
On the diaphony and the star-diaphony of theRoth sequences and the Zaremba sequencesYi-Jun XIAOApril 29, 1998AbstractIn this paper, we estimate the star-diaphony and the diaphony ofthe Roth sequence and the Zaremba sequence using their L2-discrepancyformula given by Halton and Zaremba (see [3]), and White (see [17]).The optimal estimates and the exact asymptotic behaviours of the star-diaphony and the diaphony of both sequences are given. Moreover, theexact asymptotic behaviours of the star-diaphony are the same for bothsequences, and the same is true for the diaphony.Key words: diaphony, star-diaphony, L2-discrepancy, Roth se-quence, Zaremba sequence1991 Mathematics subject Classi�cation: 11K36, 11K38, 11L15,65C05, 65C20, 65D301 IntroductionLet � = (�n)n�0 be a �nite or in�nite sequence of points in the unit cubeIs = [0; 1]s and let it contain at least N terms. For each x = (x1; : : : ; xs) inIs, AN (x; �) denotes the number of index n such that 0 � n � N � 1 and�n 2 Qsi=1[0; xi) and EN (x; �) the remainder to ideal distributon:EN (x; �) = AN (x; �)� x1 : : : xsN:An in�nite sequence � is called uniformly distributed in Is if for eachx 2 Is, we have limN!1 EN (x; �)N = 0:There are various quantitative measures for the irregularity of the dis-tribution based on di�erent point of view of uniform distribution (see, for1



example [8]). A classical measure for the irregularity of the distribution ofa sequence � in Is is the L2-discrepancy TN (�) which is de�ned for everypositive integer N by,TN (�) = 1N �ZIs j EN (x; �) j2 dx� 12 :Another measure for the irregularity of the distribution of a sequence �in Is is the diaphony FN (�) which is de�ned for every positive integer N by,FN (�) = 0@ Xh2Zs�f0g 1r(h)2 j 1N N�1Xn=0 e2�inh��n j21A12 ;where h = (h1; : : : ; hs), h � x =Psi=1 hixi andr(h) = �si=1maxf1; jhijg:The diaphony FN (�) was originaly introduced by Zinterhof (see [20])for numerical integration of regular periodic functions and was de�ned inthe following equivalent form. For x = (x1; : : : ; xs) 2 Rs, denote H(x) =h(x1) : : : h(xs)� 1 where h(t) = 1� �26 + �22 (1� 2ftg)2 with ftg the fractionpart of a real t. ThenFN (�) = ( 1N2 N�1Xk;n=0H(�k � �n)) 12 :It is well known that the in�nite sequence � = (�n)n�0 is uniformlydistributed is equivalent to both limN!1 TN (�) = 0 and limN!1 FN (�) =0. In 1954, Roth [13] established a general lower bound on the L2-discrepancyTN , that is, for any N points in Is we haveTN > Cs (logN) s�12N (1)with a positive constant Cs only depending on s. According to [6] we maytake Cs = 2�4s((s� 1) log 2)(1�s)=2 for s � 2.The lower bound (1) for TN is best possible as far as the order of magni-tude is concerned since there exist �nite sequences with TN = O( (logN) s�12N )2



and we can see these from the Zaremba sequences for s = 2 in the followingand the results of Roth (see [14] and [15]) for s � 3.For the diaphony FN , Proinov [11] proved that for any N points in Iswith s � 2 we have FN > �s (logN) s�12N (2)with a positive constant �s = �s3s=22�2s�3((3s � 1)((�2 + 6)s � �2s)((s �1) log 2)(s�1))�1=2 only depending on s. For s = 1, we have from the resultof Stegbuchner [16] FN � �p3N ;it is best possible since the lower bounded is reached by the van der Corput�nite sequence, see below.For s = 2, the exactness of the lower bound (2) was shown in [5], in thesense that a net of N points S in [0; 1]2 exists for which FN = O( (logN) 12N ).In this paper we will show that the lower bound (2) is also reached by theRoth sequence and the Zaremba sequence. Moreover, both sequences havethe same asymptotic behaviou.Also for numerical integration purpose, we have introduced in [10] a newversion of diaphony, the so-called star-diaphony, which is de�ned, for everypositive integer N , byF �N (�) = (2�)sN ( Xh2Zs�f0g j ZIs EN (x; �)e2�ih�xdxj2) 12 :For s = 1, F �N = FN .The F �N is related naturally with TN by the following so-called Koksmaformula (cf. [4]), T 2N (�) = I2N (�) + 1(2�)2s (F �N (�))2where IN (�) = ( 1N NXk=1 sYj=1(1� �jk)� 12s ):Thus F �N (�) � (2�)sTN (�). 3



We can show that F �N is also a measure for the irregularity of the distri-bution of a sequence in Is (see [19]).In this paper, we will estimate the diaphony and the star-diaphony ofthe Roth sequences and the Zaremba sequences. The results show that theyare nearly the same for these two measures. In x2, we will give the principalresults and the proof of Theorem 2.3 is completed in x4 using some lemmasin x3. We end with some remarks in x5.2 The Roth sequence and the Zaremba sequenceand their diaphoniesWe will �rst give the de�nition of the Roth sequence and the Zarembasequence. Let b � 2 be a positive integer. Let n = P1i=0 ai(n)bi be the b-adic expansion of the nonnegative integer n and let �b(n) =P1i=0 ai(n)b�i�1be the van der Corput sequence in base b. For m 2 N�, denote  b;m =( b;m(n))0�n�bm�1.De�nition 2.1 For any positive integer m, the Roth sequence and Zarembasequence in base b of bm points are de�ned respectively byRb;m = ( b;m(n); �b(n))0�n�bm�1 (3)and Zb;m = ( b;m(n); �0b(n))0�n�bm�1 (4)where �0b(n) = P1i=0(ai(n) � �i)b�i�1 with �i = 0 if i � m else 0 � �i �b � 1 such that �i � i (mod b) or �i � i + 1 (mod 2) for the originalZaremba sequence in base 2. The � denotes (mod b) addition component-by-component.Then, if we put �m = 0 when m is even and 1 when m is odd, we havethe following results.Theorem 2.2 For the star-diaphony,F �(Rb;m) = (2�)2bm ((b2 � 1)(3b2 + 13)720b2 m+ 18 +O( 1m)) 12 :4



and F �(Zb;m) = (2�)2bm ((b2 � 1)(3b2 + 13)720b2 m+ C +O( 1m)) 12where C is a constant. The best case is obtained for the original Zarembasequence with C = 18 � 23�m64 .Remark Indeed, the exact formulas for F �(Rb;m) and F �(Zb;m) can begiven. For reason of simplicity, we show the results in the present form.For the asymptotic behavior of the star-diaphony, we have the followingresult.Corollary 2.3limm!1 bmF �(Rb;m)plog bm = limm!1 bmF �(Zb;m)plog bm = �26b ((b2 � 1)(3b2 + 13)5 log b ) 12 :Theorem 2.4 For the diaphony,�2�4(5b+ 18)3 � b2m(F 2(Rb;m)� �4(b2 � 1)(b2 + 1)m45b2m+2 ) � 2�4(b2 � 30b + 23)45and C1 � b2m(F 2(Zb;m)� �4(b2 � 1)(b2 + 1)m45b2m+2 ) � C2;where C1 and C2 being two constants.Thus, we also have the exact asymptotic behavior of the diaphony.Corollary 2.5limm!1 bmF (Rb;m)plog bm = limm!1 bmF (Zb;m)plog bm = �23b f(b2 � 1)(b2 + 1)5 log b g 12In order to prove these results, we �rst need recall the results on theirL2-discrepancies.Theorem 2.6 We haveT 2(Rb;m) = b�2m((b2 � 1)2144b2 m2 + (b2 � 1)(3b2 + 60b+ 13)720b2 m+38 � b2 � 124bm+1m+ 14bm � 172b2m )5



and T 2(Zb;m) = b�2m((b2 � 1)(3b2 + 13)720b2 m+O(1)):The best result is obtained in base 2 for the the original Zaremba sequencein base 2,T 2(Z2;m) = 2�m( 5m192 + 38 � 7�m64 + 14� 2m + �m16� 2m� 172� 22m ):The results on the Roth sequence in base 2 and the original Zarembasequence were given in [3], and the other results were given in [17].We also need recall and generalize the results on their IN estimates.Proposition 2.7 a) For the Roth sequence (see [1]),I(Rb;m) = b�m((b2 � 1)12b m+ 12 + 14bm ):b) For the original Zaremba sequence (see [3]),I(Z2;m) = b�m(��m8 + 12 + 142m ):c) For the general Zaremba sequence,I(Zb;m) = b�m(�(b� 1)[b(cm + 1)� c2m � 1]4b + 12 + 14bm );where 0 � cm � b� 1 and cm � m� 1 (mod b).Proof We will only prove c).Let m� 1 = qb+ cm and write a0j(n) = (aj(n)� �j), we havebm�1Xn=0  b;m(n)�0b(n) = m�1Xi;j=0 bm�1Xn=0 ai(n)a0j(n)bm�i+j+1= m�1Xi=0 bm�1Xn=0 ai(n)a0i(n)bm+1 +Xi 6=j bm�1Xn=0 ai(n)a0j(n)bm�i+j+1= bm�1bm+1 m�1Xi=0 b�1Xai(n)=0 ai(n)(ai(n)� �i) + bm�2bm+1 m�1Xi 6=j 1b�i+j b�1Xai(n);a0j (n)=0 ai(n)a0j(n)6



withm�1Xi 6=j 1b�i+j b�1Xai(n);a0j (n)=0 ai(n)a0j(n) = m�1Xi 6=j 1b�i+j [b(b� 1)2 ]2 = b3[�(b� 1)24b m+ bm4 � 12 + 14bm ]andm�1Xi=0 b�1Xai(n)=0 ai(n)(ai(n)� �i) = q b�1Xl=0 b�1Xi=1 i(i � l) + cm�1Xl=0 b�1Xi=1 i(i� l)= (m� 1� cm)(b� 1)2b24 + (cm � 1)cm(b� 1)b4 :Thus, from bmI(Zb;m) = 1 + bm�1Xn=0  b;m(n)�0b(n)� bm4 ;the c) follows. �Then, Theorem 2.2 is a direct application of Theorem 2.4, Proposition2.5 and the Koksma formula (F �N )2 = (2�)4(T 2N � I2N ).For the proof of Theorem 2.5, we need some notations and lemmas.3 Some lemmasWe will �rst give some notations.a) For a [0; 1]-valued sequence, possibly �nite, � = (xn)n�0, letSn(h) = n�1Xk=0 e2�ihxk :b) For h 2 Z�, vb(h) = maxfk � 0 such that bkjhg will denote the b-adicvaluation of h.c) For n =P1i=0 ai(n)bi 2N, denote ns =Psi=0 ai(n)bi for s � 0.We also recall the exponential sum formula of the Van Der Corput se-quence (see [18] and [10]). 7



Lemma 3.1 For the Van Der Corput sequence �b,Sn(h) = e2�ih�b(n�nvb(h))[bvb(h) avb(h)(n)�1Xk=0 e2�ih�b(kbvb(h)) + e2�ih�b(avb(h)(n)bvb(h))nvr(h)�1]:In particular, we haveSbm(h) = ( 0; if vb(h) � m� 1;bm; if vb(h) � m:and this is also valid for the sequence  b;m. In addition, Sn(h) = n ifvb(h) > [logb n].Remark For the generalized van der Corput sequences in base b, ��b (n) =P1i=0 �i(ai(n))b�i�1 where � = (�i)i�0 being an in�nite sequence of permu-tations of the set f0; 1; : : : ; b� 1g, this exponential sum formula is still hold.Note that the second component �0b(n) of the Zaremba sequence is one ofthe generalized van der Corput sequences.In the following, Sn(h) concerns only the original van der Corput se-quences even though all results are also valid for the generalized van derCorput sequences.As an application of the above formula, the following result follows.Lemma 3.2 For the sequence �b and for any integer n 2 N,jSn(h)j � 12bvb(h)+1:Applying Lemma 3.1 in the case of n = bm, we get the following lemma.Lemma 3.3 a) For the diaphony of the sequence (�b(n))0�n�bm�1 and thesequence  b;m, Fbm(�b) = F ( b;m) = �p3bm :b) 1Xh=1 1h2 j bm�1Xn=0  b;m(n)e2�ih�b(n)jj bm�1Xn=0 e2�ih�b(n)j = �2(bm � 1)12bm :8



The following two lemmas are crucial for the proof of Theorem 2.5.Lemma 3.4 a) Let h = bvb(h)(qb+ j) with 1 � j � b� 1, thenbm�1Xn=1 Sn(h) = b2vb(h)+11� e 2�i(qb+j)bm�vb(h) :b)b2�2360 (m(b4 � 1)b4 � 1) � 1b2m bm�1Xh=1 1h2 j bm�1Xn=1 Sn(h)j2 � b2�2360 (m(b4 � 1)b4 + 15(2b2 � 1)b� 1 )and thus limm!1 1mb2m bm�1Xh=1 1h2 j bm�1Xn=1 Sn(h)j2 = (b4 � 1)�2360b2 :Lemma 3.5 We have a)bm�1Xn=0  b;m(n)e2�ih�b(n) = bm�1Xn=0 �b(n)e2�ih b;m(n);b) 1Xh=1 1h2 j bm�1Xn=0  b;m(n)e2�ih�b(n)j � �2(b+ 2)(bm � 1)12bm :and c)1Xh=1 1h2 j bm�1Xn=0  b;m(n)e2�ih�b(n)j2 � 1b2m bm�1Xh=1 1h2 j bm�1Xn=1 Sn(h)j2 + �2(b+ 1)24To prove Lemma 3.4 and Lemma 3.5, we will denote for each integerl 2 N Al = fh 2 N j vb(h) = lg:It is clear that h 2 Al if and only if there is an integer q � 0 an integerj 2 f1; : : : ; b � 1g such that h = bl(qb + j). In addition, Cardf h j vb(h) =l � m� 1 and 1 � h � bm � 1g = (b� 1)bm�l�1.9



Proof of Lemma 3.4.For a), applying Lemma 3.1,bm�1Xn=1 Sn(h) = bm�1Xn=1 e2�ih�b(n�nvb(h))bvb(h) avb(h)(n)�1Xk=0 e2�ih�b(kbvb(h))+ bm�1Xn=1 e2�ih[�b(n�nvb(h))+�b(avb(h)(n)bvb(h)]nvb(h)�1Because for n = 1; : : : ; bm�1, n�nvb(h)�1 = kbvb(h) with k = 0; : : : ; bm�vb(h)�1, and nvb(h)�1 = 1; 2; : : : ; bvb(h) � 1, so the second term isbm�1Xn=1 e2�ih�b(n�nvb(h)�1)nvb(h)�1 = bvb(h)�1Xnvb(h)�1=1nvb(h)�1 bm�vb(h)�1Xk=0 e2�ih�b(kbvb(h))= (bvb(h) � 1)bvb(h)2 Sbm�vb(h)(qb+ j) = 0for vb(qb+ j) = 0 and m� vb(h) � 1.The same, for n = 1; : : : ; bm � 1, n � nvb(h) = kbvb(h)+1 with k =0; 1; : : : ; bm�vb(h)�1 � 1. In addition P�1l=0 = 0, we havebm�1Xn=1 Sn(h) = bm�1Xn=1 e2�ih�b(n�nvb(h))bvb(h) avb(h)(n)�1Xl=0 e2�ih�b(lbvb(h))= bvb(h) bvb(h)�1Xnvb(h)�1=1 bm�vb(h)�1�1Xk=0 e2�ih�b(kbvb(h)+1) b�1Xavb(h)(n)=1 avb(h)(n)�1Xl=0 e2�ih�b(lbvb(h))with b�1Xavb(h)(n)=1 avb(h)(n)�1Xl=0 e2�ih�b(lbvb(h)) = b1� e 2�ijband bm�vb(h)�1�1Xk=0 e2�ih�b(kbvb(h)+1) = bm�vb(h)�1�1Xk=0 e2�ibvb(h) (qb+j)�b(k)bvb(h)+1= bm�vb(h)�1�1Xk=0 e2�i (qb+j)b kbm�vb(h)�1 = 1� e 2�ijb1� e 2�i(qb+j)bm�vb(h)10



where �b(k) = kbm�vb(h)�1 . Thusbm�1Xn=1 Sn(h) = b2vb(h) 1� e 2�icb1� e 2�i(qb+j)bm�vb(h) b1� e 2�ijb = b2(vb(h)+1)1� e 2�i(qb+j)bm�vb(h)For the proof of b), denoteTm = bm�1Xn=1 1h2 j bm�1Xn=1 Sn(h)j2:From a), we haveTm = bm�1Xn=1 1h2 b4vb(h)+24 sin2 �(qb+j)bm�vb(h) = m�1Xl=0 Xh2AlT[1;bm�1] b4l+24h2 sin2 �(qb+j)bm�l= b24 b�1Xj=1m�1Xl=0 b2l bm�l�1�1Xq=0 1(qb+ j)2 sin2 �(qb+j)bm�l :We will �rst estimate the lower bound of the Tm. Since sinx � x forx > 0, we have 4�2Tmb2m+2 � m�1Xl=0 bm�l�1�1Xq=0 b�1Xj=1 1(qb+ j)4= m(1� 1b4 ) 1Xq=1 1q4 + 1Xq=1 1q4 + (1� 1b4 ) b�1Xq=1 1q4+ 1b4 1Xq=bm 1q4 � (1� 1b4 )m�1Xl=1 1Xq=bl+1 1q4� m(1� 1b4 ) 1Xq=1 1q4 + 1Xq=1 1q4 :Thus, the lower bound of Tm follows.For the upper bound of the Tm, by 1sinx � x3 + 1x if x 2 (0; �2 ] andsin�x � 2x if 0 < x < 12 , we haveTm = b24 b�1Xj=1m�1Xl=0 b2l bm�l�1�1Xg=0 1(qb+ j)2 sin2 �(qb+j)bm�l = b24 (I1 + I2)11



with I1 = b�1Xj=1m�1Xl=0 b2l Xqb+jbm�l� 12 1(qb+ j)2 sin2 �(qb+j)bm�l� b�1Xj=1m�1Xl=0 b2l Xqb+jbm�l� 12 1(qb+ j)2 ( bm�l�(qb+ j) + �(qb+ j)3bm�l )2� b�1Xj=1m�1Xl=0 b2l Xqb+jbm�l� 12 b2(m�l)�2(qb+ j)4 + b�1Xj=1m�1Xl=0 b2l Xqb+jbm�l� 12 1(qb+ j)2� mb2m�2 (1� 1b4 )+1Xq=1 1q4 + b2m � 1b� 1 (1� 1b2 )+1Xq=1 1q2and I2 = b�1Xj=1m�1Xl=0 b2l Xqb+jbm�l> 12 1(qb+ j)2 sin2(� (qb+j)bm�l )= b�1Xj=1m�1Xl=0 b2l Xqb+jbm�l> 12 1[1� (1� (qb+j)bm�l )]2b2(m�l) sin2(� (qb+j)bm�l )� b�1Xj=1m�1Xl=0 b2l Xqb+jbm�l> 12 22b2(m�l)22(1� (qb+j)bm�l )2= b�1Xj=1m�1Xl=0 b2l Xqb+jbm�l> 12 1(bm�l � (qb+ j))2 � b2m � 1b� 1 1Xq=1 1q2 :Thus, we have the upper bound of Tm.Remark P1q=1 1q4 = �490 , the lemma follows. �Proof of Lemma 3.5. In the proof, Lemma 3.1 will be used repeatedlywithout mentioned.The proof of a) can be obtained easily.For c), writeb2m 1Xh=1 1h2 j bm�1Xn=0  b;m(n)e2�ih�b(n)j212



= Xvb(h)�m 1h2 j bm�1Xn=0 ne2�ih�b(n)j2 + X0�vb(h)�m�1 1h2 j bm�1Xn=0 ne2�ih�b(n)j2:From the exchange of sum, we havebm�1Xn=0 ne2�ih�b(n) = bm�1Xn=0 (Sbm(h)� Sn(h)):Thus, on the one hand,Xvb(h)�m 1h2 j bm�1Xn=0 ne2�ih�b(n)j2 = 1Xk=1 1(kbm)2 j bm�1Xn=0 (bm � (l + 1))j2 = �224(bm � 1)2:On the other hand, because 0 � vb(h) � m � 1 if and only if there areu;w 2N with 1 � w � bm � 1 and h = ubm + w, we haveX0�vb(h)�m�1 1h2 j bm�1Xn=0 ne2�ih�b(n)j2 = bm�1Xh=1 1h2 j bm�1Xn=1 Sn(h)j2+ 1Xu=1 bm�1Xh=1 1(ubm + h)2 j bm�1Xn=1 Sn(ubm + h)j2;and so we will only need to estimate the last term. By Lemma 3.2,4b2(bm � 1)2 1Xu=1 bm�1Xh=1 1(ubm + h)2 j bm�1Xn=1 Sn(ubm + h)j2� 1Xu=1 bm�1Xh=1 b2vb(h)u2b2m = �26b2m m�1Xl=0 Xh2AlT[1;bm�1] b2l= �26b2m m�1Xl=0 (b� 1)bm�l�1b2l = �26b2m bm�1(bm � 1);so the estimate follows.For the proof of b), remark thatm�1Xl=0 Xh2AlT[1;bm�1] blh2 = m�1Xl=0 1bl bm�1�l�1Xq=0 b�1Xj=1 1(qb+ j)2 � �2(b+ 1)6b ;we can procede in a similar way as in the proof of c). �13



4 Proof of Theorem 2.5We only show it for the Roth sequence. In the case of Zaremba sequence,the result can be shown similarly for Lemma 3.1 to Lemma 3.5 are also validfor �0b(n). The only di�erences are the constants C1 and C2.Proof Denote �12 = bm�1Xn=0 e2�i(h1 b;m(n)+h2�b(n));�1 = bm�1Xn=0 e2�ih1 b;m(n) and �2 = bm�1Xn=0 e2�ih2�b(n):We haveb2mF 2(Rb;m) = Xh1;h2 6=0 j�12j2h21h22 + b2mF 2(�b;m) + b2mF 2( b;m): (5)In the following, we will use the F �(Rb;m) to estimate Ph1;h2 6=0 j�12j2h21h22 . In-deed, b2m(F �(Rb;m))2 = Xh1;h2 6=0 1h21h22 j�12 � �1 � �2j2 + S1 + S2 (6)withS1 = 8�2 1Xh1=1 1h21 j12 + bm�1Xn=0  b;m(n)e2�ih1�b(n) � bm�1Xn=0 e2�ih1�b(n)j2andS2 = 8�2 1Xh2=1 1h22 j12 + bm�1Xn=0 �b(n)e2�ih2 b;m(n) � bm�1Xn=0 e2�ih2 b;m(n)j2 = S1;as follows from Lemma 3.3 a) and Lemma 3.5 a). From Lemma 3.3, Lemma3.4 and Lemma 3.5, we haveS1 � 8�2 1Xh=1 1h2 [14 + j bm�1Xn=0  b;m(n)e2�ih�b(n)j2 + j bm�1Xn=0 e2�ih�b(n)j2 + j bm�1Xn=0 e2�ih�b(n)j14



+j bm�1Xn=0  b;m(n)e2�ih�b(n)j+ 2j bm�1Xn=0  b;m(n)e2�ih�b(n)jj bm�1Xn=0 e2�ih�b(n)j]� �43 ((b4 � 1)15b2 m+ 5b+ 15) (7)andS1 � 8�2 1Xh=1 1h2 [14 + j bm�1Xn=0  b;m(n)e2�ih�b(n)j2 + j bm�1Xn=0 e2�ih�b(n)j2 � j bm�1Xn=0 e2�ih�b(n)j�j bm�1Xn=0  b;m(n)e2�ih�b(n)j � 2j bm�1Xn=0  b;m(n)e2�ih�b(n)jj bm�1Xn=0 e2�ih�b(n)j]� �43 ((b4 � 1)15b2 m� b2 + 30b� 1515 ): (8)On the one hand, we haveXh1;h2 6=0 1h21h22 j�12j2 � b2m(F �(Rb;m))2 � 2S1 + Xh1;h2 6=0 1h21h22 (2j�1jj�2j+2j�12jj�1j+ 2j�12jj�2j � j�1j2 � j�2j2); (9)and on the other hand,Xh1;h2 6=0 1h21h22 j�12j2 � b2m(F �(Rb;m))2 � 2S1 � Xh1;h2 6=0 1h21h22 (2j�1jj�2j+2j�12jj�1j+ 2j�12jj�2j+ j�1j2 + j�2j2): (10)From Lemma 3.1, we haveXh1;h2 6=0 j�1j2h21h22 = Xh1;h2 6=0 j�2j2h21h22 = Xh1 6=0 1h21 Xh2 6=0 j�2j2h22 = 4 1Xk=1 1k2 1Xk=1 (bm)2(kbm)2 = �49 ;Xh1;h2 6=0 j�1jj�2jh21h22 = Xh1 6=0 j�1jh21 Xh2 6=0 j�2jh22 = 4( 1Xk=1 bm(kbm)2 )2 = �49b2m ;and since j�12j � bmXh1;h2 6=0 j�12jj�1jh21h22 = Xh1;h2 6=0 j�12jj�2jh21h22 = 2 Xh1 6=0 1h21 Xk=1 j�12jbm(kbm)2 � 4( 1Xk=1 1k2 )2 = �49 :15



It follows from (7), (8), (9) and (10) thatb2mF 2(Rb;m) � b2m(F �(Rb;m))2 � 2�4(b4 � 1)45b2 m+ 2�4(b2 � 30b)45andb2mF 2(Rb;m) � b2m(F �(Rb;m))2 � 2�4(b4 � 1)45b2 m� �4(103 b+ 11):From the estimate of F �(Rb;m) in Theorem 2.2, the result follows. �5 Some remarksThe most popular measure of the irregularity of the distribution of a Is-valued sequence � = (�n)n�0 in Is is the star-discrepancy which is de�nedfor every positive integer N byD�N (�) = supx2Is 1N jCN (x; �)j:We have TN (�) � D�N (�), thus the general lower bound of TN (�) is alsohold for the star-discrepancy.For the star-discrepancy of the Roth sequence, an exact formula wasobtained in [3], in which the leading term for ND�N (�) is (1=3) log2N . TheZaremba sequence was introduced to improve the Roth sequence by per-muting suitably the digits of the Roth sequence, and an exact formula wasobtained in [17] for ND�N (�) with the leading term (1=5) log2N . Curiouslyenough, we have seen that for the Zaremba sequence it is best possible apartfrom the value of the constant and it is not the case for the Roth sequence.This has been mentioned by Niederreiter in [6].With the results on their star-diaphony and diaphony, we may explainthis fact in the following way. The star-diaphony (or diaphony) is one partof the L2 dicrepancy, the Zaremba sequence is obtained by improving theother part of the L2 dicrepancy, IN , and without changing the star-diaphonyas it is already optimal.Remark in [2], Grozdanov introduced a sequence by changing the digits ofthe Roth sequence as follows: �m = f( 2;m(n)+ 12m+1 ; �2(n)+ 12m+1 )g0�n�2m�1.By the de�nition of the diaphony, it has the same diaphony as the Roth se-quence. With the result in this paper, we �nd that his estimate about thelower bound of the diaphony of the Roth sequence is wrong.16
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