SOME PROPERTIES OF THE RANGE OF SUPER-BROWNIAN MOTION

JEAN-FRANCOIS DELMAS

ABSTRACT. We consider a super-Brownian motion X. Its canonical measures can be stud-
ied through the path-valued process called the Brownian snake. We obtain the limiting
behavior of the volume of the e-neighborhood for the range of the Brownian snake, and as a
consequence we derive the analogous result for the range of super-Brownian motion and for
the support of the integrated super-Brownian excursion. Then we prove the support of X;
is capacity-equivalent to [0,1]? in R?, d > 3, and the range of X, as well as the support of
the integrated super-Brownian excursion are capacity-equivalent to [0, 1]4 in RY, d > 5.

INTRODUCTION

Super-Brownian motion, denoted here by X = (X;,¢t > 0), is a measure-valued process
in R?. It can be obtained as a limit of branching Brownian particle systems. We refer to
Dynkin [8] for such an approximation in a more general setting. Another way to study super-
Brownian motion, is to use the path-valued process, called the Brownian snake, which was
introduced by Le Gall [9, 12]. Furthermore this approach allows us to study also the integrated
super-Brownian excursion (ISE). This process appears naturally when one consider the limit of
rescaled lattice trees in high dimension (see Derbez and Slade [4, 3]). For every bounded Borel
set A C R?, we denote by A° = {z € R%;d(z, A) < e} and by |A| the Lebesgue measure of the
set A. Recently Tribe [19] (see also Perkins [16]) proved a convergence result for the volume
of the e-neighborhood of the support at time ¢ > 0, supp X;, of super-Brownian motion
in dimension d > 3. More precisely, Tribe showed that the quantity £2~%|(supp X;)° N A
converges a.s. to a deterministic constant times [ 14(z)X;(dz). Using results of Le Gall
[11] on hitting probabilities for the Brownian snake, we give a similar result for the range
of the Brownian snake. We then derive an analogous result (theorem 2.1) for the range of
super-Brownian motion after time ¢t > 0, R4(X) defined as the closure of Us>supp X,. More
precisely, we show that there exists a positive constant Cy depending only on d such that for
every Borel set A C R, d > 4, for every ¢t > 0, we have a.s.

lny a(e) (Ru(X)° A = Co [ s [ 1),

where 4(c) = log(1/¢) and @4(e) = ¥4 if d > 5. We also give a similar result for the
support of ISE (corollary 2.4).
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Pemantle and Peres [14] defined the notion of capacity-equivalence for two random Borel
sets, and later Pemantle and al. [15] showed that the range of Brownian motion in R%, d > 3, is
capacity-equivalent to [0,1]2. As an application of the previous results , we show (proposition
4.3) that a.s. on {X; # 0}, the set supp X; C R¢, d > 3, is capacity-equivalent to [0, 1]?, and
that a.s. the range R¢(X) C R? and the support of ISE for d > 5 are capacity-equivalent to
[0, 1]%.

Let us now describe more precisely the contents of the following sections. In section 1, we
recall the definition of the path-valued process W = (W, s > 0) called the Brownian snake.
We denote by (; the lifetime of the path W,. We recall the links between the Brownian snake,
super-Brownian motion and ISE.

In section 1.3, we introduce the main tools concerning the Brownian snake. In particular,
we consider T{, . the hitting time for the Brownian snake of B(z,¢€), the closed ball with
center z and radius e:

Tize) = inf{s > 0;3t € [0,(s], Ws(t) € B(w,e)} .

The function u.(z) = Ny [T(xyg) < oo], where Ny is the excursion measure of the Brownian
snake away from the trivial path 0, is the maximal nonnegative solution of Au = 4u? on
RA\B(0,¢) (see also Dynkin [7]). The study of [R(W)*NA| = [, dz l{T(m)@o}, where
R (W) is the range of the Brownian snake, relies on the explicit law of the first hitting path
(WT(Z,E) , CT@,E)) under the excursion measure. This law has been computed by Le Gall [11, 13].

It is closely related to the law of the process (27,0 < t < 7°), defined as the unique strong
solution of

Vue(z; — x)

dx; =d
v = dfe + ue (2§ — x)

dt, for 0<t<7°,
where 3 is a Brownian motion in R? started at By = 0 and 7° = inf {t > 0;|2§ — 7| = €}.

In section 2, we state the main result on the convergence of the volume of the e-neighbor-
hood of R4(X). The method of the proof is completely different from the one used by Tribe
in [19]. It is derived from the convergence of the volume of the e-neighborhood of the range
of the Brownian snake in L?(Ny) (proposition 2.3).

Section 3 is devoted to the proof of the latter convergence. The proof of the L?(Ny) conver-
gence is somewhat technical because we need a precise rate of convergence. The derivation of

this estimate relies heavily on the explicit law of (WT(E o ST, 5)) under Ny. It also depends

on precise information on the behavior of the function w; at infinity. In particular we give
the asymptotic expansion of u; at infinity in section 5.

In section 4 we prove the results on capacity-equivalence for the support and the range of
super-Brownian motion and for the support of ISE. Let f : [0, 00) — [0, 00] be a decreasing
function. We define the energy of a Radon measure v on R? with respect to the kernel
fby: Zr(v) = [f f(|lz — yl)v(dz)v(dy), and the capacity of a set A C R? by caps(A) =
[inf,,(A):l Zf(V)]il. Following the terminology introduced in [14]|, we say that two sets A;
and Ay are capacity-equivalent if there exist two positive constants ¢ and C such that for
every kernel f, we have

ceapy(Ar) < capy(Az) < Ceapy(Ay).
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Proposition 4.3 states that a.s. the set supp X; C R?, d > 3, is capacity-equivalent to
[0,1]?, and that a.s. the range R;(X) C R¢, as well as the support of ISE for d > 5 are
capacity-equivalent to [0,1]*. The proof follows the method of [15].

1. PRELIMINARIES ON THE BROWNIAN SNAKE AND SUPER-BROWNIAN MOTION

We first introduce some notation. We denote by (My, M) the space of all finite measures
on R? endowed with the topology of weak convergence. We denote by By, (RP), respectively
By (Rt x RP), the set of all real bounded nonnegative measurable functions defined on R?,
respectively on RT x RP. We also denote by B(R?) the Borel o-field on RP. For A € B(R?),
let CI(A) = A be the closure of A. For every measure v € My, and f € By (R?), we shall
write [ f(y)v(dy) = (v, f). We also denote by supp v the closed support of the measure v. If
S is a Polish space, we denote by C(I,S) the set of all continuous functions from I C R into

S.

1.1. The Brownian snake. We recall some facts about the Brownian snake, a path-valued
Markov process introduced by Le Gall |9, 12|. A stopped path is a continuous function
w: [0,¢] = RY, where ¢ = C(w) 1s called the lifetime of the path. We shall denote by W the

end point w(¢). Let W be the space of all stopped paths in R?. When equipped with the
metric

d(W,W,) = ‘C(w) - C(w’)

+sup [w(s A Gwy) — W' (s A )|y

the space W is a Polish space.
Let w € W and a,b > 0, such that a < bA (). There exists a unique probability measure
on W denoted by @y ,(dw’) such that:
(i) C(w’) = b, Qxb(dw’)—a.s.
(ii) w'(t) = w(t) for every 0 <t < a, Qy,(dw')-a.s.
(iii) The law of (W'(t +a),0 <t < b —a) under Qy(dw’) is the law of Brownian motion in
R? started at w(a) and stopped at time b — a.
We shall also consider @},(dw’) as a probability on the space C ([0,b], R?). We set W, =
{w € W;w(0) = z} for z € R%. Let w € W,. We restate theorem 1.1 from [9]:

Theorem 1.1 (Le Gall). There exists a continuous strong Markov process with values in Wy,
W = (Ws,s > 0), whose law is characterized by the following two properties.
(i) The lifetime process ( = (Cs = (w,), 8 = 0) is a reflecting Brownian motion in R .
(ii) Conditionally given ((s,s > 0), the process (Ws,s > 0) is a time-inhomogeneous contin-
uwous Markov process, whose transition kernel between times s and s’ > s is

PS,S’ (Wv dW,) = Qvﬂ\;(s,s’):C ’ (dwl)’
where m(s,s') := inf,.¢g ¢ (-

From now on we shall consider the canonical realization of the process W defined on the
space C'(RT,W,). The law of W started at w is denoted by &,. We will use the following
consequence of (ii): outside a Ey-negligible set, for every s’ > s, one has W (t) = Wy (¢) for
every t € [0,m(s,s’)]. We shall write £ for the law of the process W killed when its lifetime
reaches zero. The distribution of W under £, can be characterized as in theorem 1.1, except
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that its lifetime process is distributed as a linear Brownian motion killed at its first hitting
time of {0}. The state space for (W, &) is the space W) = W, U 0, where 0 is a cemetery
point. The trivial path x such that () = 0, x(0) = = is clearly a regular point for the process
(W,E). Following |2| chapter 3, we can consider the excursion measure, N;, outside {x}.
The distribution of W under N, can be characterized as in theorem 1.1, except that now
the lifetime process ( is distributed according to It6 measure of positive excursions of linear
Brownian motion. We normalize N; so that, for every ¢ > 0,

1
N |:SllpC5 > 5:| = 5.
$>0 2¢

The Brownian snake enjoys a scaling property: if A > 0, the law of the process Ws()‘) (t) =
A" Wya,(A2t) under N, is A72Ny -1,

We recall the strong Markov property for the snake under N, (see [12]). Let T be a stopping
time of the natural filtration F" of the process W. Assume T > 0 N -a.e., and let F', H
nonnegative measurable functionals on C(R",W?) such that F is )" measurable. Then if 0
denotes the usual shift operator, we have

N, [T <o0;F - Holp] =N, [T <oo; F - &y, [H].

Let 0 = inf {s > 0;(; = 0} denote the duration of the excursion of ¢ under N;. The range
R = R(W) of W is defined under N, by

R={W,(t);0<t<(,0<s<a}.

We also have N;-a.e., R = {WS;O <s < a}.
For every nonnegative measurable function F' on W}, we have

N, [ / UF(Ws,cads] -/ By [F(Bog.0)] dt

where [y is under P the restriction to [0,¢] of a Brownian motion in R? started at By = -
Now consider under N, the continuous version (lg, t>0,5> 0) of the local time of { at level
t and time s. We define a measure valued process Y on R? by setting for every ¢ > 0, for
every ¢ € By (RY),

(Yip) = / "It (V).

We shall sometimes write Y; (W) to recall that Y; is a function of the Brownian snake. From the
joint continuity of the local time and the continuity of the map s — WS, we get that N, -a.e.,
the process Y is continuous on (0, 00) for the Prohorov distance on My. Let ¢ € By (R?). We
define on Rt xR the function v(¢,z) = N, [1 —exp — (Y, ¢)], if t > 0, and v(0, z) = @(z). We
will write v(t) for the function v(¢,-). We recall that the function v is the unique nonnegative
measurable solution of the integral functional equation

t
(1) v(t) + 2/0 ds Py [v(t—s)?] = J(t) t>0,

where J(t,z) = Pi[p](x), and (P;,t > 0) is the Brownian semi-group in R?. A few other
remarks on the solution of (1) are presented in section 6 below.
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1.2. Super-Brownian motion and ISE. Let us now recall the definition of super-Brownian
motion and its connection with the Brownian snake. The second part of the next theorem is
lemma 4.1 from [6]. Let v € Mjy.

Theorem 1.2. There exists a continuous strong Markov process X = (Xs,s > 0) defined on
the canonical space C(R", M), whose law is characterized by the two following properties
under P .

(i) Xo=v, P)-a.s.
(ii) For every o € By (RY), t > s > 0, we have

E) [exp [~ (Xt 0)] | 0(Xu,0 < u < 5)] = exp [~ (X, v(t - 9))),

where the function v is the unique nonnegative solution of (1) with J(t) = Py[p].

Furthermore, for every integer m > 1, ty, > --- >, >0, @1,... ,0m € By (R?), we have
(2) EYX |exp |= Y (Xis,0)| | =exp[=(v,0(1)],
{i5t:<t}

where v is the unique nonnegative solution to the integral equation (1) with right-hand side
J(t) = E{i;tigt} Py il
Theorem 1.3 (Le Gall [9, 12]). Let > ,c; 0w be a Poisson measure on C(RT, W) with in-

tensity [ v(dz)N,[-], then the process Z defined by Zo =v and Zy =Y ,c; Yy (W?) if t > 0, is
distributed according to P\ .

We deduce from the normalization of N, that N, [Y; # 0] = 1/2t < co. This implies that for
every t > 0, there is only a finite number of indices 4 € I such that the process (Y;(W?),s > t)
is nonzero.

We now recall the connection between ISE and Brownian snake. There exists a unique

collection (N(()r) > 0) of probability measure on C(R", W{) such that:

1. For every r > 0, Nér) [c=r]=1.
2. For every A > 0, r > 0, F, nonnegative measurable functional on C'(RT, W),

N [FwO)] =N (P )]

3. For every nonnegative measurable functional F on C(R", W§),
3) NolF) = —— [ dr 9N R
= T Tr .
N 0

The measurability of the mapping r — Nér) [F'] follows from the scaling property 2. Under

N(()l), the distribution of W is characterized as in theorem 1.1, except that the lifetime process
is distributed according to the normalized 1td6 measure. The law of the ISE is the law of the
continuous tree associated to v/2W, under N(()l) (see corollary 4 in [10] and [1]). In particular

the law of the support of ISE is the law of 2R under N(l), where we set AA = {x; A"z € A}.
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1.3. Hitting probabilities for the Brownian snake. We now recall a few results from
[11]. Let w € WU C(R*,R%), we introduce the first hitting time of A € B(R?):

Ta(w) =inf{t > 0;w(t) € A},

with the usual convention inf ) = co. We omit w when there is no risk of confusion. Consider
the Brownian snake W, and set

T(y,s) = inf{s >0;dt € [07 Cs]u Ws(t) € B(y,s)} )

where B(y, ¢) is the open ball in R? centered at y with radius £ > 0, and B(y, ¢) its closure.
We know from [12] that the function defined on R?\B(0, ¢),

we(y) = Ny [Ty < 00] = No [ROBly,e) £ 0] = N, [RNBO,€) 0],
is the maximal nonnegative solution on R4\ B(0, ¢) of
Au = 4u?.

This result was first proved in a more general setting by Dynkin |7] in terms of superprocesses.
The function wu, is strictly positive on R4\ B(0,¢). For every yo € 0B(0,¢), we have

_ lim ue(y) = o0.
yeB(0,6)%5y—yo

Scaling and symmetry arguments show that for every y € R¥\ B(0, ¢),
() win = (M),

where the function u,(r), 7 € (1, 00) is the maximal nonnegative solution on (1, 00) of

() + L Lt () = ),

It is easy to see that the function w; is decreasing. In section 5 we give the asymptotic
expansion of uq at infinity.

We give the following result on the probability of the event {T(y,g) < oo} (see lemma 2.1
of [11]). Assume zp € B(y,e). Then N, -a.e. for every T > 0, we have

(T/\TB(y,s) (WT) t
(5) &y [Tlye) <o0] =2 / dt u. (W (t) —y)) el72Jo u=(Wr(9)=p)ds]

0

CTATB(y,) (W)
=1—exp —2/ ue(Wr(s) —y)ds|.
0

Let 9,z € RY. We will now describe the law of Wr,.., under Ny, [+ [ Ty < oo]. First
of all we denote by 3 a Brownian motion in R? started at z under Py,- Assume zy ¢

B(z,¢e). Corollary 2.3 from [11] ensures that there exists Py -a.s. a unique continuous process

r¢ = (25,0 < t < 7°) taking values in R? such that for every n € (0, |z — xg| —¢), for every

t <7, =inf{s > 0;]z5 —z| <e+n},

b Vu(z§ — 1)

x{ = B+
! o ue(z§ — )

ds,
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furthermore, Py,-a.s. 7¢ = lim; o 7, < oo and |zE. — x| = . We also recall that thanks to
Girsanov’s theorem, we have for every nonnegative measurable function F on C([0,¢], RY)

Eg, |:7'E >t F (ﬁo,t])]
_ t
=By, [TB(x,s) (8) >t F (Bpoy) % exp [—2/0 us(Bs — x)ds” ,

where xfo 1 and [ are the restriction of z° and 3 to [0,¢]. The law of z° under P, can be

interpreted as a probability measure on W, . Consider the closed set
A= {W € Wii Ti(z,e) (W) < oo} :

It has been proved in [11] (corollary 2.3) that its capacitary measure with respect to the
Brownian snake with initial point z¢ is exactly u.(zo — z) times the law of z° under Py,. It
is not hard to check however that the capacitary measure can be interpreted as the hitting
distribution under N, . This means that for every nonnegative measurable function F' on

*
W, we have

Noy | Tia,e) < 005 F (Wi, ), C1y,.0)| = 0 = )y [F(a?,77)].

This result was given by Le Gall [13]. This is proved in a way similar to the classical in-
terpretation of the capacitary measure as a last exit distribution, see e.g. Port and Stone
[17].

Hence, we deduce from the above equations that for every nonnegative measurable function
F on C([0,#],R?), we have

(6) Ney [Ty < 003G,y > 6F (Wi, (5),5 € 0,1)))]

t
=E,, [TB(a:,e) >t F (ﬁ[o,t]) u: (B — x) exp [—2/0 ue(Bs — x)ds” .

Finally we shall use the following inequality, that can be derived from the Feynman-Kac
formula (use the fact that u. solves Au = 4u.u)

™) wl) 2 28 [ [t wa(p— s exp [~ [ (s s |

There is in fact equality in (7) (see the remark on page 293 of [11]).

2. A PROPERTY OF THE RANGE OF SUPER-BROWNIAN MOTION

For A € B(R%), ¢ > 0, we set A® := {:E € R d(x, A) < 6}, with d(z, A) = inf {|z — y|;y € A}.
We will write |A| for the Lebesgue measure of A. We also set

Co = ag2r??([d — 2]/2) 7,

where the constant ag is defined in lemma 5.1 (see also the remark below the lemma). We set
Ry(X) =Cl <U5>t supp Xs>. Let pg(e) = e*=4if d > 5 and @4(g) = log(1/e) for e > 0.
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Theorem 2.1. Let v € My. For every Borel set A C R, d >4, for every t > 0, PX-a.s.
oo
(8) li a(e) [RA(X)7 141 = Co [ ds (X 1),
¢

If there exists p < 4 such that lim._,oe”~¢|(supp v)¢| = 0 then (8) holds with t = 0.

Let K a compact subset of RY. We consider the measure ¢(K) defined by ¢(K)(A) =
|K N Al. Since the set R¢(X) is compact for ¢ > 0, the theorem implies that a.s. the sequence
of measures (¢q(e)p(Ry(X)¢),e > 0) converges weakly to Cy [ ds (X, 14).

Let us recall the main theorem of [19] (see also [16]).

Theorem 2.2 (Tribe). Let A a bounded Borel set in R, d > 3. Fizt >0 andv € My. Then
there exists a positive constant oy depending only on d such that

lim 82_d |(Sllpp Xt)g n A| = Oé()(Xt, ]-A)a
e—0

where the convergence holds P -a.s. and in L*(PY).

We shall deduce theorem 2.1 from the next proposition on the range of the Brownian snake,
whose proof will be given in the next section. For 6 € (0,1/d), we set hgg(e) = '~ if d > 5
and hy g(e) = log(1/e)~"/? for ¢ € (0,1). For short we will write hy for hgyg.

Proposition 2.3. Letd > 4. For every 6 € (0,1/d) and every Ry > 0, there ezists a constant
k = r(0) > 0 and g9 > 0 such that for every € € (0,&¢], for every xo with |z9| < Ry, and
every Borel set A C B(0, Ry), we have

0

Ny, [god(s) ‘R(W)8 NAN B(xo,hd(e))c‘ —Cy /OO ds (Ys, lA)] ‘ < hg(e)"/?,
and

o0 2
Nz, [cpd(e) IR(W)* N AN B(xo, ha())"| —C[]/ ds (Ys, lA)] < hqg(e)".

0

Remark. We have trivially B(zp,e) C R(W)?, Ny -a.e. Since N, is an infinite measure,
Nz [R(W)? N B(zp,0)|] = oo for every ¢,0 > 0. This is the reason why we consider A N
B(mp, hg(e))¢ rather than A in the previous proposition.

We first give a consequence of this proposition.

Corollary 2.4. Let d > 4. For every Borel set A C RY, N, -a.e., we have
lim 4 (6) [R(W)* 1 A| = co/ ds (Ys,14).
E—r 0

The results holds Ngl)—a.s. if |0A] = 0.

Proof of corollary 2.4. Since Ny, -a.e. the range R(W) is bounded, we only need to consider
a bounded Borel set A. Choose Ry so that A C B(0,Rp) and fix 8 € (0,1/d). Let k > 0
be fixed as in proposition 2.3. Let &, such that hg(e,) = n=2/5 forn > 1. Using the Borel-
Cantelli lemma, and the second upper bound of proposition 2.3, we get that the sequence
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(palen) [R(W)e N Al,n > 1) converges Ny, -a.e. to Cy [~ ds (Ys,14). But for ¢’ < ¢, since
R(W)e € R(W)?, we have

eale') [RIV)? N A| < pale) IRV N Al pule) fpale).

A monotonicity argument using the fact that ¢g4(en+1)/@a(en) converges to 1, completes the
proof of the first part.
The above result implies that Ny-a.e. the sequence of measures (¢q(e)p(R(W)%),e > 0)

converges weakly to Cy fooo ds Ys. Using (3) we see this convergence also holds dr-a.e. NOT -
a.s. By the scaling property the Brownian snake and the family (Ngr),r > 0), we get this
(1)

convergence holds N(()l)—a.s. Thus we have for every Borel set A C R?, Ny ’-a.s.
o0
Co [ ds (Vi L) < limintoae) ROV 1.4
0 E—r

(o0}
< limsup pa(e) [R(W)* N A] < Cy / ds (Y, 1),
0

e—0
where Int(A) denotes the interior of A. To prove the second part of the corollary we just need
to check that if |0A| = 0 then [;* ds (Ys, Iiya)) = [y~ ds (Ys,1). It is enough to prove that

|A| = 0 implies fooo ds (Ys,14) =0 Ngl)—a.s. Conditioning on the lifetime process, we get

N [ /0 s (Y571A)] = NV [ / Lt lA(Wt)] - /0 "t Y [P, [14]0)].

0
This is equal to zero if |A| = 0. This ends the proof of the second part of the corollary. O

Remark. As a byproduct of the proof we get that N, -a.e. and N(()l)—a.s. the sequence of
measures (¢4()p(R(W)F),e > 0) converges weakly to Co [;° ds Y.

We first state some straightforward consequences of (4) and lemma 5.1. We say that g > 0
satisfies the condition (C) if ¢, > 4/3 if d > 5 or log(1/eq) > 4log(2/6)/6 if d = 4. For
d = 4 this implies that for € € (0,¢p), ha(e)/e > 4/3 and

(9) log(log(1/¢))/10 log(1/e)] < 1/2.
For d > 4, 0 € (0,1/d), there exists a constant b; such that for every e satisfying (C),

z & B(0,hq(e)) we have

(10) us(z) < bopa(e) ™ a7,

(11) ue(w) < al=) |27 [0 + biha(e)’?]

For |z| > ¢, we have

(12) ug(z) > agpq(e) 2>~ ifd > 5,

(13) us(w) > agpa(e) ™" |27 [1 + log(2]2])/log(1/e)] ™" if d = 4.

We will also often use the following inequality for € satisfying (C): pq(e)hg(e)? < ha(e)?.
Proof of theorem 2.1. Recall that for every t > 0, PX a.s. the set R¢(X) is bounded. Thus
we only need to consider a bounded Borel set A. Thanks to the Markov property of X at time



10 JEAN-FRANGOIS DELMAS

t and theorem 2.2 it is clearly enough to prove the second part of theorem 2.1. Let v € My
and p < 4 such that lim._,o”~¢|(supp v)?| = 0. For short we write a.s. for PX-a.s.

First step. Recall we can write for every t > 0, X; = Y. ; Vi(W?), where Y, Sy is
a Poisson measure on C(RT, W) with intensity measure [ v(dz)Ng[-]. We let f denote the
starting point of the Brownian snake Wi (ie. zf = WE(0)). Notice that a.s. for every i € T,
z}y € supp v, which is bounded thanks to the hypothesis on supp v. Fix 6 € (0,1/d) such
that d —p > (d —4)/(1 —6) (and § < 4 —p if d = 4). Fix Ry such that supp v C B(0, Ry).
Let x and g9 < 1 be chosen as in proposition 2.3. We notice that for every bounded Borel set
A C B(0, Ry),

©wq(e) |Ro(X ﬂA|<ZV N+ pale ‘Aﬂ (supp v)"a(®)
el

7

where
V-(W') = pa(e) [R(W')* N AN B(x, hale))’] -

We set Vo(W?) = Cp [y~ ds (Ys(W*),14). We use the second moment formula for a Poisson
measure to get:

S VWH = V(W ] z/V(dw)Nx [[VE(W)—VO(W)P]

el el

+ | [ vtaom. o) - vam) }

We deduce from proposition 2.3 that for every ¢ € (0, eo],

SV - 3 (W

2
<[ 1) + (1, 1)°]ha(e)".

iel i€l
Notice the hypothesis on supp v and € imply that lim._,o p4(€) ‘(supp v ‘ = 0. Arguments
similar to those used in the first part of the proof of corollary 2.4 show then a.s.
1 ]
I NALEE W
el i€l

Notice we have Y., Vo(W?') = Cy [;° ds (X,,14). Using the above remark on supp v, we
deduce that a.s.

e—0

(0.0
i supeea(e) [Ra(X)* N A| < Gy [ ds (X, 1),
0

Second step. To get a lower bound, consider an increasing sequence (E,,p > 1) of measur-
able subsets of B = C(R",W) such that {J,5, Ep = E and [ v(dz)N;[Ey] = o < 0. (For
instance we can take E, = {W;sups>0 (s > 1/p}.) Then a.s. the set [, = {z e[ Wte Ep}
is finite. We have B

pa(e) [IRo(X) NAI =D Ve(Wh)— > U(WHLW),
i€lp (i.5) €12 i
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where

UW', W7) = ale) [ROV') ARV 1 AN Blab, ha(e)° 1 Blah, ha(e))*

2 6/ _ dy 1 ool ] N
g ANB(h,ha(e))NB(a),ha(e)) {Tty.0(Wi)<oo} H{T(y ey (W) <00}

Arguments similar to those of the first step show that a.s.
. iy _ N OO i
lim S VLV = 30 1) = Zco/o ds (Y,(W), 14).
i€lp 1€lp 1€lp

Now conditionally on the cardinality of I,, the Brownian snakes (Wtie I,)) are independent
and have the same law: p, = o ' [v(dz)N, [- N E,). For two independent Brownian snakes
(W, W') under p, ® pp, we get using (10), that for € satistying (C),

iy © iy U, W) < 0y [ [ ol dmm)u(dag)e, © Mg (U0, W)

Stpd(e)a;2 //l/(dmo)l/(dmb)/ . . dy
AﬂB(SL‘O’hd(E))CﬂB(QZB,hd (E))c
-1 2—d -1 r2—d
[bopa(e) ™"y — w02~ [bosate) ™ |y — w5*~]
< oule) oy w1 sup [
zo€R? J B(0,Ro)\B(z0,ha(e))

< { C(pd(a)_lhd(€)4_d ifd>5
= | cpa(e)tlog(log(1/e)) ifd=4

< chq(e)?? ifd >4,

dy |y — zo|* %

where the constant ¢ is independent of ¢ and A. Using the Borel-Cantelli lemma for the
sequence (hg(en) = n~ 4% n > 1), and a monotonicity argument, we get that u, ® u,-a.s.
lim, o U, (W,W') = 0. Then since the cardinal of I, is a.s. finite, we get that for every
integer p > 1, a.s.,

. i Jy —
lim > v, wd) =o.
(4,5)EI}; i#]
We deduce that for every integer p > 1, a.s.
o0 .
liminf pg(e) |[Ro(X)* NA| > Z CO/ ds (Ys(W?'),14).
e—0 el 0
P

We get the lower bound by letting p — oco. This and the upper bound of the first step ends
the proof of the theorem. O

3. PROOF OF PROPOSITION 2.3

We shall use many times in the sequel the fact that [~ ds (Y;,14) = [7 ds 14 (W) Ny, -ae.
We assume d > 4. We recall easy equalities, which can readily be deduced from the results of
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section 6. For every A € B(R?), we have
(1 | [ as 14| = [y Go),
0 A

where G is the Green kernel in R%: G(z,y) = 27 70~ %2T([d — 2]/2) |z — y|* %, and

[/OU ds 1A(Ws)ﬂ :4/dy Gz, y) [/Adz G(y,z)r.

We can also compute the first moment under £%. For every A € B(R?), w € W, we have with

¢ = Cw)

(1) [/Oads 1A(Ws)] :2/Ocdt Ny [/Oads 1A(Ws)] :2/Ocdt/Ady Glw(t), ).

Thanks to the space invariance of the law of the Brownian snake, we shall only consider the

case 79 = 0 and A C B(0, Rp), for Ry fixed. We fix 6 € (0,1/d) and Ry > 1. Let ¢j > 0

satisfying (C). We consider ¢ € (0,¢;). In this section, we denote by ¢, ¢, co,... positive

constants whose values depend only on d,0 and Ry. The value of ¢ may vary from line to

line. For short we shall write A. = AN B(0,hy(g))¢ (not to be confused with A°) and R for
We first consider the case d > 5. Notice that

(15) N,

No [[R® N A¢|] :/ daz Ny [T(g,e) < 0] :/ dz us(x).

€

Thus we deduce from (12) and (11), that for € € (0,¢ef),

aosd_4/ dz x> —agsd_4/ dz x>
A B(0
<N [[RE N AL < 6d_4[a0+b1hd(s)‘9/2]/ dz |2,
A

Therefore using also (14), we have

(e.0)
Ny, [e4d IR(W)® N A —Cg/ ds (Ys, 1A)] ‘ < chy(e)?/?.
0
Thus we get the first bound of proposition 2.3 (take k < 6/2 and gy small enough). The proof

is similar for d =4 (use (13) instead of (12) and the fact that |z| is bounded by Ryp).
Now we will prove the second bound. To this end we have to find an upper bound on

I=N [|7?,€ N AE|2] and a lower bound on J = Ny [|7?,€ NA| fOU ds lA(Ws)].

3.1. An upper bound on I. The term I can also be written

I= // dz dy Ny [T(Iyg) < OO;T(y,E) < OO] .
A X Ag
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Consider the above integral as the sum of the integral over |z — y| < 2hg(e) (denoted by I;)
and the one over |z —y| > 2h4(e) (denoted by I3). Using (10) we easily obtain an upper
bound on Ii:

Il < |B(0, th(€))|/ dx No [T(w,g) < OO]
Ae
< chd(s)d/A dz god(s)_lbg |$|2_d < clgod(e)_th(e)3.

Notice the event {T(x,s) <003 Ty ey < oo} is a equal to
{T(was) < OO’T(yaE) °© eT(m,E) < OO} U {T(yrg) < OO’T(:BaE) °© eT(y,E) < OO} ?
where 6, is the usual shift operator. By symmetry, we get
(1D <2 / / B4y Hamy>ong(eyNo [Twe) < 00Ty © O, ., < 0]
EX €

Using the strong Markov property of the Brownian snake under Ny at the stopping time 7{,. .
and (5), we see that the quantity Ny [T(w,g) <003 Ty e 001y, ., < oo] is equal to

CTE,E ATB(y,e)(Wr(e,e)) e )
Tize) < oo;Z/ (2, Bl dt u, (WT(Z,E) (t) — y) e[ 2 Jo ue (WT(M)(S) y)ds] ‘
0

No

Finally the law of the stopped path Wr,,., under Ny is given by (6). Thus the previous
expression is equal to

o0
2/ dt Fo [TB(x,E) > 15 TB(y,e) > b ue(Br — 2)ue (Bt — y) el2J5 ds [“5(ﬂ5’$)+“5(55’y)]]] .
0

We substitute this last expression for Ny [T(xyg) < 003 T(ye) 001, ., <o0o| in (17), and then

decompose the right-hand side of (17) in three terms by considering the integral in dzdy
on the sets |8 — x| A Bt —y| > hq(e) (integral Is;), |G — x| < hg(e) (integral Inz), and
|8 — y| < hq(e) (integral Ioz) (recall |z —y| > 2hy(e)).

An upper bound on I3;. We shall need the following notation:

2
Iy :4a3/dz G(0,2) [/ dx |z—x|2d] .
A

We use (11) to bound I, above by: for € € (0, ),
4// g, O W Hiamy>2na(e) /Ooo At By |18, — 2l > ha(e); 1B, = y| > ha(e);
o0 )
< dpy(e)? [aﬁ + chd(6)9/2] //AXAdx dy /dz G(0,2) |z — x4z — y>¢

< pa(e) 2Ty + capa(e) 2ha(e)?/?.
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An upper bound on Iy, and I33. By symmetry we have [y = I33. Before getting an
upper bound on Iy, notice that |3 — z| < hy(e) and |z — y| > 2hg(e) imply |8 — y| > hq(e).
Furthermore thanks to (10), we get

/A dy 1{|g,—y|>h(e)yue(Br — y) e 2o ueFamudds < /Ady [‘Dow(S)’1 16 — yIH]

€

< bypa(e) ! / dy g2 = cxpale) .
B(0,Rp)

Thus the sum Iss + I3 is bounded above by
o0 t
803‘Pd(5)_1/ dz / dt [y [TB(x,a) > 15115, | <hy(e)y e (B — ) e 20 uf(ﬂs_w)ds] :
. 0

Using the Cauchy-Schwarz inequality and formula (7), we get

> 1/2
Lz + Iy < Bezpa(e) ™! [/ dz / dt Py [|3 — x| < hd(e)]]
Ac 0
h t 1/2
- [/ e / dt Fo [TB(W) > tu (B —x)2e o ue(ﬂsa:)ds]]
A 0

1/2 1/2
< 8czpq(e) ™! [/A dzx /dz G(O,z)l{z_x|5hd(5)}] [/A dzx 2_1u5($)] .

Then thanks to (10), we get Io + In3 < cs4(g) ™3/ ?hq(e)¥? < cypa(e) ~2ha(e)?/?.

Conclusion on the upper bound on /. By combining the previous results, we get for
d>4

I < c10a(e) "*ha(e)® + a(e) Iy + capale) *ha(e)?? + capa(e) hale)*/>.
Thus we get pq(e)2I < Ip + cshg(e)?/?.
3.2. A lower bound on .J. We shall need the last hitting time of B(z,e) under Ny for the
Brownian snake:
L(az,e) = Sup {5 > 0; Jt e [07 Cs]a Ws(t) € B(xag)} .

We then get

La,e) .
J = / dz Ny [T(w,g) < oo;/ ds lA(Ws)]
A 0

+/ d.’I}NO

T ey < 00; ds lA(Ws)]
e

—/ d.’I}NO

The time-reversal invariance property of the Itd measure and the characterization of the
excursion measure N, readily imply that the latter itself enjoys the same invariance property.
Thus the first two terms of the right-hand side are equal. We shall denote their sum by J;.
Let Jy denote the third term.

L) .
T,y < 00; ds lA(Ws)] .
Tie,e)
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A lower bound on J;. Let us use the strong Markov property of the Brownian snake at
time T, .), then (16) and (6), to get

Cre, .
7 :2/ dz N [T(m) < 00;2/ “ / dy G (WT(Z,E)(t),y)]
€ 0 A
=4[ o [ dy [ atBo [raee) > GGy (py )0
c 0

Fatou’s lemma gives that liminf. o ¢q4(e)J1 > Jo, where

Jo = 4day // dxdy/dz G(0,2)G(z,y) |z — z[*72.
AxA

Unfortunately, we need an estimate on the rate of convergence. This requires some technical
calculations. Notice that on {7p(g n,())(8) > t}, inequalities (12), (13) and (10) imply

aopa(e) " FalBr — ) 1B — 2" < ue(By — ) < bopale) 1 — a7,

where Fy(z) = 1if d > 5 and Fy(z) = [1 +log(2|z|)/log(1/e)] *. For short we write I'y =
2bopa(e) ™" [y |8s — x>~ ds. Then pq(¢)J1 is bounded below by

Ti=dao [ do [ dy [t B [ > 6 GG 16— ol Pl = 0) ).
e 0

In order to obtain an upper bound on |J{ — Jy|, we have to find an upper bound on

//A><A dedy /000 dt Eo [G(ﬁt’y) 1B =" [1 B lAE(x)l{TB(z,hd(E))>t}Fd(ﬁt — ) eirt]] '

Thus we shall decompose 1 —14_(z ) > t}Fd(ﬁt —z) et into a sum of four terms:

1
) {TB(ar,hd(E

1= 1a. (@) +1a. (@) [1 - l{TB(r,hd<e))>t}]
tla @)l s U= Falfe— o)+ 1a (@)1 s nFa(Br - @) [1—e"].

We denote by Ji1, Ji2, Ji3 and Ji4 the corresponding integrals. The integral

= o[y [ ars (G 16— o]
A\A. A 0
is easily bounded above by

/ dz / dy/dz G(0,2)G(z,y) |z — 2% < cghqle)?.
B(Ozhd(s)) B(OzRO)

We bound Ji2 by applying the strong Markov property of Brownian motion at time 7z sy (¢))

o0
Ji2 :/ dx/ dy/ dt Ky [TB(w,hd(s)) < tG(By) 1B —$|27d]
A Ja Jo

< /A dx/Ady Eo |:7-B(a:,hd(€)) < OO,/dZ G(ﬁTB(I,hd(E))JZ)G(ZJy) |Z - x|2d:| .
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An easy calculation shows that there exists a constant ¢7 such that for every (z,z') €
B(0,2Ry) x B(0,2Ry), |z — 2’| <1/2,

|y [ a2 G626 ) |~ o < crpul]a’ - a)
B(0,Ro)

Furthermore we have for every r € (0, 1),

d—2
(18) / dx Py [TB(:I:,T) < OO] = / dz <L> Al
B(0,Rp) B(0,Rp) ||

We deduce from the previous remarks that if d > 5,

Jig < Chd(€)4_d/ dx Py [TB(x,hd(e)) < OO] < Chd(€)4_d+d_2 = chd(€)2,
and if d = 4, Jip < clog(1/hg(€))hg(e)?. Thus we get that for d > 4, Jiy < cghy(e)?/?
If d > 5 then Ji3 = 0. For d = 4 thanks to (9) we have for |z| > ha(e), |1 — Fu(z)| <
2|log(2]z])| /log(1/e). We deduce that

ha < log(1/e) " [[ - day / t Eo [raonaey) > t: C(Bry)2 log(216; — )| |, — 2/ 7]

AxA

< clog(1/e)7! //AXAdxdy/dz G(0,2) |log(2|z — z|)| |z — | * G(z,v)

< clog(1/e)™ < cohyle)’.

Notice first that thanks to (9), Fy(z) < 2 for |z| > hg(e). We have, using the Markov property
for Brownian motion at time s,

J14§2// d:cdy/ dt
AxA 0

Eo [TB(a:,hd(e)) > G (B,y) |8 — z|* 2bopa(e / 1Bs — x|*~ ddé‘]

< cpq(e //A Adxdy/ ds/ dt
X

Eo |18, —al* "B, (18 — 2l > ha(e); G(Br,v) 16 — o]
< cpa(e) ™' M(d, ha(e)),

where

M(d,e) = //B(O oy dxdy // dzdz' G(0,z) |z — z|* "¢ G (2,2 )G (<, y) ‘z' - m‘%d 1)y _g|>e-
s L0

An easy computation shows there exists a constant ¢ such that for € € (0, 1],

¢ if d € {4,5),
(19) M(d,e) << c+clog(l/e) ifd=6,
cebd ifd>T1.

Thus we easily deduce that Ji4 < c10hg(e)’.
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We have pq(e)J1 > Jo — 4ag(J11 + Ji2 + Ji3 + J14). Putting together the previous results,
we get for d > 4,

(,Od(E)Jl Z Jo — 430[06hd(8)2 + Cshd(€)3/2 + Cghd(E)e + Clohd(E)e] Z Jo — Cllhd(é)e.

An upper bound on Jo. We will first recall the decomposition of the Brownian snake
under & (see theorem 2.5 in [12]). We denote by («y, 5;), @ € I, the excursion intervals of ¢
above its minimum process (i.e. of the process ({; — infy¢[g 4 (s) above 0) before o under &5,.
For i € I the paths Wy, s € [, §i] coincide over [0,(,,;]. For every ¢ € I, and s > 0 we set
Wit) = Wiaigsyng,; (t+Ca;), t € 0,(5] with (¢ = (o, 45)08; — Ca;- Then W is a stopped path
(Wi e W) with initial point Wia, +5)rs,(Ca;) = Wa, = w(Ca,)-

Proposition 1 (Le Gall). The random measure ) ;.1 0(c, wi) is under E a Poisson point
measure on [0, ()] x C(RT, W) with intensity 2dt Ny, [].

The process (3 ;c; l{cai:t}éwi,t € [0, ¢y]) is a Poisson point process with inhomogeneous

intensity. We will now describe the law under &j, of the first excursion (CaiO,WiO)

_ (z,€)
which hits the ball B(z,¢), that is, with evident notation, the excursion characterized by

T(xyg)(Wi) = +00 if (o; < Ca,, and T(xyg)(WiO) < +oo. Notice first that under No[- | T{;.) <
o], 51’/‘VT( s, there exist excursions W* which hit the ball B(z,¢). Indeed we have thanks

to lemma 2.1 of [11] that Ny[. | T{, ) < ool-a.s.

. CTz,E
iy, (B € 1, Ty (W1) < 0] =1 — xp —2/ 0 e (W, (1) — ) = 1.
T,e 0 ’
Since the integral [ dt us(Wry, ., (t) — z) is finite for r < (g, ., we deduce there exists a

unique first excursion (g“aiO,WiO) which hits B(z,¢). Classical arguments on Poisson point
process implies that the law of (CaiO,WiO) is 21[0,CT( ))(t)dt NWT( NO [Tz,e) < 00,:]. We

introduce the random time M,y = inf {5 > L) Cs = m(T(xyg),L(xyg))}. It is clear from

the definition of the excursion iy that oy, = M(x e) under EfjvT . We will now express Jo
’ (z,2)

using the excursion ip. We have

Lz,

Jy = 2/ dz Ny | Ty e) < 005 ds lA(WS)]
A. Mz,e)

Lz ) .
2/ dz Ny | Tz, < OO;E?}VT / ds 1 4(Wy)
A ’ (@) M(a:,s)

L(a:,s)(WiO)
2/ dz Ny T(w,g) < 00; E;;VT( : /
Ac T,E o;

0

ds 1A(W;0)”

i CT(E’E) L(Zaf) A~
= 4/ dz Ny |Tize) < OO;/ dt NWT( N0 Tipe) < OO;/ ds 14(Wy) || .
. L 0 T,e 0

We used the time reversal property of the Brownian snake for the first equality, then the
strong Markov property and at last the definition of the excursion iy and its law. We will
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distinguish according to {t > TB(x7hd(E))} (integral Jo1) and {t < TB(x7hd(E))} (integral Jog).
Notice that since = € A. we have Ty p (<)) (Wr,.)) < (1., No-ae.
We now bound Jo; using (14).

i CTip e L(a,e) A
Jo1 = 4/ dx Ny T(x75) < 0o0; dt Ny, (t) |:T(x,5) < OO;/ ds 1A(Ws):|]
e L TB(z,hy(s)) (@) 0
i CT(E’E) o .
< 4/ dx Ny T(Iyg) < 005 dt NWT (t) |:/ ds lA(Ws)]
Ae L TB(z,hg(s)) (@) 0
[ Ty o
= / dz Ny | Tz, < 00; dt / dy G(Wry, ., (t),y)| -
c i TB(x.hg(e) A

Now we use (6), the Cauchy-Schwarz inequality and (7) to get

Jo1 < 4/ dm/ dt Ey |:7-B(x,e) >t 2> TB(a:,hd(e));/ dy G(ﬁtay)ue(ﬁt - LE) 6_2 fot ug(ﬂr—x)dr:|
< 0 A

1/2 . 2771/2
<4 [2_1/ dz uE(:L‘)] [/ dx/o dt Bo |t 2> T(z,hy(e)): </A dy G(ﬁta@)) ”

2
< cpale) 2 [/ o [roen,p <] _swp [ @z 6t (/A dyG(z,y))]

#'€B(0,2Ry

1/2

< cpa(e) T2 ha(e) 4212,

We used the strong Markov property at time 7g(; 5, (s)) and (18) for the last two inequalities.
This implies that Jo; < 012(,0d(6)71hd(6)1/2.

Using the time reversal property of the Brownian snake, the strong Markov property at
time T, . and (16) we get

o

T(a:,s) < 0o0; ds lA(Ws)] ]

J22 = 4/ dr N()
c Tiw,e)

:8/ d:EN()

TB(z,hq (<))
Tiz,6) < 005 /0 dt NWT(E ,®
TB(z,hq (<))
Tize) < OO;/ dt
0

Ty o
NWT(«:,E) () [T(a;,s) < oo;/o ds/Ady G(WT(Z,E)(S),y)] ]
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We will distinguish according to {s > TB(x,hd(E))} (integral Jo3) and {s < TB(x,hd(E))} (integral
J24). We now bound Jy3. Let 5 and B denote two independent Brownian motions. We have

TB(z,hq(¢))
Tiz,e) < 005 dt
0

CT(Z,E)
T(x,e) < 003 dS/Ady G(WT(Z,E)(S),?J)] ]

TB(z,hq(<))

J23 = 8/ dx N()
Ae

NWT(Z,E) (®)

= 8/ dac/ dt Ey [TB(I,hd(E)) > tu (B —x)e? Iy us(ﬂrw)dr/ s
Ae 0 i
Egs, |:7'B(w,€) >8> TB(x,hq(s)) /A dy G(,és,y)us(és — ) o2 I uE(B'UCE)dU:| ]
€ 0

~ ) L 1/2
[/ ds Egs, [TB(QM) > s;us(fs — x)2 e 4o us(ﬂvw)du]]
0
. 977 1/2
[/0 ds Eg, |8 > TB(z hy(c))} (/Ady G(ﬁs,y)> ” ]
< ccpd(e)l/A dx /0 dt Ey

. 2 1/2
TB(ha(e) < %8 [ /0 ds < /A dy G(ﬁs,y)> ” ]

= C"Dd(g)_gﬂ/ dx /0 dt Bo |7(onae)) > 1100 = ol Y By, [rpiangen < o0]']

2
[ sup /dz'G(m',z') </ dy G(z',y)> ]
+'€B(0,2Ro) A

< cpa(e) ** / dz / dz G(0,2) |z — x| 3D/2 py(e)dD/2 |5 _ g@ D2
Ae |z—z|>hg4(e)

_ _ 1/2
TBeng(e)) > b 18 — o> [27 ue (B — @) /

Eg,

1/2

We used (6) twice for the second equality, (10) and Cauchy-Schwarz inequality for the first
inequality, (7) and the strong Markov property at time 7p(, (<)) for the second and (18) for
the last. We easily deduce that Joz < c1304(g) thq(e).
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For Jy4 we have using (6) twice and (10) twice,

TB(z,hg(<))
Jog = 8/ dzr Ny T(w,g) < OO;/ dt
Ac 0

TB(z,hq (<))
NWT(W) ) | T(ae) < oo;/0 ds/Ady G(WT(I,E)(S)’y)

N 8/ o / dt/ o Fo [TBu,hd(e)) > t;us(fy — x) e 2o velBr—a)dr
Ac 0 0

i [TB(w,hd(e» > 8 /A dy G(Bs, y)ue(Bs — ) e I us(ﬂvw)dv] ]

< C<Pd(€)2/A dz /0 dt/o ds Ey [TB(az,hd(e)) > 4|6 — x>

2 _x\“H

Using (19) we get Jos < c1a4(€) Tha(e)?. As a conclusion we get

Eg, |:7-B(a:,hd(€)) > S;/Ady G(Bsay)
< cpa(e) 2 M(d, ha(e)).

Jo < c120a(€) " ha(e)? + c130a(e) T ha(e) + crapale) " hale)’.
Conclusion on the lower bound on J.
By combining the previous results, we get for d > 4,

(,0,1(6)J Z Jo — Cnhd(&)e — (pd(é‘)JQ Z J() — Cl5hd(6)0.
3.3. End of the proof of proposition 2.3. We deduce from formula (15), that

[/00 lA(Ws)dS] 2] , and Iy = Gy’ [/00 lA(WS)dS] 2] ,

Thus we get from section 3.1 and 3.2 that for € small enough

o 2
|:<,0d(6) |RE N AE| —Co/ ds 1A(Ws):| ] < C5hd(6)0/2 + 2615hd(6)0.
0

Take k < /2 and ¢y small to get the second upper bound of proposition 2.3.

Jo = CpNy

Np

4. CAPACITY EQUIVALENCE FOR THE SUPPORT AND THE RANGE OF X

Let f : (0,00) — [0,00) be a decreasing function. We put f(0) = lim, o f(r) € [0, c0].
We define the energy of a Radon measure v on R? with respect to the kernel f by: Ir(v) =

[] f(lz — y))v(dz)v(dy), and the capacity of a set A € B(R?) by

cap;(A) = [V(i[gf 1zf(y)] -
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Following [14]|, we say that two sets A; and Ag are capacity-equivalent if there exist two
positive constants ¢ and C such that for every kernel f, we have

ccapyp(A1) < capyp(A2) < Ccapy(Ar).
The next lemma is an immediate consequence of the remarks in [15] p.385.

Lemma 4.1. Let A C R? be a bounded Borel set. Suppose there exist two positive constants
c and v such that

lim 74 |A°| = ¢
e—0

Then there exists a constant C such that for every kernel f, we have

cap;(A) < C [/01 f(r)r"’ldr] -

For every measure y € My, we set

5.0) = [ [ wde)ntdy) p(e?. o~ ),
where p is the Brownian transition density in R?: p(t,z) = (2rt)~%? e~ 2l /2t (t,x) € (0,00)x
R?. The next lemma is also an immediate consequence of [15] (p.387).

Lemma 4.2. Let A C R? be a bounded Borel set. Suppose there exist two positive constants
d and v and a measure p € My such that pi(A°) =0 and

Tim £, () = ¢'.

Then there exists a constant ¢ such that for every kernel f, we have

c [ /0 1 f(r)r"’ldr]

For example, for every integer p < d, we can consider the cube [0, 1]P as a subset of R?,
and then we obviously have

lim &~ |([0, 1]7)°] = 2x (P2 /0 ((d — p) /2),

1
< capy(A).

and if p is Lebesgue measure on [0, 1]?,

lim 7S, () = (2m)P=4/2,

e—0

Thus we deduce from lemma 4.1 and 4.2 that there exist two positive constants c;,, C},, such
that for every kernel f,

1 -1 1 -1
(20) Cp [/ f(r)rp_ldr] < cap([0,1]P) < C, [/ f(r)rp_ldr] .
0 0
We shall prove the following result on super-Brownian motion and ISE.

Proposition 4.3. (i) Assume d > 3. Lett >0, v € My. PX-a.s. on {X; # 0}, the set
supp X; is capacity-equivalent to [0,1]%.
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(ii) Assume d > 5. Lett >0, v € My. PX-a.s. on {X; # 0}, the set Ry(X) is capacity-
equivalent to [0,1]*. Furthermore, if there ewists a positive number p < 4 such that
lim. 0”4 |(supp v)¢| = 0, then P -a.s. the set Ro(X) is capacity-equivalent to [0,1]*.

(iii) Assume d > 5. The set Ry(W) is capacity-equivalent to [0, 1]* Nél) -a.s.

Proof of proposition 4.3 (i). Let d > 3. It is well-known that for ¢+ > 0, PX-a.s. the set
supp X; is bounded. Thus, thanks to theorem 2.2, PX-a.s., we have

lim 2~ (supp X;)*| = a(X¢, 1),

e—

Now apply lemma 4.1 to A = supp X, with v = 2 and take p = 2 in (20). We get that
PX-a.s., on {X; # 0}, there exists a (random) constant Cy > 0, such that for every kernel f,

cap (supp X¢) < O cap ([0, 11%).
For the second part of (i), we use lemma 4.4 below. Recall notation Y; from section 1.1.

Lemma 4.4. Fiz t >0 and z € RY, d > 3. Then we have

4
lim e-2(2m) /25, (%) = = (¥;,1),

e—0

where the convergence holds Ny-a.e. and in L*(N).

Let us explain how the proof is completed using lemma 4.4. Thanks to lemma 4.2, the above
lemma and (20) imply that Ny-a.e. on {Y; # 0}, there exists a positive constant ¢; such that
for every kernel f,

cap (supp Yz) > c1 cap ([0, 11%).

Now remember that for ¢ > 0, under P, we can write X; = Y., V;(W"), where >, ; Sy

v

is a Poisson measure on C(R",W) with intensity [v(dz) Ny[-]. On {X; # 0}, there exists 4
such that Y;(W*) # 0. Then we have supp Y;(W™) C supp X;. Thus the previous lemma
entails that there exists a.s. a positive constant ¢y (W) such that for every kernel f,

cap (supp X¢) > cap p(supp Yy (W™)) > ¢; (W) cap;([0, 1]%)
This completes the proof of (i). O

Proof of proposition 4.3 (ii). Let d > 5. We argue as in the proof of (i) using theorem 2.1
instead of theorem 2.2 and the following lemma instead of lemma 4.4.

Lemma 4.5. Fiz t >0 and z € R?, d > 5. Then we have for every T >t >0,

d—4 d/2 T 16 T
3%8 (271') Sg </t ds Ys> = m/t ds (Y;, ].)7

where the convergence holds Ny -a.e. and in L*(N,).

g

Proof of proposition 4.3 (iii). Let d > 5. For the first part we argue as in the proof of
(i) using the second part of corollary 2.4 instead of theorem 2.2. Notice that thanks to (3)

and the scaling property of the family (NST) ,7 > 0), the convergence in lemma 4.5 also holds
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N(()l)—a.s. The second part of (iii) is then a direct consequence of lemma 4.2 (with p = fOT ds Y
and v =4) and (20) (with p =4).

The proofs of lemma 4.4 and lemma 4.5 are very similar. We shall only prove the latter. The
former uses the same techniques in a simpler way.

Proof of lemma 4.5. We first want to show the convergence in L?(N,). Fix T > t > 0.
By standard monotone class arguments, we deduce from the results of section 6 an explicit
expression for

T T
N, [/ / dsy...dss /---/Ysl(dxl)...Ys4(dx4)g(31,... 84y X1y v s Tg)|
0 0

where g is any measurable positive function on (RT)* x (R%)*. Specializing to the case
4
951, 80,21,y xa) = [Ty L (si)p(e®, 1 — 2)p(e?, w3 — 24), we get

T
([ o)
¢
1 T T—s T—s
= —4!23/ dS/dyP(Saﬂﬁ—y){‘l/ dsl/dyl P(Sl,y—yl)/ dsy
3 0 (t—s)+ 0

T—s—s9o T—5—82
/dy2 p(s2,y — y2) / ds3 / dys p(s3,92 — y3) / dsy
(t—s—s2)+ 0

T—s—82—84
/dy4 P(Sa,y2 — y4)/( d85/dy5 P(S5,Ys — Ys)
+

t—s—s2—54)

2
Ny

T—s—8s90—84

ds(s/dye P(86,Y4 — Ys)

(t—s—s2—s4)+
[p(e%,y1 — y3)p(%, y5 — y6) + P(% 41 — ys)P(, Y3 — Yo)
+ (% y1 — y6)p(e%, y3 — ys)]

T—s T—s—s7
+/ d87/dy7 p(Sny—y?)/( d38/dy8 p(ss,y7 — Ys)
0

t—s—s7)+
T—s—s7
/ dsg / dyo p(s9,y7 — ¥9)
(t—s—s7)+
T—s T—s—s10
/ dSlo/dylo P(s10,y — ylo)/ dsiy /dy11 P(s11,Y10 — Y11)
0 (t—s—s10)+
T—s—s10
/ d812/dy12 p(s12, Y10 — Y12)
(t—s—s10)+

[p(e%,ys — yo)p (e, y11 — y12) + p(e?, ys — y11)p(%, y9 — Y12)

+ (2, y8 — y12)p(e%, yo — yn)]}
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We write Jy, Jo, J3, Jy, J5, and Jg, respectively for the integrals corresponding to the in-
tegrands p(627y1 - y3)P(527?J5 - yﬁ); p(€27y1 - y5)P(527?J3 - y6)7 p(EQayl - yﬁ)p(EQayﬁ' - y5)7
p(e%, ys—yo)p(e%, y11—y12), (%, ys—y11)p(e?, yo—y12), and p(e?, ys—y12)p(e, yo—y11) respec-
tively. As we shall see the integral J; gives the main contribution. Before proceeding to the
calculations, we give three useful bounds: for every positive real number s, 2 < 271(T~'AT),
we have for d > 5

T
_ 2 _
(21) / (62+8+T‘) d/erg—(62+s)1 d/Z,
0 d—2
T 1—-d/2 2 2—d/2
(22) / (2 +s+7) dr < —— (e* +s) ,
o d—4
T 2(d —6)71eb=4 ifd > 7,
(23) / (2 + ) dr < Hy(e) :={ 4Ine! if d = 6,
0

V6T if d = 5.

From now on, we assume that e < 271(T"'AT) and also e Ine ! < T if d = 6. Let us derive
an upper bound on J;. By repeated applications of the Chapman-Kolmogorov identities, we

get
T T
Ji §28/ / ds---dSG/dyp(s,x—y)/dylp(sl,y—yl)
0 0
/dy2 p(s2,y — y2) /dy3 p(s3,y2 — y3) /dy4 P(s4,Y2 — Ya)
/dy5 D(85, Y4 — ys) / dys p(se,y4 — ys)P(%, y1 — y3)p(e%, Y5 — Ys)

T T
:28/ / ds...dsg p(e? + s1 + so + 53,0)p(e? + 55 + 56,0).
0 0

We can apply (21), (22) and (23) to get:

8 T
4
< ——T S — 2-d/2 __ * o i-d
NS Gy /| STy T Gega-a
< 01T2€47dHT(5),

where the constant ¢; depends only on d. We can use the same method for Js:

T T
J2§28/0 /0 ds---dSG/dyp(s,x—y)/dylp(sl,y—yl)

/dyz p(527y_y2)/dy3 p(s3,y2 —yg)/dy4 P(S4,92 — ya)
/dy5 P(S5,Ys — Ys) /dyﬁ p(s6,ya — v6)p(e%, y1 — y5)p(%, Y3 — Ye)

T T
:28/ / dS...dSﬁ/de(S4,Z)p(€2+51+32+S5,Z)p(€2+53+36,2),
0 0
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where we made the change of variables z = y3 —y4. Since p(g2 + 53+ 56, 2) < p(e? + 83 + 56, 0)
and p(e? + s1 + s2 + 85,2) < p(e2 + 51 + 52 + s5,0) , we can argue as for J; to get:

T T
Jo < 28/ / ds...dsg p(e? + s1 + s2 + s5,0)p(e? + 53 + 56,0).
0
< 01T2e4*dHT(e).

By symmetry, we get Jo = J3. We want now to find an upper bound on Jy. Using (21), (22)
and (23) we get:

T—s T —s—s7 T—s—s7
—26/ ds/dyps:c— / d57/ ng/ dsg
—5— s7 t— S—S7)+

2
/dy7 p(s7,y — yr) /dys p(s8, Y7 — Ys) /dyg (39, y7 — yo)p(e2, ys — yg)]

2
T—s T—s—s7 T—s—s7
= 26/ ds [/ d37/ d38/ ) dsg p(e? + sg + 39,0)]
s— 57 t—s—s7)4+

2
4 2—d/2
A e e

210

(2m)?[(d - 2)(d — 4))*
T _ (t—s)+ 27d/2
/ ds [64 T —s) — (t —s)4] + / ds7 [e +2(t — s — s7)4] ]
0 0

2

210

< 2
(2m)?[(d —2)(d — 4)]

[(d - ;E; - 4)] 2 [(T ; ) +(T - t)%] + T2 U Hy (),

T 2
/ ds [64_d[(T — )N (T —1t)]+ 2_1H2T(8)]
0
210
= @ny

where the constant co depends only on d. We now compute an upper bound on Js:

T T
Js §26/0 /0 ds---dslz/dyp(s,w—y)/dyw(é‘?,y—y?)

/dys P(s8, Y7 — Yg) / dyo p(s9, y7 — yo) / dy10 p(s10,Y — Y10)

/dyn p(s11, Y10 — Y11) /dy12 p(s12, Y10 — y12)p(€2ay8 - yn)P(Ez,yg — y12)

T T
=26 / .. / ds... dSlg/dZ p(s7 + 310,z)p(€2 + sg + 311,z)p(€2 + s9 + s19, 2),
0 0
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where we made the change of variables z = y1g—y7. Since p(e2+s9+s512,2) < p(e2+s9+512,0),
and p(e? + s7 + sg + s10 + 511,0) < p(e? + s7 + 83 + s10,0), we can argue as for Ji, and get:

Js < 01T2647dHT(6) .

By symmetry we get Jg = J5. Combining the previous bounds leads to

t 2
S (/ ds Ys>
0

where the constant ¢z depends only on d.
We shall now find a lower bound for N, [Sg(ftT ds Yy) ftT ds (Ys, 1)] Using similar argu-
ments as in the beginning of the proof, we get

T T
I =N, [Sg (/ ds Ys> / ds (Ys, 1)]
t t
1 T T—s
253!23/ ds/dyp(sa«’ﬂ—y)/ dSl/dyl p(s1,y — y1)
0 (t=s)+

T—s T—s—s2 T—s—s2
/ dSz/dyz p(s2,y —yz)/ dss /dy3 p(s3,y2 — y3)/ dsy
0 (t75752)+ (tfsfsg)_k

/dy4 p(sa,y2 — ya) [p(e%, 91 — y3) + p(e%,y1 — ya) + p(e,y3 — ya)] -

N, s(Qw k . )]Z[(T‘t)ng(T—t)?t]+C3T264—dHT(e),

2m)d | (d—2)(d—4 3

Since we are looking for a lower bound, we restrict our attention to the term p(e2,y3 — y4).
We get

T T—s T—s T—5—82 T —s—s9o
1224/ ds/( ) dsl/ dsz/( | ds;,»/( | dsy p(e® + s3 + 54,0)
0 t—s)+ 0 t—s—s2)4+ t—s—s2)4
24

4 T
T 20 (d—2 d—4)/0 ds [(T=s) A (T = 1)]

/OTS dsy |(2 42t =5 = 52)1) " =2 (24 (T — 5= s2) "]

26 1 T )
> n)2 (d—2)(d—4) /0 ds [(T —s) N (T —t)] [64 YT — s —(t—s)4) —2HT(€)]
26 gi—d (T —t)3
= (27m)4/2 (d — 2)(d — 4) [ 3 + (T — t)2t] — e, T?Hyp (),

where ¢4 depends only on d. Finally we deduce from section 6, with ¢(s) = 1jg7_4(s), that

N, [/tTds (Ys,l)ﬂ :4[@—1—@—15)215].
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Combining the previous results, we get for ¢ small enough

|:€d4(271’)d/28€ (/tT ds Ys> - m /tT ds (Yy, 1)]2] < s T2 Hy(e)

< cgT%,

Ny

where cg depends only on d. This gives the convergence in L?(N,). Now S. ( ftT ds Ys>

is monotone decreasing in ¢ (cf lemma 5.3 in [15]). The N,-a.e. convergence then follows
from the previous estimate by an application of the Borel-Cantelli lemma and monotonicity
arguments. |

5. SOME PROPERTIES OF THE FUNCTION u;

We consider the function u;, which is the maximal solution on (1,00) of the non linear
differential equation

d—1

u"(r) + u'(r) = 4u(r)?.

Lemma 5.1. There exist positive constants ag, by and b'y, depending only on d, such that

lim 792wy (r) =ag ifd > 5, ILm r2log(r) uy(r) = ap = 1/2 ifd = 4;
r—0o0

7—00

furthermore for every r > 1,
(24) ui (r) > agr2™® ifd>5, wi(r)>agr 2log(2r)™t if d=4;

and for every r > 4/3,

(25) ui(r) <ber? @ ifd > 5, wu(r) <bg[2r?log(r)] ! ifd=4;
(26) uy(r) < apr?~d 4+ b'1r572 jfd > 5,
(27) uy(r) < agr—2log(r) ™t + b'1r 2 log(r) 2 log(log(r)) if d = 4.

For d > 5, we will see the constant ag can be expressed as the radius of convergence of a
series. We will prove this lemma by giving the asymptotic expansion of u; at oo.

Lemma 5.2. Ifd > 5, we have
oo
uy(r) =r2"1 Z anr MY s
n=0

where ag is as in the above lemma and the sequence (ay) is given by the recurrence:

4

n
—2
m(d—2) Zakan—k—la for n>1

k=0

anp —

d—4
and 6 = ——.
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For d =4, we have

() = 1 [ 1 log(log(r))

r2 2log(r)  4log(r)? "‘O(log(r)—?)] at - 0o,

We introduce the auxiliary function

t 1/(d-2)
z(t) = 4(d — 2)—2(d—1)/(d—2)t Uq (m> , fort>d-—2.

This function is a positive solution on (d — 2,00) of
(28) y'(8) =02y (t)?,

Let 7 > 0 be fixed. Set s =t —d—2+1n, 3(s) = 2(t) and ¢(s) = t7°"2. Then Z solves
y"(s) = ¢(s)y(s)?, s > 0. We deduce from [18] p.132 case I (take o0 = —J — 2, A = 2) that the
function 7 is decreasing for s > 0. Since > 0 is arbitrary, we get that z itself (i.e. 7% 2u;(r))
is decreasing.

Proof of lemma 5.2 in the case d > 5. We deduce from theorems 1.1 and 2.4 of [18] (see also
p.132 case 3, where a > 0 is implicit) that the limit ¢ = lim;_, o, z(¢) exists and is positive.
Hence by integrating (28) twice from ¢ to oo, we get for t > d — 2,

oo
(29) 2(t) —q = / (r — t)r 0" 2z(r)2dr.
t
Now consider the sequence (g,,n > 0) defined by ¢p = 1 and the recurrence

1

n—1
= — —k— f > 1.

k=0

Clearly we have for every n > 0, q, < 2[4/6]" yn+1, where the sequence (y,,n > 1) is
introduced in the appendix. Thus the radius of convergence R of the series » | ¢, s" is bounded
from below by §/4. The power series zg(t) = Y ¢,g"T'#+7" is convergent and even C™ as
a function of ¢ for t > t; = [q/R]l/‘S. This power series also solves (29) for ¢ > ¢;. The
same arguments as in the proof of the Gronwall lemma show that equation (29) possesses a
unique solution bounded in a neighborhood of infinity. Thus the functions z and zy agree for
t>t V (d — 2)

Since limg 42 z(t) = 400, we get t; < d — 2. Let us now prove that t; > d — 2. Since ¢
and the coefficients g, are positive, it is enough to prove that for any integer p, z(t) > v,(t)
for t € (d — 2,+00), where v,(t) = 3P _, ¢,g"T1t7%", and then let p goes to infinity to get
t1 > d — 2. We consider the function f = z — v, defined on (d — 2,4+00). We have f > 0
at least over I = (d —2,d — 2+ n) U (p~ !, +00), for  small. It is easy to check, using the
definition of g, that f"(t) > t972[2(t) + v,(t)]f(t). Hence f is convex when f is positive.
If there exists ¢ such that f(¢) < 0, then since f is positive on I, there exists a last zero
to of f that is f(tp) = 0 and f > 0 on J = (tp,+00). Now f is convex and positive on
J, and f(to) = limy_ 1o f(t) = 0. This is absurd. Thus we deduce that f is positive over
(d — 2,400). As we noticed this in turn implies that ¢, = d — 2. The radius of convergence
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of the series 3 ¢,,5" is ¢(d — 2)™° and we have for t > d — 2

oo
2(t) = Z ann+1tin6-
n=0
Thus we get with obvious notation for r > 1,

uy (T) =41 (d - z)d/(d72) ,r27d Z qnqn+1 (d _ 2)7n(d74)/(d72)r7n(d74)

n=0
o0
_ p2—d Z apr—™Md=4),
n=0
The recurrence formula for (a,) is a consequence of the recurrence formula for (g,). O

Proof of lemma 5.1 (d > 5). From the above expression we easily deduce (25) and (26).
Since the real numbers (a,,n > 0) are positive, (24) follows easily. Notice that 4(d — 2)~2ag
is the radius of convergence of the series > g, s". g

Proof of lemma 5.2 in the case d = 4. We write f(t) ~ g(t) at 0+ when the real function f
and g are positive or negative on I = (0,0 + ¢) for some ¢ > 0 and limyer ;0 f(£)/g(t) = 1.
We also write f(t) ~ g(t) at oo when f(1/t) ~ g(1/t) at 0+. Since z > 0, we know from [18]
p.133 case 4, that z(t) ~ log(t)~! at co. We deduce from (28) that z is convex positive and
limg , 1 2(t) = 0. This implies 2/(t) is negative on (2,00). We also have 2" (t) ~ [tlog(t)] 2
at co. By integration, we get 2/(t) ~ ¢t 'log(t)~? at co. We now consider the function
w(s) = z(e®) which solves w” —w' = w? on (log2,00). Notice that the function w is positive
decreasing and w' is negative. We also have w(s) ~ s %, w'(s) ~ —s 2 and w"(s) = o(s?)
at 0o. Thus the function defined on (0,00) by

p(w(s)) = w'(s), for s € (log2,00),

is well defined and even of class C*, and p’(w(s)) = w”(s)/w'(s). Thus the function p can be
extended as a C' function on [0, 00) by setting p(0) = 0 and p'(0) = 0. Furthermore it solves

p(w)p(w) — p(w) =w” on [0,00).
We also have p(w) ~ —w? at 04+. We consider the sequence (p,,n > 2) defined by py = 1
and the recurrence
n—1
Pn = Z kpkpn—k+1, for n>3.
k=2

The radius of convergence of the series > (—1)"!p,w™ is 0, nevertheless we will prove this is
the asymptotic expansion of p at 04. We set H,(w) = Y p_o(—1)* L ppw” for n > 2. We now
prove by induction that p(w) = Hy(w) + hy,(w), where h,(w) = o(w™) at 04. This is true for
n = 2. Let us assume it is true at stage n. Let gno(w) = (1 — @)(=1)"ppp10™ — hy(w).
We easily have

al(—=1)" wn+1 +o0 wn+1 ,
dhalwlpl) + (o))~ 1) = { N R



30 JEAN-FRANGOIS DELMAS

Let us assume n is even. For a = 0, the above right hand side is negative on (0, ¢], for ¢ small
enough. Since p is negative and [H],(w) — 1] < 0 on [0, €], for € small, we see that g, o(w) <0
implies g;, o(w) > 0. As gn0(0) = 0, we get by contradiction that g,o > 0 on [0,¢]. This
implies Ay (w) < ppp1w™ L. Similar arguments for o > 0 implies that gn o < 0 on [0,&4] for
€4 > 0 small enough. Since this holds for any « > 0 and since h, (w) < pp1w™ ! for w small
enough, we deduce that h,1(w) = hy(w) — ppp1w™t = o(w™ ). If n is odd the proof is
similar.

From the definition of p, we then have w'(s) = H,(w(s)) + O(w(s)"*!) at co. For n =3
this gives w'(s) = —w(s)? + 2w(s)® + O(w(s)*) at co. Since w(s) ~ s~! at +oo, we deduce
by integration that

1
() —2logw(s) + O(1) = s at infinity.
Standard arguments yields w(s) = s~ 4+ 25 21og(s) + O(s~2) at infinity. Thus we have

wi(r) = r_12 210;(7") +lzglg;i§;)) o (log(r)%) at e

Notice the previous calculation can be continued to give an asymptotic expansion of uy. O

Proof of lemma 5.1 (d = 4). The inequalities (25) and (27) follow easily from the above
equality. We will now prove that for every r > 1, ui(r) > [2r?log(2r)] t. We consider the
function f(r) = u1(r) — [2r?log(2r)] L. The function f is positive at least over (1,1 +n) N
(n~ ', 00) for n small. Let us assume that f achieves its minimum at ry and that f(rp) < 0.
Then we have ro € [1 +n,7 1], f'(ro) =0 and f"(rp) > 0. An easy computation gives
| 3, 1

5 70g@n | "7 ) T 3 log@

Evaluation at r = ry implies that f”(rg) < 0. This contradicts the assumption. Hence f is
positive, that is we get (24) for d = 4. O

f(r) = 4f(r) jui(r)

6. APPENDIX

For the reader’s convenience, we recall some explicit formulas for moments of the Brownian
snake. These formulas are well-known, at least in the context of superprocesses (see e.g.
Dynkin [5]). We can compute the Laplace functional of f[f ds(Ys, p(s)) for o € By, (RT x RY).
To this end start from the finite dimensional Laplace functional (2) with ¢; = i/m, ¢; =
L (i/m) for a nonnegative continuous function ¢ with compact support on Rt x R, Thanks
to the continuity of the process X, by a suitable passage to the limit, we get for v € M}

) [oxp [ [ Cistonas) | = exp =200

where v is a nonnegative solution of (1) with right-hand side J(¢,x) = fot ds P;_s[p(s)](z).
This can be extended by monotone class arguments to any ¢ € By, (Rt x R?). The uniqueness
of the solution is easily established using arguments similar to the classical Gronwall lemma.

Then we get v(t,z) =N, [1 — exp [— fot ds (Yi—s, <,0(s))”, thanks to theorem 1.3.
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Now we introduce an auxiliary power series. Let us consider the analytic function f(\) =
1 —+v1—Xfor |A| < 1. It is easy to check that for |A\| < 1, we have

FO) =Y,
n=1

where the sequence (y,,n > 1) is defined by y; = 1/2 and the recurrence

n—1

1
=5 Wt for n>2

k=1

(use the fact that f solves 2f(\) = f(A)?+A). Now let 7" > 0 and .J a nonnegative measurable
function on Rt x R?, such that My = supyo,r)xré J (£, 7) < 0o. We define the family of

measurable functions (h,,n > 1) on RT x R¢ by the initial condition
hi(t) = J (),

and the recurrence

n—1 t
(30) hn(t)zzz/ ds Py [t — s)hn p(t—5)] for n>2.
k=170

We clearly have for every n > 1,

sup |hy| < AT 2M1]) Y,
[0,T]xRd

Thus the power series w(\,t) = > (—1)"T!\"h,(t) is normally convergent on [0,7] x R? for
|\| < [T M7]~'. And it clearly solves the integral equation on [0,7] x R?

(31) w(t) + 2/; ds P, [w(t — 5)?] = AJ(1).

To get the uniqueness of the solution to the previous integral equation, use arguments similar
to Gronwall’s lemma. Finally we can compute the moments for the process Y under N;.
Indeed, let ¢ € By, (Rt x R?). We have shown that for A > 0, the function vy(¢,z) =

N, [1 —exp —A fOt(Yt,s,go(s))ds] is the unique solution to (31) on Rt x R¢ with J(t,z) =

f(f ds Ps[p(t — s)](z). Thus for A > 0 small enough, we have v)(t) = w(A,t). Then from the
series expansion for w(A\,t), we get for every integer n > 1

N, [( / s (Y, so(s»)n] — nlha(t, ),

where the functions h,, are defined by hy(t) = fot ds Ps[p(t — s)], and the recurrence (30). In
the same way it can be shown that for every o € By, (R?), for every t >0, n > 1,

Ne [(Y2, )] = nlhn(t, ),
where the functions are defined by hi(t) = P[y], and the recurrence (30).
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