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Molecular dynamics
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General perspective (1)

•Aims of computational statistical physics:

numerical microscope

computation of average properties, static or dynamic

•Orders of magnitude

distances ∼ 1 Å = 10−10 m

energy per particle ∼ kBT ∼ 4× 10−21 J at room temperature

atomic masses ∼ 10−26 kg

time ∼ 10−15 s

number of particles ∼ NA = 6.02× 1023

•“Standard” simulations

106 particles [“world records”: around 109 particles]

integration time: (fraction of) ns [“world records”: (fraction of) µs]
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General perspective (2)

What is the melting temperature of Argon?

(a) Solid Argon (low temperature) (b) Liquid Argon (high temperature)

Figure:
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General perspective (3)

“Given the structure and the laws of interaction of the particles, what are
the macroscopic properties of the matter composed of these particles?”
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General perspective (4)

What is the structure of the protein? What are its typical conformations,
and what are the transition pathways from one conformation to another?
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Microscopic description of physical systems

•Microstate of a classical system of N particles:

(q, p) = (q1, . . . , qN , p1, . . . , pN ) ∈ E

Positions q (configuration), momenta p (to be thought of as Mq̇)

•Here, periodic boundary conditions: E = D × R3N with D = (LT)3N

•More complicated situations can be considered: molecular constraints
defining submanifolds of the phase space

•Hamiltonian H(q, p) = Ekin(p) + V (q), where the kinetic energy is

Ekin(p) =
1

2
p>M−1p, M =




m1 Id3 0
. . .

0 mN Id3


 .
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Average properties

•Macrostate of the system described by a probability measure

Equilibrium thermodynamic properties (pressure,. . . )

Eµ(ϕ) =

∫

E
ϕ(q, p)µ(dq dp)

•Examples of observables:

Pressure ϕ(q, p) =
1

3|D|
N∑

i=1

(
p2
i

mi
− qi · ∇qiV (q)

)

Kinetic temperature ϕ(q, p) =
1

3NkB

N∑

i=1

p2
i

mi

•Canonical ensemble = measure on (q, p) (average energy fixed)

µNVT(dq dp) = Z−1
NVT e−βH(q,p) dq dp, β =

1

kBT
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Practical computation of average
properties
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Computing average properties

Main issue

Computation of high-dimensional integrals... Ergodic averages

Eµ(ϕ) = lim
t→+∞

ϕ̂t, ϕ̂t =
1

t

∫ t

0
ϕ(qs, ps) ds

•One possible choice: Langevin dynamics with friction parameter γ > 0
= Stochastic perturbation of the Hamiltonian dynamics





dqt = M−1pt dt

dpt = −∇V (qt) dt−γM−1pt dt+

√
2γ

β
dWt

Almost-sure convergence of ergodic averages1

1Kliemann, Ann. Probab. 15(2), 690-707 (1987)
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Hamiltonian and overdamped limits

•As γ → 0, the Hamiltonian dynamics is recovered

d

dt
E [H(qt, pt)] = −γ

(
E
[
p>t M

−2pt

]
− 1

β
Tr(M−1)

)
dt

Time ∼ γ−1 to change energy levels in this limit2

•Overdamped limit γ → +∞ with M = Id: rescaling of time γt

qγt − q0 = −1

γ

∫ γt

0
∇V (qs) ds+

√
2

γβ
Wγt −

1

γ
(pγt − p0)

= −
∫ t

0
∇V (qγs) ds+

√
2β−1Bt −

1

γ
(pγt − p0)

which converges to the solution of dQt = −∇V (Qt) dt+
√

2β−1 dBt

• In both cases, slow convergence, with rate scaling as min
(
γ, γ−1

)

2Hairer and Pavliotis, J. Stat. Phys., 131(1), 175-202 (2008)
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Statistical error (1/2)

•Evolution semigroup
(
etLϕ

)
(q, p) = E

[
ϕ(qt, pt)

∣∣∣(q0, p0) = (q, p)
]
,

generator L = Lham + γLFD

Lham = p>M−1∇q −∇V >∇p, LFD = −p>M−1∇p +
1

β
∆p

•Asymptotic variance σ2
ϕ = lim

t→+∞
tVarµ(ϕ̂t): with Πϕ = ϕ−

∫

E
ϕdµ,

σ2
ϕ = lim

t→+∞

∫ t

0

(
1− s

t

)
Eµ [Πϕ(qt, pt)Πϕ(q0, p0)] ds

= 2

∫ +∞

0

∫

E
(esLΠϕ)Πϕdµds = 2

∫

E
(−L−1Πϕ)Πϕdµ

Well-defined provided −LΦ = Πϕ has a solution in L2
0(µ) = ΠL2(µ)

A Central Limit Theorem holds in this case3: ϕ̂t − Eµ(ϕ) ' σϕ√
t
G

3R. N. Bhattacharya, Z. Wahrsch. Verw. Gebiete (1982)
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Statistical error (2/2)

Prove exponential convergence of the semigroup etL on E ⊂ L2
0(µ)

Lyapunov techniques4 L∞K (E) =
{
ϕmeasurable, sup

∣∣∣ ϕ
K

∣∣∣ < +∞
}

“historic” hypocoercive5 setup H1(µ)

L2(µ) after hypoelliptic regularization6 from H1(µ)

direct transfer from H1(µ) to L2(µ) by spectral argument7

directly8 L2(µ) (recently9 Poincaré using ∂t − Lham)

coupling arguments10

direct estimates on the resolvent using Schur complements11

Rate of convergence min
(
γ, γ−1

)
so variance ∼ max

(
γ, γ−1

)

4
Wu (2001); Mattingly/Stuart/Higham (2002); Rey-Bellet (2006); Hairer/Mattingly (2011)

5
Villani (2009) and before Talay (2002), Eckmann/Hairer (2003), Hérau/Nier (2004),...

6
Hérau, J. Funct. Anal. (2007)

7
Deligiannidis/Paulin/Doucet, Ann. Appl. Probab. (2020)

8
Hérau (2006), Dolbeaut/Mouhot/Schmeiser (2009, 2015)

9
Albritton/Armstrong/Mourrat/Novack (2019), Cao/Lu/Wang (2019), Brigatti (2021),

Dietert/Hérau/Hutridurga/Mouhot (2022), Brigati/Stoltz (2023), Eberle/Guillin/Hahn/Lörler (2025), ...
10

Eberle/Guillin/Zimmer, Ann. Probab. (2019)
11

Bernard/Fathi/Levitt/Stoltz, Annales Henri Lebesgue (2022)
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Practical computation of average properties

•Numerical scheme = Markov chain characterized by evolution operator

P∆tϕ(q, p) = E
(
ϕ
(
qn+1, pn+1

) ∣∣∣(qn, pn) = (q, p)
)

•Discretization of the Langevin dynamics: splitting strategy12

A = M−1p · ∇q, B = −∇V (q) · ∇p, O = −M−1p · ∇p +
1

β
∆p

•Example: PB,A,O∆t corresponds to (with α∆t = exp(−γM−1∆t))




p̃n+1 = pn −∆t∇V (qn),

qn+1 = qn + ∆tM−1p̃n+1,

pn+1 = α∆tp̃
n+1 +

√
(1− α2

∆t)β
−1M Gn,

where Gn are i.i.d. standard Gaussian random variables

• Second order splittings schemes (Verlet + FD or BAOAB)

12Leimkuhler/Matthews (2013, 2016); Leimkuhler/Matthews/Stoltz (2016)
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Types of errors

Estimators of Eµ(ϕ)

ϕ̂t =
1

t

∫ t

0
ϕ(qs, ps) ds, ϕ̂N∆t =

1

N

N∑

n=1

ϕ(qn, pn)

Statistical error (variance of the estimator)

O

(
σϕ√
N∆t

)
from central limit theorem for continuous dynamics

discrete dynamics: asymptotic variance coincides at order ∆tα

Bias (expectation of the estimator)

finite time integration time → bias O

(
1

N∆t

)

discretization of the dynamics → bias O(∆tα)
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Estimation of

transport coefficients
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Physical context and motivations

Transport coefficients (e.g. thermal conductivity): quantitative estimates

J = −κ∇T (Fourier’s law)

Slow convergence due to large noise to signal ratio
Long computational times to estimate κ (up to several weeks/months)
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Linear response of nonequilibrium stochastic dynamics

Example: D = (LT)d, non-gradient force F ∈ Rd





dqt = M−1pt dt

dpt =
(
−∇V (qt) + ηF

)
dt− γM−1pt dt+

√
2γ

β
dWt

Response function R(q, p) = F>M−1p = velocity in direction F
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Existence/uniqueness of invariant
probability measure (Lyapunov)

Generator L+ ηL̃ with L̃ = F>∇p

Eη(R) =

∫

E
Rψη ≈ αη

α = transport coefficient
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Definition of transport coefficients (1)

Perturbative regime: invariant measure ψη = fηµ with fη = 1 + O(η)

∀ϕ, 0 =

∫

E

[(
L+ ηL̃

)
ϕ
]
fη dµ =

∫

E
ϕ
[(
L+ ηL̃

)∗
fη

]
dµ

* = adjoints on L2(µ) (∂∗qi = −∂qi + β∂qiV and ∂∗pi = −∂pi + β(M−1p)i)

Fokker–Planck equation
(
L+ ηL̃

)∗
fη = 0

By identifying powers of η (recalling Πϕ = ϕ− µ(ϕ))

fη = 1 + ηf1 + η2f2 + . . . , −L∗f1 = L̃∗1 = ΠL̃∗1 = S

Running example: L∗ = −Lham + γLFD and L̃∗ = −L̃+ βF>M−1p

S(q, p) = βF>M−1p
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Definition of transport coefficients (2)

Response property R ∈ L2
0(µ) = ΠL2(µ), conjugated response S = L̃∗1:

α = lim
η→0

Eη(R)

η
=

∫

E
Rf1 dµ =

∫

E
R
[
(−L∗)−1 S

]
dµ =

∫

E

(
−L−1R

)
S dµ

=

∫ +∞

0

[∫

E

(
etLR

)
S dµ

]
dt =

∫ +∞

0
E0

(
R(qt, pt)S(q0, p0)

)
dt

In practice:

Identify the response function and the reference dynamics

Construct a physically meaningful perturbation (bulk or boundary driven)

Obtain the transport coefficient α (thermal cond., shear viscosity,...)

For the running example, definition of mobility with R(q, p) = F>M−1p

lim
η→0

Eη
(
F>M−1p

)

η
= β F>DF, D =

∫ +∞

0
E0

(
(M−1pt)⊗ (M−1p0)

)
dt
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Error estimates for nonequilibrium molecular dynamics

Example: D = (LT)d, non-gradient force F ∈ R3N





dqηt = M−1pηt dt

dpηt =
(
−∇V (qηt ) + ηF

)
dt− γM−1pηt dt+

√
2γ

β
dWt

Estimator of linear response (observable R with equilibrium average 0)

Âη,t =
1

ηt

∫ t

0
R(qηs , p

η
s) ds

a.s.−−−−→
t→+∞

αη :=
1

η

∫

E
Rfη dµ = α+ O(η)

Issues with linear response methods:

Statistical error with asymptotic variance O(η−2t−1)
Bias O(η) due to η 6= 0
Bias from finite integration time
Timestep discretization bias13

13Leimkuhler/Matthews/Stoltz (2016), Darshan/Eberle/Stoltz (2024)
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Analysis of variance / finite integration time bias

Statistical error dictated by Central Limit Theorem:

√
t
(
Âη,t − αη

)
law−−−−→

t→+∞
N
(

0,
σ2
R,η

η2

)
, σ2

R,η = σ2
R,0 + O(η)

so Âη,t = αη + OP

(
1

η
√
t

)
→ requires long simulation times t ∼ η−2

Finite time integration bias:
∣∣∣E
(
Âη,t

)
− αη

∣∣∣ 6 K

ηt

Bias due to t < +∞ is O

(
1

ηt

)
→ typically smaller than statistical error

Key equality for the proofs: introduce −
(
L+ ηL̃

)
Rη = R−

∫

E
Rfη dµ

Âη,t−
1

η

∫

E
Rfη dµ =

Rη(q
η
0 , p

η
0)−Rη(q

η
t , p

η
t )

ηt
+

√
2γ

ηt
√
β

∫ t

0
∇pRη(q

η
s , p

η
s)
>dWs
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Error estimates on the Green–Kubo formula

Aim: approximate α =

∫ +∞

0
E0

(
R(qt, pt)S(q0, p0)

)
dt

Estimator (continuous time) α̂K,T =
1

K

K∑

k=1

∫ T

0
R(qt, pt)S(q0, p0) dt

Sources of error : trade off in truncation time T

Time truncation bias |Eπ[α̂K,T ]− α| 6 C

κ
‖R‖L2(π)‖S‖L2(π)e

−κT

Statistical error14 Var[α̂K,T ] ∼ 2T

K
‖S‖2L2(π)

〈
R,−L−1R

〉

Timestep bias and quadrature formula when numerically integrating15

For statistical error, proof based on the following equality, with −LR = R ∈ L2
0(µ):∫ T

0
R(qt, pt)S(q0, p0) dt = S(q0, p0) [R(q0, p0)−R(qt, pt)]+

√
2γ

β
S(q0, p0)

∫ T

0
∇pR(qt, pt)

>dWt

14Pavliotis/Spacek/Stoltz/Vaes (2025); Gastaldello/Stoltz/Vaes (2025)
15Leimkuhler/Matthews/Stoltz (2016), Duncan/Pavliotis/Zygalakis (2017)
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Variance reduction attempts: past, present and future

Alternatives to direct NEMD/GK, possibly with some blending

Alternative fluctuation formulas16

Control variate approaches17
(better solutions to Poisson equation needed...)

Use coupling methods between Xη
t and X0

t , e.g. sticky coupling18

Rely on tangent dynamics19 for Tt = limη→0(Xη
t −X0

t )/η
Optimize synthetic forcings20

Large deviation techniques to estimate second order cumulants21

Norton dynamics22
(dual approach where the flux is fixed)

Transient methods: subtraction23 and TTCF24

Quantify variance and bias and apply to physical systems
16

Plechac/Stoltz/Wang (2021, 2023)
17

Mangaud/Rotenberg (2020); Roussel/Stoltz (2019), Pavliotis/Stoltz/Vaes (2022), Pavliotis/Spacek/Stoltz/Vaes (2024)
18

Eberle/Zimmer (2019); Durmus/Eberle/Enfroy/Guillin/Monmarché (2021); Darshan/Eberle/Stoltz (2024)
19

Assaraf/Jourdain/Lelièvre/Roux, Stoch. Partial Differ. Equ. Anal. Comput. (2018)
20

Evans/Morriss (2008); Spacek/Stoltz (2023)
21

Limmer/Gao/Poggioli (2021); currently Guyader/Gastaldello/Stoltz/Vaes
22

Evans/Morriss (2008); Blassel/Stoltz (2023) and now Darshan/Stoltz
23

Ciccotti/Jacucci (1975); Monmarché/Spacek/Stoltz (2025)
24

Evans/Morriss (1987, 1988)
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Synthetic forcings (1/2)

Same linear response with smaller nonlinearities

Idea: replace the physical perturbation by a family of perturbations

Lη,a = L+ η
(
L̃phys + aL̃extra

)
, a ∈ R

Admissibility condition L̃∗extra1 = 0

Conjugate response S = L̃∗phys1 (hence transport coefficient) unchanged

Minimize nonlinear remainder: choose a so that ρ2(a) is small

fη,a = 1 + ηf1 + η2f2,a + . . . ,
Eη,a(R)

η
= α+ ηρ2(a) + O(η2)

D. J. Evans and G. P. Morriss. Statistical Mechanics of Nonequilibrium Liquids, Cambridge
University Press (2008)

R. Spacek and G. Stoltz, Extending the regime of linear response with synthetic forcings,
Multiscale Model. Sim. 21(4) 1602-1643 (2023)
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Synthetic forcings (2/2)

Examples of admissible extra perturbations

Divergence-free fields: L̃extra = G>∇ with div(Gµ) = 0

Modified fluctuation–dissipation: L̃extra = −∇∗D∇

Benefit for NEMD estimators

Âa,η,t =
1

ηt

∫ t

0
R(Xη,a

s ) ds

Var
(
Âa,η,t

)
'
σ2
R,0

η2t

Linearity for larger η: much smaller
statistical error for fixed computa-
tional cost 0.0 0.2 0.4 0.6 0.8 1.0

Forcing

0.0

0.2

0.4
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0.8
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Modified fluctuation-dissipation in p
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Transient subtraction: coupled control variate

Transient formula for linear response: with µ̃η = (1 + ηS)µ+ O(η2),

α = lim
η→0

1

η

∫ +∞

0
E
[
R(Xη

t )−R(Y 0
t )
]
dt

where Y 0
t and Xη

t follow equilibrium dynamics with Y 0
t ∼ µ and Xη

t ∼ µ̃η
Proof:

1

η

∫ ∞

0
E
[
R(x

η
t )
]
dt =

1

η

∫ ∞

0

∫
X

(
e
tL0R

)
dµ̃η dt =

∫ ∞

0

∫
X

(
e
tL0R

)
S dµ dt + O(η) = α + O(η)

Couple two trajectories
{
dY 0

t = b(Y 0
t )dt+ σ dWt, Y 0

0 ∼ µ,
dXη

t = b(Xη
t )dt+ σ dWt, Xη

0 = Φη(Y
0

0 ),

with Φη(x) = x+ ηφ1(x) and Φη#µ = (1 + ηS)µ+ O(η2)

φ1(q, p) = (0, F (q)) for underdamped Langevin (solution to PDE)

G. Ciccotti and G. Jacucci, Physical Review Letters 35(12), 789 (1975)

P. Monmarché, R. Spacek and G. Stoltz, J. Stat. Phys. 192 (2025)
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Transient subtraction: estimator and error balance

Estimator α̂sub
T,K,η =

1

ηK

K∑

k=1

∫ T

0

[
R(Xη,k

t )−R(Y 0,k
t )

]
dt

Variance: when (x− y)>(b(x)− b(y)) 6 B|x− y|2,

Var
(
α̂sub
T,K,η

)
6
‖R‖2Lip

K

E
[∣∣Xη

0 − Y 0
0 |2
∣∣]

η2

(∫ T

0
etB dt

)2

= O(1)

Equilibriate bias (exp. small in T ) and variance (exp. growth in T )

−1

0

1

R
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se
R
/η Equil. Trans. Subtr.
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Alternative fluctuation formula (1/3)

General non-degenerate stochastic dynamics on D = Td

Reference dynamics dX0
t = b(X0

t ) dt+ σ(X0
t ) dWt

Perturbed dynamics dXη
t = (b(Xη

t ) + ηF (Xη
t )) dt+ σ(Xη

t ) dWt

Assume σσT positive definite → unique invariant measure νη

Estimator of the linear response (fluctuation at equilibrium)

α = lim
η→0

νη(R)− ν0(R)

η
= lim

t→∞
E0

{(
1

t

∫ t

0

(
R(X0

s )− ν0(R)
)
ds

)
Zt

}

with Zt =

∫ t

0
U(X0

s ) · dWs and σU = F

Motivation: Girsanov theorem, linearization, and longtime limit (formal)

Eη
[

1

t

∫ t

0
R(Xη

s ) ds

]
= E0

[(
1

t

∫ t

0
R(X0

s ) ds

)
exp

(
η

∫ t

0
U(X0

s )>dWs −
η2

2

∫ t

0

∣∣U(X0
s )
∣∣2 ds)]
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Alternative fluctuation formula (2/3)

Proof of consistency: Generator L+ ηL̃, Poisson equation −LR = Π0R
(well posed)

Rewrite the time integral as a martingale, up to remainder terms
∫ t

0
Π0R(X0

s ) ds = Mt+R(X0
0 )−R(X0

t ), Mt =

∫ t

0
∇R(Xs)

>σ(X0
s ) dWs

and use Itô isometry to write
1

t
E (MtZt) as

1

t

∫ t

0
E
[
U(X0

s )>σ(X0
s )>∇R(X0

s )
]
ds −−−−→

t→+∞

∫

D
F>∇R dν0 = α

Variance uniformly bounded in time: by similar manipulations,

∀t > 0, Var

{(
1

t

∫ t

0

(
R(X0

s )− ν0(R)
)
ds

)
Zt

}
6 C
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Alternative fluctuation formula (3/3)

Discrete sensitivity estimator (slightly idealized)

M[1]
∆t,Niter

(R) =
1

Niter

Niter−1∑

n=0

(R(Xn)− E∆t(R))ZNiter

with ZNiter =

Niter−1∑

n=0

(
σ(Xn)−1F (Xn)

)>
Gn

∣∣∣E∆t

{
M[1]

∆t,Niter
(R)
}
− α

∣∣∣ 6 C

(
∆t+

1√
Niter∆t

)

Var∆t

{
M[1]

∆t,Niter
(R)
}
6 C1 + C2

(
∆t+

1

Niter∆t

)

Finite-time bias O(time−1/2) (time−1 for standard time averages)

Extension to 2nd order schemes and Langevin dynamics (not yet used in
MD simulations)

P. Plechac, G. Stoltz and T. Wang, M2AN 55, S593-S623 (2021)

P. Plechac, G. Stoltz, T. Wang, IMA J. Numer. Anal. 43(6), 3430–3477 (2023)
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