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Abstract

We investigate finite element discretizations using functions that are discontinuous in time and
continuous in space for European options with local volatility Black-Scholes models. We present an
a posteriori error estimate where a user-specified functional of the error is controlled by the inner
product of the finite element residual with the solution of a dual problem that involves the density
of the target functional as prescribed data. Examples of error functionals are discussed in the
context of either option pricing or volatility calibration from market data. The a posteriori error
estimator is then localized onto the space-time cells of the computational mesh and implemented in
the framework of an adaptive mesh refinement/derefinement algorithm which provides some form of
optimal compromise between accuracy requirements and computational costs. Numerical examples
illustrate the efficiency of the proposed methodology.

1 Introduction

Over the last few years, significant progress has been made in the understanding of adaptive finite
element approximation of partial differential equations (PDEs) based on a posteriori error estimation.
For a recent review including residual error estimators, error estimators based on the solution of local
problems and hierarchical basis error estimators, we refer to [13]. Among a posteriori error estimators,
a promising approach appears to be the dual weighted residual (DWR) method. Its key advantage
is that it allows to control the error by means of a user-specified functional output that may target
quantities of interest. In the context of finance problems, this is particularly appealing for pricing
problems where the practitioner needs to compute highly accurate option prices for specific values of
the stock. Targeting quantities of interest may also be extremely useful in calibration problems where
the volatility map is reconstructed from market prices. Another advantage of the DWR method is



that error propagation through the computational domain is accounted for via the solution of a dual
problem whose data is the density of the prescribed functional. From a financial viewpoint, this is
particularly important for low volatility problems where the hyperbolic part of the PDE may dominate
the elliptic terms.

The main concept in the DWR method is to introduce an auxiliary PDE problem, usually called
the dual problem and written in terms of the formal adjoint of the PDE under consideration. The a
posteriori error estimator may then be expressed in terms of various inner products involving the finite
element residual of the numerical solution and quantities depending on the dual solution. Theoretical
results concerning the DWR method are presented in [5, 6, 2] for steady and unsteady problems.
The DWR method may be conveniently implemented in the framework of an adaptive mesh refine-
ment/derefinement procedure. To this purpose, the inner products in the error estimator are first
localized into the space-time cells of the computational mesh. Local element bounds are then used
to decide whether to refine (or derefine) the mesh locally. The efficiency of the DWR method for an
extensive range of engineering problems is highlighted in [2].

The aim of this paper is to investigate the effectiveness of the DWR method in order to solve the
partial differential equations associated with European option pricing in local volatility Black-Scholes
models. In the Black-Scholes model, the price of a dividend-paying stock S; follows the stochastic
differential equation

dS;

t

= (r —0)dt + odBy, (1)

where the constant ¢ is the volatility of the stock. It is well-known that the price of a European
call option has a closed-form solution. Nevertheless, since the volatility of the stock is not directly
observable, practitioners often invert the closed-form solution in order to find the volatility o (usually
called implied volatility) that yields the best agreement with the market option price. It is well-known
that the implied volatility varies with the strike and the time - the smile effect. Therefore, the model
has to be extended in order to take this phenomenon into account. A type of model called local
volatility considers that the volatility is a deterministic function of time and the underlying asset.

In this paper, we consider a market model of local volatility where the evolution of the stock-price
is governed by the stochastic differential equation

%St = (r —0)dt + o(t,S;)dBy, (2)
t
where the interest rate r and the dividend rate § are nonnegative constants and (B¢ )o<¢<7 is a standard
Brownian motion. The volatility o is a C12([0,T] x Ry ) function and is assumed to be uniformly
bounded, i.e. there exist two positive constants ¢, @ such that @ > o(t,z) > o > 0 for every (t,x) €
[0,7] x R4.

Consider a derivative security with terminal payoff 1 (S7), where v is some continuous real function.
In the absence of arbitrage, the price of the derivative is given by P(t,.S;) where P solves the partial
differential equation

{B+AP:0 on (0,T] x Ry, -

P(T,) =1 on Ry,
with
AP(t,x) = 6(t,x) Py (t,z) + (r — 0)zPy(t,x) — rP(t, x), (4)
and (t,x) = mzw. In the context of PDEs, subscripts t and x refer to partial derivatives with

respect to time and space respectively.



There are two problems in practice. One is the pricing problem which consists in computing option
prices with reliable accuracy. Such problems are known to be difficult, especially near maturity. The
second one is the calibration problem which focuses on the reconstruction of the volatility map from
market prices. This paper will mainly focus on option pricing problems. For calibration problems, we
refer to a recent paper [3] and references therein.

The paper is organized as follows. In Section 2, the finite element discretization with discontinuous
in time and continuous in space functions is made concrete for European option problems with local
volatility Black-Scholes models. The a posteriori error estimates are derived in Section 3. The adaptive
mesh refinement algorithm including practical implementation is discussed in Section 4. Finally,
numerical results are presented in Section 5.

2 Discretization by space-time finite elements

We are interested in the numerical computation of the price function P. The numerical procedure
consists in the following three steps:

e the parabolic problem (3) is localized to a bounded domain in space;
e the localized problem is written in weak form:;

e an approximate solution is sought by means of a non-conforming Galerkin method involving
discrete functions that are discontinuous in time and continuous in space.

In the sequel, it will be convenient to reverse the time variable and consider u(t,-) = P(T —t,-).

2.1 Localization to a bounded domain

Consider the following approximation problem

(ug)t — Aug =0 on (0,7] x Qg
ug(t,1/a) = 0 and ug(t,a) = Cy(t), (5)
ug(0,-) =1 on Q,

where Q, = (1/a,a) and C,(t) is an artificial boundary value imposed at x = a and that may depend
on time. The choice of a must answer two main purposes. First, the most probable values of Sy
have to be contained in (1/a,a). Second, a must be high enough to ensure the convergence of the
approximated value u, to the option value u. In order to impose relevant boundary conditions, it
is necessary to understand the behavior of the solution at infinity and near zero. It is well-known
that the convergence when we let the domain tend to (0, 4+00) is governed by a phenomenon of large
deviation type [1] and therefore the choice of Dirichlet boundary conditions leads to an exponential
error. More precisely, we have the following lemma.

Lemma 1. Suppose there exist constants c¢1 and co such that ¥(x) < cyx forx € Ry, and Cy(t) < c2a
fort € (0,T). Then for every a > 0 and every (t,z) € (0,T) x 4, we have

(log(2) — (% + (r — &) (T — t>>2>
262(T — t) ’

‘U(t,$) - ua(t,x)] < c3aexp <_

with ¢3 = max(c, c2).



Proof. We give a short proof for t = T. Feynman-Kac formula yields
u(T,x) — ua(T, )| < c3 (E(G_TTS:?l{ate[o,T] |Se¢)1/aaly) + aP(3t € [0, T][S} ¢]1/a, a[))-

Since the function ¢ is bounded, we will define the probability

dQ T 1 T )
0 = s Bs__ sy g .
P |F: = exp </0 o(s,Xs)d 2/0 o“(s, Xs)ds

Setting X; = log S; and A = log a, we get
(T, ) — ua(T, x)| < c3a (P( sup [X;%571 > \) +Q( sup | X7 > /\)> :
0<t<T 0<t<T

We only prove the exponential estimate for P(supg<;<r |X%Og ¥] > \) since the same techniques apply
for Q(supp<;<r |X,°6%| > \) with the Q— Brownian motion

T
W, = B, — / 0% (s, Xs) ds.
0
For p > 0, let us introduce the martingale

T 2 (T
M} = exp <p (thogz —logx —/0 b(s, Xs) ds> - ?/0 Jz(S,XS)dS> :

Thus, using standard martingale inequalities,

=2
P( sup |X;%%|>X) < P| sup |M|>exp <p ()\ —logz — (U— +(r—=90)T
0<t<T 0<t<T 2

< P| sup [M{|>exp <p ()\ —logx — (? +(r— 5))T> — TT)

0<t<T
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|
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< oo (-0 (e @ + - yr) + £77)

A —logz — (32—2+(7“—5))T
ol '

It is worthwhile to point out that a high value for a induces substantial numerical costs. This
drawback is in part circumvented by the adaptive method as we will see later. In our numerical

experiments, we shall consider European call options with ¢(z) = (z — K); and therefore take
Cu(t) = ae % — Ke ",

O

We close the proof by choosing p =

2.2 Weak formulation

In order to write the localized problem (5) in weak form, we introduce the functional space

W (0,T; Hy () = { w e L*(0,T; Hy ()); ue € L*(0,T; H (W) } -



Owing to the trace property W (0,T; H}(€,)) € C°(0,T; L?(€,)) with continuous injection (see [11]),
we have u(t,-) € L%(,) for all t € [0,T]. The weak formulation of (5) reads

find u € W(0,T; H}(Q4)) such that

T T T

/ (ug,v)_11dt +/ a(u,v)dt = / (f,v)a, dt, Yo e W(0,T; H}(Q)), (6)
0 0 0

u(0,-) = in L*(Qy),

where (-,-) 1.1 denotes the duality pairing between H ~1(€,) and H}(2,) and (-, -)q, the inner product
of L?(€,). Furthermore, the bilinear form a(-,-) is given by

a(u,v) = (ug, (61})95)9& — (r —0)(zuy,v)q, + 7(u,v)q,.

Non-homogeneous Dirichlet boundary conditions at x = a have been treated by introducing an ap-
propriate right-hand side f in (6). f depends on ¢ and x and without any loss of generality, one may
choose f € C>((0,T) x Q).

The assumptions on ¢ ensure that the bilinear form a is strongly elliptic. Therefore, since the
initial data ¢ is in H*(Q,) and the right-hand side f is smooth, problem (6) has a unique solution u
which belongs to C1(0,T; H} (Q,)) [11]. In the sequel, the duality pairing (-, -)_11 will thus be replaced
by the L?(Q,) inner product.

2.3 The non-conforming Galerkin method

A first approach that might be considered to discretize (6) is to combine finite difference schemes
in time with a conforming finite element method in space. For a numerical analysis of associated
schemes, we refer for instance to [7]. In this paper, we consider a different approach involving space-
time finite elements [9, 5, 6]. More specifically, an approximate solution of (6) is sought by means
of a non-conforming Galerkin method involving discrete functions that are discontinuous in time
and continuous in space. The time interval [0,77] is split into subintervals I,, = (¢,_1,t,] of length
kn =tn—tn_1, where 0 =tg < ... <ty =T. We denote by S,, = I, x ), the time slab associated with
I,,. In each time slab S,,, we consider a mesh M, of the domain €, consisting of M,, + 1 subintervals
K} = (z}, 2}, ) of length A} = 2} — 2 | where 1/a = 2y < ... <27, .| = a. The space-time mesh
is illustrated in figure 1.

For an integer p > 1, we denote by PY(M,,) the space of continuous functions in space that are
polynomials of degree < p on each subinterval K'. In particular, we shall consider the space Pl(M,)
spanned by the functions (¢}')1<i<n, given by

r— I .
h,i L if 2 | < <al,
n . X
i () = thﬁl if 2 <o <aj,
it
0 otherwise.

For an integer ¢ > 0, we define the space-time finite element space Pj/p by

TL

al tn 1 :
Pyt = {v(t,x) =y (Z o ( < > > 11, (t) with o' € PP(M,,) } .



tn+&————l
tn |---
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Figure 1: Space-time finite element mesh

Thus, on each cell I, x K}*, v Pg;p is a polynomial of degree < ¢ in time whose coefficients

are polynomials of degree < p in space. Note that functions in Pj/p are continuous in space but

discontinuous in time. Therefore, Pg/ is a non-conforming approximation space for W (0,T; H}(Q4)).
For functions in Pg/’ﬁ , the jumps occurring at each discrete time ¢,, (n > 1) are functions depending
on the spatial variable = denoted by

Vo € Qq, [V]n(z) = vl (2) — v, () = lim v(t, + s,2) — v(ty, x),

s—0t

and for n = 0, we adopt the convention that [v]o = vy .

We may now write the discretization of (6) as follows

d/c

B(U,V) = F(V), VWV e P (™)

{ find U € Pqp such that
d/c’

with the bilinear form B(-,-)

(v, w) Z/ { 5 W), +avw}dt+z n— 1,wn+_1)ga, (8)
n=1

and the linear form F'()
T
F(w) = /0 (f,w)a, dt + (o, i )a, (9)

Here, ig1) is (for instance) the L2-projection of the terminal payoff function v onto the discrete space
P?(My). Since in general 9 is piecewise linear on the initial mesh M1, we simply have igi) = v, an
assumption that will be kept in the rest of this work. Notice that the initial condition U(0,-) = gt
is readily recovered from (7). We also point out that in the case igy = v, the discrete problem (7) is
consistent, i.e. the exact solution u of (6) also satisfies (7).

From a computational viewpoint, we shall focus on linear interpolation in space (p = 1) and either
constant or linear interpolation in time (¢ = 0 or ¢ = 1). For 1 < n < N, let A,, be the discrete
operator acting on P!(M,) such that (4,U,V)q, = a(U,V) for (U, V) € P}(M,) and let 7, be the
L2-projection operator onto P!(M,,).



e for ¢ =0, set U, = Ul;, € PY(M,,) for n > 1. System (7) may then be recast into the form
U, — mUpn_1 + k, AU, = / mn f dt, n>1, (10)
In

with initial condition Uy = ig1p. For each time step, (10) is thus equivalent to the resolution of
a backward Euler scheme.

t—1p— .
e for g =1, set U, = UJ + <T1> Ul for n > 1 with U? and U} € P}(M,,). System (7) then
reduces to the following system of equations
kn, _
(I +knA)US + (I + 7An)Ug =mU,_; + / T f dt,

n 0 - n 1_ _
5 AnUn + (5 + 5 An)U, /fn(t 1) f dt,

with initial condition U, = ig.

Let u be the solution of the continuous problem (6) and U be the solution of the discrete problem (7)
for p=1and ¢ = 0 or 1. Then, under reasonable assumptions on the time steps and the regularity of
the exact solution u, a priori error estimates show that the error maxc(o 7] [[u — Ul 12(q,) is of order
2 in space and ¢ + 1 in time (see [5] for details). In the sequel, method (10) will be termed the dG(0)
method and method (11) the dG(1) method.

3 A posteriori error analysis

In this section we briefly present the mathematical analysis of the a posteriori error estimator that
will serve as the basis for the adaptive mesh refinement algorithm described in Section 4.

3.1 Output functionals of financial interest

Let e = u—U be the error. Given two functionals 6, := 6, (¢, x) for (t,z) € (0,T) x Q, and 03 := Oa(z)
for x € g, our goal is to control the #-error measure given by

T
Ofe) = /0 (01 )qy, dt + (B, (T, ). (12)

The functionals #; and 65 are user-specified functionals designed to target quantities of financial
interest.
For instance, in the rather simple situation of an option pricing problem at a given strike value
K, high demands on accuracy do not concern e(t, z) for (¢,z) € (0,7) x Q, but only e(T, z) for x € w
where w is a small neighborhood of K. Therefore, an appropriate 6-error measure may be obtained
by taking #; = 0 and
O2(z) = m Y(x)e(T, x),

where 1) := () is a function chosen by the user with support in w. The #-error measure simply reads

= [V ve(T, ) 2 (@u)-



Possible choices for ¢ are a Gaussian with narrow band centered at x = K or @) = 1,,, in which case
O(e) = lle(T, )l 2)-

As a second example, consider a calibration problem where a volatility map is recovered from
market data assimilation by minimizing some appropriate difference between model predictions and
observed market prices. Assume for instance that we can observe market put option prices for three
dates of maturity 1 < to < T and strike prices living in an open set w C €,. The symmetry between
call option and put option prices implies that it is equivalent to observe call option prices with fixed
strike price K for initial value varying in w. In order to recover the parameter of the model (such as
volatility) from market data, we need to compute very accurately the implied option prices only in
the neighborhood of the relevant strike price and dates of maturity. Hence, we may choose a control
of the following L? norms of e

O(e) = llell L2t t2)xw) T le(Ts )| 2 (w),

which corresponds to

61(t,x) = r—— e(t, )1 to)xw and Oo(r) = W e(T,x)1,.

 lellzz ey tg)xw) 1e2 ()

We bring this short discussion on output functionals to a close by noticing that the functionals
f, and 6> must depend on e in order to control the error in some norm. As a result, they are not
known a priori and in a numerical implementation, this dependence must be relaxed by means of an
iterative technique. More details shall be given in Section 4. An alternative approach is to consider
functionals 87 and 0y independent of e. For example, in the calibration problem, one may choose
01(t, ) = 1(4; 1p)xw and O2(z) = 1, yielding

Ofe) = /: /w o(t, z) dtdz + /w (T, z) dz.

In this case, the method controls the error in a semi-norm only. It may still be accurate for problems
where the error e does not change sign.
3.2 Error representation by duality

The a posteriori error estimator with respect to the f-error measure given by (12) is obtained by using
duality arguments. The dual problem associated with (61, 63) reads

find 2 € W(0,T; H}(Q4)) such that
T T T
—/ (zt,v0)_11dt +/ a(v, z)dt = / (01,v)q, dt, Yve W(0,T;Hj(Q)), (13)
0 0 0
2(T,-) =0y in L*(Qy).

The a posteriori error analysis will be performed under the assumptions that 6; € H*(0,T; H?(£,))
and 0, € H?(Q,). In this case, LP regularity results for evolution problems (see for instance [11, 4])
imply that the dual problem (13) has a unique solution z which belongs to H2(0, T; H?(Q,) N Hg (4))-
As before, duality pairing will be remplaced by L?(,) inner product.

Proposition 1. The 0-error measure satisfies ©(e) = B(e, z).



Proof. Since by definition,

Z {et, Qa+a62}+z 1,2 1),

we get after integrating the component (ey, z)q, by parts,

N
Ble,2) = Y {(leln-1 5o, + e, 2)]i, }

n=1

+ Z —z,€)q, +ale, 2)} dt.

Since z solves the dual problem (13), the first term in the right-hand side of the previous equality
reduces to (02,e(T,-))q, while the second term yields fOT(Hl, e)q, dt. O

Using the consistency of the variational problem (7) and Galerkin orthogonality property, we
eliminate the exact solution u from the above error representation.

Proposition 2. Let U be the discrete solution satisfying (7), let z be the unique solution of (13)
and let Z be an arbitrary test function in Pq/’p such that (z — Z)§ = 0. Then, we have the error
representation

N

O(e) :Z{/In(f—Ut,z—Z)Qa dt—/jna(U,z—Z) dt—([U]n_l,(z—Z);_l)Qa}. (14)

n=1

Proof. Since the solution u of (6) also satisfies the variational formulation (7), we have the Galerkin

orthogonality property B(e, Z) = 0 for an arbitrary function Z in Pq/’p Therefore, we get

©(e) = B(e,z2)=Bu—-U,z—Z2)
= B(u,z—2)—B(U,z—2)=F(z—Z) - B(U,z» - Z).

We conclude using definitions (8) and (9). O

3.3 Localization of the error estimator

Our goal is to localize the f-error measure given by (14) to the space-time cells I,, x K. The
contribution associated with each space-time cell may then be used for the purpose of refinement or
derefinement as discussed in Section 4.

Let us first introduce some notation. For functions f depending on time and/or space, we denote
by [|flr, sk, | fllxr and || f[|r, the L? norms taken over the corresponding subscript and we use a
similar notation for L? scalar products. For € 9K and t € I,,, let

[Ug] (t) := lim {Uy(t,z; +s) — Uy(t,z; — s)},

s—0t

be the jump at z of the first derivative of U. We also introduce the computable residual R(U) =
f— AU — U; where A is the differential operator given by (4).



Proposition 3. Keeping the assumptions of proposition 2, we have

N M,

=> > {(R( Z)ruxkn — 3(6Us), 2 — Z) 1, xoxn — (Uln-1,(z = Z)}_)kn} . (15)

n=1 i=0
Proof. Tt directly results from (14) upon integrating by parts and elementary reordering of terms. [

In order to use numerically the a posteriori estimate for the #-error measure derived in proposition 3,
we have to approximate the interpolation error z — Z by higher order derivatives of the dual solution
z. The numerical approximation of these derivatives is discussed in Section 4.

Proposition 4. Assume 0; € HY(0,T; H*(Q,)) and 03 € H?*(Qy,). There exists a constant ¢ > 0
independent of the space-time mesh such that: (i) For the dG(0) finite element method applied to the
generalized Black-Scholes problem (5), we have the a posteriori estimate

N M,
O < e Y {pi" @ik +wih) + A"l + A" Wik + e }
n=1 i=0
with ' 4
"= ROtaxrps % = kallzellnoxry, @i = (02 zeallr,<xps

5" = ()2 |6] Uallltaxorcr,  wyp = kn (2], <k + R 20| 1oxir)

1 : .
2 Ulnallip, wi = Kallztllnocxr, w3 = () zeal L.

(ii) For the dG(1) finite element method applied to the generalized Black-Scholes problem (5), we have
the a posteriori estimate

N My,
©(e) <eY ) {le’ (@)% + @) + P53y + P (W5 + W:Z),’Z)} :
n=1 =0
with 4 '
"= |RO)raxkps @iy = kallzwllxxr, w0 = ()22l

. 1 .
p5" = (W) 2116 [Usllluxorcr,  wiy = ki (el l1axacy + hilleeallnxcn)

_1 .
"=k 2| Ulneallirs wih = kallzellnocxs, w5 = (08 {l1zee(ta-)lrxxp + kallZtwe|1,xrs }-

Remark 1. The quantities p are residuals depending on the finite element solution U and the quan-
tities w are weights depending on the dual solution z. The dual solution brings information where the
numerical error is generated. Thus, it enables to account for error propagation in space and time. For
instance, a small residual but a large weight at a given cell I,, x Kj* indicate that this cell may actually
contribute significantly to error generation.

Remark 2. The assumptions on the error control functions 01 and 6y ensure that all the weights
are well defined. From a theoretical viewpoint, these assumptions may be slightly relaxed. From a
practical viewpoint, it is interesting to consider error control functions that are proportional to the
error e = u — U. In this case, the best reqularity for 61 and 0y can only be 61 € L*(0,T; H'(Qy)) and
0y € HY(Qy). This approach will be illustrated numerically in Section 5.
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Proof. The proof directly follows the techniques derived in [5, 8]. For completeness, we detail the
proof in the dG(0) case and only sketch it in the dG(1) case.
(i) The key point is the choice of the interpolant Z in Pg/’i. For a function w € L?(S,,), its orthogonal

L2-projection on the subspace spanned by the functions that are constant in time is given by

(Pyw)(x) = é/j w(s,z)ds.

Moreover, for a function w € C%(Q,), its Lagrange interpolant on mesh M, is given by
~ Mn
(Law)(z) = > w(z:)¢} ().
i=1

Following Eriksson and Johnson [5], we take Z(t,z) = ZnNzl(fn o Pp2)(w)lper,y, ie. for (¢, ) € Sy,

we have
2(t3) = % <ki /I n z(s,mds) o7 ().

i=1

We write z — Z = z — Pyz + (id — I,,) o P,z so that the control of any norm ||z — Z|| will be achieved
by a control of both the time contribution ||z — P,z|| and the space contribution ||(id — I,,) o P,z||.
(ii) Consider the time contribution. For (¢,x) € S,,, we have

2(t,x) = 2(tp-1,x) + / zt(s, x) ds.

tn—1

Therefore, for every x € §,, the characteristic property of the L2-projection yields

1
2\ 2
||z—Pnz||zn§||z—z<tn_1,.>||zn=(/ (/ |zt<s,:c>|ds)> <kl (6
In In

Thus, the quantities pil’" and wiz result from the estimates

n

Tit1
(R(U),z = Ppz)r,xkp < /n |R(O)I1,||z = Pazllr, dx

z’L«I»l
< kn/ ROz, |2¢[ 1, d < ||RU) |12 Ko |12 || 1 167 -

i

" W
Next, owing to the standard trace inequality (for a proof, see [14])

1

where ¢; is independent of K and w, we deduce that for every w € L?(I,, H*(K!)) holds

Vw e H'(K]), lwlloxr < 1 {

[wllrey + vh?llwxllw}

1
2 2 1
lwllr, xorp = </1n lwllgrp dt) <a \/Wllwllfnxfg" + Vi lwellpcp o (17)

11



Since z € L?(I,, H'(K?)), we obtain using (16) and (17) that

1/2
5([6UL), 2 = Pu2)r,xoxr < 5ll[6UL]||5, xoxr </ ||z — Pazll7, diﬂ)
oK™
< 36U xory kall2tll1,xoxp
< G ) U6V rxorcs Fn (121, + B 20| 1) -

i,m i,n
P2 Yok

Finally, for every x € K, integration by parts in time yields

(z—=Pu2)f () = (2= Pu2)(tn-1,7) = _k:l_n f (tn —8)(z — Ppz)i(s, ) ds
= = s)alsa)ds < —— Rl
kn J1, V3
Therefore,
(U1, = Pali_o)rcr < 2 ko 20 llaer ol el

i,mn wi,n
E 3,k

(iii) Consider now the space contribution. Recalling the standard finite element interpolation estimate

valid in 1D 3
Vw € H*(Qq) N Hy(Qa), |(id — L)w||xn < 2 (h)? |lwee K7,

with ¢g = ﬂ—12 and keeping in mind that P,z belongs to H?(Q,) N H () with

1
2

H(Pnz)mulnxK? = HPn(Zm)HInfo = (/K" HPn(Z:ccc)H%n d:1:>

[N

< (/ ||Zm||%n d$> = ||Zm||lnXKi"a
K
we get
(R(U), (Zd - fn) o PnZ)InXKi" < / HR(U)HK? H(Zd — jn) o PnZHKf dt
In
< e IR xxcr (W) |2l | rxicr -

7,M ,mn
P1 Wi

We notice next that in one space dimension, P,z — Z = 0 on 0K x I,, by construction. Therefore,
oU,|, Phz — Z » = 0 and the weight w’" vanishes. For higher space dimension, this is no
Inx0K, 2,h

longer the case (see [8] for the value of w;Z in the case of the heat equation). Finally, we have
(U1, ((id = L) o Paz)_Dxp < NUTn-allicp [1((Gid = L) © Poz)i_y [l
_1 , ~
= (kn) " 2[|[Uln-1llxcp [1((id = L) © Pr2)y_yll1xcy

_1 n
c2 (k) 2 |[Uln-1llrcp (R )QllzmllznxK;;-

IN

i,mn i,n
P3 w3 h
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This completes the proof in the dG(0) case.
(iv) In the dG(1) case, P, is the orthogonal L2-projection on the subspace spanned by the functions
that are affine in time. We then have the estimate ||z — Pyz||1, < k2||2¢||7,. Two integrations by

parts in time are performed to estimate wy’. Finally, when estimating w3’} , a trace inequality in time
is used in order to control the norm over K" by norms over I, x K. ]

Remark 3. When o is constant in time, we have ([6Us|,z — Pp2); ,oxn = 0 by definition of the

orthogonal L?*-projection operator. Therefore, we may take p;’n = 0. This remark applies to both
dG(0) and dG(1) cases.

Remark 4. The exact value of the interpolation constant ¢ arising in the estimates of proposition 4
s given in the proof above and one generally has ¢ < 1. In our numerical experiments, we will simply
take c = 1.

4 Adaptive mesh refinement

In this section we present an adaptive mesh refinement/derefinement algorithm based on the a pos-
teriori error estimate derived in the previous section. Particular emphasis is laid upon practical
implementation aspects.

4.1 The algorithm

Given a tolerance tol, our goal is to contruct adaptively a computational mesh on which the discrete
solution U achieves the accuracy requirement

10(u — U)| < tol.

To this purpose, we first notice that the a posteriori error estimator obtained in proposition 4
allows to separate the contribution due to space and time discretization. More precisely, for a time
slab S, let us define

My, 3
no_ Z X0 here Ln Z z‘,nwz',n
Mk, Mk, w M. Py Wik
=0 7j=1

and
My,
n __ n wno__ 4,n i,n LN in
Nh = M, ~ where 17 = pyiwyy + pgiwg,.
i=0

The global time and space contribution are respectively defined as

N N
=Y _ng, =T
n=1 n=1

Error control will be achieved by imposing that both 7; and n; be lower than % Other choices
modifying the balance between space and time contributions might be considered as well.

The iterative algorithm by which the space-time mesh is adaptively modified reads as follows.
We use the notation I' = UnNzlfn x M, for a given space-time mesh and denote by I'; the mesh at
iteration 7 of the adaptive algorithm. In addition, the parameter ¢ denotes a derefinement threshold

with 0 <e < 1.
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1. Construct an initial space-time mesh I'y. I'g may typically be a rather coarse, uniform, tensor-
product mesh. Set j = 0;

2. Compute discrete solution U; of primal problem (5) on space-time mesh I';. Compute residuals
p;-’n for j =1,2,3;

3. Compute error e; = u — U; and evaluate error control functions 6, and 0s;
4. Solve dual problem (13) and compute weights w;Z and W;Z for j =1,2,3;

5. Compute error estimators n; and 7;. If |©(e;)| < tol then STOP, else construct a new mesh
I'j+1 using the following refinement/derefinement procedure:

5.a Space loop: let M = 25:1 M, be the total numbers of elements. If 772’" > %, we refine
by halving the cell K7 while if ;™ < (1 —¢)£5F for two consecutive indices i and i+ 1, we
derefine by assembling the cells K" and K7, ;

5.b Time loop: if n; > %, we refine by halving the time interval I, while if 7 < (1 — 5)%

for two consecutive indices n and n+ 1, we derefine by assembling the time intervals I,, and
In-l—l;

Set j := j 4+ 1 and return to step 2.

The above algorithm thus consists in a sequence of forward/backward sweeps where a primal
problem and a dual problem are sequentially solved on a given space-time mesh which is then adap-
tively modified. An alternative approach developed for instance in [10] is based on L estimates in
time and cubic Hermite polynomial interpolation in space and allows to implement a single forward
time-marching algorithm where slabs are iteratively refined one after the other.

4.2 Practical implementation
The adaptive algorithm described in the previous section needs several modifications to be useful in
practice.

4.2.1 Approximate data for dual problem

For FEuropean options with constant volatility, closed formulas are available to evaluate the exact
solution u and therefore the error e; = u — U;. However, in the financially interesting case where
local volatility is considered, closed formulas are no longer available and the data for the dual problem
needs to be estimated.

A simple procedure is to use a relaxation method in which e ~ U; — U;_;. This approximation
may be partly justified under a saturation assumption of the form

llejll < Bllej-ll,
for some 0 < B < 1 independent of j. This assumption yields
1—
sl < 1U; = Ujall < (1+ B)llej-al,

showing that the estimate ||U; — U;_1|| is asymptotically equivalent to the error.
With this modification, the first three steps of the adaptive algorithm are modified as follows:
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1. Construct an initial space-time mesh 'y and a second space-time mesh I'y by global refinement of
Iy in space and time. Compute discrete solution Uy of primal problem (5) on initial space-time
mesh I'g. Set j = 1;

2. Compute discrete solution U; of primal problem (5) on space-time mesh I';. Compute residuals
p;-’n for j =1,2,3;

3. Approximate error e; ~ U; — U;_1 and evaluate error control functions ¢ and 6s.

4.2.2 Discrete dual problem

Several approaches have been investigated in the literature to solve approximately the dual problem.
One of such approaches consists in using higher-order interpolation to estimate the dual solution z
(see for instance [12] and [2]). This approach usually yields sharp bounds for the §-error measure
but is not straightforward to implement since it generally needs some restrictions on the used meshes.
For instance, it is convenient to utilize meshes that are organized patch-wise with local hierarchical
refinement. An alternative approach, which yields looser bounds for the 8-error measure but is easier
to implement, is to discretize the dual problem on the same mesh and with the same polynomial
interpolation as the primal problem. This second approach has been selected hereafter. Our numerical
experiments show that for the finance problems under consideration, this choice yields nearly optimal
convergence rates.
The discrete dual problem reads

d/c

B(V,Z)=0(V), VVe Pgﬁ,

find Z € P?? such that
(18)

with © defined in (12).

4.2.3 Computing the weights

Whenever possible, integrals are evaluated analytically or are approximated by 4-point Gaussian
quadrature. In order to estimate the weights involving high order derivatives (zyz, 2, Ztze and zuy)
from the discrete dual solution Z, we use the following approximations:

e the second order derivative in space is approximated by

[N

1

(5((2395(%737%) + ng(tn,:ci_l)) x mes(I,, X kf)) ,

with Z,.(t,, z;) computed from

2 <Z(tn,xi+1) — Z(tn,:lii) Z(tn,xi) — Z(tn,xi_1)> .

hi + hiy1 hit1 a h;

e the second order derivative in time is approximated by

1

1 p)
<§(Zt2t(tn,mi) + th(tn,xi_l)) x mes(I,, x KZ")> ,
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with Zy(ty,, z;) computed from

2

7PnZtn7i_Ztnai7
T Pt ) = Zi(tn, 1)

and Z;(t,,x;) is directly recovered from the local, linear-in-time expression for Z.

e for the third order derivatives z;,, and z,, the previous quadratures are used with Z replaced
by Z; and Z, respectively.

5 Numerical Results

In this section we illustrate numerically the adaptive finite element method on two test problems. We
first study a standard Black-Scholes model with constant volatility in order to assess the numerical
behavior of our algorithms. As a more realistic model for finance applications, we then investigate a
Black-Scholes model with local volatility.

All the computations have been performed in double precision on a PC Athlon 1.2 GHz with
256 Mb of RAM. In the dG(0) case, linear systems were solved using Crout factorization whereas in
the dG(1) case, SOR algorithm was employed.

5.1 Standard Black-Scholes Model

We consider a standard Black-Scholes model for pricing European call options with payoff ¢ = (S —
K),, exercise price K = 100, volatility o = 0.2, maturity 7' = 1 year, instantaneous interest rate
r = log(1.1) and dividend yield rate § = 0. We compute the solution on the localized domain
[10,1000].

We first verify numerically the convergence rate of the dG(1) method. Numerical results obtained
by simply doubling both the number of time steps and spatial cells from one mesh to the next finer
one are reported in table 1. N.q is the index for adaptive mesh iteration, N.e the total number of
space-time cells, N the number of time steps, n, and 7 the space and time contribution to the a
posteriori error indicator n, I.g = 1/|ley||q, the efficiency index and CPU the computation time. For
standard Black-Scholes models, CPU times will be normalized by the one corresponding to the initial
mesh for the first test case described in table 1.

Nad Neenl N Mh Nk n order ’ |e]_\7 | |Qa order | leg | CPU
0 1024 16 | 10.29 9.9e-04 10.29  — 2.72 — | 3.77 1
1 4096 32| 3.38 6.7e-05  3.38 1.60 0.92 1.56 | 3.64 13
2 16384 64 | 0.93 5.0e-06 093 1.75 0.20 2.20 | 4.46 213

3 65536 128 | 0.22 1.0e-07 0.22 2.07 | 6.1e-0.2 1.71 | 3.73 | 1077

4

5

262144 256 | 0.06 1.0e-07 0.06 1.85 | 8.3e-0.3 287 |7.44 | 4686
1048576 512 | 0.02 1.0e-07 0.02 1.88 | 2.7e-0.3 1.62 |6.51 | 5445

Table 1: Standard Black-Scholes model, dG(1) method; meshes are obtained by simply doubling both
the number of time steps and spatial cells from one mesh to the next finer one.

On all meshes, the spatial error dominates the time error. Both the a posteriori error bound 7
and the actual error ||ey||q, are theoretically second order in space and time. In practice, we observe
convergence orders fluctuating between 1.6 and 2.1. The efficiency index takes values between 3 and
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8 approximately. The fact that I.¢ > 1 confirms the reliability of the method, i.e. 7 less than a
given tolerance actually implies that ||ey||o, lies below the same threshold. Values of the efficiency
index closer to 1 can be achieved by incorporating an appropriate interpolation constant in the error
indicator 7. Indeed, in our calculations, we have simply set this constant to one, whereas common
numerical practice suggests taking values ranging from 0.1 to 0.5 (see for instance [8]).

We next control the error ||ey||o, at maturity using the adaptive mesh strategy. To this purpose,
we choose the control functions 1 = 0 and 6(z) = ey (x)/||ley||0.. We take tol = 0.002 and € = 0.2.
Numerical results are presented in table 2. After 6 steps, the error ||ey||q, has been brought below
the prescribed tolerance. The fifth mesh yields the same accuracy as the uniformly refined mesh but
contains approximately 100 times less space-time cells, resulting in substantial CPU savings. The
efficiency I.g again ranges between 3 and 7 confirming the reliability of the method and the fact that
looser interpolation constants may be used. Although the function 85 is not smooth enough to satisfy
the assumptions of Proposition 4, the above numerical results confirm that it may be used in practice.
Regularized versions of 62 might be considered as well but would not yield any significant improvement
from a financial viewpoint.

Naa  Neen N Mh Mk Ui | |e]_V| |Qa I | CPU
0 1024 16 | 10.29 9.9e-04 10.29 2.72 3.77 1.0
1155 21 3.11 1.4e-03 3.12 0.92 3.36 1.6
1325 17 0.85 9.8e-04 0.85 0.20 4.10 3.1
2309 21 0.20 3.4e-03 0.21 6.1-02 | 3.45 7.3
3339 18 | 5.8e-02 1.7e-03 5.9e-02 | 8.5e-03 | 6.98 17.6

10177 31 | 1.3e-02 5.9e-04 1.4e-02 | 3.0e-03 | 4.55 62.7

12989 28 | 3.8e-03 2.0e-03 5.8e-03 | 1.9e-03 | 3.01 | 168.5

S U W N~

Table 2: Standard Black-Scholes model, dG(1) method; adaptive mesh refinement designed to control
the error at maturity over the whole price range.

Figure 2: Standard Black-Scholes model, dG(1) method; final mesh controling the error over whole
interval Q, (left) and only at vicinity of exercise price (right).

Figure 2 (left) presents the final mesh that was adaptively generated in order to reach the prescribed
accuracy goal. The finest space-time cells concentrate in two zones of the computational domain: in
a region situated around the exercise price K and also near the boundary corresponding to high
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Figure 3: Standard Black-Scholes model, dG(1) method; spatial distribution of the error at maturity
for the seven meshes considered in table 2; left: 4 coarser ones; right: 3 finer ones.

values of the dividend paying stock S;. While the first region is certainly desirable for accurate option
pricing, the second arises from the fact that by controlling the maturity error over the whole interval
Qg, a significant part of the computational effort is devoted to the reduction of the error for high
values of S;. Figure 3 presents the spatial distribution of the error at maturity obtained on the seven
meshes considered in table 2. Although error control is achieved in the L?(€,) norm, we also observe
convergence in the L° norm in the vicinity of the exercise price.

In order to avoid unnecessary refinements in the vicinity of the right border of €2, we consider the
control function B

92 (IL’) _ en (IL’)

= —— 1 112e[50,150)} >
llen! |[50,150]

yielding a posteriori control of the error at maturity in the vicinity of the exercise price. Numerical
results are reported in table 3. Figure 2 (right) presents the finest mesh considered in table 3. Mesh
refinement only occurs in the vicinity of the exercise price, resulting in additional CPU savings.

Nag Neen N Mh Mk 7 lex|liso,150, | Ier | CPU
0 1024 16 10.29 1.0e-03 10.29 2.72 3.77 1.0
1 1266 23 3.18 1.0e-03 3.18 0.92 3.43 2.2
2 995 17 0.85 1.2e-04 0.85 0.20 4.10 3.5
3 1607 20 0.20 1.5e-03 0.20 6.1e-02 3.40 11.1
4 2330 19 | 5.8e-02 1.7e-03 5.9¢-02 8.3e-03 7.20 25.0
5 6488 30 | 1.4e-02 9.0e-04 1.5e-02 2.7e-03 5.56 67.4
6 9994 29 | 5.7e-03 4.3e-03 1.0e-02 1.1e-03 887 | 151.8

Table 3: Standard Black-Scholes model, dG(1) method; adaptive mesh refinement designed to control
the error at maturity in the vicinity of the exercise price.

Because of the simplicity of the standard Black-Scholes model, all the preceding results have been
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obtained with the data for the dual problem evaluated from a closed formula for the exact solution.
When considering more complex models, closed formulas are no longer available and the data for
the dual problem needs to be estimated using the relaxation procedure outlined in Section 4.2.1.
Numerical results are presented in table 4. Overall accuracy degradation remains marginal. Indeed,
the approximate dual problem still provides enough information to decrease the error significantly and
to maintain reliability for the error indicator.

Nad Ncell N Mh Mk Ui He;/HQa Ieff CPU
0 1024 16 3.31 1.1e-03 3.32 2.72 1.21 1.1
1 1398 23 5.38 1.3e-03 5.39 0.92 5.81 2.7
2 3133 38 1.87 1.6e-03 1.88 0.20 9.00 7.2
3 3029 27 0.51 9.5e-04 0.51 6.1e-02 | 8.57 2.5

4 4646 27 0.10 1.9e-03 0.10 8.5e-03 | 12.71 11.5

)

6

7588 28 | 1.8e-02 6.9e-04 1.9e-02 | 3.0e-03 | 6.12 57.2
10381 24 | 8.2e-03 2.2e-03 1.0e-02 | 2.4e-03 | 4.26 | 140.9

Table 4: Standard Black-Scholes model, dG(1) method; adaptive mesh refinement designed to control
the error at maturity over whole price range; approximate data for dual problem.

To conclude the numerical experiments with the standard Black-Scholes model, we compare the
dG(0) and dG(1) methods. For both methods, we control the error at maturity over the whole price
range. Data for the dual problems is evaluated analytically. Numerical results for the dG(0) method
are reported in table 5 and should be compared to those of table 2. The superiority of the dG(1)
method appears clearly in terms of both accuracy and computational efficiency.

Nad Ncell N Mh Mk Ui He]_VHQa Ieff CPU
0 1024 16 13.30 2.33 15.64 2.70 5.78 0.4
4076 32 4.22 1.68 5.91 0.92 6.41 1.4
15338 64 0.85 1.22  2.07 0.25 8.16 5.4
59248 128 0.37 0.79 1.16 0.10 11.33 22.5
227206 256 0.15 0.42 0.57 | 5.0e-02 | 11.17 95.0
842740 512 | 4.8e-02 0.21 0.26 | 2.0e-02 | 10.28 | 459.6

U W N =

Table 5: Standard Black-Scholes model, dG(0) method; adaptive mesh refinement designed to control
the error at maturity over the whole price range.

5.2 Local Volatility Models

This section reports numerical results obtained with the adaptive dG(1) finite element method for
pricing European call options. Option parameters are taken as in the previous section except for the
volatility which is now a deterministic function of ¢t and x

15 40 20
o(t,z) = ;1{t€[0,0.25)} + ;1{t€[0.25,0.5)} + ;1{te(0.5,1.0]}-

We are interested in computing the solution very accurately over the price interval [90,110] and for
the discrete times ¢t = 0.25, 0.5 and 1.0. To achieve this goal using the adaptive procedure, we take
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for the error control functions

e(t,x
01 (t,x) = GL) 1{(t,2)€[0.2,0.6]x [80,120]}
||e||[0.270.6]><[80,120]
and
exvi(z
b2(x) = _ewlo) 1{ze[80,120}

llexl180,120]

yielding a posteriori control of the error at maturity and in the time interval [0.2,0.6] and for prices
lying in the interval [80,120]. Sharper bracketing of the targeted price and time intervals might be
considered as well.

Nad Neen N Mk Nk n CPU
0 2048 32 11.66 0.30 11.88 1.0
1 3814 64 15.22 0.47 15.69 2.5
2 9268 128 4.70 0.10 4.81 6.2
3 17904 168 2.52 0.05 2.58 17.0
4 54031 289 0.91 0.01 0.93 10.9
5 159504 478 0.32 6.9e-03 0.33 60.3
6 008646 834 0.11 2.3e-03  0.11 924.4
7 1464810 1306 | 3.8e-02 8.1e-04 3.8e-02 | 4195.6

Table 6: Local volatility Black-Scholes model, dG(1) method; adaptive mesh refinement designed to
control the error in the vicinity of the exercise price and calibration dates.

Figure 4: Local volatility Black-Scholes model, dG(1) method; third, adaptively generated mesh
designed to control the error in the vicinity of the exercise price and calibration dates.

Numerical results are presented in table 6. The computational domain is set to [10,500] and
the tolerance for the adaptive algorithm to tol = 0.001. CPU times are normalized by the one
corresponding to the initial mesh. After seven adaptive mesh refinements, the error indicator yields
n = 0.038. Based on the estimates for the interpolation constants derived for the standard Black-
Scholes model, we infer that this value is reasonably compatible with the preset accuracy threshold.
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Figure 4 presents the third adaptively generated mesh, showing that the finest computational cells are
concentrated in the regions of financial interet for calibration purposes.

Because our space-time meshes are constructed from spatially refined time slabs, the present
methodology incurs an additional cost due to excessively refined cells for high price ranges in the time
interval for calibration. However, it is worthwhile to point out that if a naive procedure (doubling the
number of time and spatial steps at each mesh refinement) was used instead of the adaptive algorithm,
the fifth mesh would yield the same accuracy (n = 0.34) but would require 15 times the amount of
CPU.

6 Conclusions

In this paper, we have investigated a relatively novel numerical method, adaptive space-time finite
elements, to approximate PDEs arising in finance applications. The main appeal of the proposed
methodology is that it allows the user to specify an error control function targeting its own accu-
racy requirements. This may be computationally effective for option pricing as well as for calibration
problems where numerical errors must only be controlled in some specific areas of the whole compu-
tational domain. The method is also reliable since sharp estimates based on a posteriori estimates
are available to decide whether the computational error satisfies acceptable accuracy requirements for
finance applications. Compared with simple finite difference or finite element schemes based on hand
taylored mesh refinement, the present methodology delivers similar or better CPU times, but offers
the advantage of reliability through a posteriori error control. With current computer technology,
overall wall clock times for option pricing are of the order of a few minutes.
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