SUPER BROWNIAN MOTION WITH INTERACTION

JEAN-FRANCOIS DELMAS AND JEAN-STEPHANE DHERSIN

ABSTRACT. Using an approximating scheme with the Brownian snake, we prove the
existence of solution to a martingale problem for super Brownian motion with interaction.

1. INTRODUCTION

Let B(R?) be the set of real valued measurable functions defined on R%. Let M/ be
the set of finite measures on R%, endowed with the topology of the weak convergence. For
p € My and ¢ € B(R?Y), bounded, we denote (u, p) = [ ¢(x) pu(dz).

Consider a super Brownian motion X = (X;,t > 0) started at Xo = puo € My. It is the
unique solution of the martingale problem on Mj: for any bounded C? function, ¢, with
bounded derivatives,

Xo = o

(X9) = (Xo.9)+ [ (Xe Go) ds M)

where M (y) is a continuous martingale (with respect to the filtration generated by X)
with quadratic variation

(M(@)): = Au;ﬁwa

Let ¢ be a C! function defined on R*, s.t. ¢(0) = 0 and ¢'(t) > 0 for all ¢ > 0. If
we consider the changed time process Y; = Xy, for ¢ > 0, then it is easy to check that

Y = (Y;,t > 0) is a solution to the martingale problem on M;j: for any bounded C?
function, ¢, with bounded derivatives,

Yo = o
Vi) = (o) + [ (895 0) ds + M)

where M () is a continuous martingale with quadratic variation

(M(p))t = 4/0 (Y, ¢/ (5)¢?) ds.

By using the inverse of the time change ¢, in order to recover X from Y, it is clear that
the solution of this martingale problem is unique.

The aim of this paper is to use a random time change procedure to transform the
martingale problem (see [3] chapter 6). We prove in Theorem 1 the existence of solutions
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to the following martingale problem (MP) on M: for any bounded C? function, ¢, with
bounded derivatives,

Yo = o
(Ying) = (Yo, ) + /0 (Y, 6(Ya) A(Y2)g) ds + M(p)s.

where A(p) is the infinitesimal generator of a diffusion, with diffusion coefficient o(u, x)
and drift b(u, x), and M (p) is a continuous martingale with quadratic variation

(M(g))s = 4 /0 (Y, 0(Y2)¢?) ds.

The functions 6,b and o are bounded continuous functions defined on M; x R? taking
values respectively in R, R? and R?*¢. And the functions # and o are positive.

The existence of solutions will be proved by using approximating schemes of the mar-
tingale problem. In fact we prove the tightness of the approximating scheme and that
the limit points are solution to the above martingale problem. Except in very particular
case, we were unable to prove the uniqueness of the limit, as well as the uniqueness of the
solutions to the martingale problem (see [8] p.7 on this last question).

Our approach relies on the Brownian snake representation of the super Brownian mo-
tion.

Roughly speaking, the super Brownian motion, Xy, can be described as the integral
with respect to the local time of the snake lifetime process at level ¢ of terminal points of
underlying paths. Now, using a random time change for each path, we integrate the ter-
minal points of diffusions with respect to the local time of the snake lifetime process along
a random curve instead of a deterministic line. This procedure modifies the underlying
branching tree of the life time process.

The approach differs from Perkins [8, 7], where the interactions was introduced through
a stochastic integral along the paths as well as a different weighting for each path. In
particular, the structure of the underlying branching tree (that is the lifetime process for
the Brownian snake representation) was the same for the superprocess and the interacting
Superprocess.

On the other side, Dhersin and Serlet [1], see also Watanabe [11], introduced a change in
the underlying branching tree of the Brownian snake through a killing rate which depends
on the path of the particle. This approach was a first step to introduce interaction in the
underlying branching tree.

2. THE APPROXIMATING SCHEME

2.1. The Brownian snake. We first recall the Brownian snake representation of the
super Brownian motion.

Let C = C(R*,RY) be the set of continuous function defined on R* with values in
RY. We shall denote by N, 4[dW] the excursion measure on C of the Brownian snake
W = (Ws,s > 0) started at x € R? with underlying process a diffusion with infinitesimal
generator A. We refer to [5] for the definition and properties of the Brownian snake. We
recall that under N, 4, the law of the lifetime process ¢ = ({5, s > 0) is the law of a positive

excursion of linear Brownian motion. We take the normalization N 4[sup,~q (s > €] = %



SUPER BROWNIAN MOTION WITH INTERACTION 3

Under N, 4, conditionally on the lifetime process, W is a continuous C-valued Markov
process started at the constant path equal to z € R? Conditionally, on the lifetime
process and on (Wy,,u € [0, s]), the law of Wy, with s’ > s is as follow: the two paths W
and Wy coincide up to time m = inf ,c; o Cu, and (Wy (t +m),t > 0) is a diffusion with
infinitesimal generator A, constant after (¢ — m, which depends of (W,,u € [0, s]) only
through its starting point Wy (m) = Wy(m).

Starting from the Brownian snake W, we can construct a continuous measure valued

process (Xs(W),s > 0) defined by X;(W) = / Sw,(¢c,)dLY, where 4, is the Dirac mass
s>0

at point y, and LY is the local time of the lifetime process at level ¢ up to time s. Notice
the integration over s is up to time o, which is the duration of the excursion ¢ under N 4.
Let z € R and pig € M - And consider the Poisson point measure on C, ) ;. ; dyi, with

intensity measure / po(dx)Ng A[dW]. It is well known that the process X = (X;,t > 0)
defined by Xg = po, and

(1) X = X(W

iel

is the usual superdiffusion started at pg with underlying process a diffusion with infinites-
imal generator A and branching mechanism v (z) = 222.

We intend to replace the local time of the lifetime process at level ¢, by the local time
along a random curve ¢ = (¢%,s > 0,i € I), where ¢’ € [0,00]. This curve ¢ needs to
have particular properties (see also [10] for the definition of the local time along a random
curve). This was already done for ¢% = ¢(W¢) defined as the first exit time of a domain
D. The random measure associated to this curve is the so called exit measure of D (see
[5]). From this example we expect the following “tree property” to be in force:

If ¢ > @8, where & is the lifetime of WZ, then for all s' such that inf,e(s,6 ¢t > ¢l we
have qﬁi, = ¢'.

It is a natural condition when one deals with the excursion filtration (see also the
definition of identifiable curve in [10]). Furthermore, in order to get the so called special
Markov property, we need that conditionally on what is “below” the curve ¢, the excursions
of the snake above the curve ¢ are distributed according to [ X?¢(dx)N, 4[dW], where X¢
is the exit measure of the superdiffusion above level ¢. This will be stated precisely in
property (B).

Eventually we will define for each ¢ a random curve ¢(t) and the corresponding exit
measure be in such a way that Xf) solves the martingale problem (MP).

The random time change will formally be given by the following equations:

e Stochastic differential equation and time change for the path W/ of the Brownian
snake W

(2) d V(1) = o (Yy, VI (1) dWi(¢5(1)) + b(Ye, Vi(1)del(1).
e Differential equation for the time change at time ¢:

(3) did(t) = 0(Y;, VS (t))dt for i(t) < (.
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e Definition of the random measure Y;:

@ V=Y [ b 4801,
0 S

icl

where L is the “local time” of the lifetime of process of W on the random curve
o.
Notice that in general, the function s — ¢.(¢) is not adapted to the filtration (F! =
o(Wi u < s),s > 0) generated by the snake, because the measure Y; take into account
path W, for s’ > s.
We will present a discrete version of those equations and prove that X¢, the discrete
versions of Y, are tight and that any limit is solution to the martingale problem (MP).
We are now ready to present our approximating scheme.

2.2. The approximating scheme. Let 6,b and ¢ be bounded continuous functions de-
fined on M; x R? taking values respectively in R,R¢ and R?*¢. We also assume the
functions @ and o are positive. Let u/ € My and 2’ € RY. We will denote by A(y', z') the
infinitesimal generator of the d-dimensional Brownian motion with constant drift b(u', ')
and constant diffusion coefficient o (u/, ’).

Let pi9 € M. We consider the Poisson point measure on R? x C, 3., O(zi,w), With
intensity measure zio(dz)Ny a [dW]. For i € I, let o; be the duration of the lifetime process
of the snake W*. Recall W/ is the path at time s of the snake W*.

Let ¢ > 0. We define by induction at time ke with k € N, the random time change
¢° = ((¢5°(ke),s > 0,i € I),k € N), the starting point V = ((Vi(ke),s > 0,i € I),k € N),
the random measure X¢ = (X;_, k € N) and the filtration G° = (G}, k € N) such that the
following hypothesis (A) and (B) are in force.

(A) ¢ (ke) enjoys the “tree property”. And for alli € I, the sets {s € [0,07] ; ¢5°(ke) <
¢t} are open.

The sets {s € [0,07] ; ¢5°(ke) < Ci} can be described as the union of the open non

overlapping intervals (a®*,b%/*) for j, € J,i, where the set J,i is possibly empty. We

assume the family of indices Jli are non overlapping for ¢ € I, 0 < [ < k. Notice that

from property (A), ¢*¢(ke) is constant over each interval (a®/¥,b%I%). For i € I, j, € Jy,

s € [a™* b"I¥], we consider the increments of the paths of the Brownian snake after time

¢ (ke):
(5) W7k (u) = Wi(u+ ¢5° (ke)) — W64 (ke)).
And for i € I, ji € Ji, we define the snake excursions Wik = (Wsi’j’“, 5 € %Ik, biIK)).
'Let Ky (s) = inf{r > 0; f; du 1{¢35(k5)‘2%} > s}, the inverse of ‘th.e time spent under
¢¢(ke) by the life time of the snake W?. We define the snake Wik = (W, ()5 2 0)
. k
and the o-field G;_ generated by (W¥kk i € I). Roughly speaking, Gy represent all the
information available on the Brownian snake up to level ¢*¢(ke).

(B) The random measure X§_ is G5_-measurable. The function V'(ke) is constant over
each excursion interval (a7 b%x), and let VI (ke) be its value. Conditionally
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on Gy, the measure E (S(Vi,jk,’Wi,jk) is a Poisson point measure with intensity
i€l jpedi

X, (dz) Ny a [dW).

For k =0, we set for i € I, s € [0, 0):

the time change: ¢3°(0) = 0,

the measure: X§ = po,

the starting point: Vi(0) = 2,

the tribe: G§ = o(X§, VE(0);8 > 0,i € 1),

the excursion intervals: (a0, b%90) = (0, o), where jo € J§ = {i},

the transformed snake above level ¢¢°(0): fori € I, jo € Jé, we set U0 = (Ug”°, s €
[ab70 b590]), where for s € [a®I0, b™0], u > 0,

U7 (u) = V;(0) + o (X5, Vi (0)) W (u) + b(XG, Vi (0))u.

Notice that conditionally on Gg, Zie LjoeJi drriio 1s a Poisson point measure with inten-

sity [ po(dz) Ny a¢uo,2)[dW], with g = X§. Notice also that properties (A) and (B) are
in force for k = 0.

Let k > 0. Assume ¢“°(ke), X;fs, Vi(ke) are built in such a way that properties
(A) and (B) are satisfied. Let us now built ¢“¢((k + 1)e), X&H)E, Vi((k + 1)) and
check the properties (A) and (B) are in force if k is replaced by k + 1. We set for
s € [k, bk) i e T, g € J,

04 (k + 1)2) = 97 (ke) + B(X, Vi (ke)) e,

and ¢g°((k + 1)e) = +oo if s & [abI%, b"I%] for any i € I, j, € Ji. This equation is the
discrete version of (3).
Notice that on each interval [a’/*, b"Jk] ¢*¢((k+1)e) is constant, and that outside those
intervals ¢5°((k+1)e) = +oo > (!. Therefore property (A) is true for k replaced by k+ 1.
We then describe the transformed snake U%/* and built the random measure X (k+1)e-
We set for i € I, ji, € Jy, s € [a™*, b"IF], u > 0,

(6) U7 (u) = V{(ke) + o (XEe, Vi (k) Wi (u) + b(XRe, Vi (ke))u.

And for i € I, j € J},, we define the snake excursions U/* = (Ué’j’“, s € [a™F b%Jk]). From
property (B), we deduce that the measure ), Ljedi dyige is a Poisson point measure
with intensity [ Ny a¢uq)[dW] p(dz), where p = X_.

Considering the snake excursion Uk, we define using (1) for u > 0, the random
measures

(7) Xk = X, (UMk),

For ji, € J}, (ijjk, u > 0) is distributed, conditionally on G;_, according to (X(W),s > 0)
under Ny 4, 2)[dW], with 2 = Vi (ke) and p= Xg_.

ab Ik
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Recall that on each interval [abdk, b3%], ¢™°((k + 1)e), ¢"°(ke) and Vi(ke) are constant
and G _-measurable. In particular the random measure

(8) X(y ) = Xk = X, (U9),
where
(9) up = ¢ (k4 1)e) — 62 (he) = eO(XE, Vi(ke)),

is well define.
From the special Markov property of the Brownian snake (see for example [6]), we get
that X Z;ﬁl) is measurable Wlth respect to the o-field generated by Gi_ and by (W! (Jk) 5>
0), where (s) = inf{r € a9, b9 [T, du 1yyiciy iy > 5} (the inverse of the

time spent under ¢*¢((k + 1)¢) by the snake W%J*). In particular it is measurable with
respect to g(ak ) which is defined as Gf_ with k replaced by (k4 1). If we define

(10) X(jt1)e = Z X}ginev
i€l jreJy

it is clear that the first sentence of property (B) is true for k replaced by k + 1. Notice
the above definition is the discrete version of (4).

To prove the second part, we have to define the functions V*((k + 1)e). Let us consider
the excursions of the Brownian snake above level ¢°((k + 1)e). We focus on the snake

Wik, The set {s € (a™Jk,bk) ; ¢5°((k 4 1)e) < (i} is open. It is the union of the
open non overlapping intervals (a®/k+1, b%Jk+1) for jr 1 € J,ij_’“l, where the set of indices
Jk’]’“ is possibly empty. Recall ¢%°((k + 1)e) and ¢%°(ke) are constant functions over
(abIe+1 phik+1). Using uy, defined in (9), we define for s € [a?dk+1 bJk+1] 4 > 0,

WP () = W9 (o ug) = TW39* ()
= Wi(u+ @55 ((k +1)e)) = Wilee® ((k + 1)e)).
Define for jii1 € Jk’+1 the snakes Wikl = (Wsi’jk“,s € [a%Jk+1 phJk+1]). This last
formula coincides with definition (5), with &k replaced by k£ + 1. And we set using (6)
VI((k +1)e) = Ug? (u)
=V (ke) + o (Xi., Vi (ke)) Wi (057 ((k + 1)e)) — Wi(¢y° (ke))]
+ b(XRe, Vi (ke))[05° ((k + 1)e) — ¢5° (ke)].

The above definition is the discrete version of (2).

Notice the function V?((k+ 1)e) is constant over each excursion interval [a®7k+1, piJk+1],
and let Vk+1((k 4 1)e) be its value. This proves the second sentence of property (B),
with k replaced by k + 1.

Again from the special Markov property of the Brownian snake, the random measure

Z 6(Vi,jk+l((k+1)€)7wi,jk+1) is, conditionally on the o-field G¢ (k+1)e , distributed accord-
Jh+1 EJ;i’}

ing to a Poisson point measure with intensity X (,’jjl) (dx) No,% [dW].
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Let Jp = UjkeJZ Jk’J’“ Since X q). = > el el X(,’CL)E, we then deduce that the

random measure
> 2 OV ok (ke 1)e) W 9k+1)

i€l j, +16J}i
is, conditionally on the o-field G¢ (k+1)e , distributed according to a Poisson point measure
with intensity X . (dz) Ny a [dW] Hence property (B) is fulfilled for k replaced by
0,5
k+1.

2.3. Results. Let X¢ = (X},t > 0) be the right continuous step function which is the
extension of (X{_,k € N). Let D = D(R*, M) be the Polish space of cadlag paths
from R to My, with the Skorokhod topology. Let 6,b and ¢ be bounded continuous
functions defined on M, x R? taking values respectively in R,R? and R%*¢. We also
assume the functions 6 and o are positive. We write A(u) for the infinitesimal generator
of the d-dimensional diffusion with drift b(y, ) and diffusion coefficient o (y,-) (u € My).

Theorem 1. The family of law of X¢, for e € (0,1] is C-tight in D as € decreases to
0. Any limiting measure valued process Y = (Y, t > 0) satisfies the martingale problem
(MP): for any bounded C? function, @, with bounded derivatives,

Yo = 1o

(11) (Yo g) = (Yo, ) + /0 (Yo, 0(Y2) A(Y)g) ds + M(g)s,

where M(p) is a continuous martingale with quadratic variation

(M(p)) = /0 (Y, 0(Y,)6?) ds.

Furthermore any limiting measure valued process Y has a continuous version.

We will follow an idea due to Perkins [9] to prove this theorem.

Unfortunately, we were unable to prove the uniqueness of the martingale problem, even
for the historical process (see in [8] why it is more convenient to look at the historical
processes for uniqueness to martingale problem). Uniqueness is trivially proved in the
very particular cases of the next two remarks, where in fact the interaction disappears.

Remark. The particular case ¢ = o(x), b = b(x) and § = 0(x) with the additional
condition #(z) > 6y > 0 correspond to the usual super process with underlying process a
diffusion with diffusion coefficient ¢(z) and drift b(x), and branching mechanism 26(z)z?
(see [2]). In this case the martingale problem (MP) has a unique solution.

Remark. One can also consider the other particular case o = o(x), b = b(z) and 6 = 0(u)
with the additional condition () > 6y > 0. Then we consider the super process X with
underlying process a diffusion coefficient o(x) and drift b(x) and branching mechanism 222

and its continuous

We define the continuous additive functional of X by : Q; = / a0x,)
0 u

inverse Ry = Q;'. Tt is the easy to check that the process Y = (YV; = Xpg,,t > 0)
is solution to the martingale problem (MP). To prove the solution of (MP) is unique,
consider Y an other solution to (MP). Set R; = fo ) du and consider its continuous
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inverse Q; = R;l. It is then easy to check that the process X = (Xt = YQ ,t > 0) is
solution to the martingale problem (MP) with § = 1. Since this martingale problem has
a unique solution, we get that X and X are equally distributed. And so Y and Y have

the same law. In this case the martingale problem has also a unique solution in law.

3. INTERMEDIATE RESULTS

Before giving the proof of Theorem 1, we set 5 lemmas. Let ¢ denote a constant which
may vary from line to line. For ¢ € [0,400) we set [t] the unique integer such that [t] <
< [t] + 1. For f € B(R?) we will consider the following norms: || f||., = sup,cgra |f()],

|f(z) = f(y)]
| f HLip = Sup — )
z,yeRGzAy [z -yl

as well as for ¢ € C?,

d 9% O’
lell, = !SDHLlpJFZ(‘ ‘ ” +Z<H8 oy | +H3$z(%k HLip> '

Lip

Let ¢ be a C? real function defined on R%, bounded with bounded Lipschitz derivatives.
Let T > 0 be fixed. -
We want to use the structure of the snake excursion U%7* (see (6)) to express (X, ’EJ’“, ®)

as a sum of martingales and a process of finite variation. Recall the functions gb.’s(k:e),

¢ ((k+1)e) as well as Vi(ke) are constant on the time indices where the excursion U*/*
is defined. We set for i € I, j, € J},

N (kDR i
ANH) = Oy )= [, R ACKE Vi)
. 3

where X%J% has been defined in (7). And now we define what will be a G®-martingale:
M(¢)o =0 and for k > 0,
M(‘P)(kﬂ)s = M(p)ke — (X ) Z AM”’“
zEI,jkGJ"”

In particular we have

(12)  (X(s1yer ©) = M(@) (k1) = (Xiier ) — M(P)ke
O ((b+1)e) A
+ oY (X7, A(XG, Vi(ke))p) du.

lEI,jkEJZ

We rewrite this as

(13) (X{es1)er @) = (Xiger @) + M(0) (k410 — M(9)k= + e(Xfe, O(X ) AXE) ) + Tiegrs
where
oV ((k+1)e) . _ . .
A0 o= 30 [ A VIk)) du - (X ORI AR )0
ieljyegi w9 Ve
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From (9), and property (B), we get that u; is G;_-measurable. Since Ziel,jkeJ,i Ogrivin
is conditionally on Gj_ distributed according to a Poisson point measure with intensity
fX,iE(dx)N%A(XgE@) [dW], we get from the definition of X7, ., ., formula (8) and (10),

(k+1)
that
(15) Bl(Xier 9)IGE) = [ (00Nt Koty )
with y = X¢_.
Lemma 2. The process ((X§.,1),k € N) is an L* Gi_-martingale. Moreover, we have :
(16) Bl sup (X2 1) < 4T 9]0 1) + 40,17

Proof. We use the notation p = Xj_. From (15), we get

E[(X{es1)er DIGk] = / p(dz) Ny A ) [(Xeb(u,e) D] = (1, 1).

Hence the process ((Xj.,1),k € N) is a nonnegative G;_-martingale. Using the second
moment formula for Poisson point measure and (35), we get

IWX%mJﬂ%AIwJV+/MMH%mWM&mmJﬂ

— (017 +4 [ pldo) eb(pz).
We set M}, = (X}_,1). We deduce from the previous equality that
(M1 — (M)g = E[(X(41)., 1) = (X5, 1)?|G7]

—1 [ (o) b1, 2)
< del|0f o (Xie, 1)
Hence, we have
k—1

E[(M)i] < 4e|0]l D EI(XE, 1)] < 4ke |6 (1o, 1)
=0

Using Doob’s inequality for N € N, we get

E[ sup (Xi.,1)% < 4E[(X[ET/E]E,1)2]
k<T/e

= 4E[(M) (7)) + 4(p10,1)?
<AT10]| o (10, 1) + 4 (po, 1)*.

Lemma 3. The process (M(¢)ke, k € N) is an L* Gi_-martingale. We also have:
1. For k <T/e,

(17) E[(M () (r+1)e — M (9)ke)*|Gie] < ce o], zililﬁl/) (Xiz, 1),
<T/e
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and
(18) E[(M () (kr1)e — M(9)ke) 1G5 < e [ oI5, (1 + Sup (Xi, 1)),
<T/e
where the constant c is independent of ¢, k and €.
2. Fort=ke, s=le, where Lk €N, and 0 <s<t<T,
(19) (M())e = (M(p))s < c(t —s) [l % sup (X, 1),
k'<T/e
where the constant ¢ is independent of ¢, t,s and €.
3. We have
(20) E[(M (©)r/ge) < T 1215,

where the constant c is independent of ¢ and €.

Proof. We still use the notation p = X _.

From (13), it is easy to prove by induction that M (¢). is integrable. Let us now prove
that (M(p), k € N) is a martingale. From (12), using (7) the definition of X%, the
fact that ), Lisedi Ogriy is conditionally on G distributed according to a Poisson point

measure with intensity [ p(dxz)N, A(p,z) [AW] and eventually (15) we get

E[M(#)(k+1)e = M (#)ke|Grel
¢ ((k+1)e)

= Bl(Xf e 0IG] — (o) B[ Y [ (X, A(XE., Vi(ke))p) dulGL.]
i€l jredt ¢ (ke)
e6(x,pu)
_ / 1(d2) Ny s [ (XKoo )] — (1 0) — / 1(dz) Ny ago| /O du (X, A, 2)0)]

6(z,u)

=0.

For the third equality, we introduced the process (Zs, s > 0) which is under E, a diffusion
with infinitesimal generator A(u,x) started at point x, and we used the first moment
formula (33) for the Brownian snake.

Hence (M (¢)ke, k € N) is a martingale.
1. Let us now compute E[(M(¢)(x+1)e — M (9)ke)?|G5.] for p = 2,4. We have

(21) E[(M(S@)(kJrl)s_M() )p!gie]
- Z AMZ’M ’gks]

ZEI,_]}CEJZ

p
=D (U)"C (9P MBI Y AMYR(9)™GR],

m=0 el ]kEJZ

with

y g % (k1)) 4
AME () = (Xt s,w—/@,e(m (X, A, VI (k2))) du
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First of all, let us compute the Laplace transform

(22)

y oV ((k+1)e) L .
A=E|ep—aX 3 (X[ 00+ /¢ du (XL, p(Vi(ke), ) ) b |G

i,€
i€l jredi 2 (ke)

where ¢ and ¢ are non negative bounded measurable functions defined respectively on R¢
and R? x R? and A > 0. Using the Laplace transform for Poisson point measure, we have

e(p,x)
A= €xp — / :u(dx) Nz,A(,u,z)[l — €Xp _)‘((XEG(,u,x)v 90) + /O du (Xw ¢(9C, )))]

Let us introduce (Pt > 0) the transition kernel of the diffusion with infinitesimal
generator A(u,xq) for 29 € R fixed. If we define

t
oo (:2) = Ny aummy L — exp —M(Xer ) + / du (Xu, (20, )],

then v} ;, solves the equation

t t
Onsolt2) 2 [ Pres(0n(512)(0) 5 = Wt (K100 + [ (Koo )
For A small enough, the function v ,, can be developed as a power series in A. In particular
Unao(t, ) = Ao g0 (t, ) + /\2042,10 (t,z) + )\3a3,x0 (t,z) + /\4044,10 (t,z) + )\5g>\7x0 (t,z),

where ¢ is uniformly bounded in (¢, , 29, A) € [0,T] x RY x R? x [0, 1]. Using the previous
integral equation, we have

a1,z (ta .CE) = Nx,A(y,zo)[(Xta ()0) + / du(Xm ¢($07 ))]7
0

2.0(t:) = =2 [ P ag(s) () s

03,00 (1, 7) = —4 /0 Pre (01,20 (520 (5)) () ds,

Qo (t, ) = =2 /O Pi_ (02,20 (8)% + 201 1y (8) 3,10 (5)) () ds.

So we have, with the notation a; = ;. (e0(p, ), ),
t
Amexp— [ lde) Boagu [ 1= epl-N(X ) + [ au(Xo it )]

L A an) + 3 () + 5| + 30 = aa) + (e an) = (e’

| =

(1v02) ) + 5 )’ |+ 00,

F X a) + . 00) 0 00) + 5 00) -



12 JEAN-FRANCOIS DELMAS AND JEAN-STEPHANE DHERSIN

We deduce from (22) that

; o ((k+1)e) )
Z X Igjl g’ 2 /ze (X;’]k’w(v.’(kg)’ )) du’gzs] = (:UH al)v
zGI,JkeJ’ ¢ (ke)
; P ((k+1)e) ) 9
(3 Mot [ V), ) d?lG
lGI,]kEJl ¢ (ke)
= (:uv 011)2 - 2(/") OQ)»
; P ((k+1)e) ) 3
(X X+ [ EP0ViE),) doPG
zel,gkeﬂ ¢ (ke)
= (u, a1)® = 6(p, 1) (p, ) + 6(p, a3),
i ¢ ((k+1)e) .y ; e
Z X l;:-lf-l g’ (‘0 /Le L (Xu’]k7w(V (ké‘), )) du) ‘gke]
zel,ykeﬂ ¢ (ke)

= (1, 1)t =12, 1) (p, a2) + 12(p1, 2)® + 24(p2, 1) (1, v3) — 24(ps, ).

Using a polarization argument, we have the same result for any bounded measurable
function ¢ and 1. In particular, we can take ¥ (xg,-) = A(u, o). Moreover, in that case,

t
0120 () = Ny a0 [(Xes ) + /0 du (X, (20, )]

— Ep(Z) - /0 Al 20)0(Zs) ds]
= ¢(x),

where (Z;,t > 0) is a diffusion with infinitesimal generator A(u,x) started at x.
We also have upper bounds for the others «; :

t
oo (t,2)] = | 2 /0 Pre (o (5)2) () ds| < 2t o2,

<4?||p |3

03 00 (1 2)| = |4 /0 Pr s(001,00(8) 0200 (5)) () ds

t
vty (1, 2)| = | -2 / Preu(an ()2 + 2000 (8)va 00 ()) () ds| < 883 01,
0

Since 6 is bounded from above, we get using the previous computations and formula (21)

(24) E[(M () (ks 1)e — M(9)1re)?105] = —2(, a2)
<ce(p, 1) |2
< cellplZ sup (X7, 1),
I<T/e
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and

E[(M () (k11)e — M(9)ke) 1G] = 12(p, a2)® — 24(p, cua)

< ce®[lplls( sup (X 1)* + sup (Xi,1))
I<T/e I<T/e

< ce® @S+ sup (X7, 1)%).
I<T/e

2. It is a direct consequence of (17).

3. Recall ¢ denotes a constant which value may vary from line to line. From (19), we
deduce that

E[(M(¢))7] < ce”k* | @[5 EL sup (X, 1)%]
k<T/e

< B2 || @ |12 (T (110, 1) + (1o, 1)%),

where we used (16). We deduce (20). O

Recall the definition of 7;:

" ((k+1)e)
Mep1 = Z

i€l jpedi

615 (ke) (Xo7, A(XG, VE(Re))p) du — (X, 0(XF) AXE)0).
J 5

Lemma 4. We have the convergence of supg<i<(r/e]
to 0.

2221 77,‘2’ to 0 in L' as ¢ decreases

Proof. We still use the notation p = Xg_. We first prove that E[(nf,)?G;.] can be
bounded from above by ce3(1 + (u, 1)?). Using (23) with ¢ = 0 and ¢(z,-) = A(u, z)¢(-),
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we have

E{(r5,1)°105.]
2
(1 01)? — s, 0m) + ( [ wta H(M,x)A(ﬂ,x)w(w)>

=22 [ uldz) 6(.2) Al )5 (o)

ef(p,x)
- / u(dz) Ny g [( /0 du (Xo, A, )0))?
ef(p,x)
+( [t Nx,A(u,x)[/O " <XU,A<u,z>so>])

L ( [t otz x)A(u,xw(x))Q

Py / u(dz) 0(y1, 2) A, 7))

2

. e0(p,z’) .
/ 1(de") Nys_aguan| /0 du (X, A, 2')0)]

eb(p,x) u
— / u(dz) /0 du /0 00 Nyt (X At 2)0) (X, P o (At 2)0))]

2

eb(u,x)
+ (/M(dw) /0 g du [Py (A(p, x)p) —A(M7$)<P]> )

where we used (33) and (34) to compute the first and second moment of the super diffusion
under N, with the notation (P,,u > 0) for the transition semi-group with infinitesimal
generator A(u,x). We deduce from (35) that

Nm,A(,u,x) [(Xva A(:ua ‘T)SO) (Xv’ PU—U(A(Mv x)(p))] <c ” ¥ Hi U,

where ¢ depends on 6,b and o. Since the coefficients of A(u,x) are uniformly bounded,
we deduce that for 0 <u < ||6] .,

IPu(Al, 2)0) = Al 2)ello < cllell, V.
We get that for e € (0, 1],
E(ni1)°1Gk:) < ce®(u 1) @ |12 +ee® (1, 1) [l 12
In particular we have for € € (0, 1],
E(|n 1] |G7) < Bl 1G] < ee®? oL (Xfe 1) + 1),

where the constant ¢ depends only on the bounds of 8,b and . Therefore we deduce that
for T > 0,

[T/€]

B[ Imkl] < evET [l ,(1+E[ sup (X, 1))
pt 0<k<[T/e]
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From Lemma 2, we deduce that
[T/e]

(25) B[ Imkl] < evET(1+T) ||l
k=1

where ¢ depends only on the bounds of #,b and o. Therefore we have the convergence of

SUPo<i<[T/e] 22:1 Uk‘ to 0 in L' as € decreases to 0.

O
Lemma 5. We have
(M(9))(ht1)e = (M () ke + 4e(Xie, 0(XE)9?) + K,
where ZLTZ/S] ki converge in L% to 0 as e decreases to 0.

Proof. We still write p for X7 . Recall from (24) that

eb(u,x)
(M) ks — M (De =4 [ o) /0 " s Balo( 2,7,

where (Zs,s > 0) is under E, a diffusion with infinitesimal generator A(u,x) started at
point z. In particular, for s € [0, || 0] ],

Eul|o(Zs)* = ¢(Z0)*[] < 201 ¢l 0 lluip Eall Zs — Zol]
<cllello Il Vs,

where the constant ¢ depends only on 6, b, 0 and T'. Therefore, we have for € € (0, 1],

eb(p,x)
el < 4 / (dz) /0 " s Eul|o(Z)? — 0(20)’]]

< e @l 1ol (11, 1),
We deduce that for T > 0, ¢ € (0, 1],
(T/e]
(26) dolsl <evET el el sup (X5, 1).
k=0 0<k<[T/e]

We deduce from Lemma 2, that Z/ECT:/S] Kk converges to 0 in L? as ¢ decreases to 0.
O

Lemma 6. For every p, T > 0, there is a compact set K, in R? such that

sup P( sup (X,ie,lK;T) > p) < p.
0<e<l  0<k<T/e ’

Proof. Let Bg denote the centered ball of R? with radius R. Let g be a non negative
function of class C? with bounded Lipschitz derivatives, defined on R? such that g = 0
on Bi, and g = 1 outside Bsy. Set gr(z) = g(z/R), with R > 1. We want to check that
E[supo<<r/e)(Xfe»> gr)] converges to 0 as R increases to oo uniformly in € € (0, 1]. From

k k

(Xlieng) = M(QR)ke + Z"?l +e€ Z(Xlea’ G(Xlsa)A(Xlsa)gR)v
=1 =1
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we deduce that

[T'/€]

T
(27) sup  (Xf.gr) < sup M(gp)ke+ 3 Il +e  sup  (XE,1),
0<k<[T/¢] 0<k<[T/e] 1 0<k<[T/¢]

where ¢ depends only on 6,b and 0. We used that

1
lgrl. < % lgll. < /R

Using this inequality again, we deduce from (25), with ¢ replaced by gr, and (16) respec-
tively that the second and third terms of the right hand member converge to 0 in L' as R
increases to +oo uniformly in e € (0, 1].

From Doob’s inequality and the definition of x (in Lemma 5), we get

E[ sup  M(gr)i.] <4E[M(9R)ir).]

0<k<[T/e]
< 4(po, gr)* + AE[(M (gR))(1/<le]
[T/€] [T/e]
(28) < 4o, gr)* +4E[Y  mi] +42 > E[(X;, 0(X5)gR)].
=1 k=0

We have lim (uo,gR) = 0. We deduce from (26) with ¢ replaced by ggr, and (16),
that E[ZlT/f m] converges to 0 as R increases to 400 uniformly in € € (0,1]. Since 6 is
bounded from above, we deduce from (13) and then (25) that, for k£ < [T'/¢],

E[(Xk., 0(XE)gh)] < cE[(XE., 97)]

k k-1
< CE[Y il + e Y EIXE, 0(XD)AXE)gR)] + c(po, 97)
=1 =0
k 1

< cvelghll.tee 5 ZE (Xiz, 1)] + c(po, 97)

S C\/g E +ce —= k’E[ sup (nga 1)] + C(/J'Oa g%ﬂ)a
0<I<[T/e]

where the constant ¢ depends only on 6,b,0 and T. We deduce that E[(X¢_,0(X: )g%)]
converges to 0 as R increases to +o0o uniformly in ¢ € (0, 1].

We deduce from those results and the upper bound in (28), that E[ sup M(gr)i.]
0<k<[T/¢]

decreases to 0 as R increases to +oo uniformly in € € (0,1]. This implies thanks to (27)

that E[supg<p<r/e(Xfe, 1Bg,, )] decreases to 0 as R increases to oco. In particular, for every

p, T > 0, there exist R > 1 such that

sup P( sup (Xj., 1pg,) > p) <p.
0<e<l  0<k<T/e
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4. PROOF OF THEOREM 1

The proof will be done in 5 lemmas and follows [9]. Theorem 1 is a direct consequence
of Lemma 10 and 12. Let ¢ € C? be such that ||¢|, < co. To remember that M /()
depends on e, we will write now M¢(y) instead of M(p). Let M¢(p) = (M(p),t > 0)
be the right continuous step function which is the extension of (M®(¢)ke, k € N).

Lemma 7. The process ((M¢(p)),e € (0,1]) is C-tight as € decreases to 0.

Proof. Thanks to proposition VI.3.26 of [4], it is enough to check that for all "> 0, & > 0
and n > 0, there exist K > 0 and h > 0, g9 > 0 such that for any e € (0, g¢],

(29) P(§3$<M5(so)>t > K) <a,

(30) P( sup  (M*(p)) — (M*(¢))s 2 1) < o
s<t<T,|t—s|<h

Using (19) in Lemma 3 with s =0 and ¢t = T', we have

1
P(sup(M®(p))s > K) < — E[(M*(¢))7]
t<T K
< CTE[ sup (X5, 1)
K k<T/e
1 €
< —= cTE[ sup (Xi, 1)4/2.

k<T/e

Then (29) can be deduced from Lemma 2.
Notice that if |t — s| < h, then |[t/e]le — [s/e]le| < h + ¢. Using again (19) in Lemma 3,
we have

P( sup  (M(9)) — (M(9)s = 1m) <P(c(h+e) @)% sup (Xi,1) > 1)
s<t<T,|t—s|<h k<T|/e

A(h+e)* el
< 5 2R sup (Xi.,1)%.
n k<T/e

And (30) can be deduced from Lemma 2.

Lemma 8. The process (M¢(yp),e € (0,1]) is C-tight as € decreases to 0.

Proof. We have already proved the C-tightness of ((M¢(¢)),e € (0,1]). From theorem
VI1.4.13 of [4], we get that (M¢(p),e € (0,1]) is tight. To get the C-tightness, it is enough
to check (see proposition VI.3.26 of [4]) that for all 7' > 0 and all > 0,

im P( sup [M®(¢)(k41)e — M (p)ke| = 1) = 0.
e=0 k<T/e
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‘We have:

1
P( sup [M*(¢)(er1)e — M (@)rel = 1) < —E[ sup (M*(9) o1y — M®(9)re)"]
k<T/e n k<T/e
1
< —E[ Z (M (9) (ks 1)e — ME(0)ke) "]
K k<T/e
1 T
< —cllelie®=E[l+ sup (Xf., 1),
n € k<T/e

where we used (18) of Lemma 3 for the last inequality. We conclude using Lemma 2.

Lemma 9. The process (X¢(p),e € (0,1]) is C-tight as € decreases to 0.
Proof. From (13) we get, for ke <t < (k+ 1)e,

(thv 90) = (Xlis? 90)

= (10,) + M(@)re + € Y _(Xie, 0(X)AXT) ) + Y i
I<k 1<k

= (o, ) + M*(@)ke + Aj + 27,
where
[t/ele
A= [ XLODAXD P and Zi= S
0 <k
Let us check that (A%, e € (0,1]) is C-tight as e decreases to 0. Since A§ = 0, we have

[s/¢ele
P( sup [AJ|> K) < LQ E[ sup (/ (X5, 0(X5)A(XS) @) du)’]
0<s<T K= “o<s<r Jo

. [T/<)e
< B[ (R )

c
S ﬁa
thanks to Lemma 2. We also have for 0 < s <t <T,h >0,
[t/ele
P( sup [A; Al =n)=P(  sup | (X5, 0(X5)A(XL) @) du| > 1)
0<s<t<T,|t—s|<h 0<s<t<T\,|t—s|<h J[s/ele

c €
< Sl l2(h +2)’E[ sup (X5, 1)’)
n E<T/e

IN

&
e lol(h+e)?,

thanks to Lemma 2. Thanks to proposition VI.3.26 of [4], those two inequalities imply
that (A%, e € (0,1]) is C-tight. From lemma 4, we get that sup,p Z; converges to 0 in L!
as € decreases to 0. In particular it is C-tight. As a sum of C-tight processes, the family
(X%(p),e € (0,1]) is C-tight as € decreases to 0.

O
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Lemma 10. The process family of process (X<, e € (0,1]) is C-tight as € decreases to 0.

This result is a consequence of the next theorem which is stated in [9], Lemma 9 and
Lemma 6.

Let Cy(R?) = { f:R? - R, f bounded and continuous}. Let Dg be a separating class
in Cp in My (that is if p and v belongs to M, if u(f) = v(f) for all ¢ € Dy, then p = v)
containing 1 and which is closed under addition.

Theorem 11. A sequence of cadlag M g-valued process (X, e € (0,1]) is C-tight as €
decreases to 0, in D(R+, My) if and only if the following conditions hold:

1. Vo € Dy, the process (X=(p),e € (0,1]) is C-tight in D(Ry,R) as € decreases to 0.
2. For every p,T > 0, there is a compact set K, in R? such that

sup P( sup (X7, 1ke ) > p) <p.
e€(0,1]  0<t<T "

Lemma 12. Any limiting measure valued process Y = (Y, t > 0) of (X%,¢ € (0,1]) as ¢
decreases to 0 , satisfies the martingale problem (MP) and has a continuous version.

Proof. Let (en,n € N) be a sequence decreasing to 0 such that (X", n € N) converges in
law to Y. Using Skorokhod’s representation theorem, we may suppose that we have an
a.s. convergence. Recall from (13) that

[t/enlen
B (XF9) = (o) + M+ [ (XXX du+ 3
I<t/en

for any ¢ such that [|¢||, < oc.

Using (25) as well as (26), and Lemma 2, we deduce that supi<r 1</, n;" (resp.
SUP;< D i<t /e, K converges to 0 in L' (resp. L?) as n — oo. There exists a subsequence
of (en,n > 0) such that those two convergences hold a.s. We still write (¢,,,n > 0) for
this subsequence. Since X" is C-tight, we get that Y is continuous and that a.s. for all
t > 0, X;™ converges to Y;. In particular, since || ¢||, is finite, this implies that a.s. for

[t/en]en
all t > 0, (X3, ) converges to (Y, ) and / (Xem, 0(Xem)A(X™ ) ) du converges
0

t
to / (Yy, 0(Yy,)A(Yw)e) du. From (31) we deduce that (M®(p),t > 0) converge a.s. to
0
a continuous process say (M (p):,t > 0). And we have
t
(32) (Vi) = (0. ) + Mol + [ (Ve BAL)p) e

From Lemma 5, we have

t/enlen , 5
=1 [ o) dut S
0 k<[t/enlen

In particular, ((M®"(¢))¢,t > 0) converge a.s. to

Q= (4/0 (Y, 0(Y)@?) du,t > 0).
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From (20) we deduce the martingale M () (resp. M (¢)? — (M (¢p))) is uniformly L2
(resp. L'). This implies that M (i) is an L? martingale and M (¢)%2—@Q is an L! martingale
(with respect to the filtration generated by M (y) and Q). Since M (p) and @ are contin-
uous, we also get that (M(y)) = Q. To end the proof, we need to check that M(y) is a
martingale with respect to the filtration generated by Y. Let m > 1, f be a bounded con-
tinuous function defined on ./\/l;c” Let 0 <t; <...<t, <t <s. Because of the uniform
integrability of M (y), we have that E[f(X;",... , X" )(M®(¢)s — M®"();)] converges

ty o

to E[f(Yey, .- s Ve, ) (M(0)s — M(p)t)] as n — oo. Since E[f(X;", ..., X{") (M (¢)s —
Men(p)¢)] = 0, we deduce that E[f(Y:,, ..., Y, ) (M(¢)s — M(¢):)] = 0. As this equality
holds for any m, 0 < t; < ... <, <t < s and any bounded continuous function f,
and since M () is adapted to the filtration generated by Y (thanks to formula (32)), we
deduce that M () is a martingale with respect to the filtration generated by Y and that
(@ is its quadratic variation.

O

5. APPENDIX

We recall some moment formula for superprocesses under the excursion measure N.
Recall notations from section 2.1. Let ¢ and 1 be bounded measurable functions defined
on R%.

Let Z be a diffusion with infinitesimal generator A started at point x under E,. Let
(Py,v > 0) denote the transition kernel of the diffusion Z. We have for u > 0,

(33) N, a[(Xu, ¢)] = Ex[p(Zu)] = Pulp)(z).

We have for u > v > 0,

(34) Nz, a[(Xu, 0)(Xo, )] = Naa[(Xo, 0) (Xo, Pu—ut))],

and

(35) Nz, a[(Xu, ) (Xo, V)] = 4/; dr E[Py—r(Zy)Py—rtp(Zr)].
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