COMPUTATION OF MOMENTS FOR THE LENGTH OF THE ONE
DIMENSIONAL ISE SUPPORT

JEAN-FRANCOIS DELMAS

ABSTRACT. We consider in this paper the support [L’, R'] of the one dimensional Inte-
grated Super Brownian Excursion. We give an explicit value for the first two moments
of R' as well as the covariance of R’ and L'.

1. INTRODUCTION AND RESULTS

The motivation of this work comes from the paper of Chassaing and Schaeffer [2]. They
prove the rescaled radius of random quadrangulation converges (in law), as the number
of faces goes to infinity, to the width ' = R’ — L’ of the one dimensional Integrated
Super Brownian Excursion (ISE) support [L’, R'] (see [1] and the reference therein for the
definition of the ISE). They also prove the convergence of moments. As pointed by Aldous
in [1], little is known about the law of /. Tt is of particular interest to compute therefore
the law of ' = R’ — L’ as well as its moments. We recall that L’ < 0 < R’ a.s., and that
by symmetry, R’ and —L' are equally distributed. More precisely we give a sort of Laplace
transform of R’ in the following proposition, which is proved in section 4.

Proposition 1. For A > 0,b > 0, we have

> dr —Ar / —1/4\ _ Gﬁ\/X
/0 o B > o) = T

For b = 1, from the uniqueness of the Laplace transform, we deduce the function

1

Y] P(R > Pl 4), hence the law of R’, is uniquely defined by the above equation. How-
r

ever, this does not allow us to give explicitly the law of R'.

We derive in section 4, the first two moments of R'.

Corollary 2. We have
23/4 1 (5/4)
Nis

The computation of the expectation of R'|L'| is proved in section 5.

E[R] =3 and E[R”] = 3v2r.

Proposition 3. We have

e o dt o0 (u+1) du
B |1 = —3vEn +3VATE [ s | et

and
Emin(R, |L'|)?] = 6v27[1 — of /8],
where ag = /OO diu
L Vo1
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We give the following numerical approximation (up to 1073): E[R'] ~ 2.580, Var(R') ~
0.863 and for v’ = R’ — L', E[r'] ~ 5.160 and Var(r") ~ 0.651.

To prove those results, we use the fact that the ISE has the same distribution (up to
a constant scaling) as the total mass of an excursion of the Brownian snake conditioned
to have a duration o of length 1. Then we compute under the excursion measure of the
Brownian snake the joint law of o, R’ and L’. In particular we use the special Markov
property of the Brownian snake and the connection between Brownian snake and p.d.e.
The next section is devoted to the presentation of the Brownian snake and its link with
ISE.

2. BROWNIAN SNAKE AND ISE

Let W be the set of stopped continuous paths (w, (,,) defined on RT with values in R.
Cw > 0 is called the lifetime of the path w, and w is a continuous path w = (w(t),t > 0)
defined on R* with values in R and constant for ¢ > (,,. We sometimes write w for (w, ().
We define

d(w,w’) = [Cw — Cur| +sup |w(t) — w'(t)].
£>0

It is easy to check that d is a distance on W, and that (W, d) is a Polish space.

We shall denote by N, [dW] the excursion measure on W of the Brownian snake W =
(Ws,s > 0) started at € R with underlying process a linear Brownian motion. We refer
to [5] for the definition and properties of the Brownian snake. We recall that under N, the
law of the lifetime process ( = (s, s > 0) is the It6 measure, n, on positive excursions of
linear Brownian motion, where we take the normalization Ny [sup,~ (s > €] = 2—15 Under
N,, conditionally on the lifetime process, W is a continuous W-valued Markov process
started at the constant path (with lifetime zero) equal to x € R. Conditionally, on the
lifetime process and on (W, u € [0, s]), the law of Wy, with s’ > s is as follow: the two
paths Wy and Wy coincide up to time m = inf ,¢[s o) Cu, and (W (t+m),t > 0) is a linear
Brownian motion, constant after (¢ —m, which depends on (W, u € [0, s]) only through
its starting point Wy (m) = Ws(m).

We define 0 = inf{s > 0; (s = 0} the duration of the excursion. From the normalization
of N,., we deduce that o is distributed according to

d
Nglo € [r,r +dr]] =ny(o € [r,r+dr]) = T forr >0

227 r3/2’

It is easy to check that for any z € R,
(1) N, [1 —ew] — /2.

The Brownian snake enjoys a scaling property: if A > 0, the law of the process WS(A) (t) =
AW, (A%t) under N, is A72N, -1,
We now recall the connection between ISE and Brownian snake. There exists a unique

collection (Ng) ST > O) of probability measure on C'(R™, ) such that:
1. For every r > 0, N(()T) c=r]=1.
2. For every A > 0, r > 0, F, nonnegative measurable functional on C'(R™, W),

NG [FOvO)] = NG ().
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3. For every nonnegative measurable functional F' on C'(R*, W),

> dr ()
/0 2/ 27r3/2 N “1F-

We take the opportunity to stress a misprint in [3], where 1/2 is missing in the right

(2) No[F] =

member of formula (3). The measurability of the mapping r — N(()T) [F] follows from the
scaling property 2. Under N(()l), the distribution of W is characterized as under Ny, except
that the lifetime process is distributed according to the normalized It6 measure of positive
excursions.

Let R = {Ws(t);0 <t < (5,0 < s < o} be the range of the Brownian snake. Since
we are in dimension one, using the continuity of the paths, we get that Nj-a.e., the
range is an interval which we denote by [L, R], with L < x < R. Notice we also have
R ={Ws;0 < s <o}, where Wy, = W,((s) is the end of the path W,. We have henceforth

R = sup WS, and L= inf W,.

0<s<o 0<s<o
The law of the ISE is the law of the continuous tree associated to v/2WW, under N[()l) (see

corollary 4 in [4] and [1], see also [7] section IV.6). In particular the law of the support

of ISE is the law of v/2R under N(()l), where we set AA = {2; \"'x € A}. Therefore, we
deduce that in dimension one, the support of the ISE is an interval, say [L’, R']. And we

deduce that (L', R') is distributed as (v2L, v2R) under N[()l).
We prove in section 4 the following result: for A > 0, b > 0,

Codr (1) —1/4 Gﬁﬁ
—— e NWIR > br V4 = ,
/0 A ¢ No LR = b = e o T
which determines the law of R. We also compute in sections 4 and 5

1/4
N [R] = 3 LJS/‘”

NG [R?) = 3@
Ng [min(R, |L|)?] = 3v2x[1 - a3 /8],

N(”[RlLH——?,\/EJF?"/% /°° dt /°° (u+1) du
’ N 2 4 1 V-1 Vid-1u+vVaZ+u+1)

3. EXIT MEASURE OF THE BROWNIAN SNAKE

We refer to [6] for general definition and properties of the exit measure of Brownian
snake. Let —oo < a < z < b < +00, and consider X (@b) the exit measure of the Brownian
snake of (a,b) under N,. We recall that X(%® is a random measure on {a, b}, defined by
: for any nonnegative measurable function ¢ defined on R,

/ () XD (dr) = / (W)L,
0

The continuous additive functional of the Brownian snake Lga’b) is defined N, -a.e. for all
s >0 by
S

1
L@ — 1im = ds' 1
8 511%1 e Jo S Lir(Wy)<¢o<r(Wy)+e}s
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where 7(w) = inf{t € [0,(w],w(t) € (a,b)} is the first exit time of (a,b) for the path

w € W. We use the convention inf ) = +oo. Intuitively, Lga’b) increases when the path
W, dies as it reaches for the first time the boundary of (a,b). It is well known that in
dimension 1, Ny-a.e.,

{R C la,b]} = {xX@Y =0}.

Recall also that the support of X (@) is a random subset of {a,b} NR. We set y(@b) —
[ X (@ (dy) for the total mass of X (®b).
We define the function defined for y > 0,A > 0,a < x < b: by

Vprap(T) =Ny [1 — e_“wa’b)_)“’} )
The next lemma is proved in section 6.
Lemma 4. The function v, .5 solves
(3) %v” =202 -\ in (a,b).
Furthermore if a > —oo (resp. b < o0), then we have the boundary condition v(a) =
A+ A2 (resp. v(b) = i+ /A2).
As an application of this lemma, we have the following result.

Lemma 5. We define for b >0 and A > 0,
wy(b) = Ny [1 — 1{R§b} e_AU:| .
We have for b > 0,\ > 0,

wy(b) = \/g [3 coth(21/4pA\Y/4)% — 2} :

Proof. Since N -a.e., for x < b,
{R<b} ={R C (—o0,b]} = {X0 = 0} = {y(==b) = o},
we have

wy(b) = lim Ny [1 - efuy(ioo’b)f)‘a} = lim v, —00p(0).
U—00 H—00

By translation and symmetry, it is clear that v, x —oo5(0) = vy 20,00(b). As wy(b) is the
increasing limit of v, ) 0.00(b) as p — 0o, and since the set of nonnegative solutions of (3)
is closed under pointwise convergence (see proposition 9 (iii) in section V.3 of [7], stated
for A = 0, which can be extended to the case A > 0), we deduce that w) also solves (3)
with (a,b) = (0,400). Notice that

wx(0) = lim v,2,0,00(0) = lim g+ /A/2 = +o0
HU—00 H—00
and that, since R is a compact set Ny-a.e.,
w(+00) = No [1 - e—ﬂ = /2.

Therefore w) is solution of

1
5w”=2w2—)\ in (0, +00),

w(0) = 400,
w(+00) = \/A/2.
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This ordinary differential equation has a unique nonnegative solution, which is given by

wy(b) = \/g [3 coth(2Y/4pAY/4)% — 2} :

4. PROOF OF PROPOSITION 1 AND COROLLARY 2

Proof of proposition 1. By scaling, we get that the law of R under Ng) is the law of Rrl/4
under N(()l). We deduce from (2) and the above scaling property, that

w)\(b) =Ny |:1 — 1{R§b} e N

o0 dr [ o
:/0 s N L~ Liranye ]

o dr W[ N
- /0 2/2mr3/2 No " |1 = Lircpr1ay @ }

_ / dr (1 _ ei)‘r) T / dr ef)\T |:1 o Nél) [R S b,r,*l/4]:|
0 0

2v/2713/2 2v/27r3/2
_ > dr = (D) —1/4
_\/)\/2+/0 ey R >

Eventually we define Hy(b) for A > 0,b > 0 by

>~ d
H(b) = / s e NPR > b,
0

I
and we get
6y/TVA
4 Hy(b) = .
@ A(0) [sinh((2))1/4b)]2
Since R’ is distributed as v/2R, this prove proposition 1. O

Proof of corollary 2. By monotone convergence, letting A decreases to 0, we get :

3V 2w
2

* dr _
(5) Ho(b) = /0 S NV R > 1) =

Set w =r~1/* and b = 1, to get

4/ uN(()l)[R > u] du = 3V 2,

0
NSV [R?) = 3\@ .

Since R’ is distributed as v/2R, we get the second equality of corollary 2.
We recall the following development near 0:
1 1 z?

e =20 O(z)).

which implies
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1 1
Hence the function — — ———— is integrable over R*. The function Hy(b) — H(b) is
z?  sinh(z)?

positive and integrable on R*. Setting = = (2X)Y/4b, we get
g

/0 [Ho(b) — Hy(b)] dbzsx/ﬁg% i [b—g—ml db

>l 1 1
= 3v2r(2) V4 1 S
m(2A) =20 - [azQ sinh(m)2] d
— 3v/am(A) VA tim & 41 — OB
e—0¢€ sinh(e)
= 3v2m(2)) /4,
On the other hand, by Fubini, we have
& dr (1 _
/O [Ho(b) — H(b db—/ db/ Sal—e INY[R > br= /4]
> dr a1/ [T
_/0 e [N R > o)
 dr
_\1/4 (1)
Y /0 =N

= \/44T(3/4) Ng)[m.
We deduce that

! 3v/2m 21/4
NVIR] = 2=
4T'(3/4)
Since
o0 ¢=3/4 gt ©  dv
r{a/4r3/4) = — =14 =7V2
aarea) = [t = [ e
1 I'(1/4) T(5/4)
h = = .
we have T(3/4) s 3 And we get
214 1(5/4)
NV[R) =3 =207
Since R’ is distributed as v/2R, we get the first equality of corollary 2. O

5. PROOF OF PROPOSITION 3
We define for —co < a <0< b< +o0 and A >0,
'III)\(CL, b) = NO |:1 — 1{R§b,L2a} e_AU:| .

Since Ny-a.e., for a <z < b, {R < b,L > a} = {X(@) =0} = {Y(®D) = 0}, we have with
the notations of section 3,

wx(a,b) = lim Ny [1 — e_”’Y(a’b)_M} = lim v, xq.(0).

p—00 p—00
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Notice from lemma 4, that by symmetry, vj, , ,,((a 4+ )/2) = 0. By translation and
symmetry, it is clear that vy xa5(0) = vux0p+(e/(min(jal,b)). We set wy,(z) as the
increasing limit of v,  0.2-(x) for z € (0,2r) as p T oo. Therefore, we have
la| +b
—

As the set of nonnegative solutions of (3) is closed under pointwise convergence, we deduce

from lemma 4 that wy, also solves (3) with (a,b) = (0,2r). We have the boundary
condition

wx(a,b) = wy o (min(|al, b)), where we set 19 =

w)\,,«(O) = #ILIgO ’Uu)\’o’Qr(O) = F}LH;OM + )\/2 = +00.

By symmetry, we deduce that wﬁ\’r(r) = 0. The ordinary differential equation

%w” =2w? — X\ in (0,7],
(6) w(0) = +o0,
w'(r) = 0.

has a unique nonnegative solution. However, we don’t have an explicit formula for wy ..
Arguing as in the proof of proposition 1, we get with ¢ = —a > 0,

wx(a,b) = No [1 — Lip<p,|Li<c} e_ko}

_ [T A —ar
= /O m NO |:1 — l{RSbT71/4,|L‘SCT71/4} (§ :|

> dr o (1
YA )\/2 ‘I—/ m [§] A Né) [1 - 1{R§b7‘71/4,|L|§CT71/4}:| .

0
We set for b > 0, ¢ > 0,

o0 dr —A\r 1
(7) Ix(¢,b) :/0 32 © g [1 — Lp<pr—1/4, \L\SCr—l/‘l}} -
That is
I\(c,b) = 2V 2m[wy(— N/2] = 2V 21wy o (min(e, b)) — \/\/2]

where ro = (¢ + b)/2. Notice that I)\(C, b) = Ix(b, ) H)(b) = lime— 4o In(c,b) and that
I)(¢,b) > Hy(b). Using that

1 - :I'{Rgbr‘*l/‘l7 |L|<cr—1/4} = 1{R>br*1/4} + 1{|L|>cr*1/4} - 1{R>b7“*1/4, |L|>cr—1/4}

and that R and |L| have the same distribution under Nél), we deduce

* dr —A\r 1
(8)  Jaleb) —/0 32 © Y {1{R>br—1/4, |L|>cr_1/4}] = H)\(b) + Hx(c) — Ix(c, b).

Proof of the second equality of proposition 3. In particular, taking ¢ = b and letting A
decreases to 0 in (8), we get

* dr
) B0 = [ 755N [Liniopzin-1m] = 2H0(b) = Tob.b)

Notice Iy(b,b) = 2v/2m wo ry(10), with ro = (c+b)/2 = b. Let us compute wq(r). We set
0= wo,r (T)
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Solving the differential equation (6) for wq,, we get for all t € (0,r),

[t
U)O,r(t) 8 u3_03 -
that is

3 [ du
' T
10) 8 Junp()/0 VuF =1

For t = r, we get
\/§/°° du
- ——=Vor.
8J1 Vvud—1

We define
/°° du
g = —_—
0 1 Vud =1
We get that
. . 3 (7)) 2
(11) wor(r)=60= 3 ( " ) ,

and so In(b,b) = 3v27 a/4b*. We then deduce from (5) and (9), that
1 3
Jo(b,b) = 7 [6\/277 — Z\/% ag] .
If we set u =~ /% and b = 1, we get from (9)
o 3
4/ du UN(()l) [1{m1n(R,\L|)2u}] = 6\/ 2 — Z V 2 Oé%.
0
Therefore, we have
NS [min(R, |L|)?] = 3v2[1 — a3/8].
This prove the second equality of proposition 3. U

Proof of the first equality of proposition 3. We look for a transformation of Jy which will
give the expectation of R|L|. Notice first that for A > 0, J) is derivable in the variable A
and that

o0 dT “Ar 1
—O\J :/o 32" g Né) [1{R>br*1/4, |L\>cr*1/4}] 2 0.

By Fubini, we have

< dr  _ N
- ohJa(e,b) de db = — AT/ dde( 1 - B
/(0:00)2 pialer) de /0 r1/2 ‘ (0,00)2 ¢ 0 [{R>b7’ 14 |L|>cr—1/4}
< dr
:/0 7 ¢ VNG RIL)
1
= 5 N [RILI.

Our next task is to compute 9xJx(c,b). From (7), we deduce the following scaling
property: for p > 0,

Ie.b) = 5 Ins (el .b/p).
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Taking p = A~ Y4, we get
In(c,b) = VAL (eAY4, bAY4),

Of course, we have a similar scaling property for H. Differentiating with respect to A, we
get

InIx(c,b) = ONVALL (A4 bAY4)
&

1
= L (eAY* bAYY) + N

2VA
11

1
=33 I\(c,b) + Z(Cac-[)\(ca b) + bdpIx(c, b))} )

AIy (eAY*, AV + ATy (cAY 4, bAMY)

4)\1/4

A similar computation yield
ONHA(b) = ~ | L Hy(0) + 2 b0, HA(B)
AIAD) = 15 A 7 O .
Therefore, we have
— AO\J(c,b)
1
= 7[2I\(c;b) = 2H)\(c) = 2H(b) + cdeIx(c, b) + bOyIN(c, b) — cOH(c) — bOH(D)].

Now we will study the limit of C; 4 = f[s a2 dedb (=XO\Jx(c, b)) as A — oo and € — 0,
since

(12) lim  C.a=NV"[R|L|.

e—0,A—o0
An integration by part gives 4C. 4 = K1 + Ko + K3 + K4, where
K1 = —2(A - €)AH)\(A),

A A
Koy = 2A/ In(A,b) db — 2A/ Hy(t) dt,
€ " €
K3 =2(A—¢)eHy(e) — 2/ ely(e,b) db,
€

A
Ky =2 / HA(t) dt.
g

Study of K1. We have

_ enia
|K1| < 24%Hy(A) = 6v2 (m)

In particular, we have

(13) lim  K; =0.

e—0,A—o00

Study of Ky. Since I)\(A,b) > H,(b), and since J\(A,b) = Hx(A) + Hx(b) — I\(A,b) is
nonnegative, we deduce that

0 < In(A,b) — Hy(b) < Hy(A).
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This implies
A A
0< Ky = 2A/ [I\(A,b) — Hy(b)] db < 2A/ Hy(A) db < 2A%H,(A).
15 €

From the study of K7, we deduce that
(14) lim Ky=0.

e—0,A—o00

Study of K3. Set et = b and use the scaling property of I and H (with p = ¢) to get
A
Ky =2 [ (L)~ )] db
&€
Ale
_ 922 / (e, et) — Ha(e)] dt
1

Ale
_9 / [Liy(1,8) — Hoiy(1)] dt

Ale 0 Iy 754 . 1
= 2/ dt/ T3/2 A N(()) [1{R>tr_1/4, |L|§r—1/4}] s

where we used the definition of I and H for the last equality. By monotone convergence,
we get that — K3 increases, as ¢ | 0 and A T oo to —Kg, where

o dr
_K3 = 2/ dt/ T3/2 {R>tr*1/4, |L|§r*1/4}]

- 2/1 To(1,1) — Ho(1)] dt.

Since Io(1,t) > Ho(1) and Jo(1,t) = Ho(1) + Ho(t) — Io(1,t) is nonnegative, we deduce
that
3V2m

2
Hence, we get that K3 is finite. Let us now compute the value of K3. We have for ¢ > 1,
In(1,t) = 2v2m wo o (1), with ro = (1 4+t)/2. We set for t > 1,

0 < Ip(1,t) — Ho(1) < Ho(t) =

2
In particular, we have g = G(1). From (10) and (11), we get that G (;— wo To(l)) =
ol

0
%0 We deduce that for ¢ >1,

o
s () (3) () o (22)

Thus, we get with v = 2a/(1 + t),

N 00 20 2
K :2/ dt [2\/ < 0) g1
L 1+t

= 3V271 o /ao [G™'(v) — 407 dv.
0

(222

1+t
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2
From (15), it is easy to check that G(z) = NG +O(z77/?) as & — oo, which implies that
x

(16) G Hw) = % +0(?), asv—0.

This development implies that, with u = G~(v),

~ 12\/2
—K3 = 1111(1)3\/277 ao/ Gt )dv — — 7ra0 12v2m
E—>

GTHE) 4 du B 12427 a
Vud —1 €

4 du 1227 a
— 1227 + lim 32 - 0
T+ E% T Qg . T B

4/€? U 1
= 12V27 4+ 3V21 « lim — du
’ 1 [\/u?’ -1 Vu-— 1]

= liH(l) 3V2T ay + 12v2m
E— 1

/ (u+1) du
NS TRV

= 12V27 — 3V27 ap

Therefore, we deduce that
A7) lim  Ky=-12v27 1 3V2r / \/_ / \/_(Zi %)
Study of K4. We have for A > 1,
K4:25/EAH,\(t) dtz25/!4%dt
9 [22(17‘)/17;_2 coth((2)\)1/4t)]

=6vV21 4 O(e).

A

)

Thus we have

(18) lim Ky =627

e—0,A—o00

Conclusion. Eventually, we deduce from (12), (13), (14), (17) and (18), that

(u+1) du
o [RIL] = 6\/_+3\/_/ \/—/ Vud —T(u+ Vu? +u+1)

6. PROOF OF LEMMA 4

We introduce the special Markov property for X (@:0) and we refer to [6] for the complete
theory. We set

t
= inf{t;/ du 1{Cu§T(Wu)} > S},
0

where 7(w) = inf{t € [0,(w],w(t) € (a,b)} is the first exit time of (a,b) for the path
w € W. We define the continuous process W, by W, = W, . By definition, the o-field
£(@b) i generated by W/ = (W!, s > 0) and all the N,-negligible sets.
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From proposition 2.3 in [6], we get that X (*?) is £(@Y)_measurable. Notice that N,-a.e.,
{s > 0;¢s = 7(Ws)} is of Lebesgue measure zero and

/0 L (Wo)=cc) d8 = /0 Lirwo)zc,) ds = /0 Liwyay ds.

In particular the integral fOU 1 w)=oo) dsis € (@:b)_measurable.

The random open set {s € (0,0);7(Ws) < (s} is a countable union of open sets, say
Uier(ai, b;). Since the set {s € (0,0);7(Ws) = (s} is of Lebesgue measure zero Ny-a.e.,
we get that Ny-a.e.,

/0 Lir(W)<oo} ds = /0 Lirway<cy ds = Y (bi — ai).

el
In particular, we deduce from the special Markov property, theorem 2.4 in [6], that

N, [e—AJ'O" Lir(ws)<oo} d8 ‘g(ﬁhb)} =N, [e_)‘ Yier(bi—aq) |g(a7b)} — o J X(®P)(dz) No[1—e™*7]

From (1) we get that

Nx |:e—>\ fog 1{7(W3)<oo} ds ’g(a,b)i| — e—\/)\/Q Y(a’b)7

where V(%) = [ X(@b)(dz). This implies that for a < = < b, and A > 0, 1 > 0,
v‘u‘,)\ja’b(x) == Nm 1 — e*HY(“’b)f)\g}
e N{L‘ _1 — e_IJ‘Y(”ﬁb)—AfOU 1{T<W5):OO} dS—AfOU 1{T<W5)<OO} ds]

— Nm _1 _ equ(a,b)f)\ fog Lir(w)=oco} ds Nx [ef)\ f(f 1 (Ws)<oo} ds |g(a,b)H

— N, [1 = e BHVIRY O [T 1w =) ds} :
We then consider the continuous additive functional of the Brownian snake,

dLs = (1o + /A/2) AL + A1, )=o0) ds.

Of course, we have

unaa) =No [1 =] =, | [Tz, e 170
0

Now we replace exp(— fSU dL,) by its predictable projection with respect to the filtration
of the Brownian snake. Let Ej be the law of the Brownian snake started at the path
(w, Cw), and whose lifetime is distributed according to a linear Brownian motion started
at point ¢, and stopped as it reaches 0. The predictable projection of exp (— fsg dL,) is
given by Ej;, [e7L7]. From proposition 2.1 in [6], we get that
E*w[ech] _ 6_2-[0@) dt Nwm[l—e*LU] )

Therefore, we get that
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Vunan(®) = No { [ an, e st dt]
0

— (+ VAN, { / T ALEOY) 62 varan(Ws(0) dt}
0

+ AN, [ / ’ 10, (1,)—oopds e 200" ”w»avb(Ws“))dt} .
0

Let us recall the first moment formula for the Brownian snake: for F' a nonnegative
measurable function defined on W, we have

N, [ / GF(WS,g)ds] = |7 ar ELdF (Bt € o)
and
N, [ [ rov. @)dLgavb)} — EL[F((But € [0,7]).7)],

where B is under E, a linear Brownian motion started at point x and 7 = inf{t > 0; By ¢

(a,b)}.

In particular this implies that v, ) 45 is a nonnegative solution of

0(@) = (1 + VAPE, [e72 Bt 1 \E, [ / dr =2 J5 v(Bodt
0

From standard arguments on Brownian motion, we deduce lemma 4.
Acknowledgment. 1 thank P. Chassaing for telling me about [2] and asking me about the
law of (R, L').
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