¥ + Atp+17¢,At where

”s0=s0—/90d7f
X

e Idea of the construction: truncate the formal series expression

(A+AtB) 1=A1_AtA1BA1 + AP A71BATIBA 1 ..

o Here, set A=TA1M and B = NA M + -+ + AtPT 1A, 41

e (Qa; stabilizes spaces of smooth functions
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Sketch of proof (3)

Step 3: Conclusion

e Invariance of ma; rewritten as

Pa; —1d 1

e On the other hand,

Pa: —1d 1
/x [n <AAt> 'W] (I+AtPh) dr = — /X(PAW) dr+0 (AtP)

e Finally replace ) by Qat¢p, and gather in R, a; all the higher order terms
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Error estimates
on the linear response

of nonequilibrium dynamics

Gabriel Stoltz (ENPC/INRIA) November 2015 15 / 24



Examples of splitting schemes for Langevin dynamics (1)

e Example: Langevin dynamics, discretized using a splitting strategy
1

s

A=M"1p.V,, B:(—VV(q)+nF)-v,,, C=-M"1p-V,+

e First order splitting schemes: Trotter splitting

Pﬂ/x _ eAtZeAtYeAtX ~ eAtA

e Second order schemes: Strang splitting

pEYXYZ _ GAtZ/2 ALY [2 AtX ALY [2 AtZ)2

e Other category: Geometric Langevin algorithms, e.g. PXE’A’B”’A
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Examples of splitting schemes for Langevin dynamics (2)

’;5”“ =p"+ (—VV( ")+nF)At,

— At M~ 1~ n+1
o PRT™7C corresponds to ="

t
2
pn+1 _ OéAtp’H—l + | 1 _ﬁaAt M G"

where G" are i.i.d. Gaussian and aa; = exp(—yM~1At)

~n n 1—ana n
P2 = aneop + 3 ‘MG,

~ At
o B ovir )
for q"=q"+ At M7 p"2,

. \ At ,
prit=pt 4 2( VV(q +1)+77F)

pn+1 _ 04At/2Pn+1 + /1 _BOKAt M GHi/2

Gabriel Stoltz (ENPC/INRIA) November 2015

c,B,,A,B,~C
P’Y sDnyA,Dn,
At

17 / 24



Error estimates on linear response

Error estimates for nonequilibrium dynamics

There exists a function f, 1, € H(u) such that

/ ¢ dﬂ'y,r],At = / ¢(1 + 771'6,1,7 + Atafa,o,y + UAfafa,l,«,> dM + .y m, At
& &

where the remainder is compatible with linear response

|rpymatl < K@+ 8T, gy mar — rproael < Kn(n+ At*H)

- -

e Corollary: error estimates on the numerically computed mobility

1 _ _
VE e = lim = (/ FTM lpuy,n,At(dqdp)—/FTM lpuy,o,m(dqdp)>
n—0n £ £

= Ve, + At® / FTM™pfy1, du+ At A
E
e Results in the overdamped limit
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Numerical results

fitted linear responsé
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Left: Linear response of the average velocity as a function of 7 for the scheme

associated with P55 and At =0.01,y = 1.
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Right: Scaling of the mobility vF 4 A for the first order scheme Pj; and the

C.By ABy 7 C
second order scheme P}, """""""7
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Error estimates

on Green-Kubo formulas
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Error estimates on Green-Kubo formulas (1)

e Error of order a on invariant measure: / Ydrar = / Y dr+ O(AtY)
X X

e Expansion of the evolution operator (p+1 > a and A; = £)

Parp =@+ At Lo+ AP Ayp+ -+ + Atp—HAerlSD + Atp+2r%At

Ergodicity of the numerical scheme
Vn € N, HPZT”B(LIOCOS At) § Csef)\snAt

where K is a Lyapunov function (1 + |p|?® for Langevin) and

Fae={ £ e, [ pomnc=0]

e Proof: Lyapunov condition + uniform-in-At minorization condition®

M. Hairer and J. Mattingly, Progr. Probab. (2011)
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Error estimates on Green-Kubo formulas (2)

Error estimates on integrated correlation functions

Observables ¢, 1) with average 0 w.r.t. invariant measure 7
+00 too _
/ E<¢(Xt)<p(xo)> dt = AtZEAt <¢At,a (x") (X0)> + At&”Kf?
0 n=0

where Ea; denotes expectations w.r.t. initial conditions xp ~ ma; and over
all realizations of the Markov chain (x"), and

QbAt,oc = wAt,a - / wAna dmat
X

with Yaga = (Id F At AL 4t At“*lAacfl)zp

e Useful when A, L£~1 can be computed, e.g. Ay = arLX

e Reduces to trapezoidal rule for second order schemes
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Extension to Metropolized overdamped Langevin dynamics

e Superimpose Metropolis-Hastings correction to discretization of SDE

- 2At
qn+1 — qn—i-AtVV(qn)—i- 7 G"

— no bias on invariant measure / stabilization for singular potentials
— error estimates on the diffusion of order At

~ At 2At
e HMC-like scheme g™ = ¢" + At VV (qn + 28 G”) +4/ 5 G"

@ Error of order At3/? when the Metropolis-Hastings rule is used

@ Reduced to At? when a Barker rule is used (replace min(1, r) by
r/(r+1))

@ Requires some time renormalization since rejection rate ~ 1/2

@ Trade-off between increased variance (factor 2) and reduced bias

e Extension to diffusions with multiplicative noise
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Numerical results
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