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Outline

Molecular dynamics
@ Microscopic description of physical systems
@ Macroscopic description: average properties

Practical computation of static properties
@ Ergodic averages using Langevin dynamics
@ Error estimates (statistical error, bias)

Estimation of transport coefficients
@ Linear response of nonequilibrium dynamics
@ Error estimates
@ Variance reduction: some examples
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Molecular dynamics
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General perspective (1)

e Aims of computational statistical physics:
@ numerical microscope

@ computation of average properties, static or dynamic

¢ Orders of magnitude
distances ~1 A =10"1"m

energy per particle ~ kgT ~ 4 x 1072 J at room temperature

°
@ atomic masses ~ 10726 kg
e time ~ 107 s

°

number of particles ~ A4 = 6.02 x 10?3
e “Standard” simulations
@ 10 particles [“world records”: around 10° particles]
@ integration time: (fraction of) ns [“world records”: (fraction of) us]
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General perspective (2)

What is the melting temperature of Argon?
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(a) Solid Argon (low temperature)
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(b) Liquid Argon (high temperature)
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General perspective (3)

“Given the structure and the laws of interaction of the particles, what are

the macroscopic properties of the matter composed of these particles?”

Pressure (MPa)

LB B s e s s e s s B e
200 400 600 800

T
1000

Density (kg/m”3)

600

500

N ow s
8 8 3
A

3
2

Pressure (MPa)

Equation of state (pressure/density diagram) for Argon at 7' = 300 K
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General perspective (4)

What is the structure of the protein? What are its typical conformations,
and what are the transition pathways from one conformation to another?
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Microscopic description of physical systems
e Microstate of a classical system of N particles:
(¢,p) = (q1,---,4Ns P1,--.,pN) €E
Positions ¢ (configuration), momenta p (to be thought of as M¢)
e Here, periodic boundary conditions: £ = D x R3N with D = (LT)*"

e More complicated situations can be considered: molecular constraints
defining submanifolds of the phase space

e Hamiltonian H(q,p) = Exin(p) + V(q), where the kinetic energy is

mq Id3 0

Fin(p) = 2 pT M~ M=
kln(p) - 92 p b, - .

0 my Idg
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Average properties

e Macrostate of the system described by a probability measure

Equilibrium thermodynamic properties (pressure,. .. )

Eu(p) = /g ©(q, p) p(dq dp)

e Examples of observables:

@ Pressure ¢(q,p) 3|D| Z ( —q- tiV(Q)>
N
e Kinetic temperature ¢(q,p) = 3Nk: Z i
mg

e Canonical ensemble = measure on (g, p) (average energy fixed)

1
-1 H(q, —
pnvr(dgdp) = Zyyp e P10V dgdp,  B= 1
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Practical computation of average
properties
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Computing average properties

Main issue
Computation of high-dimensional integrals... Ergodic averages

. 1

i
E#(@) = tlg—noo @ta Yt = t/o (p(qL%ps) ds

e One possible choice: Langevin dynamics with friction parameter v > 0
= Stochastic perturbation of the Hamiltonian dynamics

dgr = M 'p, dt
)
dpy = —VV (qr) dt—yM ' p dt + ,/% AW,

Almost-sure convergence of ergodic averages!

'Kliemann, Ann. Probab. 15(2), 690-707 (1987)
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Hamiltonian and overdamped limits

e As v — 0, the Hamiltonian dynamics is recovered

%E [H (g1, pi)] = = (E [ptTM_th] - ;Tf(M_l)) dt

Time ~ v~ ! to change energy levels in this limit?

e Overdamped limit v — +o00 with M = Id: rescaling of time ~t

1 [t
Gt — o = —7/ YV (gs) ds+,/ W - pvt P)
0

_/O VV(gys)ds +/26-1B; — ; (Py¢ — o)

which converges to the solution of dQ; = —VV(Q;) dt + /28~ 1 dB;

e In both cases, slow convergence, with rate scaling as min (ﬁ,/., 7*1)

?Hairer and Pavliotis, J. Stat. Phys., 131(1), 175-202 (2008)
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Statistical error (1/2)

« Evolution semigroup (¢'“¢) (¢,p) = E [w(a p) (a0, p0) = (a.9)]
generator £ = Lyam + YLFD

1

Lham =p M7V, —~VV'V,  Lrp=-p M7V, + ﬂAp
e Asymptotic variance ai =, liin t Var,(¢r): with Ilp = ¢ — / pdu,
—+00 £

t

. S
ol = ; (1 - ;) E,, [TTo(gt, pe) T (qo, po)] ds

+o0
= 2/ /(eSEHgo)Hcpduds = 2/(—£_1H<p)H<pdu
0 E &

Well-defined provided —£® = Ily has a solution in L3(p) = L% (1)

A Central Limit Theorem holds in this case3: |@; — E,(¢) ~ %g

3R. N. Bhattacharya, Z. Wahrsch. Verw. Gebiete (1982)
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Statistical error (2/2)

Prove exponential convergence of the semigroup e on E C L(Q)(,u)

“historic” hypocoercive® setup H(u)

L?(u) after hypoelliptic regularization® from H* (1)

direct transfer from H' (1) to L?(u) by spectral argument’
directly® L?(u) (recently® Poincaré using 0; — Lyam)
coupling arguments!®

o direct estimates on the resolvent using Schur complements!!

Rate of convergence min (7,7 ') so variance ~ max (7,7 ')

Wau (2001); Mattingly/Stuart/Higham (2002); Rey-Bellet (2006); Hairer/Mattingly (2011)
Villani (2009) and before Talay (2002), Eckmann/Hairer (2003), Hérau/Nier (2004),...
Hérau, J. Funct. Anal. (2007)

Deligiannidis/Paulin/Doucet, Ann. Appl. Probab. (2020)

8Hélrau (2006), Dolbeaut/Mouhot/Schmeiser (2009, 2015)

Albritton/Armstrong/Mourrat/Novack (2019), Cao/Lu/Wang (2019), Brigatti (2021),
Dietert/Hérau/Hutridurga/Mouhot (2022), Brigati/Stoltz (2023), Eberle/Guillin/Hahn/Lérler (2025), ...

loEberIe/Guillin/Zimmer, Ann. Probab. (2019)
Bernard/Fathi/Levitt/Stoltz, Annales Henri Lebesgue (2022)
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Practical computation of average properties

e Numerical scheme = Markov chain characterized by evolution operator

Pare(a,p) =E( (", p" ) ‘(q”,p”) —(@:0))

e Discretization of the Langevin dynamics: splitting strategy!?

A=M"'p-Vy, B=-VV(g):V,, O=-M'p-V,+ 5
. pB,A0O - _ -1
e Example: P, corresponds to (with aa; = exp(—yM " At))
P =" = ALVV ("),

qn+1 — qn + At Mflﬁf%#l’

P = anp"t + \/(1 — o) IM G,
where G™ are i.i.d. standard Gaussian random variables

e Second order splittings schemes (Verlet + FD or BAOAB)

12| eimkuhler/Matthews (2013, 2016); Leimkuhler/Matthews/Stoltz (2016)
Gabriel Stoltz (ENPC/CNRS/Inria) Edinburgh, July 2026
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Types of errors

Estimators of E,(¢)

t N
1
J—— ~N _ n 7
D = t/o ©(gs, ps) ds, Oar = Nnilw(q ")

Statistical error (variance of the estimator)

o - . .
° O( e ) from central limit theorem for continuous dynamics

VINAt

@ discrete dynamics: asymptotic variance coincides at order At®

Bias (expectation of the estimator)
e finite time integration time — bias O | ——
inite time integration tim i (NAt)
e discretization of the dynamics — bias O(At®)
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Estimation of

transport coefficients
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Physical context and motivations

Transport coefficients (e.g. thermal conductivity): quantitative estimates

J =—kVT (Fourier's law)

J (energy current) ——

Slow convergence due to large noise to signal ratio
Long computational times to estimate x (up to several weeks/months)
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Linear response of nonequilibrium stochastic dynamics

Example: D = (LT)%, non-gradient force I € RY

dg = M 'p, dt

D)
dp; = ( VYV (g) + nF)dt M lp dt + ,/% aw,

Response function R(q,p) = FTM~'p = velocity in direction F

fitted linear response

o o o
o o o
o @ EN

average response

o
o

0

0 0.1 0.2 0.3
forcing strength
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Existence/uniqueness of invariant
probability measure (Lyapunov)

Generator £ + 7}2 with £ = FTVp

E,(R) = /ngn% an

« = transport coefficient
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Definition of transport coefficients (1)

Perturbative regime: invariant measure vy, = f,p with f,, =1+ O(n)

Voo, 0:/5[(£+n2) go} fndu:/ggp[<£+nz>*fn] dy

* = adjoints on L?(p) (3%, = —0q; + Bdq,V and 355, = —Bp, + B(M~1p);)

Fokker—Planck equation

(£+nE) fy=0

By identifying powers of 7 (recalling Iy = ¢ — u(p))
fo=1+nfi+7*f2+..., —LF=L1=TL1=S5
Running example: £* = —Lyam + vLrp and Lr=—L+ BFTM~1p
S(g,p) = BF "M 'p

Gabriel Stoltz (ENPC/CNRS/Inria) Edinburgh, July 2026
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Definition of transport coefficients (2)

Response property R € L3(p) = I1L%(u), conjugated response S = L1

E
o = lim W(R)

n.—>0 I /SRfl dp = /SR [(—ﬁ*)_l S} du = /g (=L7'R) Sdu
_ /0+°° [/g (c“R) Sdu} dt — /0+°°E0 (R(qt,pt)S(qo’po))dt

In practice:
@ ldentify the response function and the reference dynamics
@ Construct a physically meaningful perturbation (bulk or boundary driven)
@ Obtain the transport coefficient « (thermal cond., shear viscosity,...)

For the running example, definition of mobility with R(q,p) = FT M~'p
E, (FTM™'p)

lim

Jim =BF'DF, D= / M pt)®(M‘1po))df

Gabriel Stoltz (ENPC/CNRS/Inria) Edinburgh, July 2026 21/32



Error estimates for nonequilibrium molecular dynamics
Example: D = (LT)?, non-gradient force F' € R3V
dg; = M_lp? dt

2
dpj = (= YV (q]) +nF)dt = yM~'p] dt + /% dw,

Estimator of linear response (observable R with equilibrium average 0)
-~ ]. t a.s 1
Apy Ut/O R(q2,p1) ds T n 7 /ngn du = o+ O(n)

Issues with linear response methods:
e Statistical error with asymptotic variance O(n 2t 1)
@ Bias O(n) due ton # 0
@ Bias from finite integration time
o Timestep discretization bias!3

13| eimkuhler/Matthews/Stoltz (2016), Darshan/Eberle/Stoltz (2024)
Gabriel Stoltz (ENPC/CNRS/Inria) Edinburgh, July 2026
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Analysis of variance / finite integration time bias

Statistical error dictated by Central Limit Theorem:

2
~ g
\/E (An,t - Oén) tlL) N <07 7;%2777> ) 012-2,n = 0-12%,0 + 0(77)

—+00

~ 1
so A, = oy + Op <> — requires long simulation times ¢ ~ 2
vt

~ K
Finite time integration bias: ‘E (An,t) — O‘n‘ < o
n

1
Bias due to t < +o00 is O (t> — typically smaller than statistical error
n

Key equality for the proofs: introduce — (E + 772) Ky = R~ / Rfydp

Pn(ag,py) — %(Q?mt)
/ By dp nt ’ ntf

/V 7z qs,ps)TdW
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Error estimates on the Green—Kubo formula

—+00

Aim: approximate « —/ Eo (R(qt,pt)S(qo,pO))dt
0

K .1
N 1
Estimator (continuous time) ax 1 = — Z/ R(qr, pt) S (g0, po) dt
K=o

Sources of error : trade off in truncation time T'

o ~ C _
@ Time truncation bias |E[ak 7] — a| < E”RHLZ(W)HSHL2(7T)G T

2T
o Statistical error’* Var[ak 1] ~ ?HSH%Q(K) (R,—L7'R)

o Timestep bias and quadrature formula when numerically integrating®®

For statistical error, proof based on the following equality, with —£L%Z = R € L(u):

T 2 T_
/O R(qt,pt)S(q0, o) dt = S(qo, po) [#(q0, Po) —%(qnpt)]ﬂ/%S(qo,po)/o Vo (qt,pe) " AWy
*Pavliotis/Spacek/Stoltz/Vaes (2025); Gastaldello/Stoltz/Vaes (2025)

13| eimkuhler/Matthews/Stoltz (2016), Duncan/Pavliotis/Zygalakis (2017)
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Variance reduction attempts: past, present and future

Alternatives to direct NEMD/GK, possibly with some blending

e Alternative fluctuation formulas®
Control variate approaches!? (better solutions to Poisson equation needed...)
Use coupling methods between X' and X, e.g. sticky coupling'®
Rely on tangent dynamics!® for T; = lim,0(X; — X?)/n
Optimize synthetic forcings?®

Large deviation techniques to estimate second order cumulants®!

Norton dyna miC522 (dual approach where the flux is fixed)

@ Transient methods: subtraction?® and TTCF?*

Quantify variance and bias and apply to physical systems

16PIechac/StoItz/Wang (2021, 2023)
17Mangaud/Rctenberg (2020); Roussel/Stoltz (2019), Pavliotis/Stoltz/Vaes (2022), Pavliotis/Spacek/Stoltz/Vaes (2024)
18Eberle/Zimmer (2019); Durmus/Eberle/Enfroy/Guillin/Monmarché (2021); Darshan/Eberle/Stoltz (2024)
9Assaraf/Jourdain/LeIiévre/Roux, Stoch. Partial Differ. Equ. Anal. Comput. (2018)
20 Evans/Morriss (2008); Spacek/Stoltz (2023)
2lLimmer/Gao/Poggioli (2021); currently Guyader/Gastaldello/Stoltz/Vaes
Evans/Morriss (2008); Blassel /Stoltz (2023) and now Darshan/Stoltz
23Ciccotti/Jacucci (1975); Monmarché/Spacek/Stoltz (2025)
24Evans/Morriss (1987, 1988)
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Synthetic forcings (1/2)
Same linear response with smaller nonlinearities

Idea: replace the physical perturbation by a family of perturbations

Lpo=L+n <thys + azextm> , a€eR

Admissibility condition £7,..1 =0

extra

Conjugate response S = L*

shys1 (hence transport coefficient) unchanged

Minimize nonlinear remainder: choose a so that ps(a) is small

E, .(R
foa =1+nf1+n*00 + ..., ”7;) = a+np2(a) + O(n?)

D. J. Evans and G. P. Morriss. Statistical Mechanics of Nonequilibrium Liquids, Cambridge
University Press (2008)

R. Spacek and G. Stoltz, Extending the regime of linear response with synthetic forcings,
Multiscale Model. Sim. 21(4) 1602-1643 (2023)
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Synthetic forcings (2/2)

Examples of admissible extra perturbations
o Divergence-free fields: Loxira = GTV with div(Gup) =0
@ Modified fluctuation—dissipation: Zextra = -V*DV

Benefit for NEMD estimators

—~ 1 [t
A = — R(XT*) d
CL,?’],t 7’]t 0 ( S ) S
2
—~ TR0
Var (Aa7777t> ~ =

Linearity for larger 7: much smaller
statistical error for fixed computa-
tional cost

Gabriel Stoltz (ENPC/CNRS/Inria)
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I
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)

Modified fluctuation-dissipation in p

Value of «
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Forcing
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Transient subtraction: coupled control variate

Transient formula for linear response: with /i, = (1 +7S)u + O(n?),

1 [t

= lim — E[R(X" — R(Y?)] dt
anlggno [R(X]) (Y))]

where Y,? and X/ follow equilibrium dynamics with Y;? ~ x and X}! ~ 1y,

1 1
mWﬂf/mzmuﬁpnzf/m/(J%R)mnm:/m/(J%Rywum+om):a+ow
n Jo nJo Jx 0 Jx

Couple two trajectories

Ay = b(Y))dt + o dWy,  YQ ~p,

dX; = b(X])dt +odW;,  X] = ®,(Yy),
with @, (z) = z + n¢1(z) and ©,#u = (1 +nS)u + O(n?)

#1(q,p) = (0, F(q)) for underdamped Langevin (solution to PDE)

G. Ciccotti and G. Jacucci, Physical Review Letters 35(12), 789 (1975)
P. Monmarché, R. Spacek and G. Stoltz, J. Stat. Phys. 192 (2025)
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Transient subtraction: estimator and error balance

Estimator

~sub
QT Kn =

R(X) R(Yto’k)] dt

wx I

Variance: when (z — y)T(b(:r) —b(y)) < Blz —y|%,
2 n 02 T 2
~sub HRHLip E HXO B YEJ ‘ H tB _
Var (aTvan) < e = ; ePdt)] =0(1)
Equilibriate bias (exp. small in T") and variance (exp. growth in T)
n=10.01 n=0.1
§ 1 — Equil. Trans. — Subtr. g o — Equil. Trans. — Subtr.
8 8
2 TN v o wvs B
£ v ‘ &
@ 08 (2015
g e go.m
Z VN —— (X : .
8 iDe—fit — o ‘ ‘ ‘
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
Time Time
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Alternative fluctuation formula (1/3)

General non-degenerate stochastic dynamics on D = T¢
e Reference dynamics dX} = b(X}?) dt + o(X?) dW;
e Perturbed dynamics dX;' = (b(X}') +nF(X}"))dt + o(X]") dW,;

e Assume oo’ positive definite — unique invariant measure Iz
Estimator of the linear response (fluctuation at equilibrium)

o= lim ”’7(R>;”°(R> — lim Eq { (1 /Ot (R(X?) — uy(R)) ds) Zt}

t
with Z; :/ UXY)-dW, and oU = F
0

Motivation: Girsanov theorem, linearization, and longtime limit (formal)

E, E Ot R(X;?)ds} =Ko K% /Ot R(X?)ds) exp (n/ot UX)Tdws — g /Ot |U(X5)}2ds>}
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Alternative fluctuation formula (2/3)

Proof of consistency: Generator £ + 772, Poisson equation —LZ =1y R
(well posed)

Rewrite the time integral as a martingale, up to remainder terms

t t
/ MoR(X?)ds = Mi+R(X))—Z (X)), M; = / VZ(Xs) o(X0)dW,
0 0

. L1
and use It isometry to write ;E (M Zy) as

t
1/ E[U(XQ)TJ(XQ)W%(XQ)} ds—>/ F'V%dvy = o
0 D

t t—+o0

Variance uniformly bounded in time: by similar manipulations,
1 t

vt > 0, Var { <t/ (R(XY) — w(R)) ds> Zt} <C
0
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Alternative fluctuation formula (3/3)

Discrete sensitivity estimator (slightly idealized)

]Viter_1
1 1 n iter
My (B) = 5= D0 (R(X") ~Ear(R) 2%
Niterfl e n=0
with ZNer = 3™ (o(xX™) I R(x™) T G
n=0

e (M. 00} ] <0 (81 )

Varay {M[A”t N (R)} <O +C <At +

i

1
NiterAt

Finite-time bias O(time~'/?) (time™! for standard time averages)

Extension to 2nd order schemes and Langevin dynamics (not yet used in
MD simulations)

P. Plechac, G. Stoltz and T. Wang, M2AN 55, S593-5623 (2021)

P. Plechac, G. Stoltz, T. Wang, IMA J. Numer. Anal. 43(6), 3430-3477 (2023)
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