
Rate of onvergene of the disrete time hedging strategy in aomplete multidimensional modelE. TEMAM�Marh 3, 2000AbstratThe aim of this paper is to ompute the quadrati error of a disrete time hedging strategyin a omplete multidimensional model. This results generalizes that of [3℄ and [9℄. Morepreisely, our basi assumption is that the asset pries satify the d�dimensional stohastidi�erential equation dXit = Xit (bi(Xt)dt + �i;j(Xt)dW jt )Xit . We wish to analyse the risk ofthis strategy w.r.t. n, the number of disrete times of re-balaninga and we show that theerror dereases as 1=pn for any options with lipshitz payo� and 1=n 14 for digital options.Key Words: Disrete time hedging, approximation of stohasti integral, rate of on-vergene, Malliavin alulus.1 IntrodutionOur model of the market is the following: let S0t denote the prie of a non risky asset. It is subjetto the ordinary di�erential equation dS0t = rS0t dt:Here (Wt)t�0 stands for a d�dimensional Brownian motion, and X it ; i = 1; : : : ; d for the d riskyassets pries at time t. They full�l the stohasti di�erential equation8><>: dX it = X it  �i(Xt)dt+ dPj=1 �i;j(Xt)dBjt! ; i = 1; : : : ; d;X i0 = xi:Let  be the C1 di�eomorphism from Rd to R�+d given by  (x1; : : : ; xd) = (exp(x1) ; : : : ; exp(xd)).The requirements on � and � are(H1) For all j = 1; : : : ; d, let �j be the jth olumn of the matrix �. If �̂j(x) = �j( (x)) and�̂(x) = �( (x)) then �̂ and �̂j belongs to C3b (Rd ;Rd).(H2) The matrix a = ��� is uniformly ellipti, i.e. there exists �0 > 0 suh that, for all x 2 Rd ,we have �(x)��(x) � �20IRd
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The assumption (H2) now allow us to apply the Girsanov theorem. Consequently, we are able to�nd an equivalent probability suh that the disounted pries are matingales. It is all the neutralrisk probability and denoted by P. Under it, the proessWt = Bt � Z t0 �(Xu)�1(rI � �(Xu))du;is a Brownian motion and the assets pries satisfyX it = xi + Z t0 rX isds+ Z t0 dXj=1 �i;j(Xs)dW js ; i = 1; : : : ; d: (1)In the following, we onsider European vanilla options with payo� funtion f 2 L2(XT ). Mathe-matially, the pries of these options are given byh(f) = E (exp (�rT )f(XT )) :If we set u(t; x) = Ex �e�r(T�t)f(XT�t)� ; (2)note that h(f) is equal to u(0; x) and that u solves the Cauhy problem:� ��tu(t; x) = 12 dXi;j=1 ai;j(x)xixj �2�xi�xj u(t; x)+ r dXi=1 xi ��xiu(t; x)� ru(t; x) (3)with (t; x) 2 [0; T )� (0;1)dlimt!T u(t; x) = f(x) for x 2 (0;1)d:It is well known that e�rT f(XT ) = h(f) + Z T0 h�t ; d eXti;where fXt = e�rtXt is the disounted prie of the risky asset. Itô's formula implies that the deltahedging strategy � is given by �it = �u�xi (t;Xt) i = 1; : : : ; d:In other words, to have a perfet hedging, the seller of the option must trade at eah time t 2 [0; T ℄and hold �it units of the asset X it . In pratie, this is impossible.An alternative solution is to hedge only at disrete times. In fat, assume that the investor will tradeat n �xed times in the period [0; T ℄. At eah trading times de�ned by tk = kT=n (k 2 f0; : : : ; ng),the trader holds �itk units of the asset X it . Hene, at maturity the seller of the option will be leftwith the di�erene:�n(f) := e�rTf(XT )� u(0; x) + Z T0 dXi=1 �u�xi ('(t); X'(t))dfX it!=  Z T0 dXi=1 �u�xi (t;Xt)dfX it � Z T0 dXi=1 �u�xi ('(t); X'(t))dfX it! ;where '(t) = supfti j ti � tg.Our purpose is to study the onvergene of �n(f) to 0 when n goes to in�nity, in di�erent as-sumptions on f . 2



2 ResultsWe will study the risk inurred by the trader in evaluating the variane of �n(f) when the timenumber of re-balaning goes to in�nity. It would be desirable to study other riterion of onver-gene, but the hoie of the variane makes omputations easier. Nevertheless, we also give a resultabout weak onvergene.Zhang ([9℄) has found the rate of onvergene for C2 funtions in a general model or for theEuropean all and put in the Blak and Sholes model. Here, we prove the exat rate of onvergenein the generalized Blak and Sholes model desribed by (1) in the two following ases� Let f satisfy the assumption(H3) f is lipshitz. f belongs to H1 the spae of Lipshitz funtions whih is a Banah spaewith the norm kfk1 = sup(x;x0)2Rd;x 6=x0 jf(x)� f(x0)jjx� x0j + supx2Rd jf(x)jjxj+ 1 :The theorem below ensures that the quadrati error vanishes when n goes to in�nity at rate1=pn.Theorem 2.1. Under the assumptions (H1), (H2) and (H3),E�2n (f) = T2nE  Z T0 e�2rt tr �(a(Xt)IXtJu(t;Xt)IXt )2� dt!+ o� 1n� :where Ju(t; x) = � �2u�xi�xj (t; x)�i;j=1;::: ;d :� A European all digital option with strike K > 0 and maturity T is a ontingent laim whihpays 1 if the prie of the underlying risky asset lies above K at maturity and whih paysnothing otherwise. If the underlying asset is an index, i.e. a linear ombination of the X it ,the rate of onvergene is 1=n 14 . Mathematially, we assume that(H4) f(x) = 1Pk �kxk�K where Pk �k = 1 and 8k 2 f1; : : : ; dg; �k > 0.Theorem 2.2. Case C0Let assumptions (H1), (H2) and (H4) hold. Then,E�2n (f) =rTn C0De�2rT + o� 1pn�where D is a onstant de�ned in equation (25) depending only on the density of log(XT ) and�k; k = 1; : : : ; d and K.Remark 2.1. Some remarks on these theorems:{ The onstant D represents the probability for the proess Pk �kXkt to be near the strikeat maturity.{ The theorem 2.2 is still true if f an be written as f(x) = C 1Pk �kxk�K + g(x), forsome onstants C and K, and for some funtion g of lass C1pol, e.g. for the digital put1Pk �kxk�K . 3



{ The assumption (H3) an be weakened: f an be H�older with oeÆient stritly over2�p2. But, we onjeture that the theorem 2.1 an be extended to all H�older funtionsof oeÆient stritly over 1=2.{ The above results still hold under the historial probability.It is interest to study the weak onvergene of �n(f). By a result of Rootzen ([8℄), it is painfullyseen that:Theorem 2.3. Let Xt be a d�dimensional di�usion, whih satis�es dX it = �i;jX itdW jt . Then ifu is de�ned as in (2), it follows thatpn�n(f)!d Ŵ� ; n!1; (4)where � = 12 R T0 tr �(a(Xt)IXtJu(t;Xt)IXt )2� dt, and Ŵ is an extra Brownian motion independentof � .In the sequel, Sn is the set f0; : : : ; ngd. If � is a multi-index whih belongs to Sn, j�j = dPi=1�i andif � = ;, j�j = 0. If F is a smooth funtion �x�F (t; x; y) means that the multi-index � onernsthe derivation w.r.t. the oordinates x, t and y being �xed. K(�) will always stands for a positive,�nite and non dereasing map, independent of n and whih an hange throughout the alulus.For two integers i and j, Æi;j is 1 if i = j and 0 if not. For any vetor z 2 Rd , z(i) =(z1; : : : ; zi�1; zi+1; : : : ; zn).3 A general deomposition of the errorWe begin by studyingE [�n (f)℄2 = E  Z T0 dXi=1 �u�xi (t;Xt)dfX it � Z T0 dXi=1 �u�xi ('(t); X'(t))dfX it!2 :Using the Itô formula and the stohasti di�erential equation (1), we obtain the following propo-sition whose proof is postponed in Appendix A.Proposition 3.1. Let assumptions (H1) and (H2) hold. Then, the quadrati error E [�n (f)℄2an be written as E [�n (f)℄2 = A1 +A2 +A3;whereA1 = Z T0 dt Z t'(t) ds e�2rs" dXi;k;�;�=1X�s X�sX isXks ai;k(Xs)a�;�(Xs)�2u�xi�x� (s;Xs) �2u�xj�x� (s;Xs)#;
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A2 = Z T0 dt Z t'(t) ds e�2rs" dXi;j;k;�;�=1 x�x�xia�;�(x)�i;j (x)��x� (xk�k;j(x))�Dku(s) �2u�xi�x� (s; x) + 2Diu(s) �2u�xk�x� (s; x)��� dXi;k;�;�=1xixkai;k(x) ��xi (x�x�a�;�(x))Dku(s) �2u�x��x� (s; x)!#�����x=Xs ;andA3 = Z T0 dt Z t'(t) ds e�2rs"2 dXi;k=1Dku(s)Diu(s)xixkai;k(x) + dXi;k;j;�;�=1Diu(s)Dku(s)x�x�a�;�(x)�12 ��x� (xi�i;j(x)) ��x� (xk�k;j(x)) + xk�k;j(x) �2�x��x� (xi�i;j(x))�#�����x=Xs :Remark 3.1. It is immediate that x� ��x� (xi�i;j(x)) = xix� ��i;j�x� (x)+xiÆi;��i;j(x). Consequently,in the above expression of A2 and A3, eah term whih inludes a derivative of u w.r.t. xl for aninteger l, inludes also xl.Our next goal is to show that A1 is the main term in the deomposition of E [�n (f)℄2 whereas A2and A3 are negligible. We set now Yt =  �1(Xt). This proess satis�es the following stohastidi�erential systemY it = log(xi) + Z t0 �r � 12ai;i ( (Ys))� ds+ dXj=1 Z t0 �i;j ( (Ys)) dW js ; i = 1; : : : ; d: (5)We also put y =  �1(x); s(y) = �( (y)); S(y) = s(y)s(y)�; b(y) = r � 12ai;i( (y)):As �, s is uniformly ellipti. Assumption (H1) yields that the funtions b and s belongs to C5b (Rd).Let us �rst prove the theorem 2.1.4 Proof of theorem 2.14.1 Preliminary estimatesWe �rst reall some properties of the transition density of ellipti proess.Proposition 4.1. (Friedman, [2℄, Chapter 6) Under the assumptions (H1) and (H2), fort > 0, the proess Yt(y) has a smooth transition density pt(y; �) w.r.t. the Lebesgue measure on Rd ,whih full�l:� 8t > 0, pt(�; �) belongs to C4(Rd � Rd ;R)� 8�; � 2 S4 suh as j�j + j�j � 4, there exist a funtion K(T ) and a onstant  > 0, suhthat: 8(t; y; y0) 2 (0; T ℄� Rd � Rd �����j�j+j�jpt�y��y0� (y; y0)���� � K(T )t j�j+j�j+d2 e� jy�y0 j2t : (6)5



If v(t; y) is the funtion de�ned on [0; T ℄ � Rd by v(t; y) = u(t;  (y)), it is the solution of theCauhy problem� ��tv(t; y) = 12 dXi;j=1Si;j(y) �2�yi�yj v(t; y)+ dXi=1 bi(y) �v�yi (t; y)� rv(t; y) (7)with (t; y) 2 [0; T )� Rdv(T; y) = f( (y)) for y 2 Rd :4.2 Main estimates in the ase of Lipshitz funtionProposition 4.2. Suppose (H1), (H2) and (H3) hold. Then, there exists K(�) suh as for allintegers i; j 2 f1; : : : ; dg, for all (t; y) 2 (0; T ℄� Rd , it holds that���� �v�yi (t; y)���� � K(T )ejyj; (8)and, Ey0 � �2v�yi�yj (t; Yt)�2 � K(T )e2jy0jpTpT � t : (9)Proof. Our proof starts with the observation that f( (y))�yi RRd pT�t(y; y0)dy0 = 0. From this and(6), it follows that���� �v�yi (t; y)���� = ����ZRd(f( (y0))� f( (y)))�pT�t�yi (y; y0)dy0����� K(T )(T � t) d+12 ZRd j (y0)�  (y)je�Pk (y0k�yk)2T�t dy0:Sine j (y0)�  (y)j � jy0 � yjejyj, inequality (8) is proved. The same proof still goes for (9) whent � T=2 (note that 1T�t � p2pT (T�t) in this ase). If t � T=2, starting as above, we get���� �2v�yi�yj (t; y)���� = ����ZRd(f( (y0))� f( (y)))�2pT�t�yi�yj (y; y0)dy0����Let us introdue the C1 funtions f� de�ned byf�(y) = ZRd f(z + y)e� jzj22� dz(2�) d2 : (10)Here are some elementary properties of these funtions. The proof of this lemma is postponed inappendix Appendix B.Lemma 4.1. The funtions f� are C1, and under (H3)� kf� � fk1 � p�,�  �2f��yi�yj 1 � 1� 12
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We divide the above expression of the seond partial derivative of v in two terms:���� �2v�yi�yj (t; y)���� � ����ZRd((f � f�)( (y0))� (f � f�)( (y)))�2pT�t�yi�yj (y; y0)dy0����| {z }1 + ����ZRd f�( (y0))�2pT�t�yi�yj (y; y0)dy0����| {z }2Lemma 4.1 and estimate (6) implies1 � kf� � fk1 ZRd jy0 � yj(T � t) d+22 e� jy0�yj2T�t +jyjdy0 � K(T )ejyj � 12(T � t) 12 :To estimate the term 2, we write v�(t; y) = E (f�(YT�t)). Sine f� is C2, we are now in positionto di�erentiate underneath the expetation. Hene,2 � K(T )ejyj  �2f��yi�yj 1 � K(T )ejyjp� :Therefore, it is easy to hek thatEy0 � �2v�yi�yj (t; Yt)�2 � K(T )ejy0j� �T � t + 1�� :We hoose of � = pTpT � t, and the lemma follows.4.3 Terms A1 to A3To prove that A2 and A3 are negligible w.r.t. the expeted rate of onvergene, we begin by proving8i 2 f1; : : : ; dg; E �X isDiu(s)�2 � K(T )n(T � s) : (11)Combining Itô's formula, applied between '(s) and s, inequalities (21), (22) and standard expo-nential estimates to upper bound E(jXs jp + jXsj�p) gives (11). Thus, by (22) and again (11) wean assert that jA2j � Z T0 dt Z t'(t) ds K(T )(T � s) 34pn = O� 1n 32 � :To deal with A3, applying (21) and (11) yieldsjA3j � Z T0 dt Z t'(t) ds K(T )n(T � s) = O� log(n)n2 � :Having shown that A2 and A3 are negligable, we an now return to the study of A1. To this end,onsider the funtion g de�ned byg(t) = e�2rtEy0" dXi;k;�;�=1 si;k(Yt)s�;�(Yt)� �2v�yi�y� (t; Yt)� Æi;� �v�yi (t; Yt)�� �2v�yj�y� (t; Yt)� Æj;� �v�yj (t; Yt)�#:7



We laim that g is integrable on [0; T ℄ and ontinous on [0; T [. Indeed, the �rst property is animmediae onsequene of estimates (8) and (9). The seond one is due to the proposition 4.1. Theproof of theorem 2.1 is omplete by showing the lemma below.Lemma 4.2. Let g : [0; T ℄ 7! R be a ontinous funtion on [0; T [ and suh that R T0 jg(t)jdt < +1,then limn!+1n Z T0 ds Z s'(s) g(t) dt! = T2 Z T0 g(t)dt:Proof. The property is obvious when g is piee wise onstant funtion. Therefore, sine all pieewise ontinous funtions are limits of a sequene of piee wise onstant funtions, the proof isomplete.5 Proof of theorem 2.25.1 Malliavin CalulusWe begin with general results on Malliavin Calulus. For a thorought treatment we refer thereader to Nualart ([1, 7℄) or Ikeda-Watanabe ([4℄). We will use Malliavin Calulus with the elliptidi�usion Yt. This is well known and we refer to Kusuoka and Strook ([5℄) for more details andproofs.Proposition 5.1. Let b(�) a vetor in Rd whih belongs to C1b (Rd ;Rd) and �(�) a matrix (d� d)whih belongs to C1b (Rd ;Rd 
 Rd ), we de�ne the di�usion Xt whih is solution ofXt = x+ Z t0 b(Xs)ds+ Z t0 �(Xs)dWswhere (Ws)s�0 is a d�dimensional Brownian motion, then for all t > 0, Xt 2 D1 and for allp > 1, all k 2 N� , there exists a non dereasing map K(T ) suh thatsupt2[0;T ℄ kXt(x)kk;p � K(T )(1 + kxk); supt2[0;T ℄ kXt(x) � xkk;p � pT : (12)Under the assumption of uniform elliptiity of �, the Malliavin matrix of Xt(x) denoted by t(x)is invertible a.s. and �1t 2 \p�1Lp spaes. Moreover, we havek�1t (x)kLq � K(T )td : (13)For all multi-index � of length positive, for all p > 1, for all funtion f whih belongs to Cj�jb (Rd ;R),and for all random variable G 2 D1 , there exist a random variable H�(Xt; G) 2 Lp, a map K(T )and integers k and m whih only depend on j�j and p, suh thatEx (��f(Xt)G) = Ex (f(Xt)H�(Xt; G)); (14)with [Ex jH�(Xt; G)jp℄ 1p � K(T )t j�j2 kGkk;m: (15)The proposition 4.1 and Malliavin Calulus will now enable us to ontrol the derivative of v. Toget preise ontrol we need to show �rst the following proposition whih ompare the derivative ofthe density of the proess Yt w.r.t. forward variable with the one w.r.t. bakward variable.8



Proposition 5.2. Under the assumptions (H1) and (H2), there exists K(�) suh as for any multi-index � 2 S4 and j�j > 0, one has�y�pt(y; y0)� (�1)j�j�y0� pt(y; y0) = g�t (y; y0) (16)with jg�t (y; y0)j � K(T )t j�j�1+d2 exp�� jy � y0j22 � : (17)Proof. Let �0 be a smooth and symmetri probability density funtion with a ompat support in(�1; 1). For Æ > 0, and � 2 Rd , we de�ne:�Æ(�) = dYi=1 �0 � �iÆ �Æ : (18)Sine pt(�; �) is a smooth funtion,�y0� pt(y; y0) = limÆ!0 Z �Æ(�)�y0� pt(y; y0 + �)d�:Thus, integrating by parts and noting that �y0� pt(y; y0 + �) vanish when � goes to in�nity, one has�y0� pt(y; y0) = (�1)j�j limÆ!0 Ey [(���Æ)(Yt � y0)℄ :But j�j > 0 now leads to�Æ;y;y0(�) = dYi=1 1Æ ��0��iÆ �1[y0i�yi>0℄ + ��0��iÆ �� 1�1[y0i�yi�0℄� : (19)Hene, �y0� pt(y; y0) = (�1)j�j limÆ!0 Ey [(���Æ;y;y0)(Yt � y0)℄ :�Æ is smooth, whih implies that, for the term with a derivative w.r.t. y, it is allowed to di�erentiateunderneath the expetation (see for instane [5℄). From this, we dedue that�y�pt(y; y0) = limÆ!0( Ey 24 X0<j�j�j�j�1(��Æ)(Yt � y0)R(t; y)35| {z }gt;Æ(y;y0) + Ey 24 Xj�j=j�j(���Æ)(Yt � y0) dYi=1 ��iYt�y�i 35);where R(t; y) is a polynomial funtion depending only on the ow of Yt(y) (remember that Yt(y)an be hosen as a C4 di�eomorphism w.r.t. y). Therefore, ombining the de�nition of �Æ;y;y0 andwith j�j > 0, we have�y�pt(y; y0)� (�1)j�j�y0� pt(y; y0) = limÆ!0 gt;Æ(y; y0)+ limÆ!0 Ey 24 Xj�j=j�j(���Æ;y;y0)(Yt � y0) dYi=1 ��iYt�y�i � dYi=1 Æ�i�i!35 :9



De�ne 0 as the multi-index of length d suh that 8i 2 f1; : : : ; dg 0i = 1, and set �Æ;y;y0 as�Æ;y;y0(�) = Z �10 : : : Z �d0 �Æ;y;y0(�)d�; (20)the Malliavin integration by parts formula (14) yields�y�pt(y; y0)� (�1)j�j�y0� pt(y; y0) = limÆ!0( X0<j�j�j�j�1Ey ��Æ;y;y0(Yt � y0)H�+0(Yt; R(t; y))�+ Xj�j=j�j Ey "�Æ;y;y0(Yt � y0)H�+0  Yt; dYi=1 ��iYt�y�i � dYi=1 Æ�i�i!!#):Thus, making Æ tends to 0, we an rewrite the above expression as�y�pt(y; y0)� (�1)j�j�y0� pt(y; y0)= g�t (y; y0) := Ey" dYi=1n1[0;+1)(Y it � y0i)1[y0i�yi>0℄ + 1(�1;0℄(Y it � y0i)1[y0i�yi�0℄o!�0� X0<j�j�j�j�1H�+0(Yt; R(t; y)) + Xj�j=j�jH�+0  Yt; dYi=1���iYt�y�i � Æ�i�i�!1A#:Noting that ��iY0�y�i = Æ�i�i , and applying (12), (15) and standard omputations for P[jYt � yj �jy � y0j℄, we obtain the expression below wih is the desired onlusion.jg�t (y; y0)j � K(T )t j�j+d�12 exp�� jy � y0j22t � :5.2 Main estimates in digital aseProposition 5.3. Under the assumptions (H1) and (H2), there exists K(�) suh that for all inte-gers i; j 2 f1; : : : ; dg, for all (t; y) 2 (0; T ℄� Rd , it holds that���� �v�yi (t; y)���� � K(T )pT � t ; (21)and Ey0 � �2v�yi�yj (t; Yt)�2 � K(T )(T � t) 32pT : (22)Proof. Inequality (21) is lear from (6) and from���� �v�yi (t; y)���� � e�r(T�t) ZPk �key0k�K �����pT�t�yi (y; y0)���� dy0� K(T )(T � t) d+12 ZRd e� jy�y0 j2T�t dy0: � K(T )pT � t10



The same proof remains valid for the estimate (22), sine t � T=2. We now turn to the aset � T=2. Proposition 5.2 gives�2v�yi�yj (t; y) = e�r(T�t) ZPk �key0k�K �2�y0i�y0j pT�t(y; y0)dy0+ e�r(T�t) ZPk �key0k�K g(i;j)T�t(y; y0)dy0:Using (17), the seond term of the r.h.s. is upper bounded by K(T )pT�t . For the �rst term, weintegrate diretly w.r.t. yi and get�2v�yi�yj (t; y) = e�r(T�t) ZPk 6=i �key0k�K �pT�t�y0j (y; y0)�����y0i=log K�Pk 6=i �key0k�i !dy0(i)| {z }	i;j(t;y) + K(T )pT � t : (23)Therefore, from estimates (6) it follows that�2v�yi�yj (t; y) � K(T )pT � t + K(T )T � t ZPk 6=i �kepT�tzk+yk�Kexp0��Xk 6=i jzkj2 � pT � t log2 K �Pk 6=i �kepT�tzk+yk�ieyi !1A dz(i):Substituting Yt into y in the above inequality and applying (6) and the Cauhy-Shwarz inequality,we see thatEy0 � �2v�yi�yj (t; Yt)�2 � K(T )(T � t) 32 + K(T )(T � t)2td ZRd dy ZRd�1 dz(i)1Pk 6=i �kepT�tzk+yk�Kexp0��Xk (yk � yk0 )2t � Xk 6=i jzkj2 � 2T � t  log K �Pk 6=i �kepT�tzk+yk�i !� yi!21A dz(i)(24)The hange of variable zi = yi�log K�Pk 6=i �kepT�tzk+yk�ieyi !pT�t now leads toEy0 � �2v�yi�yj (t; Yt)�2 � K(T )T � t + K(T )(T � t) 32 t d2 ZRd�1 dy(i) ZR dzi ZRd�1 dz(i)1Pk 6=i �kepT�tzk+yk�K exp0��Xk 6=i (yk � yk0 )2t � Xk 6=i jzkj2 � jyij21AWe replae z0k by yk�yk0pt , and the inequality (22) follows (remember that 1pt � p2pT sine t �T=2).5.3 Terms A2 and A3We an proeed analogously to the proof of 2.1 (see setion 4.3. The details are left to the reader.11



5.4 Term A1To obtain the expansion result in theorem 2.2, we �rst state an analysis lemma, whose proof isgiven in Appendix C.Lemma 5.1. Let g : [0; T ℄ 7! R be a measurable bounded funtion whih is ontinuous in T .Z T0 ds Z s'(s) dt g(t)(T � t) 32 = C0 g(T )�Tn�1=2 + o� 1pn�where C0 := +1Xk=1 Z 10 ds Z s0 dt(k � t) 32 2 (0;+1).The main idea of the proof is to apply the above lemma with the funtion g de�ned byg(t) = (T � t) 32 e�2rtEy0" dXi;k;�;�=1 si;k(Yt)s�;�(Yt)� �2v�yi�y� (t; Yt)� Æi;� �v�yi (t; Yt)�� �2v�yj�y� (t; Yt)� Æj;� �v�yj (t; Yt)�#We now intend to prove that g is bounded and has a limit in T (whih enables to extend g as aontinuous funtion in T ), limit whih will give the main term in the expansion of E(�2n (f)).5.4.1 The funtion g is boundedThis follows from inequalities (21) and (22),jg(t)j � K(T )(T � t) 32 � 1(T � t) 32 + 1T � t� � K(T ):5.4.2 Calulus of limt!T g(t).We use the equation (23), estimates (21), (22) and we get that������g(t)� (T � t) 32 e�2rT dXi;j;�;�=1 Ey0"si;�(Yt)sj;�(Yt)	i;�(t; Yt)	j;�(t; Yt)#������ = o(pT � t):Moreover, if we write the above approximation of g as in (24) (i.e. writing 	 as an integral) and ifwe put �(y(i;j); z; z0(j)) = K �Pk 6=i;j �kepT�tz0k+yk + epT�tz0i+zi �K �Pk 6=i;j �kepT�tzk+yk�Ey0 [	i;�(t; Yt)	j;�(t; Yt)℄ � K(T )T � t + K(T )(T � t) 32 t d2 ZRd�1 dy(i) ZR dzi ZRd�1 dz(i) ZRd�1 dz0(j)1�(y(i;j);z;z0(j))��jepT�t(zj+z0i)+yj+zi�0 exp0��Xk 6=i (yk � yk0 )2t � Xk jzkj2 � Xk 6=j jz0kj21Aexp � T � t log2 �(y(i;j); z; z0(j))�jeyj � epT�t(zj+z0i)+zi!! ;
12



we remark that if i 6= j we an make the hange of variable for yj (on the set �(y(i;j); z; z0(j)) ��jepT�t(zj+z0i)+yj+zi > 0)zj = 1pT � t log �(y(i;j); z; z0(j))�jeyj � epT�t(zj+z0i)+zi!and getEy0 [	i;�(t; Yt)	j;�(t; Yt)℄� K(T )T � t ZRd�2 dy(i;j) ZRd dz ZRd dz0e�Pk(jzkj2+jz0kj2)�Pk 6=i;j jykj2 � K(T )T � t :Therefore, �����g(t)� (T � t) 32 e�2rTEy0 dXi=1 " dXj=1 si;j(Yt)	i;j(t; Yt)#2| {z }ĝ(t) ����� = o(T � t):We now intend to �nd a tratable expression for �pT�t�y0j (y; y0) when t is near T . The approximationof a density of a multidimensional proess when t is small has been a soure of a lot of literature.Suh approximation exists even if we onsider hypoellipti stohasti proess on manifolds.To obtain our expression we will proeed following a lassial method set out by Leandre in [6℄.Let �Y T�t� be the solution of the stohasti di�erential equation�Y T�t� = y + (T � t) Z �0 b( �Y T�t� )d�+pT � t Z �0 s( �Y T�t� )dW�Noting that �Y T�t1 has the same law as YT�t and following losely the proof desribed in Leandre[6℄, we put �Y T�t� = �(z � y) + y +pT � tŶ T�t� . Thanks to the Girsanov theorem Ŷ T�t� has thesame law as �T�t� solution ofd�t�i(y; z) = dXj=1 si;j(�(z � y) + y +pt�t�(y; z))dW j� +ptbi(�(z � y) + y +pt�t�(y; z))d�+ dXj=1 �si;j(�(z � y) + y +pt�t�(y; z))� si;j(�(z � y) + y)� hj�(y; z)pt d��t0(z; y) = 0and h�(y; z) = s�1(�(z � y) + y)(z � y)But, using the funtions �Æ desribed by (18), one has�pT�t�y0j (y; z) = 1(T � t) d+12 limÆ!0 Ey �(�j�Æ)( �Y T�t1 )� :Therefore, the derivative of the density of YT�t(y) is equal to�pT�t�y0j (y; z) = 1(T � t) d+12 exp �R 10 (z � y)�S�1(�(z � y) + y)(z � y)d�2(T � t) !limÆ!0 E h(�j�Æ)(�T�t1 (y; z))e� 1pT�t R 10 (z�y)�s��1(�(z�y)+y)dW�i ;13



We set 8(z; �) 2 Rd�1 � R �(z(i); �) = log ����K�Pk 6=i �kezk�ie� ����, then ĝ an be written asĝ(t) = dXi=1(T � t) 32 e�2rT ZRd dy pt(y0; y)8<: dXj=1 ZPk 6=i �kezk�K dz(i)si;j(y)�pT�t�y0j (y; z)�����zi=�(z(i);yi)9=;2Let yt and zt be deterministi vetors in Rd . We suppose that there exists two d�dimensionalvetor � and �y suh that limt!T (zt � yt � �pT � t) = 0 and limt!T yt = �y, thenlimt!T (T � t) d+12 �pT�t�y0j (yt; zt) = exp����S�1(�y)�2 �limÆ!0; t!T E h(�j�Æ)(�T�t1 (yt; zt))e� 1pT�t R 10 (zt�yt)�s��1(�(zt�yt)+yt)dW�i :But �01 is a Gaussian random vetor equal to s(�y)W1 and sine standard omputations implieslimÆ!0 E h(�j�Æ)(s(�y)W1) exp����s��1(�y)W1�i = (S�1(�y)�)j(2�) d2pdet(S(�y)) ;it follows thatlimt!T (T � t) d+12 �pT�t�y0j (yt; zt) = exp����S�1(�y)�2 � (S�1(�y)�)j(2�) d2pdet(S(�y)) :We will use this with z(i)t = z(i)pT � t+y(i), zit = log�K�Pk 6=i �kezkpT�t+yk�i � and yit = pT � tyi+log�K�Pk 6=i �keyk�i �.Therefore, � =  z1; : : : ; zi�1;�yi � Pk 6=i zk�keykK �Pk 6=i zk�keyk ; zi+1; : : : ; zd!�y =  y1; : : : ; yi�1; log K �Pk 6=i �keyk�i ! ; yi+1; : : : ; yd!And in onlusion, we �nd thatlimt!T g(t) = e�2rTD := e�2rT dXi=1 ZPk 6=i �keyk�K dy pT (y0; �y)(ZRd�1 dz(i)(2�) d2pdet(S(�y)) exp��12��S�1(�y)�� (S�1(�y)�)i)2 : (25)The upper bound (6) allow us to apply the Lebesgue dominated onvergene theorem.14



Appendix A Proof of Proposition 3.1Proposition 3.1Let (H1) and (H2) hold. E [�n (f)℄2 an be written asE [�n (f)℄2 = A1 +A2 +A3;whereA1 = Z T0 dt Z t'(t) ds e�2rs" dXi;k;�;�=1X�s X�sX isXks ai;k(Xs)a�;�(Xs)�2u�xi�x� (s;Xs) �2u�xj�x� (s;Xs)#;A2 = Z T0 dt Z t'(t) ds e�2rs" dXi;j;k;�;�=1 x�x�xia�;�(x)�i;j(x)��x� (xk�k;j(x))�Dku(s) �2u�xi�x� (s; x) + 2Diu(s) �2u�xk�x� (s; x)��� dXi;k;�;�=1xixkai;k(x) ��xi (x�x�a�;�(x))Dku(s) �2u�x��x� (s; x)!#�����x=Xs ;andA3 = Z T0 dt Z t'(t) ds e�2rs"2 dXi;k=1Dku(s)Diu(s)xixkai;k(x) + dXi;k;j;�;�=1Diu(s)Dku(s)x�x�a�;�(x)�12 ��x� (xi�i;j(x)) ��x� (xk�k;j(x)) + xk�k;j(x) �2�x��x� (xi�i;j(x))�#�����x=Xs :Proof. Set Diu(t) = �u�xi (t;Xt) � �u�xi ('(t); X'(t)). Using the stohasti di�erential system whoseXt is the solution, and substituting fX it into the preeding, we obtainE [�n (f)℄2 = E 24 dXi;j=1 Z T0 Diu(t)e�rtX it�i;j(Xt)dW jt 352 :Sine (Wt)t�0 is a d�dimensional Brownian motion, the W jt are independent. It leads toE [�n (f)℄2 = dXj=1 E 2664Z T0 0BB� dXi=1Diu(t)e�rtX it�i;j(Xt)| {z }Mi;jt 1CCA2 dt3775 :The Itô formula applied between '(t) and t, implies that dXi=1M i;jt !2 = 2 Z t'(t) dXi;k=1Mk;js dM i;js + Z t'(t) dXi;k=1 dhM i;j� ;Mk;j� is:15



With the above notations, a straightforward alulation leads toe2rsdhM i;j� ;Mk;j� is = 12 dX�;�=1 x�x�a�;�(x)� �2u�xi�x� (s; x)xi�i;j(x)+Diu(s) ��x� (xi�i;j(x))� �� �2u�xk�x� (s; x)xk�k;j(x) +Dku(s) ��x� (xk�k;j(x))�!����x=Xsds;and ersdM i;js = ��rDiu(s)X is�i;j(Xs) + �2u�xi�t(s;Xs)X is�i;j(Xs)� ds+ dX�=1�rx� � �2u�xi�x� (s; x)xi�i;j(x) +Diu(s) ��x� (xi�i;j(x))�� ����x=Xsds+ dX�;�=1�x���;�(x)� �2u�xi�x� (s; x)xi�i;j(x) +Diu(s) ��x� (xi�i;j(x))�� ����x=XsdW �s+ 12 dX�;�=1 x�x�a�;�(x)� �3u�xi�x��x� (s; x)xi�i;j(x) + �2u�xi�x� (s; x) ��x� (xi�i;j(x))+ �2u�xi�x� (s; x) ��x� (xi�i;j(x)) +Diu(s) �2�x��x� (xi�i;j(x))�!����x=Xsds:Combining the seond order derivative of u w.r.t. t and xi with (3) gives� �2�t�xiu(t; x) = 12 dX�;�=1a�;�(x)x�x� �3u�x��x��xi (t; x)+ 12 dX�;�=1 ��xi (a�;�(x)x�x�) �2u�x��x� (t; x) + r dX�=1x� �2u�xi�x� (t; x)Finally, noting that ai;k = dPj=1 �i;j�k;j , the proposition is proved.Appendix B Proof of lemma 4.1Lemma 4.1.The funtions f� are C1, and under (H3)� kf� � fk1 � p�,�  �2f��yi�yj 1 � 1� 12Proof. It is lear that kf � f�k1 � p�. Thus,supy2Rd jf(y)� f�(y)jjyj+ 1 � p�:Let us put !(�; z; y; y0) = f(zp� + y)� f(y)� f(zp� + y0) + f(y0). Hene, obviouslyjf�(y0)� f(y0)� f�(y) + f(y)j � C �ZRd j!(�; z; y; y0)j2e�jzj2dz� 12�ZRd j!(�; z; y; y0)j2e�jzj2dz� 12 : (26)16



The Lipshitz property of f givesj!(�; z; y; y0)j � 2p�jzj and j!(�; z; y; y0)j � 2jy � y0j:Using the �rst (resp. seond) estimate for the �rst (resp. seond) integral of (26) yields the �rststatement of the lemma. For the seond assertion, the proof is the same as for (8).Appendix C Proof of lemma 5.1Lemma 5.1. Let g : [0; T ℄ 7! R be a measurable bounded funtion whih is ontinuous in T .Z T0 ds Z s'(s) dt g(t)(T � t) 32 = C0 g(T )�Tn�1=2 + o� 1pn� (27)where C0 := +1Xk=1 Z 10 ds Z s0 dt(k � t) 32 2 (0;+1).Proof. 1. Suppose �rst that g is onstant.We an assume g � 1 e.g. . A simple hange of variables leads toZ T0 ds Z s'(s) dt(T � t) 32 = n�1Xk=0 Z tk+1tk ds Z stk dt(T � t) 32 = �Tn� 12  nXk=1 Z 10 ds Z s0 dt(k � t) 32 ! :The series above is onvergent beause its terms derease like n�3=2: we denote by C0 its limit.This ompletes the proof of (27) in that ase. 2. Suppose now that g is a bounded measurablefuntion, ontinuous in T .There's no restrition to assume that g(T ) = 0, up to replaing g by g � g(T ) and applying the�rst ase. The proof of (27) now onsists in showing thatlimn  �nT �1=2 Z T0 ds Z s'(s) dt g(t)(T � t) 32 ! = 0: (28)Fix Æ > 0. Sine g is ontinuous in T , there exists � > 0 suh that 8t 2 [T � �; T ℄, jg(t)j � ÆC0 .Thus, we dedue that �����Z TT�� ds Z s'(s) dt g(t)(T � t) 32 ����� � Æ�Tn�1=2 ;and for 0 � s � T � �, sine T � s � �, we obtain that�����Z T��0 ds Z s'(s) dt g(t)(T � t) 32 ����� � T 2n kgk1� 32 :Therefore, for n large enough,������nT �1=2 Z T0 ds Z s'(s) dt g(t)(T � t) 32 ����� � 2Æ;whih ompletes the proof of (28) and onsequently (27), when g(T ) = 0.17
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