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Abstract

In a complete market with a constant interest rate and a risky asset, which is a
linear diffusion process, we are interested in the discrete time hedging of an European
vanilla option with payoff function f. As regards the perfect continuous hedging, this
discrete time strategy induces, for the trader, a risk which we analyze w.r.t. n, the
number of discrete times of rebalancing. We prove that the rate of convergence of this
risk (when n — +00) strongly depends on the regularity properties of f: the results
cover the cases of standard options.

KEYy WoRDS:  Discrete time hedging, approximation of stochastic integral, rate
of convergence.

1 Introduction

To describe the price of an option at time t, we use a generalized Black and Scholes model
with a risky asset (a share of price X; at time ¢) and a non risky asset (which price is
S at time t). The price X; is given by the following 1-dimensional stochastic differential

equation
dX; = u(Xy) Xedt + o(X3) X dBy,
with Xo = z¢ > 0, and the non risky asset by the ordinary differential equation
dSp = rSPdt.
The coefficients u, o fulfill the following assumptions:

(H1) p and o are bounded, twice continuously differentiable and the second derivatives
satisfy some Holder conditions. More precisely, if we set fi(z) = u(exp(x)) and
6(x) = o(exp(z)), we assume that there are § € (0,1) and K > 0, such that for
(z,2") € R%, we have

6" (z) — 6"(«")|

|z — 2']°

3" (z) — " («')]
|z — 2']°

<K.

+ 6" (z)| +

6’(%)‘ +

i'(z)] +

i (x)| +
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(H2) 30 > 0 such that |o(x)| > og for z > 0.

Under these hypotheses, the process log(X;) has a smooth transition density p;(-,-) w.r.t.
the Lebesgue measure on R. It implies that the process X; has also a density ¢;(-,-) given
by

pt(log(x),log(x’)) V(.’L‘ .’L‘,) eR* xR
; 4 XK.

N
qt(x’x ) - $,

As usual, we introduce the process W; = By + f ! Mds which is a Brownian motion
under an appropriate probability, called the neutral- I'lSk probability, denoted by P. Thus,
the risky asset satisfies a new stochastic differential equation:

dXt = ’)"Xtdt + O'(Xt)Xtth.

In the following, we consider European vanilla options with payoff function f € L?(Xr).
Mathematically, the price of this option is given by

h(f) = E(exp (=rT) f(X1) | Fo) -

If we set
ut,z) = E, (e_’“(T_t)f(XT_t)), (1)
note that h(f) is equal to u(0,x) and that u solves the Cauchy problem:
Oty = o2 Lot a) 4 re Lty n) — rult,a) with (t,2) € [0,T) x (0, 0)
g Ut 2) = 507 (2)2" 5gu(t,z) + regu(t,z) —ru(t @) wi ,T , , 00
(2)
u(T,z) = f(x) for xz € (0,00).

The well known option valuation formula is
e~ f(Xr) = h(f / & dx,,

where 3{1: = e " X; is the discounted price of the risky asset. It6’s formula implies that
the delta hedging strategy £ is given by

ou
§t—%

In other words, to have a perfect hedging, the investor must trade at each time ¢ € [0, 7]
and hold &; units of the underlying asset. In practice, this is impossible.

An alternative solution is to hedge only at discrete times. In fact, assume that the investor
will trade at n fixed times in the period [0,7]. At each trading times defined by ¢ = kT'/n
(k €{0,...,n}), the trader holds &, units of the asset X;. Hence, at maturity the investor
will be left with the difference:

(t, Xt).

T 9y .
Anlf) = e 1) = (w00 + [ S0 X)X,

T 9u = T du =
— ([ grtxoati— [ e, X0)d%).
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where p(t) = sup{t; | t; <t}

Our purpose is to study some aspects of the convergence of A, (f) to 0 when n goes to
infinity.

2 Results

It is already known that

Proposition 2.1. (Revuz-Yor([2]) Proposition 2.13 p. 135)
With the above notation, Ay, (f) converges in probability to 0:

Aall) 570 O

From now on, we are going to analyze the risk incurred by the trader by evaluating the
rate of convergence of the variance of A, (f). The main contribution of this paper is to
prove that the results strongly depend on the regularity property of the payoff function f.

e The case where f is absolutely continuous with polynomial growth (European call or
put e.g.) was studied by Zhang [5]: under technical assumptions, the error decreases
as 1/n. One has

T r ., 0%u 2 1
EAZ(f) = %E (/0 e X ot (Xy) <@(1§,Xt)> dt) +0 (n—§> )

We now focus on more irregular payoffs.

e For an European call digital option with strike K > 0 and maturity 7' (a contingent
claim which pays 1 if the price of the underlying risky asset lies above K at maturity
and which pays nothing otherwise), the rate of convergence is 1//n.

Theorem 2.1. Under (H1) and (H2), for the case

(Co)  f2) = Lle>k,

one has

EA2 (f) = \/g %K03(K)e—2rTqT(x,K) +0 (log;”)>

where Cy is an universal constant, defined in lemma (3.4) below.

The same rate of convergence occurs for functions f which can be written as f(z) =
C 1>k + g(z), for some constants C and K, and for some function g of class CI}
e.g. for the digital put 1,<k.

ol?

e Some intermediate rates of convergence (between 1/y/n and 1/n) can be achieved
with functions f satisfying a Holder condition i.e. with an intermediate regularity
properties between discontinuity and absolute continuity.



Theorem 2.2. Under (H1) and (H2), for the case

1

€  f@=e-Kr ac(03),

one has

1
T §+a R 1
EA} (f) = (—> CoK' 200 20(K)e > qp(z, K) + 0( 1/2+a> ’
n n

with

A too aw dw 22\
Co=0C, [ dé / _T> ,
/. ( 5 VERG +w)e

where Cy, is an universal constant, defined in lemma (3.4) below.

Note that these results are still available under the historical probability.

These previous results on the rate of convergence in L? norm might be surprising because
the weak convergence in the cases (Cp) and (C,) occurs at rate 1/y/n. This can be derived
from a general result of Rootzen ([4]) by hard checkings of the assumptions for some
particular models.

Theorem 2.3 (Rootzen ([4])). Let X; be a diffusion that solves the Black & Scholes
equation dXy = o Xy dWy, then if u is defined as in (1), it follows that

\/ﬁAn(f) —d W’Fa n — o0, (3)

where T = %
of T.

Note that this last theorem is not contradictory with the theorems 2.1 and 2.2 since we
cannot take the ”"expectation of the square” in the convergence equation (3). It is even
possible to check that for the cases (Cp) and (C,), one has E(7) = +o0.

. 2 .
fOT (%(t,XQ) ot X}dt, and W is an ertra Brownian motion independent

3 Proof of theorems 2.1 and 2.2

3.1 General decomposition of the error

We are interested in computing

( /OT (%(t,xt) - %(W(t%%(n)) d)~(t>2] _

Since )~(t is a martingale under the neutral-risk probability, one has

E(AZ(f) =E

T
:E[/ Mfdt],
0

r U U 2
B(A20) =B [ (Gex0 - S0, X)) X2l xi




where we denote

ou

My = (G060 = SH0, X)) €060 Xi

Ito’s formula for M?, between o(t) and t, yields
t t
M} :2/ Mdeer/ d(M,M),.
o(t)

Put D, (t) = %(t,Xt) - %(g@(t),Xw(t)) (note that ¢(0) = p(t) VO € [p(t),t]), a straight-
forward calculation leads to

2y
e dMy = (%(H,x)xa(x) —rDu(H)xa(x)> . do
2u
+ (mc (%(H,x)xa(x) + Du(t?)(xa(x))'>> » do
2y
+ (ma(m) <%(9,.’E)$O’($) -I—Du(e)(.TO'(.T)),)) . dWy
Su 2u "
+ (5700 (§50.000(0) + 255 0.0) w0 + DuO)wo(2)") ) G
and
0” ?
d{M, M)y = <<8 5 (0, )z0(z) + Dy (0) (xa(x))') 62T9$202($)> do.
=Xy
The derivative of u w.r.t. ¢ can be rewritten using (2) :
0%u 1 Bu ,0%u 0%u
i, (t,z) = §$2U2($)$(t,$) + zo(z)(zo(x)) W(t,x) + rww(t,x).
Consequently, we obtain, after some simplifications,
2 = ' t e 20 zo(x)d — 2r zo(z
E(A%() = E/O dt /W) dGK Du(O)zo(2){ — 2Dy (0)z0(x)
+ 2r2Dy (0)(z0(x)) + 2%02(2) Dy (6) (ma(m))”}
2y
+ e 23262 (2) D2 (0)[(zo (2))']* + 26_27‘9%(@ z)z303 () Dy (6) (xa(x))')
=Xy
2
+ (%(0,&,)) e 2004 (Xp) Xy |-
Therefore, we have
E(A%(f)) = A1 + Ay + As, (4)



with

T t 924 2

A = IE/ dt df < —2’°9—2(9,X9)> o*(Xo) Xy, (5)
0 (t) Oz
T t

A = E / dt [ do e 20 D2(0) X3o(Xg)g(Xo), (6)
0 ©(t)

T t 82’11,
A; = 2E/ dt do (e2T9—2(0,x)xgag(x)Du(H)(xa(x))'>
0 o(t) 8LE

QZZX()

where the function g is defined by

"

g(z) = =2ro(z) + 2r(zo(z)) + (zo(z)) zo?(z) + [(zo(z))]?0(z)
=2 20" (z)(r + o%(2)) + 2% (2)0*(z) + [(zo(z)) o (),
and is bounded under assumption (H1).
The remainder of the proof consists in proving that A; gives the main term in the expansion

of E(AZ(f)), whereas Ay and A3 are negligible. We first need some estimates to control
derivatives of w.

3.2 Preliminary estimates

From now on, K (T') will always stand for a non decreasing, finite, positive map, which can
change throughout the calculus, but without numbering in a different way the functions
which will appear.

We put Y; = log(X;) and

26
by) =1 -~ (Qy);

Hence, obviously, the process Y; is the solution of the stochastic differential equation:

s(y) =o(e);  yo = log(zo).

Y, = yo + /Otb(Yu)du + /Ots(Yu)qu. (8)

Note that, under assumption (H1), the coefficients b and s belongs to CZM(R, R). Hence,
we have

Proposition 3.1. (Friedman, [1], Chapter 6)
Under (H1) and (H2), for t > 0, the process Yi(y) has a smooth transition density p(y,-)
w.r.t. the Lebesque measure on R, which fulfills:

o Vt >0, pi(-,-) belongs to C*(R?,R)

e Vo, € N such as a+ 8 < 4, there ezist a function K(T') and a constant ¢ > 0, such
that:

V(t,y,y') € (0,T] x R x R ‘%( ")
’y’y ? ayaay,ﬂ y’y

< < mx€ 0 0 - (9)
t— 2



e pi(-,-) satisfies the Kolmogorov backward equation:

Ipt ' ’ 52(y) 0? / 0 '
¢ YY) =Ly, y) 5 8y2pt(y,y)+b(y)8ypt(y,y), (10)
and the forward equation:
8[),5 N _ T no_ 82 Sz(yl) / 0 / !
o Wy) = L'pi(y.y) = a7 \ 2 n(w:y) ) = 5 (b ey, y)) - (11)

With the above notation, we define the function v by

o(t,y) :=u(t,e’) = E, (6_T(T_t)f(€YT’t)> =D /Rf(ey')th(y,y') dy,

which satisfies the Cauchy problem

2
~ yl6) = 3575 50(t) + ) g olt) — rolty) in (k) €0.T) xR (12)

o(T,y) = f(e¥) on R.

Estimates from proposition (3.1) now enable us to establish some specific estimations on
the derivatives of v which are not given by standard results on PDE’s.

Lemma 3.1. Case (Cp)
Under (H1) and (H2), the function v belongs at least to C>* ([0,T) x R) and for (t,y) €
[0,T) x R and a < 4, the following inequalities hold:

P K(T)
8—ya(’y)‘ _ma (13)
and
2, 2
B(Gar) < % (14)

Lemma 3.2. Case (C,)
Under (H1) and (H2), the function v belongs at least to C>* ([0,T) x R) and for (t,y) €
[0,7) xR and 1 < a <4 an integer, the following inequalities hold:

i

K(T)ell

e B (15)
and
0*v 2 K (T)e?lvol
E(a—yQ(t, t)) T%((T)—t)ia' (16)



Proof of lemma 3.1. Inequality (13) is easy to obtain, using (9), since we have

o, y>\ <ot [ (.1/)
dy* ’ N log(K) dy* ’
(y—y)?

K(T) /+Oo 7670 T dy/<_K(T)
T(T-1)? gy VI -t T T (T —t)>

0“pr—¢

dy'

To prove estimate (14), we first use the backward equation (10) to obtain
0%v / 0? pT ¢
Gt = T [ e (v.1/)dy

o r(T— )8pT t N 2 8prt / '
- t/f ( 2 ) — o o))

and then, the forward one (11) to evaluate the derivative w.r.t. the time, to get

v ~ 2b(y) Ov
8—y2(t’y) - _82(y) 8_y(t7y)
o [ (L2 [9(26) 8
w0 [ e (s | (S rata)) = o (06 pr-dny ))D(f;
_ 2b(y) v 2¢O T N0 (5(y) ,
=B ) + 2 o) e (S )] o
(19

where we used an elementary computation of the integral. Using the estimates (9), it
readily follows that

giyg(t,y)‘é KT(T_)t [1+ L o ( —(y_;of(f{))2>].

Hence, one has

£(Z200) KD 1 (Lo (i),

To conclude the proof of estimate (14), it remains to show that

£ o (I KD

which is easily obtained using an upper bound (9) for the law of Y; and standard arguments
involving convolution of Gaussian kernels. O

We now intend to prove the equivalent lemma for the case (C,). The techniques are quite
similar.



Proof of lemma 3.2. For (15), if we remark that for a > 1, 95 [ pi(y,y')dy’ = 0, we are
able to write that

0%v / o” —
_—r(T—t) . Pr—t / /
et =0 [ (1) = pe) TP

Now, applying the Holder properties for the function f and inequality (9), we get

‘8%(16 )‘< K(T) /Iey'—e‘”aec“"{yﬁ2 dy’
R

oy T = Je (T 1)t T—t

The change of variable

(19)

yields (15). For the second inequality, if ¢ is small (¢ < 7'/2), (16) is an immediate
consequence of estimate (15). For ¢ large (¢t > T'/2), we start from (17) (which is also
available in this case) and after an integration by parts, we obtain:

v, 20(y) dv
8—y2(t’ y) - - 82 (y) a—y(t, y)
Hoo 2(y/ / ol (ol
_ o r(T-t) y ety 8 (y ) Opr—¢ N Zb(y ) — 23(y )3 (y ) ) > .
‘ /log(K) ¢ f (e ) < 52 (y) 8y’ (y’ y ) SZ(y) pT—t(ya Yy ) dy .

(20)
To go on with the proof of (16), we admit the following lemma, which proof is postponed
in Appendix A.

Lemma 3.3. With the above notation and assumptions, for any bounded function g, for
B8 =0 orl, one has

+ / / 8ﬂpT_t K(T)e'y‘ 1
eY (Y Ly ,ydy'| < 21
/10g( : F(e)gly,y) WG (y,9)dy'| < FEmEn . (21)

l—a”
T—1 log(k)—y
( )21y VTt

We apply (15) to upper bound the first term of (20) and the lemma above for the two last
ones. It follows that

o ] K@)l K@) [ eV ldy
E|==(tY)| < + / (Yo, '
T—t

2—2a”

The change of variable z = %

leads to



B [T v) 2

Oy?
K (T)e?lvol K(T +oo 2levT=t+log(K)| 4,
< (T(_)t)l_a + T (t)za/[] pi(yo, 2V T —t +log(K)) NV
—1)2
K(T)e2|y0|
T VT(T —t)2°

where we use that p;(yo, zv/T — t +log(K))e?#VT=t+10g(K)] is bounded by K (T)e?¥0l //T,
uniformly in z (see inequality (9) with ¢ > 7'/2) and that the function I\/‘Z‘%ZQ is integrable

over R (a belongs to (0,1/2)). O

3.3 Upper bound of the terms A, and A3

Recall that we intend to prove that these terms are negligible w.r.t. the expected order of
the term A;.

3.3.1 Case (Cp)

First, from v(t,z) = u(t,exp x), we easily deduce

N

v 2 X, Ov > K(T)
212 < ¢ <
E(X;Dy(t, X)) < 2E <8y (ﬂﬁ)) +2E (X@(t) By((’o(t)’ Y@(t))) ST

using (13) and some classical exponential estimates to control E(X? + X, 7).

Hence, one has
r b K(T 1
|A2|§/ dt/ dHL:O<Og(n)>.
0 o(t) T—-06 n

To control Az, we combine the Cauchy Schwarz inequality with estimates (13) and (14)
to have

T t 1 1 1
|A3| < K(T)/ dt / do T 7 X T = @] 371 )
0 oty Ti(T—0): (T —0)2 nd/

which proves that Aj is of order less than the required one, i.e. n~Y2. To obtain A3 =

@] (@), we need to apply Ito’s formula once again (this replaces the rough estimate

given by the Cauchy Schwarz inequality) and develop same arguments as above. We omit
the details.

10



3.3.2 Case (C,)

Analogous arguments apply to obtain

| As| S/OTdt /;(t)dQ%:O(%)

since ¢ > 0, and

T t 1 1 1
|A3|§K(T)/ dt/ do—, —x e ey
0 oty Ti(T—0)1"2 (T—0)z2 nl/2+a

3.4 Term A,

We first rewrite the term A; as follows, using the process Y;:

/ dt / d0< 0,Y,) — gZ(o,Y9)>262r934(Y9).

To obtain the expansion result of theorems 2.1 and 2.2, we first state an analysis lemma,
which proof is given in Appendix B.

Lemma 3.4. Letg: [0,T] — R be a measurable bounded function which is continuous in
T. Then, for all a € [0,1/2),

T s 1/2+a
/ ds/ dtLt)3 =C, g(T) <z> +o (%)
0 o(s) (T —t)2° n nl/2+a

+oo 1 S dt
where Cy, := E / ds/ ——— € (0, 4+00).
k=1"0 0 (

kE—t)z2"

Moreover, if |g(t) — g(T)| < M\/T —t, then

/ ds/ i %_o ﬂT)@H)(@).

To complete the proof of theorems, the above lemma (3.4) will be applied with the function
g defined by

3 v 2
For the case (Cp) g(t) = (T —t)2e ?"'E < <8—y2(t,yt) - 8_y(t’Yt)> 34(%)) (22)

2y v 2
For the case (C,) g(t) = (T — t)%*“efzrtE ( (g—yQ(t,Yt) — g_y(ta Y?t)) 34(%)) (23)

We now intend to prove that ¢ is bounded and has a limit in 7" (which enables to extend
g as a continuous function in 7'), limit which will give the main term in the expansion of

E(A7 (f))-

11



3.4.1 The function ¢ is bounded

For (Cp), this directly comes from the inequalities (13) and (14), since

3
2

1
l9(t)] < K(T)(T — 1) ((T—t)% - T_t> < K(T).

The same statement holds for (C,) using (15) and (16).

3.4.2 Calculus of lim; ,7 g(t).

3.4.2.1 Case (Cp) Actually, our purpose is to prove a little more, i.e. |g(t) — g(T)| <
K(T)V/T —t, to ensure that the remainder term is a O (%) The definition of g (22)
and equality (18) yield:

olt) =TT~ 1| — 20 (¥ 1

+2{b(log(K) — s(log(K))s'(log(K)) }pr—¢(Vz, log(K))

2
yl%mJ'

Thus, combining the estimates (9) and (13) with classical calculations involving convolu-
tion of Gaussian kernels, verify that

)2 K(T)
y' =log(K) \/T

To compute some accurate expansions of the derivatives of the transition density of Y; in
small time, we use the standard representation of the transition density of a 1-dimensional
diffusion involving some functional of a Brownian bridge. We refer to Rogers [3] for this
representation. If we put

S(y)Z/Oy Na)dz; Bly) = (———')05‘1(31); h(y)z/oyﬁ(w)dw; n=p+p%

Yt y,y') = (27t) 2 exp )

P(t,y,y') = [exp( ; Otn< — —y) + (Wa—th»dG)],

then, we have

— s%(log(K)) (88,(17T 1(Ye,y )))

g(t) — e s log (K ))(T—t)SE(a%,pmm,y'>) <

T —t. (24)

pr—i(y,y") = (T —1,5(y), S(y)) exp <_ /s

12



If we differentiate the above expression w.r.t. 3’, the main term when ¢ is near T comes
from (¢, S(y), S(y')) and is equal to

DT —t,y,y) := —S’(y’)w

S(y")
exp (—/ 5(Z)dZ> Y(T' —t,5(y),S(y')). (25)
S(y)

More precisely, since the functions 3, h,n and their derivatives are bounded, it is not hard
to show that

0

‘a—y,(th(y, y')) —D(T -ty log(K))‘ < K(T)pr—4(y,9). (26)

y'=log(K)
Combining (9), (24) and (26), we deduce that
l9(t) = g(t)| < K(T)VT - t,
where the function ¢ is defined by
g(t) = e 2T s (log(K))(T — ) 2 EL* (T — t,Y;, log(K)).

Consequently, it remains to prove that §(¢) has a limit in 7' (which will be equal to ¢(T'))
and that |§(t) — ¢(T')| < K(T)vT —t. We have

 _ o 2
Q(t):/Rdy'pt(yo,y')SQ(log(K))e_QrT(S(y;r(;’(_ltg)(gK)))

N S(lo S(log(K))
exp(_(S(y> 5(1 g(K)))2>eXp<_2 /S : ﬁ(%)

T—t ")
P*(T —t,5(y'), S(log(K)))-

S(y")=S(log(K))

By the change of variables z = ——

, one has:

() = /R dz s (5*1 (zx/m + S(log(K)))) i (yo, s (z\/ﬂ + S(log(K))))

2V/T—t+S(log(K))

2 —2rTz_26—z2 exp | —
Plog(K))e > 2 p< 2 [ 5(§)d§>

(log(K))

b? (T —t,S(log(K)), VT — t + S(log(K))) .

By the Lebesgue dominated convergence theorem, it immediately follows that

22 2
lmg(t) = prin.log(K)) s log(K) e 7 [ T iz
6—2rT
= prlulog(K)) 5*(log(K)) = 1= 4(T) = 9(7)

13



Furthermore, basic calculations ensure that

()| < K(D)VT 1.

Q>

19(t) —
Hence, by lemma (3.4), we deduce that

Az = 46%7? %03(K)e2erT(y0,1og(K)) 0 <@> ’

which completes the proof of theorem 2.1, taking into account that pr(yo,log(K)) =
K x qT(xo,K).

3.4.2.2 Case (C,) From the expression of g, we substitute the derivative of second
order with the equation (20), and after some simplifications, g can be written as

— 27“@(25, Y;)er =)

g(t) = 2T(T —1): E 5

+OO ’ ’
4 / & F1( ) (2b() — 25()s' (oo (Yoo )y
log(K)

2

+OO ! ! —

_ / ev f/(ey )52(?/) 8[;TI t(Yt,y')dy'] )
log(K) Yy

Inequality (15) and lemma 3.3 leads to the fact that the main term in the above expression
when ¢ is near 7' is:

2
+oo
e (T —1):E / e’ f’(ey)sz(y’)apTt(Yt,y’)dy’] :
I

og(K) ay'

Keeping the same notation of the last paragraph to describe the representation of the
transition density of a 1-dimensional diffusion, we denote

+o00
pray) = / & F1( )2 D(T — t,y,4/)dy.
log(K)

Therefore, estimates (9), (26) and (21) yield

0T 3 oo / N 8pT_t 2 2
ti e (1= 03B ([ e e ) B V)| - i) =
t—T log(K) 8y
Consequently the limit of g when ¢ tend to 7' is given by the limit of § defined by
§(t) = e (T — 1) 3 By (Vo). (27)

14



Writing the above expression in terms of integral, we have

!

2
§(t) = e 2T(T — )30 / dy pi(yo, y) / A (@ by )y b
R log(k) (€Y — K)t

With the following changes of variable and notation

ft('w) — S—I(S(log(K)) + wm% w = S(y,) — S(y)7 5 = S(y) — S(log(K)))

g can be written as

+o00o

l—a

A _e—2rT _ £\2—a S
at) = (@ = 0 [ 5 s 5) (a(&)){ / W=

S 5 (6w + 6))
(s (oo + ) exp (& (3 (w+ 0))) )

Then, using the definition of I' (25) and lim;_,7 &(-) = log(K), one has

2
VT =t T (T —t,&(5),&(5 +w))dw} .

tli_{g{(T — )T —¢,6(0),6(0 + w)) = WG_T-

2
w
+00 aw dw e~ %

—5 Van(otw)l @
Appendix A), the Lebesgue dominated convergence theorem implies

Since the function is square integrable w.r.t. 0 (see estimate (28),

400 w2 2
im 9(6) = ¢y, log (K)) K5 (10g () [ ds { / “’—d“’—}
R

t—=T 5 V27(8 +w)l-e
= g(T) = g(T).
Finally, as in the preceding paragraph, we complete the proof of theorem 2.2. O

Appendix A Proof of lemma 3.3

Lemma 3.3. Under (H1) and (H2), for f(z) = (¢ — K)% (case (C,)), for any bounded
function g, for § =0 or 1, one has

oo g K(T)eh
[ e gty ) T2 gy | < e
log(K) Ay (T—1)"2 1y

1
1—a"
log(K)—y‘
V-t
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Proof. Estimate (9) combined with the change of variable (19) give:

+OO ’ ! 8ﬂ —
/1 eV (e )g(y, v ) 2= (y, o )y

og(K) 3y/5
K(T) +o00 eZ\/Z—’——lf+y o
T /lgmy = ez,
N VT—t (ez —tt+y _ K)
Note that
2T —t+y
VT—tty _ pr gt e"/d')/ZK(z\/m_,_y_log(K))7
og

and VT —te=c7" < K(T)e_C,ZQ, where ¢ is an other positive constant. This readily implies
that

+o0 98 K(T)eY +00 —c'2?
’ ’ Pr—t e (&
| e e g L )y | < e [ —
log(K) Iy — )72 8(K)—y (Z_logm)—y)
T—t
[(log(jfflzy)

To complete the proof of lemma 3.3, it remains to prove that

/2
—c'z
(&

VAER I()) = / = i < ) (28)
N R RV

for some positive constant C(y,¢y. In fact if A > 0, we have

/2

+oo ,—c'(2+A)2 +oo ,—c'z

e e

I(\) = / 1 dz < e—c’)\2/ 1 dz < C(a c’)e_d)\2a
0 zime o ¢ ’

which implies (28). If A is negative, one has

/5,2 /52

2 —c'z +00 —c'z

2 e e 2 C
I(\) = —d —  dz< Ce” TN\ .
(A) /}\ (z— ML« Z+L (z— A)-e z < Ce 17 )"+ R
2

This concludes the proof of (28) and therefore the proof of lemma (3.3). O

Appendix B Proof of lemma 3.4

Lemma 3.4. Let g : [0,7] — R be a measurable bounded function which is continuous
in 7. Then, for all a € [0,1/2),

/OTds/@;) dt% — ¢, o(T) <%>1/2+a+0<#> o)
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+00
where C, := Z/ ds/ 77a € (0, 400).

Moreover, if |g(t) — g(T)| < MVT —t, then

/OT ds /@;) dt% —C, Q(T)\/g—i- o <log75n)> ‘ (30)

Proof. 1. Suppose first that g is constant.
We can assume g = 1 e.g. . A simple change of variables leads to

/onS/w; (T - :kz::/t:kﬂ /tk —t%—a

The series above is convergent because its terms decrease like n=3/21%: we denote by C,

its limit. This completes the proof of (29) in that case.

2. Suppose now that g is a bounded measurable function, continuous in T.
There’s no restriction to assume that g(7") = 0, up to replacing g by g —¢(7T') and applying
the first case. The proof of (29) now consists in showing that

n o T $
lim ((T)lm /0 ds /w) dt#) = 0. (31)

Fix § > 0. Since g is continuous in T, there exists n > 0 such that V¢ € [T — n,T],
lg(t)] < c%' Thus, we deduce that
1/24+a
§5<Z> ,
n

T s
[ o at_
T—n o(s) (T —t)2~¢

and for 0 < s < T — 1, since T'— s > 1, we obtain that

T—n K]
0 ©(s) (T - t) 27 ¢

Therefore, for n large enough,

1/24a [T s
@
T 0 o(s) (T —t)z27¢

which completes the proof of (31) and consequently (29), when g(7") = 0. To prove (30),

we simply remark that
T s t r S dt 1
/ds/ a9 gM/ ds/ —:0(°g(”)>.
0 Jes) (T —1): 0 Jom Tt n
17
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