SOLUTIONS OF Au = 4u?> WITH NEUMANN’S CONDITIONS USING
THE BROWNIAN SNAKE

ROMAIN ABRAHAM AND JEAN-FRANCOIS DELMAS

ABSTRACT. We consider a Brownian snake (W5, s > 0) with underlying process a reflected
Brownian motion in a bounded domain D. We construct a continuous additive functional
(Ls,s > 0) of the Brownian snake which counts the time spent by the end points W, of the
Brownian snake paths on 0D. The random measure Z = fé‘;vs dLs is supported by 0D.
Then we represent the solution v of Au = 4u? in D with weak Neumann boundary condition
¢ > 0 by using exponential moment of (Z, ¢) under the excursion measure of the Brownian
snake. We then derive an integral equation for v. For small ¢ it is then possible to describe
negative solution of Au = 4u® in D with weak Neumann boundary condition . We also
consider the properties of Z. In particular we show it is absolutely continuous with respect
to the surface measure on 9D for dimension 2 and 3. Let us note that Z is more regular
than the exit measure of the Brownian snake out of D.

1. INTRODUCTION

In this paper we give a probabilistic representation formula for the nonnegative solution
of the non linear Neumann problem in a bounded smooth domain D:

Au=4u? in D,
1
@ @—i-/iu:go on 0D,
on
where £ is a nonnegative continuous function on 9D, du/0n(x) is the outward normal deriv-
ative of u at x € 9D, and ¢ is a nonnegative measurable function defined on 9D.

The Dirichlet problem associated to the equation Au = 4u? has led to a considerable
amount of work by many authors and the Brownian snake introduced by Le Gall in [13] has
proved to be a powerful tool for this study. The Brownian snake is a path-valued Markov
process which, loosely speaking, represents a cloud of branching Brownian particles. The
solution of the Dirichlet problem associated to Au = 4u? may be represented in terms of the
exit measure of the Brownian snake: a measure supported by the particles when they leave
D for the first time.

As for the Dirichlet problem associated to Au = 4u? (see [13]), we will prove that solutions
of (1) can be represented using a random measure built from the Brownian snake with
underlying motion a reflected Brownian motion in D. In [1], the author considered for
underlying motion of the Brownian snake a reflected Brownian motion in D killed when it
reaches a fixed subset F' of 0D. Then, using a random measure built from this Brownian
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snake, the author represented nonnegative solution of Au = 4u? with mixed Neumann-
Dirichlet boundary conditions:

ou

— = on 0D\ F

o = \

u=gq on F.

However, for technical reasons, it was not possible to consider the case I' = () of Neumann’s
boundary conditions.

Let us now present our results. We consider a Brownian snake (W, s > 0) with underlying
process a reflected Brownian motion in D (see [10] for a definition and properties of the
Brownian snake). Let us recall that Wy is a path stopped at its lifetime (s, and that for a
fixed s, it is distributed according to a reflected Brownian motion in D. We define in section
3 the following continuous additive functional (CAF) of the Brownian snake:

15 81
Ls — ; gl{WuEDs} du,

where W, = Ws((s) is the end of the path Wy and D, is the e-neighborhood of &D in D.
Intuitively, as € | 0, dL$ converges to, say dLs, the infinitesimal increment of the local time
of the path Wy on 9D at time (. In particular, the CAF L increases at times s such that
W, € dD. See lemma 3.1 for the precise statement.

Then we define the random measure Z by the formula

1 oo
2tdy) =5 [~ 8, () L.

where §, is the Dirac mass at point a. In particular the support of Z is a subset of 9D.
Under the excursion measure, N, of the Brownian snake started at point x € D, Z is finite,
but its total mass is not integrable under N,. We prove in proposition 6.3 that the function

v(x) =Ny [1 - e_(Z””)} ,

where (Z,¢) = [ ¢(y) Z(dy) and ¢ > 0, is a nonnegative solution of (1) with x = 0.

To prove this result and study v, it is necessary to introduce a family of measures Zy
which increases to Z as 6 decreases to 0, and which have an integrable total mass under N,.
The idea is to kill the underlying reflected Brownian motion (By,t > 0) at time 7(6), where
(7(6),0 > 0) is a family of random variables increasing to +oo as 6 decreases to 0. The
random variables 7(#) are independent of B and exponential with parameter 6. Let R be the
right continuous inverse of 7(-). R is build in such a way that it is a Markov process. Then
we may consider the Brownian snake (W, R;) associated to the spatial motion (B, R). Then
we consider formally the measure

1 o0
Zp(dy) = 5/0 S (dy)Lig<R,(c.)y dLs-
The precise definition is given by formula (5). Then it is easier to study the function
vg(z) = N, [1 - e_(Z"’“")} ,

and deduce the properties of v since vy increases to v as 6 decreases to 0.
In particular, using the special Markov property introduced by Le Gall in [12], we prove
in section 4, proposition 4.1, that v € C?(D) and solves

Av=4v> in D.
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Section 5 is devoted to the proof of proposition 5.7, which states that vy is a weak solution
of

Au —20u = 4u? in D,

ou
— = on 0D.
on ¢
By letting 0 decreases to 0, we get in section 6, proposition 6.3, that v is a weak solution of

(1) with x = 0.

Let [ be the local time of B on dD. By considering a reflected Brownian motion killed
t

when the continuous additive functional 3 k(By) dl, reaches the value of an independent

exponential random variable of parameter 1, instead of the initial reflected Brownian motion,
the previous results can be extended to the general case x continuous and nonnegative.

The next sections deal with the particular case k = 0. More precisely, we prove in section
7, lemma 7.4, that a bounded function u is a weak nonnegative solution of (1) (with x = 0),
if and only if it solves the two integral equations

4/DU(y)2 dy = /M o(y) o(dy),

where o is the surface measure on 0D, and

u(z) + 2/[)g(w,y)U(y)2 dy — aD/ u(y) dy = 1/BD 9(x, y)p(y) o(dy),

D 2
where aBl = [, dy, and g(x,y) is the green function of the reflected Brownian motion:

+o0
g(x7y) = 0 [pt(x,y) - aD] dt,

with p(z,y) the density transition kernel of the reflected Brownian motion. Furthermore,
there is a unique nonnegative weak solution of (1) (with x = 0), thanks to corollary 7.5.
Notice however, there might exist other weak solutions to (1), for example negative solutions
as stated in proposition 7.2.2.

In section 8, we consider the properties of the measure Z. In particular, we prove in
proposition 8.4 that this measure is absolutely continuous with respect to the surface measure
on 0D if the dimension of the space is 2 or 3. In particular Z is more regular than the so-called
exit measure which is singular for d > 3 (see [2]).

Eventually, in section 9 we recall some useful facts on reflected Brownian motion and on
probabilistic representation of linear partial differential equations. This section also includes
the proof of the convergence of the approximating scheme of the CAF L.

2. NOTATIONS

Let D be a bounded domain (connected open subset of R?) with C® boundary. Let D be
the closure of D.

First we consider a reflected Brownian motion B in D. For every zo € D, we denote by
P,, its law when starting at point zp at time 0. Some facts on this process are recalled in
the appendix.

Let us now construct a process that allow us to stop the paths according to exponential
independent times of parameter 6, which must increase to +o0o as 6 decreases to 0. We first
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consider a Poisson measure N on Ry x R, with intensity dx dt, independent of B. We denote
by (z;,t;)ics the atoms of this measure and we set

R(t) = inf{xz;;t; < t},
with the usual convention inf ) = +o0.

We set R, = [0, +00) U {+co}. The path (R(t),t > 0) is a cadlag decreasing R -valued
process starting from +oo. We have, for every ¢ > 0 and every 6 > 0,

P(R(t) > 0) = P(N([0,6] x [0,4]) = 0) = e~

So, for every t, R(t) is distributed as an exponential random variable of parameter ¢. Notice

that 7(6) = inf{t > 0; R(t) > 6} is distributed as an exponential random variable with

parameter 0. And the family of random variables (7(0),60 > 0) increases as 6 decreases to 0.
Moreover, we have, for every 0 < s < ¢,

(2) R(t) = min{R(s), inf{z;;s <t; < t}} @ R(s) A R(t — s),

where R is an independent copy of R. Consequently, R is an homogeneous Markov process.
Finally, let 7 be an exponential random variable of parameter 1 independent of B and R.
We denote by [ the local time of B on 0D and we set

(k-1)s = / k(Bs)dls.
0
Then, the process (Ot > 0) defined by

O = (Bt R(), 11 iy,<ps (5 1)

is an homogeneous £ = R? x Ry x {0,1} x R,-valued Markov process. Let Pz, denote its
law, when started at o € E at time 0. ~
Let || || be the Euclidean norm on R%. For every r,r’ € R, we set

7, / /
d(r,r’) = }arctanr — arctan?’|
T

with the convention arctan(+oco) = 5. We denote by 6(j, j') the discrete distance on {0,1}.

Eventually, for & = (z,r,j,k) and § = (y,’,j', k') in E, we set
dp(,9) = ||z =yl +d(r,7") + (5, 5') + [k — K'|.

dp is a distance on E and (F,dg) is a Polish space.

We now describe the Brownian snake with underlying motion © (see [4]). The spatial
motion will correspond to the underlying reflected Brownian motion. The other three com-
ponents are only used to kill the reflected paths at nice random times.

A killed path in E is a cadlag E-valued function @ = (w(u),u € [0,¢)) where ( is called
the lifetime of w. We will denote w(u) = (W (u), R(u), J(u), K(u)) for u € [0,(), and we
assume that W and K are continuous. Let VW be the set of killed paths in F. For zg =
(0,70, Jo, ko) € E, let W;, be the set of killed paths starting at point Zo. For w € Wj,, we
set the end point of the path : (W, R, J, K) = w(¢—) if the limit exists, O otherwise where
0 is an isolated cemetery point added to E.

For @ € W, we define the exit time of an open set O C R¢ by

To(w) = inf{u > 0, W (u) & O},

with the usual convention inf() = +o00. Notice we just consider the spatial motion W to
define the exit time.
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For t > 0 let d; (resp. &) be the Skorokhod distance on the space I([0,¢],Ry) (resp.
D([0,¢],{0,1})) of Ry-valued (resp. {0,1}-valued) cadlag functions defined on [0,¢]. Then,
for w and @’ in W, we set

d(w, ') = dp(w(0),w'(0)) + |¢ — (| + S (HW(t) — W) + K #) - K’(t)\)

ng
[ (@lRen Ro) AL+ (T, T A )t
0

where R<; (resp. J<;) for instance stands for the restriction of R (resp. J) to [0,¢]. It is easy
to check that d is a distance on W and that (W, d) is a Polish space. We agree that very
point € F can be considered as a trivial killed path with lifetime ¢ = 0.

Let (Ws,s > O) = ((WS,RS,JS,KS),S > 0) be the canonical process on C(Ry, Ws,),
the set of continuous functions on [0,4o00) into Ws,. We will denote by (s the lifetime of
W,. For w € Wi, let P be the probability on C(Ry,Ws,) under which the canonical
process is a Brownian snake with underlying Markov process © starting at w and constant
after o = inf{s > 0; (s = 0} (see [4] section 4.1). We denote by Njz, the excursion measure
of the Brownian snake away from the trivial path Zp in W5, and ¢ = inf{s > 0;(; = 0}
its duration. Recall that (WS,]%S, js,f( s) denote the end path of WS when it exists and 0
otherwise. Eventually, we write Ny, = Ny 100.1,0) as well as Wo = Wi, 1001,0)-

We recall the formula for the first moment of the Brownian snake ([4]).

Let F' be a nonnegative measurable function defined on W;,. We have

3) Nz, [ [ rai) ds] ~ [ as s, r@0),

0
where ©0) is distributed under Pz, as © but killed at time s.

3. THE ADDITIVE FUNCTIONAL L

Let us consider the continuous additive functional (CAF) of the Brownian snake defined
for « > 0,e > 0 by: for s > 0,

S
1 _
159 = [ S 1piepy e du

where D. = {z € D;dist (z,0D) < €}, and dist (z,0D) denote the Euclidean distance from
x to the boundary of D.
Intuitively, as e | 0, é 1 (Wae Dg}du converge to the infinitesimal increment of the local time

on 0D of W, at its lifetime. The term e~ %, with o > 0, is introduced in order to get a CAF
with finite L? moments.

The next lemma gives the convergence of the CAF L*¢. Let &g = (o, 10, jo, ko) € E such
that g € D. Recall that [ is the local time of the reflected Brownian motion B on dD.

Lemma 3.1. There exists a sequence (ex,k > 0) decreasing to 0 such that Nz -a.e. for all
s >0, Lok converge to a limit say Ls as k — oo. The process (Lg,s > 0) is a continuous
additive functional of the Brownian snake. The Revuz measure of the continuous additive
functional L, p, defined on Wy, is given by: for any nonnegative measurable function defined
on Wxz,,

(1 F) =5, | [~ PO a1
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where O = (O(u/),u € [0,u)). We also have the formula

(4) ey | [T dr| = 0.,
The proof of this lemma is postponed to the appendix 9.4.

Remark. For o« > 0, the continuous additive functional LY = Os e~ w dL,, is the limit of
LY%F for all s > 0 Njz,-a.e. (see the proof of the above lemma). Its Revuz measure defined
on Wj, is given by po(dd) = e u(diw), where  is the lifetime of . Notice that p is not
finite since (u,1) = 400, whereas i, is finite (thanks to (23), (24) and (26)), and we have

(Ba, 1) = Eqgy [/ e dlu:| =/ e dU/ pu(z0,y) o(dy),
0 0 oD

the a-potential of the local time I, with o(dz) as the surface measure on dD. Following the
terminology of [11], i, is of finite energy and is the measure associated to L. From (34), by
letting e decreases to 0, we get its energy &(uq):

1

Eia) = N [(£2] = 28y | [t oty

oo
where u®(y) = E, {/0 e~ dlu} , for y € D, is the a-potential of the local time . O

4. THE MEASURES Z"

It is clear that the measure dL increases only when W, € D. For > 0, we define under
Nz, the random measure Zf on dD. Let ¢ be a measurable non negative function defined
on 0D. We extend ¢ by setting ¢(9) = 0. We set

K 1 7 T

Notice that since J, and R, are decreasing Nz -a.e., we have, for § > 0, Zy = 0 if 29 =
(zo,70,0, ko) or Zg = (20,0, jo, ko). Therefore, we will be interested only in the nontrivial
case where Tg = (1,‘(), 705 05 ko) with jo =1 and r9 >0 .

We shall omit the indices # (resp. 6) in Zj when x = 0 (resp. # = 0). For example, we

1 /7
write Z for Z{. Notice that (Zy, p) can be represented as 5/0 gp(Wu)l{RMZG}dLu, since for
k = 0, Nz -a.e. fg 1{ju:0}dLu = 0. This is clear (recall oy = (xq, 70,1, ko), with o > 0),

since

Nio |:/0 1{ju:O}dL’LL:| = E(:ﬂo,ro,l,ko) |:/O 1{(H~l)u>27'}dlu:| = O?

for k =0 and (k-1)g = ko < 27.
For any k > 0, (Z§, ) increases to (Z", ) as 0 decreases to 0 since [ Lip,—oydLlu =0
Nz -a.e. (recall g = (0,70, 1, ko) with 9 > 0). Therefore for ¢ > 0, we have

(Z,p) 2 (2", 0) = (Z§,¢) 2 0.
We consider the function vy defined on D by:

v (z) = Np[1 — e~ (Z59)],
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We shall omit the indices k or 8 when they are zero. For example, we write
v(z) = Np[1 — e~ (%9)].

Since the support of Zj is a subset of 0D, we deduce that 1 — e~ (Z0%) is bounded from
above by 1(zrpnsppy, where RO, with O an open subset of D, is the range of (the spatial
component of ) the Brownian snake in O, that is

RO = [Wy(t A1o(W,)),s > 0,t > 0}.

In particular for z € D, vg(x) is bounded from above by up(z) = Ny[lirpngppy]- Notice
that up is the maximal nonnegative solution in D of Au = 4u?. This is a consequence of
proposition 4.4 in [11] and the fact that the law of B stopped when it first reaches 0D is the
law of a Brownian motion stopped when it first reaches D. From the monotone convergence
theorem, we deduce that vj(x) T v™(x) as 6 | 0 for any « € D.

Proposition 4.1. Let ¢ be a measurable nonnegative function defined on 0D. The function
v*(z) = Ny [1 — e~ (4%9)] defined on D is a nonnegative solution of Au = 4u? in D.

We first recall some results on exit measures.

Let O be an open subset of D. Let Qo = O x Ry x {0,1} x R* and %y € Qp. As in [13],
let X0 (d) be the exit measure of the Brownian snake W out of Qo under the excursion
measure (notice condition (H) is satisfied here). We also define the o-field £%0 which is
intuitively generated by the paths W up to their exit time of O. More precisely, let

S
ns = inf s';/
0

and define the process W/ = W, under Nz,. The o-field £%¢ is generated by W’ and the
collection of all Nz -negligible set of C'(R*, Wx,).

Now we describe the excursion of W outside Qp. The random open set {s € [0, o], 70 (W) <
(s} can be written as a countable union of disjoint open intervals (a;,b;), ¢ € I, where I is a
set of indices possibly empty. Because of the property of the Brownian snake, notice that for
s € [a, bi], TO(WS) and WS(TO(WS)) are constant equal to t; = (,, and &; = Wai. We then
define the excursion W outside Qo as an element of C'(RT, Wj,) by

Wsz(t) = W(ai—i—s)/\bi (t + ti)a te [07 C; = C(ai+s)Abi - ti)'

We recall theorem 2.4 of [13] (see also proposition 7 of [4]):

/

Theorem 4.2 (Le Gall). Conditionally on £, the point measure Z‘sﬁ/i s under Nz, a
iel
Poisson measure with intensity [ X% (dz) Nz(-).

Proof of proposition 4.1. Let O and @Q be open subsets of R% such that Q CQand Q C D.
The necessity of ) will appear later. There exists €9 > 0, such that Q N D, = 0. Let
Zo € Qp. Let ¢ be a nonnegative continuous function defined on D. We set

K,E ]‘ 7
(Zg",¢) = 5/0 P (Wi, 501 j,=1ydLu"

where we recall that dL?L’E = % 1 (WueD.} du.
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With obvious notations, we have under Nz : for any € € (0,e9) and 6 > 0,
g 1 [ s 1
(200 =25 | ¢WDl (a0 () ¢ Loven.y 95
el

We deduce from theorem 4.2 that for any Zg € Qp,
Nz, (e_(Zé” %) \SQO) = exp [—/Xﬂo(dg%)Ni (1 — ey ,g@))} .

We will now prove that the law of Z;° under N; is the law of 15,54 ;13 Z,° under Ny,
where & = (x,r,7,k). Notice from the Markov property of © that W, = (Wi, Ry, Js, K)
under N, ;1) is distributed as W! = (W, min{ Ry, r},jJs, k + K,) under N(g,400,1,0) = Na.
In particular,

K, 1 [ 1
Z9 E(dy) = 5/0 5Wu (dy)l{éuze}l{juzl} g I{WuEDE} du,

under Nj is distributed as Z’ S’E under N, where,

K, L[> 1
ZIG E(dy) = 5 A (5‘;[/& (dy)l{églge}l{j;:u g 1{W/u€Ds} du,

with (W/, R!,,J! K') the end point of the path /. We have under N,

wr Yus
6 ze = 1 005 1 1 Ly du=1 Zye
(©) 0° =5 ) O Lmin(renzoy (a7 Lovenn 4= Lo 25
We deduce that for & = (z,r,j, k), and either r > 0 or 6 > 0, we have
_( K,E ) _( K, )
N;E |:1—e 0 7SD:|:1{T297]‘:1}N3€|:1—€ 0 7¢:|

Remark 4.3. Notice that 1 —exp[—(Z;", )] < Lygenag.oy> and Nz[lirenagro] = ue(r) is
uniformly bounded on O. In particular we get from dominated convergence as ¢ | 0 (along
the sequence (e, k > 1) of lemma 3.1), that

(7) N; [1 — o (%5, ‘P)} = 1g50-)N, [1 _ (%5, w)] .
Therefore, we get

K, K,E
N;, (e_(ZG ¢) \SQO) — exp {— / X0 (dz, dr, dj, dk) 1=, j-1yNa (1 _ e (% ’w))] .

Arguing as in the above remark, and letting 6 decreases to 0, we also have, from dominated
convergence, that

Ni, (e7(Z79) jg%) — exp {— / X0 (da, dr, dj, dk) 150 - No (1 - e—<Z”v%">)] .
Using formula (36) from [4], we deduce that
Nz, [/ X% (dw, dr, dj, dk)(1 - 1{r>0,j—1}):| = Ea, [1 — L{r1)>0,(x)r>2r}]
where T is the exit time for B of O. Recall that 2o = (z0, 10, jo, ko) is such that ro > 0 and

jo = 1. Since 9 € O C D, we deduce that the local time [ and also (k -[) didn’t increase
before T'. Therefore a.s. (k-1)7 = (k-1)o = ko < 27, where we use that jo = 1 for the last
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inequality. Since T is finite a.s., we deduce that R(T") > 0 a.s. Hence we get that N; -a.e.
[ X% (dx, dr, dj, dk)(1 — 1450,j=1}) = 0. This implies that for any zo € O,

Na, (e—(Z“,cp) |590) — exp [—/Xo(dx)Nz (1 - e_(Z”"P))} ,

where XO(dr) = X0 (dx, R, {0,1},RY).
From class monotone theorem, we deduce this equality is true for any measurable nonneg-
ative function ¢ defined on dD. Set ro = +o0, jo = 1 and ky = 0 and take the expectation

with respect to Ny, to deduce that v (xg) = Ng,[1 e (Z%, 90)] is bounded in O and satisfies:
for any zg € O,

¥ (20) = Ny [1 — e~ (X007,

But, under Ng,, X O is distributed as the exit measure of O of the Brownian snake with
underlying motion a Brownian notion started at xg. Since O is arbitrary (but for O C D),
we deduce from corollary 4.3 of [12] that v* is a nonnegative solution of Au = 4u? in D. [

5. PROPERTIES OF vj FOR 6 >0

Let ¢ be a bounded nonnegative measurable function defined on dD. The same ideas as
in [1] lead to the equation satisfied by vj. We assume in this section that 6 > 0.

Proposition 5.1. The function vy is bounded on D.

Proof. By definition, we know that vg is non negative. To get the upper bound, for every
x € D, we have from (5) and (4)

vj(z) < Na[(Z5, )]

1 oo s
= 5N UO @(Wu)l{éuw}l{ﬁ—l}dh]

1 oo
= -E; [/O @(Bu)1{R(u)>9}1{%(H.l)u§T}dlu]

+o0 1
=_E, [ / o(B,) e " e 2w dlu] .
0

This last quantity is bounded since ¢ is bounded on 0D, 6 > 0, and since

+oo
sup E,. {/ e 05 dls] < 00,
x€D 0

[\

N[ —

thanks to (25). O

Proposition 5.2. The function vy is solution of the integral equation: for all x € D,

+o0 1 +oo
(8) wy(x)+2E, {/ vf(Bs)?e % e~ 3 (ks ds] =3 E, [/ ©(B,)e % emz(vDs g | .
0 0
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Proof. We follow the proof of theorem 4.2 of [1]. By definition of vj and Zj, we have, for
every x € 0D,

vy (z) = Ny [1 — e—(ZZf#P)}

1 [t
=Ny [1 — €xp <_§/0 @(Ws)l{észe}l{Jszl}dLSﬂ
1 400 N 1 Foo T

+o0 R
Now, we replace exp <—§ / dLy,, ‘P(Wu)l{éuw}l{ju_l}) by its predictable projection to
i >
get

L1 +oo 5 . L AL, (W)l ol
UG = iNZ’ [A dLS @(Ws)l{észe}l{jsil}EWs |:e( ° =0y {JU_1}> ’
Let us now compute, for w = (W, R, J, K) € W,,

+oo
* 300 dLu oWl p s lijuony | — px [o—(Z5.0)
EW[ > =B, |e .

We consider the Brownian snake under P} and we set (o, 3;)icr the excursion intervals of
(s — inf[g 4 ¢ above 0. For every i € I, we define Wi e C(Ry, W, is(c.)) by setting, for
every s > 0,

Wsl@) = W(Oci-i-s)/\ﬁi(cai + t) te [Oa C; - C(ai-i-s)/\ﬁi - Cai)'
Let us recall the following result (proposition 2.5 of [12])

Lemma 5.3. Let w € W,. The point measure

2 i)

i€l
is under P a Poisson point measure with intensity

2 1jg,¢)(t)dt Ny (dW).
We have
(Z§,0)=>_ 5 / i >0y 1 gi—1y Lus
el

where L’ is the CAF of lemma 3.1 for the snake W?. From lemma 5.3, we have for w € W,,

¢
E:(Z) |:e_(Z5190):| = exXp (—2/(; dt Nq]}(t) |:1 _ e_(ng(P)i|>
C K
= exp (—2/0 dt Lirey>0,0(t)=13Nw 1) [1 _ (%5 ,(p)])

¢
= exp <—2/0 dt 1{R(t)29,J(t)1}Ug(W(t))> )

with w(t) = (W (t), R(t), J(t), K(t)) where we used equation (7) for the second equality. Since
the processes R and J; are decreasing, we have

1 —+o00 R Cs
vy (z) = ENz [/0 dLs SO(WS)l{RSze}l{js:l} exp <—2/0 dtvg(Ws(t))>] .
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Eventually we get, using equation (4), the equation

1 +oo s
vg(z) = SEq {/0 dls (Bs)1{R(s)>0y L{(w1), <27} €XP <—2/0 dt vy (Bt)>:|

+o0 8
o) — 58 [ By e e (<2 [ty )
0

0

that we will re-use at the end of the proof.
Let us now compute

+oo s
E, [/ dl p(Bg) e % e~ 3 (ks <1 — exp (—2/ dt v[,f(BQ))}
0 0
+00 1 s 5
=2E, {/ dly p(By) e 2 (m s / dt vy (By) exp (—2/ du vg”(Bu)>}
0 0 t
+00 +00 1 s
=2 / dt E, [vg(Bt) / dls o(Bs)e % e 2("0s oxp (2 / du vg(Bu)ﬂ
0 t t
+oo 1 +oo 1 S K
_ 2/ dtE, [Ug(Bt) efOt efi(n-l)t EBt {/ dl, (P(Bs) 6705 efi(/i-l)s e(—2f0 du v (Bu)):|:|
0 0
+oo 1
= 4/ dtE, [v’g(Bt)Q e ¥ e_i(’”)t}
0

by equation (9). Now, if we rewrite equation (9) as

K _ E]E +oo dl B —0s 7%(&1)5
U@(w)*2 =1/, sp(Bs)e e

1 “+o00 s
— 5Es [ / dly p(By) ™0 ¢~ 31 <1 — exp <—2 / dt v@%B»))] :
0 0

the last computation gives the sought-after equation. O

Proposition 5.4. Let T be a stopping time (wz't_h respect to the natural filtration of B), finite
a.s. Then vy satisfies the equation: for all x € D,

T
vy (z) + 2E, [/ vf(Bs)?e % e~ 3 (ks ds} =
0

1 T
E, [US(BT) e 0T efé(”'l)T} + §Ex {/ »(Bs) e b5 o3 (K Ds dls} .
0

Proof. Let us first compute

+oo N
E, [/ 05 (Bs)? €705 72 (s ds]
0
T ) oo 1
=E,; {/ v (By)?e 0% 2w Ds ds] +E, {/ v (By)? e 0 ez (m s ds]
0 T
T 1
=E, [/ v (Bs)? e em2(rDs ds]
0

“+oo
+E, [eGT e 2T Ry [/ 0 (Bs)2 e 05 e 2w Ds ds” ,
0



12 ROMAIN ABRAHAM AND JEAN-FRANCOIS DELMAS

by the strong Markov property of B. Now, by proposition 5.2, we have,

e 2 —0s Ll 1 e 0s — 1l 1
Ep, [/ vl (Bs)? €705 72 (s ds] = ZEBT [/ o(By)e e 2wls g | — §vg(BT).
0 0

So, plugging this equality into the previous formula gives

+o00 1
E, [/ v (Bs)? e 0% em3(mDs ds]
0

T
= Eaz |:/ vg(Bs)2 6798 eié(wl)s d8:|
0

1 —0T —L(k) oo —0s —1(k)
+ ZE:n € e 2 T EBT SO(BS) € € 2 ° dls
0
1
— §Ez [e_GT e~z (DT vg(BT)}
T 0 1 1 +o0 0 1
~E, V v (By)2e % e 3D ds] + g [/ p(By) e " el dls}
0 T

- 5B [T R ().

using the strong Markov property again. Subtracting to (8) two times the last equation gives
the result. O

Corollary 5.5. The function vy belongs to C?(D) and is solution of Au = 4u® + 20u on D.

Proof. Let « € D. As D is an open subset, there exists € > 0 such that the ball B(z,¢)
centered at r and of radius ¢ is included in D. Let T be the exit time of B out of this ball.
Then, under P, (By)o<u<r is a standard Brownian motion stopped when it leaves B(z,¢)
and I = 0 P,-a.s. Proposition 5.4 gives now

vg(2) +2E, [/OT vp(Bs)? e ds} =E, [U@(BT) e*GT}

where B is a standard Brownian motion and classical results on the Brownian motion give
the proposition. O

Proposition 5.6. The function vg is continuous on D.

Proof. We fix a time t > 0 and we apply proposition 5.4 to T' = t. We have
(@) = B, (B e B, [of(By) (1 - e 300)] o

1 t t
+ §Em |:/ SO(BS) 6_05 e_%(ml)s dls:| — QE:E |:/ vg(BS)Q 6—98 e—%(}ﬁ)l); ds
0 0

As ¢ and vy are bounded, the three last terms converge to 0 uniformly in = and, as ¢ decreases
to 0 thanks to (27) with n = 1. Furthermore for fixed ¢ > 0, the application z — E, [vj(Bt)]
is continuous on D. This implies that vy is continuous on D. ]

Let CZ(D) be the set of bounded functions defined on D which are of class C? with bounded
derivatives of order 1 and 2.
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Proposition 5.7. If ¢ is continuous on 0D, then, for every test function ¢ € C’g (D)NCY(D),
we have

/A¢ 2)vf(z)dz — 4 /¢ d:):—20/qﬁ z)vg(z)dz

= ( Jog (Wo(dy) — [ oy)e(y)o(dy) — [ o(y)vg(y)r(y)o(dy).

oD 3” oD oD

In particular, for ¢ =1, we have

4 /D of ()2 + 20 /D of()de = /6 eloldn) + /8 K)o (dy).

Proof. The proof is similar to the proof of theorem 4.10 of [1]. First, we use the definition of
the reflected Brownian motion via a martingale problem (see [9]). This gives that, for every
z€Dt>0,and ¢ € C}D)NCYD),

Ex[0(B0) - o(0)] = 35 | [ t po(Bis| - 55 | [ 90y E

So, multiplying by vg(x) and integrating on D leads to, for every ¢ > 0,

[ @630 - o) ds
D

[ vg(x)Eg;[Aqﬁ(Bs)]dx_% [ | [ e, J

/ds/ Ao(z )]da:—%/Dvg(x)E [ gi( )dl}dm

because of the symmetry of the density of B,. Using the symmetry again and then proposition
5.4 with T'=t, we have

/”9( VE:[6(Br) — ¢(x)]d
/¢ 2 [v5 (Bt) — vj (z)]dz
/¢ E, 'Ug (By) e~ 3 (R D)t —vg(x d:z:—/¢ E, Uo(Bt) (l—e ;(Hl)ﬂdx

= /D o (z) (vg (z) & —vf (x))dz + 2 / o(x) e E, [ /0 Vi (By)% e 5 ez (mDs ds} dx

-3 | s@e B, [ /0 p(B,) e~ =31 dzs] da
/ o(z U@ (By) (1 — e*%(“'l)t)} dx.
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So, we have, for every ¢t > 0,

%/dem(a;)i/ ds B [vf (Bs )]—%/dﬂ?ve( )1E [ gz( )dz]

= /D¢(m)vg(x) 1)dz + 2/ o(x ‘”H«: [/t v (By)2 e a0 ds] dx
= 5/ ¢(x)% "' E, [/ @(Bs)efes e 3 (s dls:| dx
D 0
/ P(x Ue 6 (Bt) (1 - e_%(’”)i)} dz.

Now we let ¢ goes to 0 and use the continuity B as well as the continuity of vy on D, the
lemmas 9.2, 9.3, 9.4 and 9.5 to get the equation of the proposition. O

For k € N, a € (0,1], let C**(Q2) be the set of functions defined on  which are k times
differentiable such that their k™ derivative is Hélder with parameter .

Proposition 5.8. (Recall that § > 0.) Let ¢ € C1*(dD) be nonnegative. The function ve
belongs to C?(D)NCY(D) and it is the unique nonnegative solution of the Neumann problem

Au = 4u? +20u in D

10
(10) %:go on 0D.
on

Furthermore, vg belongs to C**(D).

Proof. Since ¢ € CY*(0D), we deduce from propositions 9.6 and 9.9, that the function
1E, [ 0+O° ¢(Bs)e b dls} belongs to C%(D). Since vy is bounded, we deduce from propo-

sition 9.8, that the function E, [fo vg(Bs)% e 9 ds] belongs to C%!(D). Thanks to (8),

this implies that vy € C%!(D). Using propositions 9.7 and 9.9, we deduce again from (8),
that vg € C>%(D). From proposition 9.7, we get that vy is a solution of (10).
Let us check the uniqueness of solutions to (10). Let u € C%(D) N C'(D) be another
nonnegative solution of (10). Set w = u — vg. The function w solves
Aw—kw=0 inD
ow

%:0 OIlaD,

where k = 4(u+wvg) +260 > 0 belongs to C'(D). From the maximum principle (see theorem 8
n [14]), we get that either that w < 0 or w > 0 is constant in D. Using —w instead of w, we
deduce that w is constant in D. Therefore we have u = vy + ¢. Subtracting (10) applied to u
and vy, we get that c(4vg 4+ 2c+6) = 0. Either ¢ = 0 or vy is constant. If vy is constant, from
(10) we get that ¢ = 0 and by construction vg = 0. This in turn implies that ¢(2c+ 6) = 0.
Since u = c¢ is nonnegative, we get that « = 0. In any case ¢ = 0 and thus we have u = vg. U

6. PROPERTIES OF v"®

Let ¢ be a bounded nonnegative measurable function defined on dD. Recall that for k > 0
and z € D, v"(z) =N, [1 - e_(z~,<p)] and v* < v = 0.

Proposition 6.1. The function v* is bounded on D for k > 0.

The proof of this theorem is at the end of this section.
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Proposition 6.2. The function v* is continuous on D.

Proof. By construction, we have that vy increases to v" as 6 decreases to 0. From proposition
5.4, we get by dominated convergence: for x € D,

t 1 t

v*(z) + E, { / v*(By)?e 3" Ds ds| = B, [v*(By) e 2" D] 4 5 [ / o(By) e 2(vDs gr |
0 0

Now, as ¢ and v" are bounded, we conclude as in the proof of proposition 5.6. U

By dominated convergence, we deduce from proposition 5.7 the next result as 6 decreases
to 0.

Proposition 6.3. Assume ¢ is a continuous nonnegatie function on dD. For any test
function ¢ € CZ(D) N CH(D), we have:

(11) /D Ap(z)v™(x) dox — 4/D o(z)v"(x)? do =
0, |

8—(1/)@ (y) oldy) — | dW)ey) oldy) — [  oy)r(y)v™(y)o(dy).
ap dn oD aD

In particular, for ¢ =1, we have

[ @i = [ cwotan+ [ st

oD

Notice that any function v € C2(D)NCY(D) solution of the Neumann problem (1) satisfies
the integral equation (11), for any test function.

Definition 6.4. We say that a bounded measurable function v which satisfies (11) for any
test function is a weak solution of the Neumann problem (1).

We will mainly consider weak solutions that are continuous on D.

Proof of proposition 6.1. Because v < v =1V, it is enough to prove the proposition for v.
Let g be a continuous nonnegative function defined on dD. Consider the Dirichlet problem
in D:
Au —20u = 4u? in D,

(12)
u=g¢g ondD.

From [7], we know there exists only one nonnegative solution to this equation ug, and ug
belongs to C?(D) N CY(D). Since L = % — 0 is the infinitesimal generator of the Brownian
motion killed at an independent exponential time with parameter > 0, we also have the

following integral equation:
™D
(13) ug(z) + 2E; {/ ug(Bs)? e ds} =E, [Q(BTD) e_(’TD] ’
0

where 7p = inf{t > 0; B; ¢ D}. This integral representation is also valid for # = 0. The next
lemma give a regularity result on ug when g is smooth. Recall that D has a C? boundary.

Lemma 6.5. If g € C*>*(dD), then the nonnegative solution ug of (13) lies in C>* (D),
where o/ = min(«, 1/2).
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This result doesn’t seem optimal since o/ might be less than «. The proof of this lemma
is at the end of this section.

From now on, we assume that § > 0. Notice that under the hypothesis of the above
lemma, the normal derivative of uy is continuous and well defined. However this normal
derivative can be negative at some point of dD. We can’t represent ug as N, [1 — e*(Z"’“’)],
with ¢ the normal derivative of uy in general. For our purpose it will be sufficient to consider
un g solution of (13) with g constant equal to N > 0. From (13), we have uyp < N in D.
Therefore the normal derivative of uy g, say ¢ is nonnegative.

Let us find a lower bound for ¢y ¢ independent of 6 > 0. Since D is bounded with c?
boundary, there exists ro > 0, such that for any xg € 0D, the open ball B(xg — 7on4z,,70)
with radius ro centered at z¢g — rong,, where ng, is the outward normal of D at point x,
lies in D. Let wx be the unique nonnegative solution of Au = 4u? in B (xo — rona,y, To) With
boundary condition wy = N on dB(x¢ — rona,, o). In particular wy € C?(D), thanks to
lemma 6.5. Since uyp < N in D, we deduce that uny < wy on 0B(xg — rong,, o). Let
2z =unp —wpn. The function z satisfies Az — kz > 0 in D with k = 4(unp + wy) > 0 and
z <0 on 0B(xg — rong,,ro). From the maximum principle (theorem 6 in [14]), we get that
z < 0in B(zg — rong,, o), hence

ung <wn in B(xg — mong,, o).
Since wy(xg) = ung(xo) = N, we have for € > 0 small enough
wn (zg) — wn (o — eNgy) < unp(T0) — un (o — ENgy ).

This implies that ¢n(z¢) < ¢ng(x0), where ¢ is the normal derivative of wy.

Lemma 6.6. There exists a constant cy depending only on ro and the dimension d, such that
on(zo) > (N —¢o)/ro for all N > 0.

Proof. By symmetry we get that wy is radial. For y € B(0, ), we have wy (zo—rong, +y) =
h(|y|), and h is defined on [0, 7] and of class C2. The function h is the unique nonnegative
solution of
" d—1 / 2
(14) h'(r)+ ——n'(r) = 4h(r)* for r € (0,r9),
r

R'(0) =0 and h(rg) = N.

From the maximum principle, we get that for r € (0,7¢], y € B(zg — rong,, ),

wn(y) < zeaB(g)l%ii)nwo,r) wn(z) = h(r).
This implies the function h is increasing over [0,7g]. Since, from the maximum principle,
wn (xo — rong,) > 0 we have h > 0.

Let t = inf{r € (0,r0];A"(r) < 0}, with the convention inf( = +oo. We first assume
that ¢ > 0. If t < rp, from the continuity of h” we deduce that h”(t) = 0 and from
(14) that A'(t) > 0. By deriving (14), we get that h”/(t) > 0. This contradict the fact
R"(t —e) > h"(t) = 0 for any € > 0 small enough. Hence we have either t = 0 or ¢ = +o0.

If t = 0, there is a sequence (t; > 0,k > 1) decreasing to 0 such that h”(t;) < 0. Since
h € C?([0,70]), we get h”(0) < 0 by continuity. Since h’ > 0 and h/(0) = 0, this implies that
h"(0) = 0 and lim, o A'(r)/r = 0. Let r | 0 in (14) to get h(0) = 0, which is absurd since
wy > 01in B(xg — roNgy, r0). Therefore, we have ¢ = 4o0.

In conclusion, we get that h”(r) > 0 on (0, rg]. This implies that

rh”(r) + K (r) > W (r) on [0,r0].
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By integration we deduce that

N — h(0)

4 >
(ro) > -

Notice that wy is bounded from above by the maximal solution wpmax of Au = 4u? in
B(zg — rong,, o). This implies

h(0) = wn(zo — roney) < Wmax(To — roNay) = Co,

where the constant ¢y depends only on ry and d. This end the proof of the lemma since
h/(To) = (25]\](330). O

Let ¢ > 0 measurable defined on dD. Let N > rosup,ecqp |¢(7)|+co. Notice N is
independent of § > 0. Since uy g is in C?%(D) for some o > 0, we get that ung is a strong
8UN79

solution of (10) with boundary condition ¢y = on dD. We deduce from proposition

5.8, that uyp(z) = N, [1 —e_(ZG’@DN»G)}. From lemma 6.6, we deduce that ¢ < ¢ng and
thus vg < ung < N. Since this upper bound is uniform in 6 > 0, we deduce that v itself is
bounded from above by N. O

Proof of lemma 6.5. Since g € C**(0D), we deduce from propositions 9.10 and 9.12 that
E, [g(BTD)e*QTD} belongs to C%(D) and solve (32) with f = 0. Since uy is bounded, we

™D _
get from proposition 9.11, that E, [/ ug(Bs)? e ds| belongs to C*1(D)NCY(D). From
0

(13), we deduce that uy itself belongs to C%1(D). Using proposition 9.11 and (13) again,
we get that uy belongs to C*%(D). We see from (13), we need to check the regularity of

D
h(z) =Ey [/ ug(Bs)? e ds] on 0D to end the proof of this lemma.
0
Notice that

[0.9]
where H(z) = E, {/ ug(Bs)? e ds] . Since ug is bounded we have, thanks to proposition
0

9.8 that H belongs to C*(D).

The proof will be complete, once we prove that E, [H(BTD) e*QTD] belongs to C%1/2(D).
Indeed, from (13), we then will get that ug € C%'/2(D). This in turn, will imply thanks to
proposition 9.12, that h € CQ’O‘/(D), with o/ = min(a, %) From (13), we will deduce that
Ug € CQ’O‘I(D).

To prove that E, [H(B,,) e 'P] € C%1/2(D), we will check that if g € C(9D), then the
function w(z) = E, [g(BTD) e*QTD} belongs to C%'/2(D). Notice B can be replaced by a

Brownian motion in R%, say B, in the definition of w.
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Let D(z) = {y € R%:y + 2 € D}, and 7p(,) = inf{t > 0, B & D(x)} the exit time of D(x)
for B'. Since g € C’l(@D) we have for z,y € D,

() ~ )| = [Bo [o(Br,,, e 20| ~Bo[g(B],,) oo
< By [|Bl,, = Bro || + Bo [17p6) = 700 ]

| /\

{ TD(x) TD( )) } + o HTD@?) - TD(ZU)H
Eo [|7pw) — 7o0)] 7% + cBo [|7p@) — o]
< Bo [|7p@) — TD@)H 2

since sup,¢p Eo[Tp(z)] = sup,ep E.[7p] < oo. This last inequality is a consequence of propo-
sitions 9.11 and 9.12 with § = 0, ¢ = 0 and f = 1, so that the function F'(z) = E,[7p] belongs
to C>1(D). Using the strong Markov property of B at time 7 = Tp(y) A Tp(y), we get

Eo [[/p@) = 7o)l = Eo [Es, [7o@) + 7o) ]

< sup E.[rp]
z€D;d(z,0D)<|x—y|

§C|l‘—y|,

because the function F(z) = E;[rp] belongs to C*(D). In conclusion there exists a constant
¢ > 0 such that for x,y € D,

jw(z) —w(y)| < ev/lx —yl.
That is w € C%/2(D).

7. AN INTEGRAL EQUATION FOR v

From (24), we see the green kernel

Gla,y) = / pi(2,y) — apldt, where ap = 1/ / dy,
0 D

is well deﬁned a.e. in D x D. If h is a measurable bounded function defined on D, we set
f D ) dy. If ¢ is a measurable bounded function defined on 0D, we set

thff faD e(y) o(dy).

From now on, let <p be a bounded measurable nonnegative function on 9D.
Proposition 7.1. Let v(z) =N, [1 — (2, SD)] Then v satisfies the integral equation: for
z €D,

(15) v(x) + 2Gv?(x) — ap /D v(y) dy = %G«pa(x).

Notice that (15) may have many different nonnegative solutions (see remark 7.3). However,
there is a unique nonnegative solution to (15) satisfying the integral condition 4 [}, v(y)? dy =
Jop ©(y) o(dy) (the proof of this fact is similar to what follows lemma 7.4).

Proof. From proposition 5.2 (with k = 0), we have

(16) vg(z) + 2K, [/Om vg(By)? e ds} = %EI Uom ©(Bs) e di,
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From (26), we deduce that

E, [ /0 (B e dzs}

= [ e [ otwnan) —anlotdn) +ap [ ds e [ ototan)
= Geow)+ 2 [ gty otan + [ as @ =1) [ oo)inien) ~ aplotay),

The third term of the last equality goes to 0 as 6 | 0, thanks to (23) and (24). Therefore, we
have

+o00 a
B, | [ eBye® ) = Gootw) + %P [ ot aty) + ot
0 oD
By a similar argument, we have
e 2 0 2 ap 2
E, {/ vg(Bs)“ e * ds} = Gug(z) + 7/ vg(y)” dy + o(1).
0 D
From the second equations of propositions 5.7 and 6.3 we get that

4/Dve(y)2 dy + 29/Dva(y) dy = 4/Dv(y)2 dy.

Since vy increases uniformly to v as 6 decreases to 6, we have vy = v+ o(1) in D. We deduce
that

4/ o(y)? dy—4/ )2 dy — 29/ Ydy+o(1) and Gvj = Gv*+o(1) in D.
D
Plugging those results in (16), we get that for z € D,
ofa) +26e(@) +2%0 [ o0 dy—ap [ o(w) dy
0 Jp D
1 la
=5 Gpol(x) + 52 | oly) oldy) +o(1).
2 20 Jop
Using the second equation of proposition 6.3 we get (15), as 6 goes to 0. O

We assume ¢ > 0 is non zero, that is [, ¢(y) o(dy) > 0. We consider the functions
defined on D by,

wil@) = wn = [aD /6 o) a(dw] o

wa(z) = %G(pa(x),
n—1
wp(z) = —QZG(wkwn k)(z) +cn, forn >3,
k=1
where we set
cn le Zwk Y)Wnt1-k(y) dy.
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The functions are well defined, because the function ¢ is bounded. By symmetry of G, we
have for n > 3,

C
n E n— G1 d +—/ﬂ n d __—ﬁ
/D wnly) d /D wr(y)un-k(y)GLy) dy n Y ap’

D
k=1
because G1 = 0. In particular we deduce from the definition of ¢,_1, that for n > 4,

(17) /Zwk Ywn—x( )dy:2w1/wn1 dy+/Zwk wp—k(y) dy = 0.
D D

k=1
For f a measurable function defined on D (resp. dD), we define || f ||, = sup{|f(z)|;z €
D} (vesp. | fllo = sup{|f(z)|;2 € OD}).
Proposition 7.2.
1. There exists no > 0 (depending on @), such that the series
v;“ = Znn/an and v, = Z(—l)"n"/zwn
n>1 n>1

are absolutely convergent (for the norm ||- ||, ) for n € [0,n0). The functions v, and v,

are continuous in D.
2. Forn > 0, small enough, we have that v; (resp. U;) is the only nonnegative (resp. non
positive) continuous weak solution to the Neumann problem

(18) Au=4u*> inD, and g_u =np ondD.
n

In particular vf{(x) =N, [1 — e_”(Z’W)] , forp > 0, small enough.

Proof. 1) From (22), (23) and (24), it is clear that there exists a constant cp, such that for
any measurable function f (resp. h) defined on D (resp. D),
1Gflloe <enlflle and  [[Gholly, <cpllh]l

n/2

We have by recurrence that ||wy || < B |l @||5)°, where

1 1
B = 3 aD/ o(dy), f2= 3 5 €D
oD

and for n > 3,

n—1 n—1
Bo=2c0Y BBt +vVanp > BBtk
k=1 k=2
with p = [ ¢lle / [op ¢ (v) o(dy)] Y2 1t s easy to check there exists 79 > 0 (depending only
on 1, cp and p) such that the series g(r) = > ;53 Brr* is convergent for r € [0, ), and that
g(r) is the smallest solution of

9(r) = 2cp [(9(r) + Prr + Bor®)* = Bir*] + % Vapp [9(r) + Bor®)’

It is then clear that the series vf]

for € 0,m0 = 7io/ | ¢ 12°)- )
From the continuity of p, (23), (24), we have that Go is continuous on D. By recurrence,

we get that w, is continuous for n > 3. This implies that vg is continuous on D.

=l orv,,asd =+1 or § = —1, are absolutely convergent

n n’
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2) Furthermore, let us note that, by the product of two series, for n € [0,19),

n—1
(0p)* =D 0™y " (wwy )
n>2 k=1

and, as G(w?) = 0,

< ) 25” "/QZG WEWy—k)

n>3
Then, we have that, for n € [0,79),
() = 3 6 2 (x)
n>1
= 0\/nwi + nua(x —225” "/QZkawn k) () —i—Zé”n”/an
n>3 n>3
= \/mwy + gGW( z) — 2G(( )+ e,

n>3
From the symmetry of G and the fact that G1 = 0, we get

) s n/2
[ st dy =" 2 [ ooty dy -2 [ Gl dy+ 3

n>3

— (Saﬂwl +g/8D o(z)G1(z)o(dz) —2/D( 77( 2))*G1(x)dx +Z

n>3

571 n/2

= —wi + Cnp-
ap ap

5\/7_] Z 571,,771/2
n>3
Plugging this in the previous equation, we get that
n
13(a) = §Gpo(a) = 26(0))(@) +ap [ o)) du
Hence vg solves (15) with ¢ replaced by nep.
Remark 7.3. By considering w;, defined as w, but for ¢;, = 0, it is easy to get that v; =

n
enough. Since c¢3 # 0, we have w% #* vf{ . Hence (15) doesn’t have a unique nonnegative
continuous solution.

We have

/ dy—/z5" "”Z@Uk Jun-k(y) dy
D

n>2

D1 n™*/?w!, is well defined, continuous, nonnegative and solution of (15) for 7 > 0 small

52
agw%—i-é?’ 3/2w1/ Gyo(y dy+277"/25”/ Zwk Ywn—k(y) dy

n>4 k=1
_n d
= 1/ o(y) o(dy),
oD
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where we used (17) for the last equality as well as the symmetry of G and the fact that
G1 = 0. Thus we have that vg solves also

(19) 4 /D u(y)? dy = /8 ol aldy),

with ¢ replaced by np. The next lemma states that the two integral equations (15) and
(19) characterize the weak solutions of the Neumann problem (1) (with x = 0). Its proof is
postponed at the end of this section.

Lemma 7.4. Any bounded measurable function u satisfying (15) and (19) is a weak solution
of the Neumann problem (1) (with k = 0). That is, for any test function ¢ € CZ(D)NC*(D),
we have:

(20) /D Ad(y)uly) dy — 4 /D o’ dy= | 2w ody) — [ dw)ely) oldy).

ap On oD

From this lemma, we get that Uf{ and v, are continuous weak solution of the Neumann
problem (1) (with k = 0 and ¢ replaced by n¢). From propositions 6.2 and 6.3, we have that
v(z) =N, [1 - e_”(Z7‘f’)] is also a continuous weak solution.

To complete the proof of the proposition, we just have to check that v:]r = vy. This will be
done once we prove the uniqueness of the continuous weak solutions.

Let n > 0 and € > 0 small enough, so that ‘Uf]‘(x) >e>0in D for 6 € {+1,—1} (this
can be done since w; > 0). Consider u a continuous nonnegative solution of (20), with ¢
replaced by ny. Since fu:]r is a positive solution of (20), by subtraction, we get

0
[ widow) + daweotw)] = [ S @) o),
D op on
with w = v — v, and ¢ = —4(u + v;7). From theorem 5.5 of [9], we deduce that w = 0

(the finiteness of the gauge in [9] is implied by the fact that ¢(y) < —e < 0 for y € D). In

particular, vf{ is the unique continuous nonnegative solution of (20), for > 0 small enough.

This implies that for n > 0, small enough, vf{(x) =N, [1 — e_"(Z*P)].
Similarly, we get that v, is the unique continuous non positive solution of (20), for n > 0

small enough.
O

Corollary 7.5. Let ¢ > 0, such that faD o(y) o(dy) > 0. Then v(x) = N, [1 — e*(Z"P)} is
the only nonnegative weak solution of (1) (with k =0).

Proof. From the last part of the proof of proposition 7.2, concerning uniqueness of weak
solution, we see with v, replaced by v that it is enough to check that v(x) > ¢ > 0 in D. For
n € (0,1] small enough, we have

v(x) > U,J{(:U) =N, [1 - e_"(z"p)} .
For € > 0 and n > 0 small enough, we get that U;r >¢eon D, since w; > 0. O

Proof of lemma 7.4. From the definition of the kernel G and the symmetry of p we get that
for any bounded measurable function f:

/G’f(y)dy:() and / Gfo(y) dy = 0.
D oD

From [5], we get that:
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e If f is a bounded measurable function defined on D, then Gf is a weak solution of

2

D _ on
test function ¢ € CZ(D) N CY(D),

/DAd)(y) dy+2/ oy dy—2aD/ o(y dy/ fly) dy = aD%(y)w(y)

A 0
—w = —f+ap / f(y) dy with Neumann boundary condition 9% _ 0. And for any

o(dy).

e If h is a bounded measurable function defined on 0D, then %Gha is a weak solution

A ap
of —w = —=
2 2

test function ¢ € C'g(D) nCY(D),

/DA¢(y)w(y) dy—aD/Dqﬁ(y) dy/m7 h(y) o(dy)

99

ap On oD

on

Let u be a bounded measurable function defined on D, satisfying (15) and (19).

—(Wwy)o(dy) — [ o(y)h(y)

h(y) o(dy) with Neumann boundary condition gw = h. And for any
D

o(dy).

Let ¢ €

C%(D) n CY(D), be a test function. Using the symmetry of G, the above remarks, we then

deduce from (15) by multiplying by A¢ and integrating on D, that

/DAqb(y) ) dy — 4/¢ dy+4aD/¢ dy/ u(y)® dy

+2 8—¢() 2(y)o dy—ap/&b dy/ u(y) dy

8D o

¢
=ap /D P(y) dy /{)D e(y) o(dy) + /8D %(y) 5 Gw(y)a(dy) - /8D o(y)p(y) o(dy

Use (19) for the third term, (15) for the fourth and the Green formula [, Ad(y) dy

Jop %(y) o(dy) for the fifth of the left member to get (20).

8. PROPERTIES OF Z

We can give estimate of the probability of hitting small balls for the measure Z.

).

Let zp € 0D, and Byp(xo, ) be the ball on the boundary of D centered at x, with radius

e > 0: Bop(zg,e) ={y € OD;|x — y| < e}. We write Z(Byp(zo,¢)) = (Z, 1BaD($0,€))'

Proposition 8.1. For every compact set K C D, there exists 1/2 > gy > 0 and a constant
cq > 0 (which depends on the dimension d) such that for any x € K, xg € 0D, € € (0,&g),

cd ifd=2 or3,
N [Z(Bap(xo,€)) > 0] > < cq(log(1/e))~t  ifd =4,
cqed™ if d > 5.

Proof. We fix 8 > 0 and notice that N,[Z(Bsp(zo,e)) > 0] > N,[Zyp(Bsp(zo,c)) > 0].

Consequently, it is enough to get a lower bound for Zy.
Let us set

—+oo
go(z,y) = /0 ps(x,y)e %ds
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and recall the following estimates: there exists a constant o (which depends on d and ) such
that for all (z,y) € D x D,
90(w,y) < ah(z,y)
with
LIy ply) ifd =2
b = { (L7 )
Iz —yl™ if d > 3,

where Iny (r) = max(0,1In(r)) (see for instance [3], Corollary 3.3 or [6], Theorem 3.4 (iv)).
Now, by Cauchy-Schwartz inequality, we have

Nz[Zg(Bap(x0,¢))]*
N.[Zs(Bap (o, €))?]

The first moment is easy to estimate: we have, by definition of Zy

Nz[Zo(Bap(wo,€)) > 0] >

Nz[Zo(Bap(wo,€))] = Ny [/0 1{WSEBBD(IO,E)}1{RS>0}dLS:|
+oo 0
— Uo 1{B.eBop(zoe)}€ Sdls}

= / go(x,y)o(dy)
BaD(x(),E)

and, as gy is bounded below by a constant on K x 9D, there exists g > 0 such that for any
re K, xzgedD,ec€ (0,50],

N:[Zs(Bap(w0,€))] > cae® .
For the second moment, let us first prove the following lemma

Lemma 8.2. For every nonnegative measurable function ¢ on 0D,

ez =4 [ dvanton) ([ a(dz)ge<y,z>so<z>>2.

Proof. Using the definition of the measure Zy then the Markov property, we have

</Oa dLul{Ruze}go(Wu)>2]

= 2N, /0 dLu/u dLu,1{Ru26}1{Ru/29}¢(m)¢(m,)}

Nx[(Z% ()0)2] = Nx

—oN, /0 ALl oy (Wi Ei { /0 dLu,1{Ru,ZQ}¢(Wu,)”

o “ Cu
= 4N, /0 dLul{Ru>9}ga(Wu)/0 dtNWu(t)[(Zg,@)]}

by lemma 5.3. Then, thank to formula (6), we get

Cu

N2[(Zo, ¢)?] = 4N, [/0 dLul{Ruzg}sﬂ(Wu)/o dtN(Wu(t),-l-oo,l,O)[(ZGa(10)]:| -
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Now, using formula (4) twice, we have

N.((Z,0)?] = 4B, | / T e (B /0 "t Ep, [ /0 (Bt dst

400 +oo +oo
= 4E, / dt / ©(By)EB, [ / @(Bs)e % dls”
0
+00 2
= 4E, / dt e " Ep, [ / p(Bs)e " dls] ]
0 0

=4A;@gﬂ%y)(éDU@@%Qh@¢@O2'

Applying this result with ¢ =1p,

z0,e)» We have

Nz (Zp(Bap(wo, € —4/ dy go(z,y // o(dz)o(dz")ge(y, 2)g0(y, ")
Bap(zo,e)?
=4// U(dZ)U(dZ')/ dy go(,y)90(y, 2)90(y, 2').
BaD($0,€)2 D

Vr0(z,2) = /D dy go(z,y)96(y, 2)96(y, ).

The upper bounds for the kernel gy lead to: for z € K, z,2’ € D,

We set

C ifd<3
Yool 2') < C<1+ln+ﬁ> ifd=4
Clz — 2|+ if d > 5.

We then deduce easily, using the regularity of 9D, that there exists g9 € (0,1/2], and ¢4 > 0,
such that for any z € K, € € (0,e¢], 9 € 0D,

cqe2ld=1) ifd=2or3
Nz (Zo(Bop(wo,€))?) < cqe® (Inl) ifd=4
Cd6d+2 if d > 5.

To finish, it suffices to combine the Cauchy-Schwartz inequality with the estimates for the
first and second moment. O

From the upper bound of gg, we get the next lemma.

Lemma 8.3. Ford = 2,3, for every x € D and every 8 > 0, the function

wwwwzlﬁwmmm@m%@w

18 continuous on 0D x 0D.

Proposition 8.4. If d = 2 or 3, the measure Z is absolutely continuous with respect to the
surface measure o, Ny-a.e., for x € D.
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Proof. Mimicking the proof of theorem 5.1 in [2], we get that for d =2 or 3, x € D, N,-a.e.,
Zy is absolutely continuous with respect to o for any 8 > 0. Let A C 0D be measurable,
such that [, o(dy) = 0. We deduce that (Zp,14) = 0, Ny-a.e. Since Zy increases to Z as
0 decreases to 0, we deduce that N -a.e., (Z,14) = 0 for any Borel set A C 9D such that
Ji0 4o(dy) =0. Slnce supp Z C 0D, this 1mphes that Z is absolutely continuous with respect
to o. U

If A is a subset of R?, let dim(A) denote its Hausdorff dimension. For a measure p on RY,
let supp © denote its closed support.

Proposition 8.5. We have, for every x in D,

dim(supp Z) > 3A(d—1) Ng-a.e. on {Z # 0}.
Proof. Let d > 4. We will first prove that
(21) dim(supp Zyp) > 3A(d—1) Ng-a.e. on {Zy # 0}.
Notice that since Zy increases to Z as 6 decreases to 0, we have N -a.e.,

supp Z = U supp Zy,
keN

for any sequence (0, k € N) that decreases to 0. This implies the proposition.
The proof of (21) is an adaptation of the proof of Theorem 6.1 of [2]. We set, for a > 0,
ha(r) = r3|In7|* Using lemma 8.2 and a polarization argument, we have for every ¢ > 0,

| [ zuanzBavtwe)| =4 [ otanotas)vnato.y)
D ly—y'|<e
The upper bounds for v, 9 obtained in the proof of proposition 8.1 yield for £ small enough
and x € D, that

C'(x)e®|Ine| ifd=4
N, [/D Ze(dy)Ze(BaD(y,E))] < {C’(x)53 > 5.

In the case d > 5, we have for n € N large enough,

< Cl(x)nfa23n273n

=C'(x)n™ @
If a > 2, we deduce that
“+o00
T; 1{Z9 (BaD(y,2—"))2n02—3n} < 0 Zy(dy) — .a.e. N, —a.e.

This implies that

lim sup —29 (BaD W, 8))
e—0 ha (5)
and a well-known result gives that the h,-Hausdorff measure of supp Zy is strictly positive
Ng-a.e. on {Zy # 0}.
The case d = 4 is similar (with a > 3). In particular we deduce (21). O

< 00, Zp(dy).ae. N, — a.e.
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9. APPENDIX

9.1. Reflected Brownian motion. The properties of the reflected Brownian motion B in
D are from [5] and [15].

For t > 0, x,y € D?, let p;(x,y) be the density of the reflected Brownian motion B; when
By = x € D. The density is a continuous function on (0,00) x D x D. It is also symmetric
on D x D.

For any €y > 0, there exists a constant ¢ such that for any z € D, t € (0,1], € € (0, o],

9

(22) ! /D Pz, y) dy < c/VE,
and
(23) /8 mlawy) oldy) < o/ Vi

where o(dy) is the surface measure on 9D.
There exist two positive constant ¢ and ( such that for ¢ > 1, we have

(24) Ipe(z,y) —ap| < ce™P,

where aBl = fD dy.
We deduce from (23) and (24) that for any § > 0, x € D, there exists a constant ¢ such
that

(25) /Ooo e % ds /aD ps(x,y)o(dy) <c

The local time of B on 0D, | = (I;,t > 0), is a continuous additive functional of B with
Revuz measure o(dy). In particular we have for any nonnegative function f defined on
R* x 0D

(26) [/ f(s.B.) dZ] [T as [ rsmten) ot

From this last equation and (23), it is easy to prove by recurrence that for "> 0 and n > 1,
there exists a constant K, such that for all ¢ € [0, 7],

(27) sup B, [I7] < K,t"/2.
x€D

The density ps(z,y) as a function of 2 belongs to C1(D) N C?(D) for (s,y) € (0,00) x
Furthermore (see [15] p.600) there exists a constant ¢ > 0 such that for (s,y) € (0,00) x
and x = (21,... ,2q9) € D,

wl] 'UI

Y

(28) ‘aps, (z, y)‘ < ¢ s @/

and also

(29) /D
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9.2. Convergence lemmas. In this section, we present some convergence results which are
used for proving proposition 5.7. They all concern reflected Brownian motion.

Lemma 9.1.

1
lim [ ~E,[l?]dz = 0.
t—0 D t

Proof. Let us recall that we denote by 7p the exit time of B out of D. For every x € D
to > 0, we have for ¢ € (0, to],

1 1
;Eﬂc[l?} = ;Eﬂc[l?lbm]

1
< ZE””U?]WPN > 7p)1/?

< CP,(t > TD)1/2,
thanks to (27). So, for every x € D, we deduce that
I
i Ealle] =

Moreover, thanks to (27), %Ew [12] is bounded and the dominated convergence theorem gives
the result. O

The next lemma is lemma 4.13 in [1].

Lemma 9.2. For every continuous function ¢ on D and every continuous function 1 on
oD,

lim Ddqu [/1/) dl} / o(dy)o(y)y(y).

Lemma 9.3. For every bounded measurable function ¢ on D and every continuous function

P on D,
1 t 1
limy de(x);e“Ez [ /0 Y(By)e P emalels ds] = /D ()¢ (w)d

Proof. We first write

/dm ZeE, U V(B s g2 (s ds]
- / dr §(z); " E, [ / tw<Bs>ds]
/dm Z R, [/ W(B e*%<“'l>s> ds}.
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The first term converges to the expected limit by the continuity of B. The second one goes
to 0 as t decreases to 0, since for ¢ < 1,

dm (’tIE [/ (B 1—e ese_%(“l)>ds}

¢
< C/ EEI [/ (1 —e 08 e_%(’”)s> ds} dr
pt 0
1 t 1
SC'/ -E; / Os+ —(k-1)s ) ds| dx
pt 0 2

gc/ (t + Ey[le]) du,
D

and thanks to (27). O

Lemma 9.4. For every continuous function ¢ on D and every continuous function ¢ on

oD,
) 1 4 ! —0s \—L(k1)s _
}g%/ch(x);e 'E. M Y(Bs)e e dls| dz = - o(y)(y)o(dy).

Proof. As for lemma 9.3, we write

/ d)(x)% MK, [ / tw(Bs) e 05 oo (w s dls] dz =
D 0
1, ¢
/qu(:c)zetlﬁlm {/0 w(BS)dls] dx
1 0 ! —0s 7%(5- )s
—/Dqs(x);etEI UO W (Bs) (1—e o3kl )dls] dz.

The first term converges to the expected expression by lemma 9.2. The second one goes to 0
as t decreases to 0, since for ¢t <1,

x)%eotEx Utw(Bs) (1 05 o3 (ks )dls] dx
0

t
< C/ 1IEJC {/ <9$ + 1(/f . l)5> dls} dz
pt 0 2
<C / E.[l;]dz + C / lEm[lf]dx
D pt

thanks to (27) for the first term and lemma 9.1 for the second. O

Lemma 9.5. For every bounded measurable function ¢ on D and every continuous function
¥ on D,

in_ [ ()78, [0(B) (1 300) ar = 3 /a W) ().

t—-+o0 D
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Proof. We write

[ o@ B [w(B) (1= 00 ) ao

:/Dgi)(x)%Ex [@b(Bt)%(n-l)t} dz +
[ o [umo (1- et Jin) | ao
- [ s 7E. [Jn 0] ar s

[ o) B[ (0B ~ wia) - 1)) da

+/D¢(l’)%Ex [1/1 )(1—6 3 (e %(/‘G'Z)tﬂdﬁ

The first term converges to the sought-after term by lemma 9.2. The third term is bounded

from above by
1 ~ Lkl 1 2
—E; |Y(B) (1 —e 2 (i<; || de| <C ;Ex[lt]dx
D

and so converges to 0 by lemma 9.1. B
For the second term, we fix € > 0. As % is continuous on D, it is uniformly continuous
and there exists a n > 0 such that

Vz,y e D, |z —y| <n=[¢(z) —¢P(y)| <e.

Now, we write

[ i WB» - wm)%m 0 ds

< C/ ‘1/1 Bt ‘1|Bt x\<nlti| Cll‘+0/ ‘1/) Bt (‘T)‘1|Bt*$‘277lt} dx

/ lt dl’ + C/ 1|Bt :c|>nlt]d

/ 2[ld] dx+C’/ [VPP(|By — x| > n)Y 2 da

1
<e —]Exld+0/—IP>xB— > )Y 2dz,
[ Btz [ 2Bl = 1)

where we used (27) for the last inequality. Now, by lemma 9.2, the first term is less than
some constant times € for ¢ say less than 1. The second one goes to 0 as t goes to 0 and this
complete the proof. O

9.3. Linear boundary problem. Recall D is a bounded domain with C® boundary.

We first recall some results on the Neumann problem. If u € C'(D), let @(x) denote

the outward normal derivative of v at x € 0D. Let # > 0 and ¢ a bounded measurable
function defined on 0D. A function w is a strong solution to the Neumann problem N (¢, 6)
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if u € C?(D)NCY(D) and

%u—@u:o in D,

%:cp on 0D.

A function u is a weak solution to the Neumann problem N(g,6) if u € C(D) and for any
function ¢ such that ¢ € CZ(D) N CY(D) and 8¢/dn = 0 on OD, we have
A 1
[ u@Go@ -6 [ u@ota) ds =3 [ pl@)ola) olde).
D 2 2 Jap

D
From the Green formula, it is clear that any strong solution is a weak solution.
Using the local time [, we can represent solution to the Neumann problem in D. We refer
to [9] for the next proposition.

(30)

Proposition 9.6. Let § > 0 and ¢ be a bounded measurable function defined on 0D. The
function

wy(z) = 5 B [ /0 et o(B,) dls]

is continuous in D. Furthermore it is also the only weak solution of the Neumann problem

N(p,0).

If ¢ is more regular, then we get strong solution to N(p,0). For k € N, a € (0, 1], recall
that C*(Q) is the set of functions defined on Q which are k times differentiable such that
their k" derivative is Holder with parameter c.

From theorem 2.3 in [15], we have

Proposition 9.7. Let § > 0, f € C%(D) and ¢ € C**(8D). Then, the function defined
forx € D by
[o.¢] 1 [o.¢]
wy(x) = —E, [ / e f(By) ds] + 5 B [ / e % ©(By) dls}
0 0
belongs to C?(D) N CY(D) and solves

%ufeu:f mn D,
0
8—:;:90 on 0D.

The next proposition is a consequence of (28) and (29).

(31)

Proposition 9.8. Let 6 > 0, and f bounded measurable defined on D. The function defined

on D by
oo —0s :| _ > —0s
E. [/0 f(Bs)e ™ ds —/0 dS/Ddyps(x,y)f(y)e

belongs to C*(D).
From remark 6.3.2.4 in [8], we get the next result.

Proposition 9.9. Let 6 > 0, f € C**(D) and ¢ € C*(0D). There exists a unique strong
solution to (31). Furthermore it belongs to C%%(D).
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We end this section with well known results for the Dirichlet problem. Let § > 0 and f a
measurable function defined on D and g a measurable function defined on dD. A function u
is a strong solution to the Dirichlet problem if u € C?(D) N C%(D) and

A
Su—Qu=f D
(32) 5 U fu=f in D,
u=g ondD.
The next two results can be found in [7].

Proposition 9.10. Let 6 > 0. Let g be a bounded measurable function defined on OD. The
function defined on D by

ug(x) = E, [g(BTD) e~0m
belongs to C*°(D) and Sug — Oug = 0 in D. Furthermore, if g € C°(OD), then ug € C°(D)
and ug = g on 0D.
Proposition 9.11. Let § > 0. Let f be a bounded measurable function defined on D. The

function defined on D by
™D
x) = —E, {/ f(Bs)e™% ds]
0

belongs to C’Ol( YN C%D) and ug = 0 on OD. Furthermore, if f € C%Y(D), then ug €
C%**(D) and £ Sug —Oug = f in D.

From remark 6.3.2.4 in [8], we get the next result.

Proposition 9.12. Let 0 > 0, f € C%%(D) and ge C?%(dD). There exists a unique strong
solution to (32). Furthermore it belongs to C%%(D).

9.4. Proof of lemma 3.1. Assume « > 0 and let ¢g > 0 be fixed. For « € D, consider
> 1 o0 1
u(z) = E, [/ e * =1p_(Bs) ds} = / ds e_o‘s/dy ps(z,y) = 1p.(y),
0 € 0 €

the a-potential of the continuous additive functional fg 1 1p.(Bs) ds for the reflected Brow-
nian motion in D. We deduce from (22) and (24) that for € € (0,¢¢], x € D,

|u®(x </ c—+/ *lc + ap].

Therefore, u®¢ is uniformly bounded in D for ¢ € (0, ]. From the continuity of the density
p of B, (22) and (24), it is easy to deduce that u®® converges as ¢ decreases to 0 to the
a-potential of [, the local time on 0D:

w(z) = B, [ /O s dzs} _ /0 " ds eos / o (dy) ps(z, 7).

Furthermore this convergence is uniform in D. Notice also that the continuity of the density
p implies the uniform continuity of u® and u®*¢ for ¢ € (0,£0] on D .

Because L™®* depends only on the spatial motion W, the three other components of the
Brownian snake, that is R, J and K doesn’t play any role in what follows. However we shall
keep the notation defined in section 2. Let € E with first component = € D.
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Now we compute I = Ny [L?’eLg’El] and show it converges to a limit as € and &’ decrease

to 0. We have
I=N; { / dLy* / dLﬁ’El} +N; [ / dLe* / de:’E'] .
0 s 0 0

The time reversal property of the It6 measure and the properties of Nz readily imply that
the latter itself enjoys the same invariance property. In particular the two terms of the right
member are equal. From the Markov property of the Brownian snake (see [12]), we deduce
that

I =2N; [ /O ALe B, [12° ]] .
We deduce from proposition 2.1 of [13] that for w € Wj,

/ < /
EslLe] = 2/ dt Ny (ple™ " Lg<],
0

where ( is the lifetime of w. Therefore using formula (3) we get that

/ o0 1 /

RG] =B | [T o L, (B 5| =0 o)
0 e
Thus, for w € Ws,
/ C /
(33) L (L0 — 2 / dt ety (W (1)),
0

Using (3) again, we get

& 1 u /
I= 4/ du E, [e_a“ R 1D6(Bu)/ dt = y®e (Bt)}
0 0

(34) — 4E, [ /0 Tt e uaﬁ(Bt)ua’f’(Bt)] .

Since the function u®* are uniformly bounded and converge as € | 0, we deduce form domi-
nated convergence that I converge as € and &’ decrease to 0. This implies that Lg° converge
in L2 (Ni«)

Now we use standard techniques to prove the a.e. convergence of Lg* for s > 0 (see [13]
p. 402). For s > 0, we set

MS = L + Ej;, [L57].

The process M® = (M:,s > 0) is continuous Nz-a.e. thanks to the continuity of u®* and (33).
Since Ly® € LY(N;) (recall that Nz[Lg®] = u®*(x)), we deduce from the Markov property of
the Brownian snake that M€ is a continuous martingale under Nz. Notice that MS, = Lg*
converges in L?(Nz) as € | 0. From the maximal Doob inequality, we get for § > 0,

Nz [sup M: — M¢

s>0

1 a,e ae’
> 5} < & Nal(Lg® = L)%,

In particular M¢ converges to a continuous martingale M = (Mg, s > 0) and there exists
a sequence (ex,k > 1) decreasing to 0, such that Nz-a.e. limy_,o supgso |Mk — M| = 0.
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Because of the uniform convergence of u®¢, we deduce that Nz-a.e. for all s > 0, Lg°*
converge to a limit

S

(s
(35) LY = My — 2/ dt et u*(W(t)).
0

Therefore, the process (LY, s > 0) is a continuous additive functional of the Brownian snake.
The measures dL3°* on Rt converge weakly to dL®. The function fu(s) = el@=@)
defined on RT is continuous and bounded for any o/ > 0, Nz-a.e. We deduce that the
measure dL2 = far(s)dLS* converges weakly to dLY = fur(s)dLY. We write L for LO. The
first part of the lemma is proved.
Let F' be a nonnegative continuous function defined on W;. Assume F' is bounded from
above by a. From (3), we have

(36) N; UOO F(WS)dL;"’Ek] = E; [/OOO F(OW)eau é 1p,, (Bu) du] .

From theorem 7.2 of [15], we get that the right member converges, as ¢ decreases to 0, to
oo
Ez U F(OW)e—au dlu] :
0

To prove the convergence of Nz UOU F(WS)dL?’E’“] to Njz UOU F(W,)dLY

3 )
%1, using Fatou’s

lemma with F and a — F, we see it is enough to check that Nz [Lg“*] converges to Nz [LY].

We have from the convergence of u®*® that

klim Nz [Ly*] = klim u®r () = u®(z).

Thanks to the upper bound of u®®, we deduce from (33) by dominated convergence that
Nz[Ef;, [Lg°*]] converge to Nz[2 [;° dt e~ u®(W(t))].
Notice that for s > 0, we have from (35)

(s
(37) Nj [L9] = Nj[Mao] = N3[L%] + Na [2 /0 dt e=ot y® (W,(#)

Using the law of (s under the It6 measure, we have

1
\V2ms

-2 / VIR, [u®(B var)l
0

e—t2/28 dt

N [2 /0 * gt et ua(WS(t))} s /0 e B, w0 (B)]
o

where we set r = t/y/s. From dominated convergence, using the continuity of u® and the
continuity of the path B, we see that limy_.oNz[2 [;° dt e u*(W(t))] = u®(z). Using
Fatou’s lemma we get

Ni [L?] < lim inf Ni [L?’Ek]
k—o0

= lim Np[L™] — lim Na[Efy, [L3]

_m2
e "2 g,

) =2 [ VTR (B
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We see that lims_,o Nz[L?] = 0. Therefore we deduce from equation (37) that
Cs
N; L8] = lim N; [2 / dt et uo‘(Ws(t))} — ().
S— 0

As we said, this implies the convergence of Nz [ Jy F (Ws)dL?’E’“] to Nz [ Jy F (Ws)dLg].
From (36), we deduce that

N;z [/OU F(Wy)e % dLs] =E; [/OOO F(OW)eau dlu] :

This hold for any bounded continuous function F. By monotone class theorem, this holds
also for all nonnegative measurable function F'. By monotone convergence, let o | 0 to prove
the end of the lemma.
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