
Multifractal Formalism for Selfsimilar Functions under theaction of Nonlinear Dynamical SystemsMourad Ben Slimane �Abstract. We study functions which are selfsimilar under the action of some nonlineardynamical systems: we compute the exact pointwise Hölder regularity, then we determinethe spectrum of singularities and the Besov's �smoothness� index, and �nally we prove themultifractal formalism. The main tool in our computation is the wavelet analysis.Key words: Hölder exponent, Hausdor� dimension, spectrum of singularities, wavelets,multifractal formalism, selfsimilar functions.1 IntroductionNumerous experimental studies have shown the phenomenon of intermittency for the ve-locity of fully developped turbulence: the velocity # has an irregular behavior, i.e has localHölder exponents in a certain interval [�min; �max] and each � in this range occurs in aset E� (for 0 < � � 1, E� = fx : j#(x + h; t) � #(x; t)j � jhj� as jhj 7! 0g, with Haus-dor� dimension d(�) called the spectrum of singularities. We say that # is a multifractalfunction.In [11], Frisch and Parisi conjectured a formula which relates d(�) with the scaling exponent�(p) of the structure functions of order pSp(h) = ZIRm j #(x+ h; t)� #(x; t) jp dx � jhj�(p) as jhj 7! 0by a Legendre transform d(�) = infp (�p� �(p) +m) :This conjecture is called the Multifractal Formalism.Most examples of multifractal functions follow some selfsimilarity conditions: locallythe graph of the function F is a contraction of the global graph modulo an error g. Thismeans that F satis�es a functional equation of the typeF (x) = dXi=1 �iF (S�1i (x)) + g(x) (1)where the Si are contractions on a bounded set and j�ij < 1.Our purpose is to determine the spectrum of singularities for such functions and to checkwhen they satisfy the multifractal formalism. (Note that some particular cases have been�CERMICS, Ecole Nationale des Ponts et Chaussées, La Courtine, 93167 Noisy-le-Grand, France.1



studied: Arneodo, Bacry and Muzy (see [3]) for the primitives of multinomial measureson 
 =]0; 1[ with the �separated open set condition Si(
) \ Sj(
) = ; pour i 6= j�; thefunction ' used in the construction of wavelets bases (see [9]); and Ja�ard (see [15]) whenthe Si are linear and satisfy a separation condition and g is smooth).We will describe our results in cases where strict asumptions do not hold (see [5], [4] and[6]): for instance we will prove that the multifractal formalism holds in one dimensionwhen the Si are no more linear, and 2 dimension when the Si are analytic mappings ofz = x+ iy.We denote by Tj the new contractions and we suppose that they are de�ned in theinterval I = [0; 1] (respectively in a bounded open domain 
 of the complex plane C ). Wesuppose also that they are Ck+1 (respectively complex analytic) and satisfy:� Ti(I) � I 8 i (2)Ti(I) \ Tj(I) = ; if i 6= j (3)� there exist constants � and � such that0 < � � jT 0j(x)j � � < 1 8 j = 1; : : : ; d and x 2 I (4)and j T (l)j (x) j� �l 8 j = 1; : : : ; d; l = 2; : : : ; k + 1 and x 2 I : (5)We also assume that g is a Ck function with derivatives of order less than k having fastdecay, and that F is not uniformly Ck in a certain closed subset of ]0; 1[.The conditions for the 2 dimensional case are identical to those of the 1 dimensional case andfrom now on, the letters x and I can be replaced by z and the closure of 
 and along thispaper the results will be analogous for the two cases.For the convenience of the notations, we will take d = 2 although the statements andproofs extend to the general case without any modi�cations.It follows from Hutchinson (see [12]) that there exists a unique non-empty compact setK satisfying K = T1(K) [ T2(K) :For i = (i1; : : : ; in) 2 f1; 2gn, we denote by Ii the branch Ti1 � : : : � Tin(I). Then wehave K = fx 2 I : (Ti1 � : : : � Tin)�1(x) 2 I1 [ I2 ; 8 (i1; : : : ; in) 2 f1; 2gng= 1\n=0( [jij=n Ii) (with the convention that for n = 0 ; Ii = I) :It follows from the separation hypothesis (3) that there is a natural bijection � fromthe tree f1; 2gIN to K, given by�(i1; : : : ; in; : : :) = limn 7!1Ti1 � : : : � Tin(t)= 1\n=1 I(i1;:::;in) :2



The value of �(i1; : : : ; in; : : :) is independent of the initial value t, and we call the sequence(i1; : : : ; in; : : :) the code of �(i1; : : : ; in; : : :).We will now give precise de�nitions of the notions we introduced.A function F : IRm ! IR belongs to C�(x0) for � > 0 if there exists a polynomial P ofdegree at most � and a constant C such thatjF (x)� P (x� x0)j � Cjx� x0j�: (6)The Hölder exponent of F at x is de�ned by�(x) = supf� : F 2 C�(x)g : (7)The spectrum of singularities of F is the function d(�) which associates to each �the Hausdor� dimension of the set E� of points x where �(x) = � (conventionally thedimension of the empty set is �1).A function F belongs to C�(IRm) if (6) holds for any x in IRm with uniform constantC. Now de�ne �(q) = lim infjhj7!0 log R jF (x+ h)� F (x)jq dxlog jhj ; (8)and let us recall that �(p) is related to Sobolev's or Besov's �smoothness� index.Let s � 0; if s is not an integer, s = [s] + � with [s] the largest integer in s; let p � 1;F belongs to the space of Nikol'skij Hs;p(IRm) if F 2 Lp and for any multi-index 
 suchthat j
j = [s] and jhj small enoughZ j@
F (x+ h)� @
F (x)jp dx � Cjhj�p : (9)Consider �(p) = supfs : F 2 Hs=p;p(IRm)g ;thus if p � 1 and �(p) < p then �(p) = �(p).If �(p) � p, then formula (8) must be modi�ed as follows in order to be consistent with(9): if it is equal to p, one should use the same formula but with the gradient of F , and soon until �(p) falls between two integers multiplied by p.�(p) is also related to Besov's �smoothness� index. Let us recall that if  is a Ck(IRm)radial function with all moments of order less than k vanishing and all derivatives of orderless than k are well localized and k large enough depending on the properties of F we wantto analyze; then the wavelet transform of F at the position b 2 IRm and the scale a > 0 isCa;b(F ) = 1am ZIRm F (t) � t� ba � dt ; (10)Now, a function F belongs to the Besov space Bs;1p (IRm) if (see [17]) its wavelet trans-form satis�es for a small enough Z jCa;b(F )jpdb � Casp: (11)3



It follows from the imbeddings (cf [1])8 � > 0 Hs+�;p(IRm) ,! Bs;1p (IRm) ,! Hs��;p(IRm) (12)for p � 1 and s > 0, that for p � 1�(p) = supfs : F 2 Bs=p;1p (IRm)g : (13)Since for 0 < p < 1, the �Besov-Hardy� spaces Bs;1p (IRm) are also de�ned as in (11), wewill consider �(p) = supfs : F 2 Bs=p;1p (IRm)g : (14)It is also well known (see [16]) that the Hölder regularity can be characterized in termsof conditions on the wavelet transform. In fact we have:� F 2 C�(IRm) if and only if jCa;b(F )j � Ca�:� If F 2 C�(x0), then jCa;b(F )j � Ca��1 + jb� x0ja �� : (15)� If (15) holds and if F 2 C"(IRm) for an " > 0, then there exists a polynomial P suchthat, if j x� x0 j� 1=2,jF (x)� P (x� x0)j � Cjx� x0j� log� 2jx� x0j� (16)and so F 2 C��"0(x0) 8"0 > 0 .It should be noticed that the previous characterizations given for the continuous wavelettransform hold in the case of an orthonormal basis of wavelets (see [17] and [13]).The following equivalent formulas (the so-called multifractal formalism for functions)have been proposed for the computation of the spectrum of singularities d(�) (see [11], [14]and [2]) d(�) = inf(�p� �(p) +m) ; d(�) = inf(�p� �(p) +m) (17)and d(�) = inf(�p� �(p) +m): (18)In the next section, we will study the existence and uniqueness of the solution ofequation (1) for the general contractions T1 and T2 and we compute its uniform regularity.In the third section, we determine the Hölder exponent �(x) of F at any point x .In the fourth section, we compute the spectrum of singularities.Finally, in the �fth section, we prove the validity of the multifractal formalism.
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2 Existence, uniqueness and global Hölder regularityWe begin by the study of the existence and uniqueness for the solution of the equationF (x) = 2Xi=1 �iF (T�1i (x)) + g(x) : (19)Iterating (19), we obtain for any integer N :F (x) = N�1Xn=0 X(i1;:::;in) �i1 : : : �in g �T�1in � : : : � T�1i1 (x)�+ X(i1;:::;iN )�i1 : : : �iN F �T�1iN � : : : � T�1i1 (x)� : (20)The fundamental idea is that locally our non-linear contractions Ti can be uniformlyapproximated by similarities in the following sense:Lemma 1 There exists a constant D � 1 such thatD�1 j Ii j�1� j(T�1i )0(x)j � D j Ii j�1 8x 2 Ii ; i 2 f1; 2gn andn 2 INwhere jIij denotes the diameter of Ii and Ti = Ti1 � : : : � Tin .Proof:We have j Ii j= supx;y2I jTi(x)� Ti(y)j ;Using the mean value theorem, we getjx� yj infu2I jT 0i (u)j � jTi(x)� Ti(y)j � jx� yj supu2I jT 0i (u)j:Let mi = inft2Ii j(T�1i )0(t)j and Mi = supt2Ii j(T�1i )0(t)j ;Then infu2I jT 0i (u)j =M�1i and supu2I jT 0i (u)j = m�1i ;Hence M�1i j I j�j Ii j� m�1i j I j : (21)For the complex case, we can assume that j
j = 1, so in the two casesM�1i �j Ii j� m�1i : (22)Let now � : I1 [ I2 ! IR be the function de�ned by �(x) = log j(T�1j )0(x)j for x 2 Ij .Since T1 and T2 are C2, then � is uniformly Lipschitz on each Ij , with uniform Lipschitzconstant C� � 1 because of (4) and (5). 5



Let SN�(x) = N�1Xn=0 Xjij=n�(T�1i (x)) :For x and y 2 Ii with i = (i1; : : : ; iN )j SN�(x)� SN�(y) j � N�1Xn=0 j�(T�1(i1;:::;in)(x)) � �(T�1(i1;:::;in)(y))j� C� N�1Xn=0 jT�1(i1;:::;in)(x)� T�1(i1;:::;in)(y)j� C� N�1Xn=0 jIin+1:::iN j� C� N�1Xn=0 �N�n (because of (4) )� C��1� � <1 :Hence j SN�(x)� SN�(y) j� C��1� � 8 N 2 IN�; j i j= N and x; y 2 Ii : (23)ButSN�(x)� SN�(y) = N�1Xn=0 �(T�1(i1;:::;in)(x))� �(T�1(i1;:::;in)(y))= N�1Xn=0 log�j(T�1in+1)0(T�1(i1;:::;in)(x))j� � log�j(T�1in+1)0(T�1(i1;:::;in)(y))j�= log N�1Yn=0 j(T�1in+1)0(T�1(i1;:::;in)(x))j!� log N�1Yn=0 j(T�1in+1)0(T�1(i1;:::;in)(y))j!= log �j(T�1i )0(x)j�� log �j(T�1i )0(y)j�= log j(T�1i )0(x)jj(T�1i )0(y)j :Thus, since mi and Mi are reached, we deduce from (23) thatMimi � eC��1�� : (24)Finally (22) and (24) imply Lemma 1 with D = eC��1�� .As a consequence of Lemma 1 and the mean value theorem, we have the followingLemma (we call it the Distortion Lemma) 6



Lemma 2 There exists a positif number D such that for any branchs i = (i1; : : : ; in) andj = (j1; : : : ; jm) D�1 j Ii j j Ij j�j Iij j� D j Ii j j Ij j :Let now Bj = fi : 2�j �j Ii j< 2:2�jg ;�min = lim infj!1 infi2Bj log j �i jlog j Ii j and �max = lim supj!1 supi2Bj log j �i jlog j Ii j ;We will prove the following theoremTheorem 1 Let D be the best constant in Distortion Lemma.Assume that P2j=1 j �j jj Ij j< D�1 (respectively P2j=1 j �j jj 
j j2< D�2 for the complexcase). Then the selfsimilar equation (19) has a unique solution in L1(IR) (respectively inL1(IR2)) given by the seriesF (x) = 1Xn=0 X(i1;:::;in) �i1 : : : �in g �T�1in : : : T�1i1 (x)� : (25)If furthermore 0 < �min � k, then F 2 C�min�"(IR), 8" > 0 (respectively F 2 C�min�"(IR2)8" > 0).Proof:Since j�1j < 1, j�2j < 1 and g is bounded, then series (25) is well de�ned. It is easily seenthat it veri�es (19). Remark that for x 2 K,F (x) = 1Xn=0 �i1(x) : : : �in(x) g �T�1in(x) : : : T�1i1(x)(x)�where (i1(x); : : : ; in(x); :::) is the code of x.For i = (i1; : : : ; in); set �i = �i1 : : : �in and Ti = Ti1 � : : : � Tin ; thuskFkL1(IR) � 1Xn=0 Xi=(i1;:::;in) j �i j Z j g(T�1i (x)) j dx� 1Xn=0 Xi=(i1;:::;in) j �i j ZIi j g(T�1i (x)) j dx� C 1Xn=0 Xi=(i1;:::;in) j �i jj Ii j :(for the complex case, j Ii j is replaced by j 
i j2).By Distortion LemmaD�(n�1) j Ii1 j : : : j Iin j � j Ii j � Dn�1 j Ii1 j : : : j Iin j :7



Hence kFkL1(IR) � C 1Xn=0Dn( 2Xj=1 j �j jj Ij j)n <1 :For the uniqueness of the solutions of (19) in L1(IR), remark that if it has two solutions,it follows from the fact that (20) holds for any N that their di�erence ~F is a distributionsupported by K and veri�es the homogeneous equation~F = 2Xj=1 �j ~F � T�1j : (26)But k ~F � T�1j kL1(IR)= Z j ~F (x)jjT 0j(x)j dxwhich, by Lemma 1, is bounded by DjIjj k ~F kL1(IR); hence if P2j=1 j �j jj Ij j< D�1, then~F has zero norm in L1(IR).For the complex case, for z = x+ iy (with i such that i2 = �1), we writeTj(z) = Uj(x; y) + iVj(x; y)and we set �(x; y) = (Uj(x; y); Vj(x; y))and ~F � T�1j (z) = f(��1(x; y)) : (27)Since Tj is complex analytic then � = (Uj ; Vj) is C1 on IR2 and has the properties that@xUj = @yVj ; @yUj = �@xVj (28)T 0j(z) = @xTj(z) = @xUj(x; y) + i@xVj(x; y) (29)and T 0j(z) = �i@yTj(z) = �i(@yUj(x; y) + i@yVj(x; y)) ; (30)hencek ~F � T�1j kL1(IR2) = k f � ��1 kL1(IR2)= Z jf(x; y)j j @xUj(x; y)@yVj(x; y)� @yUj(x; y)@xVj(x; y) j dx dy= Z jf(x; y)j [(@xUj(x; y))2 + (@xVj(x; y))2] dx dy= Z jf(x; y)j jT 0j(x+ iy)j2 dx dyand we conclude as above. The argument(27) and the properties (28), (29) and (30) willbe always used for the complex case to compute integrals.Let us now prove that F is C�min�"(IR) for any " > 0. For that we will use theLittlewood-Paley characterization. 8



We split F as a sumF (x) =Xj�0 Fj(x) where Fj(x) = Xi2Bj �ig(T�1i (x)) :Let  be a function in the Schwartz class such that ̂(�) = 0 for j � j� 1 and j � j� 8 ̂(�) = 1 for 2 �j � j� 4 :Let  l(x) = 2l (2lx) , !l;j = Fj �  l and hi;l = (g � T�1i ) �  l .We recall that a function F belongs to Cr(IR) if and only ifj F �  l(x) j� C2�rl 8x 2 IR :We have jhi;l(x)j = jZ g(T�1i (y))  l(x� y) dyj :Denote by Pkgx(h) the Taylor developpement of order k of g at x:Pkgx(h) =Xq�k g(q)(x)q! hq :It follows from the cancellation of  thatjhi;l(x)j = 2ljZ �g(T�1i (y))� Pk�1(g � T�1i )x(y � x)�  (2l(x� y)) dyj :g being a Ck function with derivatives of order less than k well localized, thenjhi;l(x)j � 2l Z j (2l(x� y))j  supu2[x;y] j(g � T�1i )(k)(u)j! jx� yjk dy :Lemma 1 implies that for i 2 Bj and u 2 IiD�12j�1 � D�1jIij�1 � j(T�1i )0(u)j � D j Ii j�1� D2j : (31)Besides, (4) and (5) imply that j(T�1i )(p)(u)j � C2j for all p � k; thus thanks to thelocalization of g and all its derivatives of order less than k, we getj(g � T�1i )(k)(u)j � CN 2kj(1 + jT�1i (u)j)N� CN 2kj(1 +D�12j�1ju� xij)N (with xi = Ti(0))� CN 2kj(1 +D�12j�1jx� xij)N (1 + 2j jx� uj)N� CN 2kj(1 +D�12j�1jx� xij)N (1 + 2j jx� yj)N :9



Thereforej hi;l(x) j� CN 2kj(1 +D�12j�1jx� xij)N 2l Z j (2l(x� y))j (1 + 2j jx� yj)N jx� yjk dy :Hence for j � l j hi;l(x) j� CN 2kj2�kl(1 +D�12j�1jx� xij)N :Whence, for j � lj !l;j(x) j� CN Xi2Bj j �i j 2k(j�l)(1 +D�12j�1 j x� xi j)N :Lemma 3 For N large enough, there exists a number C > 0 such that for any x 2 IRXi2Bj 1(1 +D�12j�1 j x� xi j)N � C :Lemma 3 is a consequence of the following one.Lemma 4 Let x 2 K and L large enough and set Bj(x) = f i 2 Bj : j x� xi j� L2�jg.The cardinality of Bj(x) is bounded independantely of x and j by CL (CL2 for the complexcase).Proof:Thanks to the separation condition (3), we can suppose that the intervals Ii for i 2 Bj(x)are disjoint and are all included in the interval of lenght � L2�j , centered on x. Thus2�j cardBj(x) � CL2�j:Hence Lemma 4.Using Lemma 3, we obtain for j � lj !l;j(x) j � C(supi2Bj j �i j):2k(j�l)� C2(��min+")j2k(j�l) :Thus X0�j�l j !l;j(x) j � C2�kl X0�j�l 2(��min+"+k)j� C2(��min+")l :On the other hand, for j > lj !l;j(x) j � C sup j Fj(x) j� C supi2Bj j �i j� C2(��min+")j ;10



thus Xj>l j !l;j(x) j� C2(��min+")l :Whence for any " > 0 j F �  l(x) j� C2�(�min�")l : (32)And so F 2 C�min�"(IR) for any " > 0.For the complex case, the same arguments give us F 2 C�min�"(IR2), 8" > 0.3 Pointwise Hölder regularityWe want now to estimate the Hölder regularity of F at every point.Proposition 1 If x =2 K then F is Ck in a neighbourhood of x.Proof:Let x0 =2 K, if x0 =2 I then F = g in a neighbourhood of x0;If x0 2 I then there exist N and i = (i1; : : : ; iN ) 2 f1; 2gN such that x0 2 Ii nSi02f1;2g Iii0 ;in this neighbourhood of x0, F (x) =PNn=0 �i1 � � � �in g((Ti1 � � � � � Tin)�1(x)) 2 Ck(x).Now we give the value of the pointwise regularity �(x) for any point x of K.Theorem 2 Suppose that �min > 0. Let x 2 K ; then�(x) = lim infn!1 log j�i1(x) : : : �in(x)jlog jIi1(x):::in(x)j : (33)Proof:We divide the proof into two steps:3.1 Upper bound for pointwise Hölder regularityWe shall �rst prove the upper bound for �(x) using the wavelet transform size charac-terization (15) (the so-called two-microlocal condition) and an asumption on the uniformregularity (F 2 C�(IR) for an � > 0).Let  (x) be a wavelet, set  a;b(x) = 1a (x� ba )and let Ca;b(F ) and !a;b(g) be respectivly the wavelet transform of F and g. From thefunctional equation (20) satia�ed by F , we getCa;b(F ) = N�1Xn=0 Xjij=n�i Z  a;b(t)g(T�1i (t)) dt + Xjij=N �i Z  a;b(t)F (T�1i (t)) dtthus Ca;b(F ) = N�1Xn=0 Xjij=n�i Z  a;b(Ti(t))g(t)T 0i (t) dt+ Xjij=N �i Z  a;b(Ti(t))F (t)T 0i (t) dt : (34)11



To estimate the size of the wavelet transform, we will give asymptotic developpements forthe composition of a wavelet by contraction Ti. These developpements will be well adaptedwith the wavelet analysis.Lemma 5 Let  be a real even compactly supported wavelet with enough smoothness andvanishing moments. Let b 2 Ii and a > 0 small enough, then a;b(Ti(t)) = j(T�1i )0(b)j  aj(T�1i )0(b)j;T�1i (b)(t)+ k�1Xp=1 k�1+pXl=2p al�pA(p;l)i (b)  (p;l)aj(T�1i )0(b)j;T�1i (b)(t)+ (Ria;b)(k)(t) (35)
where  (p;l)(t) = tl (p)(t) is a compactly supported wavelet;A(p;l)i (b) = 1p! [(T�1i )0(b)]1+l X 2�q1;:::;qp�kq1+:::+qp=l pYm=1 T (qm)i (T�1i (b))qm! ;jA(p;l)i (b)j � j(T�1i )0(b)j ;and (Ria;b)(k)(t) is a function supported in j t� T�1i (b) j� Caj(T�1i )0(b)j such thatj(Ria;b)(k)(t)j � Cak�1 8t (36)and k(Ria;b)(k)(t)kL1(IR) � Cakj(T�1i )0(b)j : (37)For the complex case, the analogous of Lemma 5 isLemma 6 Let  be a radial wavelet of IR2 with compact support and enough smoothnessand cancellation. Let b = b1 + ib2 2 
j and a > 0 small enough and denote by  a;b(z) thefunction  a;b(z) = 1a2 �(u; v) � (b1; b2)a � for z = u+ iv :Then  a;b(Tj(z)) = j(T�1j )0(b)j2  aj(T�1j )0(b)j;T�1j (b)(z)+ X� Xp Xl al�pA(�;l)j (b)  (�;l)aj(T�1j )0(b)j;T�1j (b)(z)+ (Rja;b)(k)(z) (38)
where the  (�;l)(z) are compactly supported wavelets; jA(�;l)j (b)j � j(T�1j )0(b)j2; and(Rja;b)(k)(z) is a function supported in j z � T�1j (b) j� Caj(T�1j )0(b)j such thatj(Rja;b)(k)(z)j � Cak�2 (39)12



and k(Rja;b)(k)(z)kL1(IR2) � Cakj(T�1j )0(b)j2 : (40)Proofs:We will only give the proof for any k for the one-dimensional case and for k = 1 and k = 2for the complex case, the proof for k � 3 is similar.The support of  a;b(Ti(t)) is given by j Ti(t)� b j� C 0a. Since b 2 Ii, then the meanvalue theorem and Lemma 1 imply that j t� T�1i (b) j� Caj(T�1i )0(b)j .For the real case and for k = 1, a;b(Ti(t)) = 1a �Ti(t)� Ti(T�1i (b))a �= 1a  T 0i (T�1i (b))(t � T�1i (b)) +O(2)i (jt� T�1i (b)j2)a !where O(2)i (jt� T�1i (b)j2) � jt� T�1i (b)j2 sup jT 00i j = O(a2) (i.e � Ca2).Hence  a;b(Ti(t)) = 1a �T 0i (T�1i (b))(t� T�1i (b))a +O(a)�= 1a �T 0i (T�1i (b))(t� T�1i (b))a � + 1aO(1) (O(a))where O(1) (u) � juj sup j 0j; thus since  is even then a;b(Ti(t)) = j(T�1i )0(b)j aj(T�1i )0(b)j;T�1i (b)(t) + (Ria;b)(1)(t)with (Ria;b)(1)(t) = O(1).Since (Ria;b)(1)(t) is supported in j t� T�1i (b) j� Caj(T�1i )0(b)j, thenk(Ria;b)(1)(t)kL1(IR) � Caj(T�1i )0(b)j:Hence Lemma 5 for k = 1.Now, for k � 2 and in the real case a;b(Ti(t)) = 1a �Ti(t)� Ti(T�1i (b))a �= 1a 0@1a 24 kXq=1 1q!T (q)i (T�1i (b)) (t� T�1i (b))q +O(k+1)i (jt� T�1i (b)jk+1)351A ;where O(k+1)i (jt� T�1i (b)jk+1) � jt� T�1i (b)jk+1 sup jT (k+1)i j = O(ak+1). Thus a;b(Ti(t)) = 1a 0@1a kXq=1 1q!T qi (T�1i (b)) (t� T�1i (b))q +O(ak)1A13



= 1a � t� T�1i (b)a(T�1i )0(b)�+1a k�1Xp=1 1p! (p)� t� T�1i (b)a(T�1i )0(b)�241a kXq=2 1q!T (q)i (T�1i (b)) (t� T�1i (b))q +O(ak)35p+1a O(ak):Remark that1a 241a kXq=2 1q!T (q)i (T�1i (b)) (t� T�1i (b))q +O(ak)35p= 1a 1ap 24 kXq=2 1q!T (q)i (T�1i (b)) (t� T�1i (b))q35p + O(ak�1)= 1a 1ap X2�q1;:::;qp�k pYm=1 T (qm)i (T�1i (b)) (t� T�1i (b))qmqm! + O(ak�1)= 1a 1ap X2�q1;:::;qp�kq1+:::+qp<k+p pYm=1T (qm)i (T�1i (b)) (t� T�1i (b))qmqm!+1a 1ap X2�q1;:::;qp�kq1+:::+qp�k+p pYm=1 T (qm)i (T�1i (b)) (t� T�1i (b))qmqm!+O(ak�1)and that for any 1 � p � k� 1 and any 2 � q1; : : : ; qp � k such that q1 + : : :+ qp � k+ p,1a 1ap pYm=1 jT (qm)i (T�1i (b))j jt� T�1i (b)jqmqm! � C 1a 1apaq1+:::+qp � C ak+pap+1 � Cak�1 :Hence  a;b(Ti(t)) is equal to1a � t� T�1i (b)a(T�1i )0(b)�+ k�1Xp=1 1a k�1+pXl=2p 1ap (t� T�1i (b))l (p)� t� T�1i (b)a(T�1i )0(b)� 1p! X2�q1;:::;qp�kq1+:::+qp=l pYm=1 T (qm)i (T�1i (b))qm!+(Ria;b)(k)(t)with (Ria;b)(k)(t) a function supported in j t � T�1i (b) j� Caj(T�1i )0(b)j and bounded byCak�1, thus k(Ria;b)(k)(t)kL1(IR) � Cakj(T�1i )0(b)j :14



For p = 1; : : : ; k � 1 and 2p � l � k � 1 + p, set (p;l)(t) = tl (p)(t)and A(p;l)i (b) = 1p! [(T�1i )0(b)]1+l X 2�q1;:::;qp�kq1+:::+qp=l pYm=1 T (qm)i (T�1i (b))qm! :Hence (38). And thanks to (4) and (5)jA(l;p)i (b)j � j(T�1i )0(b)j :Whence Lemma 5.Now for the complex case, set d = T�1j (b) = d1 + id2, � = (d1; d2), � = (u; v) and letD� = D(Uj; Vj) be the di�erential of � (recall that �(x; y) = (Uj(x; y); Vj(x; y)) and thatUj(x; y) + iVj(x; y) = Tj(x+ iy)), then a;b(Tj(z)) = 1a2  ��(u; v)� (b1; b2)a �= 1a2  ��(�)� �(�)a �= 1a2   D�(�):(� � �) +O(2)j (k� � �k2)a != 1a2  �D�(�):(� � �) +O(a2)a �= 1a2  �D�(�):(� � �)a �+ 1a2 O(1) (a)= 1a2  �D�(�):(� � �)a �+ (Rja;b)(1)(z)with (Rja;b)(1)(z) = O(1=a), sok(Rja;b)(1)(z)kL1(IR2) � Caj(T�1j )0(b)j2 :It is easy to show that properties (28), (29) and (30) implyjz � T�1j (b)jj(T�1j )0(b)j = jT 0j(d)j k� � �k = kD�(�):(� � �)k ;Thus, since  is radial then a;b(Tj(z)) = j(T�1j )0(b)j2  aj(T�1j )0(b)j;T�1j (b)(z) + (Rja;b)(1)(z) :Hence Lemma 6 for k = 1.For k = 2, a;b(Tj(z)) = 1a2   D�(�):(� � �) + 1=2D2�(�):(� � �)2 +O(3)j (k� � �k3)a !15



where O(3)j (k� � �k3) � k� � �k3 sup kD3�k = O(a3):Hence,  a;b(Tj(z)) = 1a2  �D�(�):(� � �)a �+ 1a2 h5 �D�(�):(� � �)a � ; D2�(�):(� � �)22a +O(a2)i+O(1):Thanks to the fact that  is radial, we obtain a;b(Tj(z)) = 1a2  � ���aj(T�1j )0(b)j�+1=2 1a2 @x � ���aj(T�1j )0(b)j� 1a @2xUj(�):(u � d1)2+ 1a2 @x � ���aj(T�1j )0(b)j� 1a @x@yUj(�):(u � d1)(v � d2)+1=2 1a2 @x � ���aj(T�1j )0(b)j� 1a @2yUj(�):(v � d2)2+1=2 1a2 @y � ���aj(T�1j )0(b)j� 1a @2xVj(�):(u � d1)2+ 1a2 @y � ���aj(T�1j )0(b)j� 1a @x@yVj(�):(u � d1)(v � d2)+1=2 1a2 @y � ���aj(T�1j )0(b)j� 1a @2yVj(�):(v � d2)2+O(1):Whence Lemma 6 for k = 2.Now, let C(p;l)a;b (F ) and !(p;l)a;b (g) be respectively the  (p;l)-wavelet transform of F and g.Using Lemma 5 and equation (34), the  -wavelet transform of F will satisfy the following
16



equationCa;b(F ) = N�1Xn=0 Xjij=n�i j(T�1i )0(b)j !aj(T�1i )0(b)j;T�1i (b)(gT 0i )+ Xjij=N �i j(T�1i )0(b)j Caj(T�1i )0(b)j;T�1i (b)(FT 0i )+ k�1Xp=1 k�1+pXl=2p al�p N�1Xn=0 Xjij=n�i A(p;l)i (b) !(p;l)aj(T�1i )0(b)j;T�1i (b)(gT 0i )+ k�1Xp=1 k�1+pXl=2p al�p Xjij=N �i A(p;l)i (b) C(p;l)aj(T�1i )0(b)j;T�1i (b)(FT 0i )+N�1Xn=0 Xjij=n�i Z (Ria;b)(k)(t) g(t)T 0i (t) dt+ Xjij=N �i Z (Ria;b)(k)(t)F (t)T 0i (t) dt
(41)

For the complex case, using Lemma 6, we get an equation similar to the previous one(j(T�1i )0(b)j will be replaced by j(T�1i )0(b)j2, T 0i by jT 0i j2 and the indexes (p; l) by the(�; p; l)).We are now ready to estimate the size of the wavelet transform near each point of K.De�ne �j(x) = supi2Bj(x) j �i jand Lj(x) = jXl=1 �l(x)2�A(j�l) with A > �max :And let us �rst estimate the order of the magnitude of the �i for i 2 Bj .Lemma 7lim infj!1 logLj(x)�j log 2 = lim infj!1 log �j(x)�j log 2 = lim infj!1 infi2Bj(x) log j�ijlog j Ii j= lim infn!1 log j�i1(x) : : : �in(x)jlog jIi1(x):::in(x)jand 8x 2 IR and i 2 Bj j �i j� CLj(x)(1 + 2j j x� xi j)A : (42)17



Proof:Clearly because Lj(x) � �j(x), it su�ces to show thatlim infj!1 logLj(x)�j log 2 � lim infj!1 log �j(x)�j log 2 ;this holds because 2�Al � �l(x). Now, inequality (42) is trivial for i 2 Bj(x) because�i � �j(x) � Lj(x). And for i =2 Bj(x), let �i be the largest subbranch such that �i 2 Bj(x),clearly jx� xij � jI�ij and j�ij � �l(x) with l such that jI�ij � 2�l, (because all the j�j j are< 1), so that j�ij � Lj(x) �l(x)Lj(x) � Lj(x)2A(j�l) � Lj(x)(C2j jx� xij)Ahence Lemma 7.We shall now prove the following proposition:Proposition 2 Let x 2 K, J 2 IN large enough such that �J(x) � 12LJ(x), then thereexists a branch j0 = (j01 ; :::; j0n) in BJ(x), b 2 Ij0 and a � 2�J such thatjb� xj � Caand j Ca;b(F )�O(ak) j� C�J(x) :Proof:Let j0 be a branch of BJ(x) for which �J(x) = supi2BJ (x) j�ij is reached (j0 exists becauseof Lemma 4) and a � 2�J .We can write equation (41) di�erentlyCa;b(F ) = J�1Xj=0 Xi2Bj �i j(T�1i )0(b)j !aj(T�1i )0(b)j;T�1i (b)(gT 0i ) (43)+ Xi2BJ �i j(T�1i )0(b)j Caj(T�1i )0(b)j;T�1i (b)(FT 0i ) (44)+ k�1Xp=1 k�1+pXl=2p al�p J�1Xj=0 Xi2Bj �i A(p;l)i (b) !(p;l)aj(T�1i )0(b)j;T�1i (b)(gT 0i ) (45)+ k�1Xp=1 k�1+pXl=2p al�p Xi2BJ �i A(p;l)i (b) C(p;l)aj(T�1i )0(b)j;T�1i (b)(FT 0i ) (46)+O(ak) ;O(ak) comes from the estimation ofJ�1Xj=0 Xi2Bj �i Z (Ria;b)(k)(t) g(t)T 0i (t) dt (47)+ Xi2BJ �i Z (Ria;b)(k)(t)F (t)T 0i (t) dt : (48)18



For the term (47), we use the localization of g to bound it byJ�1Xj=0 Xi2Bj j�ij Z j(Ria;b)(k)(t)j (1 + jtj)�M jT 0i (t)j dt� C J�1Xj=0 Xi2Bj j�ij Z j(Ria;b)(k)(t)j(1 +D�12j�1 j b� xi j)�M (1 + jt� T�1i (b)j)M2�j dtwhich by Lemma 7 and for M large enough, will be bounded byJ�1Xj=0 Xi2Bj Lj(b)(1 +D�12j�1 j b� xi j)A�M Zjt�T�1i (b)j�Caj(T�1i )0(b)j Cak�12�j(1 + Ca2j)M dt� Cak�1 J�1Xj=0 Lj(b)Xi2Bj(1 +D�12j�1 j b� xi j)A�Maand thanks to Lemma 3), it will be bounded by CakPJ�1j=0 Lj(b) so by Cak.For the term (48), we use the boundedness of F to estimate it byXi2BJ j�ij Zjt�T�1i (b)j�Caj(T�1i )0(b)j Cak�12�j dt� Cak Xi2BJ j�ij� C 0akWe shall �rst estimate the term (44) corresponding to the branch i = j0: by asumption,F is not uniformly Ck on a non empty closed subset ~K of ]0; 1[; thus thanks to thecharacterization of the uniform Hölder regularity by the wavelet transform, there existan ! 0, bn 2 ~K and Cn ! +1 such thatj Can;bn(F ) j� Cnakn : (49)Take b = Tj0(bn) for n large enough and a = anjT 0j0(bn)j; thenj x� b j� jx� xj0 j+ jxj0 � bj � L2�J + jIJ0 j � C2�Jand j Caj(T�1j0 )0(b)j;T�1j0 (b)(F ) j� Cnakj(T�1j0 )0(b)jk : (50)On the other hand,j(T�1j0 )0(b)j j Caj(T�1j0 )0(b)j;T�1j0 (b)(FT 0j0) j= 1a jZ   t� T�1j0 (b)a(T�1j0 )0(b)! F (t) T 0j0(t) dtj= 1a jZ   t� T�1j0 (b)a(T�1j0 )0(b)! F (t) �T 0j0(T�1j0 (b)) +O(2)j0 (jt� T�1j0 (b)j)� dtj19



with O(2)j0 (jt� T�1j0 (b)j) � (sup jT 00j0(u)j) jt� T�1j0 (b)j � CjT 0j0(b)j2 jt� T�1j0 (b)j :Thusj(T�1j0 )0(b)j j Caj(T�1j0 )0(b)j;T�1j0 (b)(FT 0j0) j� 1aj(T�1j0 )0(b)j jZ   t� T�1j0 (b)a(T�1j0 )0(b)! F (t) dtj�C j(T 0j0(b)jaj(T�1j0 )0(b)j Z j   t� T�1j0 (b)a(T�1j0 )0(b)! j jF (t)j jt� T�1j0 (b)j dt :It follows from (50) and the fact that F is bounded thatj(T�1j0 )0(b)j j Caj(T�1j0 )0(b)j;T�1j0 (b)(FT 0j0) j� Cnakj(T�1j0 )0(b)jk � Ca :Thereforej�j0 j j(T�1j0 )0(b)j jCaj(T�1j0 )0(b)j;T�1j0 (b)(FT 0j0)j � �J(x)(CnakD2kJ � Ca) : (51)Now, let us estimate the righthand side of (43).For i 2 Bj and 0 � j � J � 1j(T�1i )0(b)j j !aj(T�1i )0(b)j;T�1i (b)(gT 0i ) j= 1a jZ  �t� T�1i (b)a(T�1i )0(b)� g(t) T 0i (t) dtj= 1a jZ  �t� T�1i (b)a(T�1i )0(b)� �g(t) T 0i (t)� Pk�1(gT 0i )T�1i (b)(t� T�1i (b))� dtj:Using the mean value theorem, the previous term will be bounded by1a Z j � t� T�1i (b)a(T�1i )0(b)� j  supu2[t;T�1i (b)] j(gT 0i )(k)(u)j! jt� T�1i (b)jk dt ;it follows from the formula (gT 0i )(k)(u) = Pkq=0Cqk g(k�q)(u) T (q+1)i (u), the asumptions(4), (5), Lemma 1 and the localization of the derivative of order k of g, thatj(gT 0i )(k)(u)j � CN(1 + juj)N jT 0i (u)j� CN(1 + jT�1i (b)j)N (1 + ju� T�1i (b)j)N jT 0i (T�1i (b))j� CN(1 +D�12j�1jb� xij)N (1 + jt� T�1i (b)j)N jT 0i (T�1i (b))j :So j(T�1i )0(b)j j !aj(T�1i )0(b)j;T�1i (b)(gT 0i ) j is bounded byCN(1 +D�12j�1jb� xij)N 1aj(T�1i )0(b)j Z j �t� T�1i (b)a(T�1i )0(b)� j (1+jt�T�1i (b)j)N jt�T�1i (b)jkdt20



and because aj(T�1i )0(b)j � 2�J2j < 1, the previous term will be bounded byC akj(T�1i )0(b)jk(1 +D�12j�1jb� xij)N :Thus for 0 � j � J � 1Xi2Bj j�ij j(T�1i )0(b)j j !aj(T�1i )0(b)j;T�1i (b)(gT 0i ) j� C Xi2Bj j �i j akj(T�1i )0(b)jk(1 +D�12j�1jb� xij)N� C Xi2Bj j �i j(1 +D�12j�1 j b� xi j)N ak2kjwhich by the second part of Lemma 7 will be bounded byCak2kjLj(b)Xi2Bj 1(1 +D�12j�1 j b� xi j)N�A� Cak2kjLj(b) (because of Lemma 3):ThereforeXj�J�1 Xi2Bj j�ij j(T�1i )0(b)j j !aj(T�1i )0(b)j;T�1i (b)(gT 0i ) j � Cak Xj�J�1 2kjLj(b)� Cak2kJLJ(b) (52)because we can assume that �max < k.Consider now the term (44) (for which we exclude i = j0): the function F is notuniformly Ck on ~K, put ~K� = ~K + [��; �] where � is small enough so that ~K� stays in I.Thus outside ~K�, F is uniformly Ck.Recall that b = Tj0(bn) and that bn 2 ~K, thus it follows from the separation condition (3)that T�1i (b) =2 ~K� for all i 2 BJ ; i 6= j0, hencej Caj(T�1i )0(b)j;T�1i (b)(FT 0i ) j= 1aj(T�1i )0(b)j jZ  � t� T�1i (b)aj(T�1i )0(b)j� F (t) T 0i (t) dtj= 1aj(T�1i )0(b)j jZ  � t� T�1i (b)aj(T�1i )0(b)j� F (t) �T 0i (T�1i (b)) +O(2)i (jt� T�1i (b)j)� dtjwhich is bounded byjT 0i (T�1i (b))j 1aj(T�1i )0(b)j jZ  � t� T�1i (b)aj(T�1i )0(b)j� F (t) dtj+CjT 0i (T�1i (b))j2 1aj(T�1i )0(b)j Z j � t� T�1i (b)aj(T�1i )0(b)j� j jF (t)j jt� T�1i (b)j dt� CjT 0i (T�1i (b))j ak j(T�1i )0(b)jk + CjT 0i (T�1i (b))j a :21



Thus Pi2BJi 6=j0 j�ij j(T�1i )0(b)j jCaj(T�1i )0(b)j;T�1i (b)(FT 0i )j � C(ak2kJ + a)LJ(b) : (53)Let us now estimate the terms (45) and (46): thanks to the smoothness, the cancellationand the localization of the wavelets  (p;l), and the property jA(p;l)i j � j(T�1i )0(b)j, theprevious arguments give usk�1Xp=1 k�1+pXl=2p al�p Xi2BJi 6=j0 j�ij jA(p;l)i (b)j jC(p;l)aj(T�1i )0(b)j;T�1i (b)(FT 0i )j� C k�1Xp=1 k�1+pXl=2p al�p(ak2kJ + a)LJ (b)� C k�1Xp=1 apak2kJLJ(b)� Caak2kJLJ(b)and k�1Xp=1 k�1+pXl=2p al�p J�1Xj=0 Xi2Bj j�ij jA(p;l)i (b)j j!(p;l)aj(T�1i )0(b)j;T�1i (b)(gT 0i )j� C k�1Xp=1 k�1+pXl=2p al�pak2kJLJ(b)� C k�1Xp=1 apak2kJLJ(b)� Caak2kJLJ(b) :On the other hand, since F is bounded, thenk�1Xp=1 k�1+pXl=2p al�pj�j0 j jA(p;l)j0 (b)j jC(p;l)aj(T�1j0 )0(b)j;T�1j0 (b)(FT 0j0)j � C k�1Xp=1 k�1+pXl=2p al�p�J (x)� Ca�J(x) :Thereforej Ca;b(F )�O(ak)� �j0 j(T�1j0 )0(b)j Caj(T�1j0 )0(b)j;T�1j0 (b)(FT 0j0) j� Cak2kJLJ(b) :Choose Cn large enough, then (51) yieldsjCa;b(F )�O(ak)j � 12 j�j0 j j(T�1j0 )0(b)j j Caj(T�1j0 )0(b)j;T�1j0 (b)(FT 0j0) j : (54)Whence (51) and (54) yield Proposition 2.22



3.2 Lower bound for pointwise Hölder regularityUsing de�nition (6), we will show the lower bound for the Hölder exponent �(x).Let x 2 K and a(x) = lim infn!1 log j�i1(x):::�in(x)jlog jIi1(x):::in(x)j ; for � < a(x) de�nePFx(h) =Xj Xi2Bj P[�](g � T�1i )x(h) :We have j PFx(h) j� 1Xj=0 Xi2Bj j �i j 2j�(1 +D�12j�1 j x� xi j)Nhence thanks to Lemma 3 PFx(h) converges.Let J such that 2�J � jhj < 2:2�J and L = jhj�� where � is small enough; writeF (x+ h)� PFx(h) =Xj<J Xfi2Bj : jx�xij�L2�jg �i �g(T�1i (x+ h))� P[�](g � T�1i )x(h)�+Xj<J Xfi2Bj : jx�xij>L2�jg �i �g(T�1i (x+ h))� P[�](g � T�1i )x(h)�+ Xi2BJ �iF (T�1i (x+ h))�Xj�J Xi2Bj �iP[�](g � T�1i )x(h) :For each j of the series of the �rst term, there is O(L) terms (because of Lemma 4), thususing the mean value theorem, the �rst term will be bounded byCLXj<J Xi2Bj Lj(x)(1 + L)A j h j[�]+1 2j([�]+1) � C j h j[�]+1 Xj<J 2��j2j([�]+1)L1+A� C j h j� L1+A� C j h j���(1+A) :Now, for i such that j x � xi j> L2�j , there exists a constant C such that j x� xi j�CL2�j, hence the second term is bounded byCL [�]Xq=0Xj<J Lj(x) (1 + CL)A(1 + D�12 L)N j h jq 2qj� C [�]Xq=0Xj<J 2��j j h jq 2qjL�N+1+A� C [�]Xq=0 j h jq L�N+1+A ;choosing N large enough the previous sum will be bounded by j h j���0 for any �0 > 0.It follows from the fact that F is bounded that the third term is bounded by C�J(x),hence by Cjhja(x)�" because of the �rst part of Lemma 7 and the fact that jhj � 2�J .23



The fourth term is bounded byC [�]Xq=0 j h jq Xj�J Xi2Bj j �i j 2jq(1 +D�12j�1 j x� xi j)N :We split this sum into the setsBj;l = fi 2 Bj : 2l <j Ii j�1j x� xi j� 2l+1g :The cardinality of Bj;l is O(2l) (because of Lemma 4) and for i 2 Bj;l, j �i j� CLj(x)2Al(because of Lemma 7). Thus the fourth term is bounded byC [�]Xq=0 j h jq Xj�JXl Lj(x)2Al2qj2l(1�N) � C [�]Xq=0 j h jq Xj�J 2(q��)j� C j h j� :The proof of Theorem 2 is now achieved.4 Computation of the spectrum of singularitiesTo determine the spectrum of singularities, we will construct probability measures sup-ported by the sets of singularities and then use the following Lemma (see [10]):Lemma 8 Let Hs be the Hausdor� measure of dimension s. Let � be a probability measureon IRm, A � IRm and C such that 0 < C <1� If lim supr!0 � (B(x; r))rs < C 8x 2 A then Hs(A) � �(A)C .� If lim supr!0 � (B(x; r))rs > C 8x 2 A then Hs(A) � 2sC .Let � be the probability measure on [0; 1] which associates the weight j �i1:::in j ��n(with � = j�1j+ j�2j) for each interval Ii1:::in . This measure is supported by K and satis�es� (A1) There exists a constant C � 1 such that for any branchs i = (i1; : : : ; il) andj = (j1; : : : ; jp)C�1�(Ii1:::il)�(Ij1:::jp) � �(Ii1:::ilj1:::jp) � C�(Ii1:::il)�(Ij1:::jp) (for our case C = 1)We will denote the previous property by �(Ii;j) � �(Ii) �(Ij).On the other hand, we have� (A2) j Ii;j j�j Ii jj Ij j (because of the Distortion Lemma)� (A3) lim supn!1 1n log supjij=n j Ii j! < 0 :24



By subadditivity argument, Brown, Michon and Peyrière (see [7], [18] and [20]); Col-let, Lebowitz and Porzio (see [8]) proved that asumptions (A1) and (A2) imply that thesequence Cn(x; y) := 1n log �Pjij=n �(Ii)x+1 j Ii j�y� has a �nite limit C(x; y) for any(x; y) 2 IR2, that C(x; y) is C2 and D2C(:; :) 6= 0. It results that the sequence~Cn(x; y) := 1n log0@Xjij=n j�ijx+1 j Ii j�y1Agoes to ~C(x; y) := C(x; y) + (x+ 1) log �for any (x; y) 2 IR2, besides ~C(x; y) is C2 and D2 ~C(:; :) 6= 0 on IR2.Consider the set� = f(x; y) 2 IR2 : ~C(x; y) < 0g. � is not empty because of (A3). Onthe other hand, since ~C(x; y) is convex, nonincreasing as a function of x (because the j�j jare < 1) and nondecreasing as a function of y, the set �, if it contains a point (a; b), alsocontains the whole quadrant f(a+x; b�y) : x � 0 and y � 0g. It results that there existsa function ' : IR ! IR nondecreasing and concave(thus almost everywhere di�erentiable)such that the interior of � is identical to the set f(x; y) 2 IR2 : y < '(x� 0)g. Moreover,~C(t; '(t)) = 0;8t 2 IR. Thus the inverse function theorem yields that for t such thatD2 ~C(t; '(t)) 6= 0, ' is C1.In [18], Michon proved that for every (x; y) 2 IR2, there exists a probability measure�x;y on the tree f1; 2gIN such that for any branchs i and j :�x;y(i; j) � �x;y(i) �x;y(j) (55)and �x;y(i) � �(Ii)x+1 j Ii j�y e�jijC(x;y) : (56)Thanks to the bijection � between the tree f1; 2gIN and K, denote by ~�x;y the associatedprobability measure supported in K. Hence for any branchs i and j~�x;y(Iij) � ~�x;y(Ii)~�x;y(Ij) (57)and ~�x;y(Ii) � j�ijx+1 j Ii j�y e�jij ~C(x;y) : (58)This measure is called a Gibbs measure and was studied separately by Olsen and Rand(see [19] and [21]). The Gibbs measure will be used in Lemma 8 in order to compute thespectrum of singularities of our selfsimilar function F .Proposition 3 Let � < k and d(�) be the Hausdor� dimension of the set E� of pointsx where �(x) = �; Then d(�) is concave, equals to �1 outside [�min; �max], and on thisinterval for � = '0(q) (hence a-a � 2 [�min; �max])d(�) = infp2IR(�p� '(p� 1)) :
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Proof:Let x 2 K such that �(x) = � , r > 0 , s > 0 , p 2 IR and j such that 2�j � r < 2:2�j .We have ~�p�1;'(p�1)(B(x; r))rs � Xi2Bj(x) ~�p�1;'(p�1)(Ii)jIijs� supi2Bj(x) ~�p�1;'(p�1)(Ii)jIijs (because the cardinality of Bj(x) � C)� supi2Bj(x) j�ijpjIij�'(p�1)�s (because of (58) and the fact that ~C(t; '(t)) = 0) :Suppose that s > �'(p� 1) + p� then Theorem 2 implies thatlim supr!0 ~�p�1;'(p�1) (B(x; r))rs = +1thus, using the second point of Lemma 8, we get Hs(E�) = 0.Hence d(�) � �p� '(p� 1);8p 2 IRi.e d(�) � infp2IR(�p� '(p� 1)) :And in order to prove Proposition 3, we have to �nd p such that ~�p�1;'(p�1)(E�) > 0.Using the same proof as in [20] pages 5 and 6, we can show that for � = '0(p) and~E� = fx 2 [0; 1[ : limn!1jij=n;x2Ii log j�ijlog j Ii j = �g ;we have ~�p�1;'(p�1)( ~E�) > 0 :Whence this result with the fact that ~E� � E� yield the desired proposition.5 Proof of the Multifractal FormalismWe shall prove that d(�) = inf(�p� �(p) + 1)where � is the function de�ned in (14). To give the order of the magnitude of �(p), we haveto estimate the size of the wavelet transform everywhere. For i = (i1; : : : ; in), considerIi(a) = Ii+]� a; a[and Ci = I(i1;:::;in�1)(a)� I(i1;:::;in�1;in)(a) :If i 2 Bj and a �j Ii j then j Ii(a) j�j Ii j ; j Ci j�j Ii j and inequalities (51) and(54) show that there exists a � 2�j and a point b of Ii(a) for which the order of magnitudeof Ca;b(F ) is �j(b).We have also the following lemma 26



Lemma 9 If i 2 Bj , a �j Ii j and b 2 Ii(a) then jCa;b(F )�O(ak)j � CLj(b) .If a �j Ii j and b 2 Ci then jCa;b(F )�O(ak)j � Cakj(T�1i1:::in�1)0(b)jkLj(b) .The proof is deduced from (20) and an argument similar to the proof of Proposition 2.On the other hand, remark that ddbCa;b = 1a ~Ca;bwhere ~Ca;b is the wavelet transform due to  0, andddaCa;b = �1a �Ca;b + 1aCa;bwhere �Ca;b is the wavelet transform due to x 0.We deduce from the previous lemma and remark that there exists an interval of lenght� a on which the order of magnitude of Ca;b(F ) is �j(b). Thus if we denote by Aj theinterval [122�j; 2�j ], then for each branch i 2 Bj there exists an interval of lenght � 2�j inthe time frequency half-space IR+ � IR, located near xi and in frequency in the interval Ajand where j Ca;b(F )�O(ak) j� C 0 j �i j :Lemma 9 and the previous remark yieldC 0 Xi2Bj 2�2j j�ijp � ZAj�IR jCa;b(F )�O(ak)jpda db (59)� C Xi2Bj 2�2j j�ijp +O0@2�j XjIij�2:2�j 2�kpjj�ijpj Ii jkp�1 1A� C2�j 24Xi2Bj 2�j j�ijp +O0@ XjIij�2:2�j 2�kpjj�ijpj Ii jkp�1 1A35 (60)where O(:) is positive.We have 0 = ~C(p� 1; '(p � 1)) = limn!1 1n log0@Xjij=n j�ijp j Ii j�'(p�1)1Aso we can write log0@Xjij=n j�ijp j Ii j�'(p�1)1A = o( 1n)thus Xjij=n j�ijp j Ii j�'(p�1)= eo( 1n ) :De�ne G(j) = Xi2Bj j�ijp j Ii j�'(p�1) ;27



Asumption (4) and Lemma 1 yield that for j � 0 and i 2 Bj(j � 1) log 2log ��1 �j i j� j log 2log ��1thus C 0eo( 1j ) � G(j) � Cjeo( 1j ) : (61)Therefore 2�j Xi2Bj 2�j j�ijp � 2�j2�(1+'(p�1))j Xi2Bj j�ijpjIij�'(p�1)= 2�j2�(1+'(p�1))jG(j)� Cjeo( 1j )2�j2�(1+'(p�1))j (62)and 2�j Xi2Bj 2�j j�ijp � C 0eo( 1j )2�j2�(1+'(p�1))j : (63)The term 2�jO0@ XjIij�2:2�j 2�kpjj�ijpj Ii jkp�1 1A (64)is positive and bounded byC2�j2�kpj XjIij�2:2�j j�ijpjIij1�kp= C2�j2�kpj Xl�j�2 X2�l�1�jIij<2�l j�ijpjIij1�kp� C2�j2�kpj Xl�j�2 2�l(1�kp+'(p�1)) X2�l�1�jIij<2�l j�ijpjIij�'(p�1)� C2�j2�kpjXl�j 2�l(1�kp+'(p�1))G(l)thus if '(p� 1) + 1 < kp then (64) is bounded by Cjeo( 1j )2�(1+'(p�1))j2�j .HenceC 02�jeo( 1j )2�(1+'(p�1))j � ZAj�IR jCa;b �O(ak)jpda db � Cj2�jeo( 1j )2�(1+'(p�1))j : (65)For the complex case, if '(p� 1) + 2 < kp thenC 02�2jeo( 1j )2�(1+'(p�1))j � ZAj�IR2 jCa;b�O(ak)jpda db � Cj2�2jeo( 1j )2�(1+'(p�1))j : (66)Whence the following proposition: 28



Proposition 4 If '(p� 1) + 1 < kp then �(p) = '(p� 1) + 1.For the complex case, if '(p� 1) + 2 < kp then �(p) = '(p� 1) + 2.Proof:Using (65) and the fact that limj!1 o( 1j )j = 0, we obtainlim supa!0 a�(1+'(p�1))eo( 1log a ) ZIR jCa;b �O(ak)jp db � C 0 > 0 (67)and lim supa!0 a�(1+'(p�1))j log aj eo( 1log a ) ZIR jCa;b �O(ak)jp db � C < +1 : (68)For '(p�1)+1 < kp, the limits (67) and (68) don't change if we replace Ca;b�O(ak)by Ca;b, similarly for the complex case. Hence Proposition 4.Finally we have the following Theorem:Theorem 3 Let (Tj) be a system of d contractions de�ned on a bounded open domain ina one dimensional line (respectively the complex plane C ) and satisfying the asumptions(2), (3), (4) and (5). Let D be the best constant in Distortion Lemma. Assume thatPdj=1 j �j jj Ij j< D�1 (respectively Pdj=1 j �j jj 
j j2< D�2) and let F be the unique(selfsimilar) function of L1, satisfyingF (x) = dXi=1 �iF (T�1i (x)) + g(x) ;Then for x 2 K �(x) = lim infn!1 log j�i1(x) : : : �in(x)jlog jIi1(x):::in(x)j ;For � < k, � 2 [�min; �max] d(�) = infp2IR(�p� '(p� 1)) :Set m = 1 for the one dimensional case and 2 for the complex case. If g is Ck then for psuch that '(p� 1) +m < kp, �(p) = '(p� 1) +m.Moreover, let p0 such that '(p0 � 1) +m = kp0 and �0 the value of the inverse Legendretransform of '(p � 1) at p0, then for � < k, � 2 [�min; �max] such that � = '0(p) and� � �0 (thus a-a � � �0)d(�) = inf(�p� �(p) +m) = inf(�p� �(p) +m) :Whence the multifractal formalism is valid.Acknowledgement: The author is grateful to Stéphane Ja�ard for suggesting theproblem studied in this paper and for stimulating discussions.
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