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24365�798 5;:=<�>?8 7@<�AB8DCFE�GH<�I,568KJ�8	L�M$8 A9IN>O8K5"GP<�QNQNRSETR�:*C�U�I,56V1<WM6AB8 >?I�L�8 J�XY368KQ�Z[C\L�I,J6IN798KA$]B8KG^G9_6A9CF3�VF_
<a`KR�Q,IN56J6A9IN`\<�QbGH36E$8�c?de_68 5fGH_68g]B8	Gih�8 QNC�`KINGjRk8lL�`K8 8KJ67SG9_68OQ,<�>?I,5*<�Am:=<�>?8�79M$8 8KJonpI�G1I,71MqC�7979INE6Q,8
3656J�8 Ar<[M6M6A9C�M6A9I,<[GH8�8	L�M$8 ABI,>?8 5"GP<�Qi` C�56J6ING9I,CF5�7aG9Cs7tGP<�E6INQ,IN798f<u:=<[>O8fC�Xv`KCF56IN`\<�Q179_6<�Mq8w<�E$Cxh�8
GH_�8yGH36E$8zQ,INM67 c{2436567B8 5|:=<�>?8 7;<�ABI,7B8yI,5}7B8KhF8KAH<�QDM�AH<�`	GHI,` <�QD<�M�M6Q,IN`\<[G9I,CF567iI,5�` Q,3�J6I,56V~_6CF367B8 _6CFQNJ
<�56J�I,56J�367BG9A9I�<[QvE636AB568 AB7 c �*36AtGH_68KA9>?CFA98[n�E636567B8 5�:=<[>O8K7fM�A9C�h�I,J68�<�AB8 Q,<[GHI�hF8 Q�R�7BI,>?M6Q,8�:*C�U
` C�5��*VF36A9<[GHINCF51CF51U�_6I,`P_iGHC�I,5"hF8K7BG9I,V"<[G98^XY3656J*<�>?8 5"GH<�Q�<�79M$8 `	GH7bC�X�Q,<�>?I,5*<�A�M6A98K>OI�L�8KJ1` CF>vE�367BG9I,CF5on
I,5�` Q,3�J6I,56V�:=<[>O8|7BGH<�E6INQ,I,79<[GHINCF5�>?8 `P_*<[56I,7B>O7f<�7�U48KQ,Q?<�7�`P_68K>OIN`\<�QNQNR�<[56J�_"R�J6A9C�J�R�5*<�>?I,` <�Q,Q�R
` C�5TG9A9CFQNQ,8KJk8	L�GHIN56`KG9I,CF5�Q,IN>OI�GH7KcS�D_68?I,5"h�8 7BG9I,V"<�GHI,C�5kC�X4E�3656798K5{:=<[>O8�7tGHA93�`KGH3�A98 7i>O<�Rr<�Q,7BCzR�IN8 QNJ
367B8KXY36QmI,5�XYC�A9>O<[GHINCF5wGHCfJ68KA9INh�8�5�8KU1nD<�5�JsI,>?M6ABCxh�8a` 36ABA98 5"G nDM6A98K>OI�L�8KJuG936A9E�36Q,8K5TGO` C�>vE6367tGHI,C�5
>?C�J68KQ,7Kc

�g8K79M6I�GH8�GH_�8�8	L�GH8K5679I�hF8�M6ABCFVFA98K797�U�I�GH568K79798KJ�Cxh�8 A�G9_68�Q�<�7tG�XY8	U R�8\<�AB7�I,5�`KCF>OM�3�GH8KA
GH8K`P_656CFQNCFV�R�n�E63�56798K5�:=<�>?8�79I,>�36Q�<[G9I,CF5�7tGHINQ,Q*A98K>�<[I,567)<�5O8	L�GHAB8 >?8 Q�R;`P_*<�Q,QN8 56V�I,56VWGP<[79�=n�8K79M$8 `KI�<�QNQNR
U�_68K5�J68KGH<�I,QN8 J�`P_�8 >?I,7BG9ABR�>?C�J68KQ,QNI,56V�IN7fGH<���8K5�I,5"GHC�<�` `KCF365"G\c �4CF>OM�3�GP<[G9I,CF56<�Q�J6IN�?`K36QNG9I,8 7
7BG98 >�XYA9CF>�GH_�8yJ6I,7BM*<�ABINGjRfC�XDGHIN>O8O<�56J}7BM*<�`K8z79`\<[Q,8 7SGHCrE$8yA98K79CFQ�hF8KJ|<�56J�XYA9C�>�G9_68y56C�56Q,IN568\<�A
` C�36M6Q,IN56VF7OM6A98K798 5"G�I,5sG9_68kVFC�hF8KA956IN56V|8 �T3*<[G9I,CF5�7 c���GaI,7�G9_68 AB8KXYCFAB8k` A9I�GHIN`\<�Q�GHC}J68K79INVF5�A98KQ,I�<[E6Q,8
<�56Ju8K�?`KI,8 5"G?5T36>?8 A9IN`\<�Q4>O8	GH_6C�J67�GH_*<�G;>�<\R|<�`P_�I,8Kh�8�<fM6AB8 7B` A9INEq8KJ�QN8Kh�8 QDC�Xg<�` `K36AH<[`KRu<[G;GH_�8
Q,C�U�8 7tG�` CF>?M63�GH<[GHINCF5*<�Qq` CF7tGH7 c) ��*AB7BG�IN>OM$CFABGH<�5"G
7tGH8 M�I,5yG9_6I,7DJ�I,A98K`KG9I,CF5yIN7
GHC�CFM�GHI,>?I,7B8gJ6IN79`KA98KG98
J68KVFA98K8 7�C[XgXYA98K8 J6C�>¡ETR|3�79I,5�V{QNC�` <�Q,Q�RwAB8K�*568KJs>?8 7B_68 7Kcsde_68 5uGH_68�VFC�hF8KA956IN56Vf8 �T3*<[G9I,CF567O<�AB8
J6IN79` AB8KG9I,798KJ~E"Rz�*56I�GH81J6I�¢�8KA98 5�` 8i>O8	GH_6C�J67 n=_6IN8 A9<�A9`P_6IN`\<�Q�>O8K79_68K7g>v367tGmEq8i8 >?M6Q,C�R�8 Joc� gQNG9_6CF36V�_
_6IN8 AH<[A9`P_6IN`\<�Q£>?8 79_�8 7gC[¢�8KA¤7BCF>O8S<�J�h[<�5"GH<�VF8 7Knq7B36`P_�<�7�GH_68SMqC�7979INE6I,QNINGjROGHC�`KCF567tGHA93�`KG�7B>OC�C�G9_6I,56V
CFM$8 A9<[GHCFAB7DU�INGH_�I,5a>v36Q�GHI,V�A9I,Jz>?8KG9_6C�J67 n6XY36QNQNR�36567BG9A936`	GH36AB8 Jr>?8 7B_68 7g<�A981M*<[ABGHIN` 36Q,<�A9Q�Ry<�G9GHA9<�`KG9INh�8
E$8 `\<[36798�C�XgG9_68 INAO7BI,>?M6Q,IN` INGjR{J6368aGHCfGH_68�<�E67B8 56`K8~C�X�_*<�56VFIN56V�56C�J68 7�<�56J�G9_68 INA�:*8	L�I,E�I,Q,I�GjR�IN5
_*<�5�J6Q,IN56VW` CF>?M6QN8	L�V�8 CF>?8KG9A9I,8K7 cp¥¤36>?8 ABI,`\<[Q6>O8	GH_6C�J67(U�8 QNQ*7936I�GH8 J�G9CiXY36QNQNRS36567tGHA93�`KGH3�A98 JO>O8K79_68K7
<�AB81�656ING98W8 Q,8K>O8K5"Gm<�56Ja�*56ING98�hFCFQN36>?8W>O8	GH_6C�J67 c

�j5�CFABJ68 A�GHCuXY36ABG9_68 A�A98 J�36` 8f:=<�>?8{7BI,>v36Q,<[GHINCF5e` CF7tGH7Kn�<u_6I,VF_�QNR�J68K79INAH<�E6QN8fXY8 <[GH3�A98wC[X;<
5T36>?8 A9IN`\<�Q¦>?8KG9_6C�J�IN7�INGH7�<[E6I,QNINGjR?GHC?M6A9C�h�I,J68S<;��36<�5"GHINGH<[GHI�hF81<�7B798K7979>?8 5"GgC�XpG9_68S`KCF>?M63�GP<�GHI,C�5*<�Q
8 ABA9CFA?I,5|GH_�8�XYCFAB>¡C�XWQ,C�`\<[QD8 A9ABCFA?I,56J6IN`\<[G9CFA97Kce§�36`P_sI,56J6IN`\<[G9CFA97;M6ABC�h�INJ68~IN5�XYCFAB>�<[G9I,CF5wCF5sGH_�8
5*<[G936A98�C�X(GH_�8vJ6I,7B` AB8KGH8�79CFQN3�GHINCF5r<�5�Jr>�<\RaGH_�8 A98	XYCFA98�Eq8S36798KJ�G9Cy` C�567BG9A936`	G1<�J*<�M�GHINh�8 Q�R�AB8K�*5�8 J
>?8 79_�8 7 cm ��6A97BGg7BG9AH<[G98 V�RaGHCOJ68 7BI,VF5~8 A9ABCFAmI,56J6IN`\<[G9CFA97�`KCF5679IN7BG97gI,5�3679IN56V�QNC�` <�Q¦8 7tGHIN>�<[G98 7¤C�X(GH_�8
VFA9<�J6I,8K5"G�<[56Js`K36ABh[<[G936A98�C�XgG9_68�5�3�>O8KA9I,` <�Q�79CFQN3�GHINCF5ocu gM6M�Q,I,` <[GHINCF5�GHC{` CF>�E6367BG9I,CF5uM6ABCFE6Q,8K>O7
I,5�` Q,3�J68 7i¨�©Fn$-�n=ª�n*«�n$¬�n=­�n$®�n=¯x°�c�±¤C�U�8Kh�8 A n$793�`P_r8 ABA9CFADIN56J6I,` <[GHC�A97DQ�<[`P��GH_68KCFA98	GHIN`\<�Q�]B3�7BGHI��*`\<�GHI,C�5
<�7�79C�CF5²<�7�G9_68�M6ABCFE6QN8 > I,7�56C�Gk7BI,56V�Q,8	³�` CF>?M$CF568 5"G�<�56J�J�IN¢q3679INCF5�J6C�>OIN5*<[GH8KJoc´�j5�E636567B8 5
:=<�>?8;79IN>v36Q�<�GHI,C�567 no8KA9ABCFA1M6A9CFM6<�V"<[G9I,CF5kJ63�8?G9C�`KCF5"hF8 `	GHI�hF8OG9AH<�5�79M$CFABGS<�56Jf` C�>OM6QN8	L�`P_�8 >?I,7BG9ABR
` C�36M6Q,IN56VF7�I,7
8lL�G9A98K>O8KQNROI,>?MqCFAtGP<�5"G4<�56Jz>v3�7BG
G9_68 AB8KXYCFAB8WEq8W<[` ` C�365"GH8 JzXYCFAKc^ g56C[GH_68KA
J6AH<\U�E*<[`P�
C�X?Q,C�`\<[QSVFA9<�J6IN8 5"G�<�56J�`K36ABh[<[G936A98}IN56J6IN`\<[G9CFA97rIN7�G9_*<[GkGH_�8KR�J�C�56C�G�M6ABCxh�INJ68}<µ�T3*<�5"GHI�GP<[G9INh�8
<�7B798 7B79>?8 5"G)C�X*G9_68D<�`	GH3*<�Q�5T36>?8 A9IN`\<�Q�8 ABA9CFAKc^§�3�`P_�8 7BG9I,>O<[GH8K7(<�AB84`KA936`KI�<�Q�I,5vJ�A9INh�IN56V�<�M�M6A9C\L�I,>O<[GH8
79C�Q,3�G9I,CF567OGHC�U
<[A9J67a` C�5Th�8 ABVF8 56`K8�c·¶�CFAB8 C�hF8KA ngG9_68KRµ>�<\Rs<�Q,7BC}M6A9C�h�I,J68kV�8 568KAH<�QWVF3�I,J68KQ,I,5�8 7OG9C
`\<[Q,I,E�AH<[G98W8	L�Mq8KA9IN>O8K5TGH<�Q£>O8 <�793�A98 >?8 5"G97mU�_6IN`P_k<�AB8�<�QN79C;793�E�]B8 `	G�GHC?3656`K8 ABGH<�I,5"G9I,8 7Kn=8 79M$8 `KI�<�QNQNRzI�X
>?I,56CFA479M$8 ` IN8 7m<�AB8i>?8\<[7936AB8 Joc

 g5sI,5"GH8KA98 7tGHIN56V�<�M�M6A9C"<[`P_sGHC�U4<�A9J67y<�J*<�M�G9INh�8~>?8 79_sVF8 568KAH<[G9I,CF5|U�ING9_µ�T3*<�5"GHI�GP<[G9INh�8�8KA9A9C�A
` C�5TG9A9CFQT_*<[7¸E$8 8K5�J68	hF8 QNCFM$8 J�AB8 `K8 5"GHQ�RSIN5WGH_68)XYAH<�>?8KU�CFAB�WC�X��*5�INGH8)8KQ,8 >?8 5"Gb>?8KGH_�C�J67b<�5�J�CFM�G9I,>O<�Q
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` C�5TG9A9CFQ�GH8K`P_656I,�T368K7m¨��[°%cp�D_�8DJ63*<�Q�U48KI,VF_"GH8KJ;A98 7BI,J636<�Q����
d����p>?8KG9_6C�J�M6A9C�h�I,J68K7)<�5�8 7tGHIN>�<[G98�XYCFA
<�367B8 A�7BMq8K` I��*8 JrXY365�`KGHINCF5*<�QbC�X^G9_68v8 ABA9CFA¤I,5�GH8 AB>O7gC�X)A98K79I,J�3*<�Q,7KnqJ�8K�*568KJf<�7¤G9_68��*56I�GH8S8 Q,8K>O8K5"G
79C�Q,3�G9I,CF5}AB8	³jIN5�]B8 `	GH8KJuIN5"GHCrGH_�8�V�Cxh�8 AB56I,56V�8K��36<[GHINCF567 n)U�8 I,V�_TG98 JuE"R}` C�8K�?` IN8 5"GH7;J68KMq8K56J6IN56V�CF5
GH_�8?7BCFQ,3�GHI,C�5fC[X
<zQ,IN568\<[A9I,7B8 J�J63*<[Q^M6A9CFE�Q,8 >�c��D_68?J63*<�Q(U�8 INVF_"GH7i<�`K` CF365"GiXYCFAW` C�5Th�8 `	GHINh�8�8KA9A9C�A
M6ABCFM*<�V"<�GHI,C�51<�56JS<�Q,7BCD` CF5"GP<[I,51GH_68)I,5�XYCFA9>O<[GHINCF5gAB8 Q,<[GHI�hF8(GHC�`KCF>OM�Q,8	LW`P_68 >?I,7tGHABRg` CF3�M6Q,IN56VF7£<[G£GH_�8
:=<�>?8�XYABCF5"G\c��D_�8O�
d���>?8KG9_6C�JkI,7�M*<[ABGHIN` 36Q,<�A9Q�R�<[G9G9AH<�`	GHINh�8vE$8 `\<[36798;INGgR�IN8 QNJ67W<y�T3*<�5"GHI�GP<[G9INh�8
8 ABA9CFAO8 7tGHI,>O<[G98�G9_*<[Gy>O<\R|Eq8~79M6QNING?I,5"GHCw8 Q,8K>O8K5"GjU�I,798�` CF5"G9A9I,E�3�GHINCF567O<�56Jµ7B36E6798K�T368 5"GHQ�R�367B8 J
GHC|VF8K568 A9<[GH8�<[5 <[J*<�M�G9INhF8KQNRsA98K�6568 J�>O8K79_oc� gM6M6QNI,` <[GHINCF567OG9C|` CF>vE�367BG9I,CF5�M6ABCFE6QN8 >?7zI,56`KQ,36J68
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∂r(rF

r
i (u)) + ∂z(F
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i (u)) = 0 , 1 ≤ i ≤ ns+ 4 ,

��- �
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` C�CFABJ6I,5*<�GH8
z
A98 7BMq8K`KG9INhF8KQNR�c@�D_�8
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F0(u) =


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∂rvr + ∂zvz + vr

r
+ 1

ρ
(vr∂rρ + vz∂zρ)

ρ(v · ∂)vr −
p
r
− 2

3
η
r
(∂rvr + ∂zvz + vr

r
) + 2 η

r2vr

ρ(v · ∂)vz + ρg

ρcp(v · ∂)T − ωT

ρ(v · ∂)yi − ωi



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v · ∂ = vr∂r + vz∂z
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
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−2η∂rvr + p+ 2
3
η(∂rvr + ∂zvz + vr

r
)

−η(∂rvz + ∂zvr)

qr

fi,r


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F z(u) =




0

−η(∂rvz + ∂zvr)

−2η∂zvz + p+ 2
3
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ns∑
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

fi = −

ns∑

j=1

ρyiDij(∂xj + xjχ̃j∂ log T ) , 1 ≤ i ≤ ns ,
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3
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q = −λ∂T +RT
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GH_�8u>�36QNG9I,` C�>OM$CF568K5TG�J6I�¢�367BI,CF5�>O<[G9A9I�Lqn

χ̃ = (χ̃j)1≤j≤ns
GH_68|AB8 79` <�Q,8KJ

GH_�8 A9>O<�QoJ�IN¢q3679INCF5zAH<[G9I,CF7Kn
ε
G9_6817BG9AH<�IN5aG98 567BCFA�VFINh�8 5�E"R

ε =




∂rvr 0 1
2
(∂rvz + ∂zvr)

0 vr

r
0

1
2
(∂rvz + ∂zvr) 0 ∂zvz


 ,

�t©	���
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<�56J
λ
GH_68
G9_68 AB>�<�Q�` CF5�J636`KG9INh�INGjR�c^�*CFApG9_68D7H<��[8DC�Xq79I,>?M6QNI,` I�GjRFnxGH_68
h�IN79` C�367(GH8K5679CFA

S
_*<�7)<[Q,A98 <�J�R

E$8 8 5a8KQ,I,>?I,56<[GH8KJ?XYABCF> G9_68�M6_"R�79IN`\<�Qq:*3�L�8 7 �%ª ��� �%¬ �	c(�D_�8W>v36QNG9I,`KCF>OM$CF568K5"G4J6I�¢�3�79I,C�5y>�<�GHA9I�L
DI,7D7tR�>O>?8KG9A9I,`WM$CF7BINGHI�hF8W7B8 >?I,J68	�*56ING98WU�INGH_a�[8 A95�8 Q£79M*<[56568 J~ETR�GH_68WhF8K`KG9CFA

(y1, . . . , yns)
<�56JaGH_�8

A98K79` <�Q,8KJ|G9_68 AB>�<[Q4J6I�¢�367BI,CF5}A9<[GHINCF7�<�AB8z7936`P_|GH_6<[G ∑ns
j=1 xjχ̃j = 0

c{ g7;<kA98K7936Q�G\n^GH_68z7BMq8K` IN8 7
J6I�¢�367BI,CF5y:63�L�8 7�<[A98W` C�>OM*<�GHI,E�Q,8gU�I�GH_zGH_681C�hF8KAH<�QNQo>O<�797�` C�56798KABh[<[GHINCF5a` CF5�7BGHA9<�I,5"G

ns∑

j=1

fj = 0 .
�t©F©	�

¥¤C�5�³jJ6I,<�VFCF56<�Q�>OC�Q,8 `K36Q�<[A J�IN¢q3679INCF5 <�5�J GH_68KA9>O<�QeJ6IN¢q367BI,CF5 <�A98 <�` `KCF365"GH8KJ XYCFA·IN5 GH_�8
>v36Q�GHIN` CF>?MqC�568 5"G�:*3�L�8K7 � ���gEq8K`\<�3�798OG9_68 7B8O8	¢�8K`KG97�C�X�G98 5f_*<\hF8O<�7BI

�
8 <�E6QN8?IN>OM6<�`KG1CF5fQ�<[>OIN5*<�A

<�56JaGH3�A9E636QN8 5"Gm±
2

Z� gI,A�:=<�>?8W7BGHAB36`KG936A98K7v¨�©�¯�n¦© ��n$- �x°�c
�D_681>v36Q�GHIN` CF>?MqC�568 5"G@GHAH<[5679M$CFABG
` C�8K�?` IN8 5"GH7

D
n
χ̃
n
λ

<�56J
η
J68 M$8 56J�CF5yG9_68�GH8K>OM$8 A9<[GH36AB8

<�56JuGH_68�79M$8 `KI,8 7O>�<[797;XYAH<�`	GHI,C�567 c��j5sG9_68�XYA9<�>?8KU�CFA9�}C�XgGH_68��TI,568	GHI,`aGH_�8 CFAtR�C[XWV"<�7B8 7 n
G9_68 7B8
` C�8K�?`KI,8 5"G97}>�<\R�Eq8s8	L�M6A98K797B8 J I,5�G98 A9>?7�C�XzG9_68µ7BCFQ,3�G9I,CF5�C�X�` CF5�7BGHA9<�I,5�8 J�7BI,56VF3�Q�<�A{Q,I,5�8\<�A
7BR�7tGH8 >?7 c��D_68O>O<[G9_68 >O<[GHIN`\<�Q¸7BG9A936`	GH36AB8OC�X�GH_68K798?7BR�7BG98 >?7S_6<�7SE$8 8K5wIN5Th�8 7tGHI,VF<[GH8KJ{IN5�¨�©x®�nb-�© °�c
�j5zM*<�AtGHIN` 36Q,<�A n"GH_�8gGHA9<�5679M$CFAtG
` C�8K�?`KI,8 5"G97
`\<�5zE$8�8lL�M6<�56J68KJ�<[74` C�5Th�8 ABVF8 5"Gm798KA9I,8K74U�_68K56` 8W`KCF7BGt³
8K¢q8 `	GHI�hF8�ni<�`K` 36A9<[GH8{<�M6M�A9C\L�I,>O<[GH8�8	L�M6AB8 7B79I,C�567r<�AB8{J�8 A9I�hF8KJ�E"ReGHA93�56`\<[G9I,CF5�¨ -F-�°%c 
�M�GHIN>OIN798 J
GHA9<�567BMqCFAtG�<�QNVFCFA9I�GH_6>?7aXYCFA~:=<�>?8�`KC�J68K7f<�A98�IN>OM�Q,8 >?8 5"G98 J�IN5�¨ -�ª�°�c�dw8}>O<\R�8	h�<[Q,3*<[G98wGH_�8
79_�8\<�A�h�IN79`KCF79I�GjR E"R�M$8 ABXYC�A9>?I,56VuCF568{` CF5�]B3�V"<[GH8fVFA9<�J6I,8K5"G~I�GH8 A9<[GHINCF5�CF5 G9_68w367B3*<�Q1GHA9<�5679M$CFAtG
Q,IN568\<[Ag7BR�7tGH8 > C�X@79I

�
8
ns

M6AB8 ` C�56J6ING9I,CF5�8 JkE"RrI�GH7�J6I,<�VFCF56<�Q�c��D_�8�A98 7B36QNG9I,56V�8	L�M6A98K797BI,CF5fI,7�>?CFAB8
<�`K` 36A9<[GH8m<�56J;QN8 797^`KCF>?M63�GP<�GHI,C�5*<�Q,Q�R18	L�M$8 567BINhF8�GH_6<�5�GH_68�8 >?M6INA9I,` <�QTdeI,Q,�[8�<�M6M6ABC\L�IN>�<�GHI,C�5oc£�D_68
GH_�8 A9>O<�Q)` C�56J636`	GHINh�I�GjRw<[56JwGH_�8yA98K79`\<[Q,8 J{GH_68KA9>O<�Q)J6IN¢q3679INCF5wA9<[GHINCF7i>�<\R�E$8�8Kh[<�QN3*<[G98 JwXYABCF>�<
Q,IN568\<[Ay7BR�7BG98 > C�XS79I

�
8
ns

c �D_6I,7z7tR�7BGH8K>�nWE6<�798KJ�36M$CF5 <|AB8 J63�` 8 J 8	L�M*<�5�79I,C�5�E*<�7BI,7yXYCFAzG9_68
79M$8 `KI,8K7~M$8 ABG936A9E$8 J�J�I,7BG9A9INE63�GHINCF5�XY3656`	GHI,C�567 n1I,7�_*<�Q�X�G9_68w7BI

�
8{C�XvG9_68w`KQ�<�7B79I,` <�Q1Q,IN568\<�Aa7tR�7tGH8K>

367B3*<�Q,Q�R|` CF5�79I,J�8 A98KJ�I,5uGH_68�Q,ING98 A9<[GH36AB8�ce�D_6AB8 8r`KCF5�]B36V"<�GH8�VFAH<�J�I,8 5"G�INGH8KAH<[G9I,CF5�7;U�I�GH_�J6I�<�V�CF5*<�Q
M6AB8 ` C�56J6ING9I,CF5�I,56V�<�AB8aMq8KABXYCFAB>O8KJ|G9C{8	h[<�Q,3*<�GH8

λ
<�56J

χ̃
cs�¸I,5*<�QNQNR�n(GH_68a79M$8 `KI,8K7O>O<�797;J6I�¢�3�79I,C�5

:*3�L�8K7)<�A98�8Kh[<�Q,36<[GH8KJ�XYA9CF>�G9_68D§�G98KX�<�5�³t¶~<�L�U�8 QNQ�³+2�CFQNG
�
>O<�565i8 �T3*<[G9I,CF567Kcp�D_68
<�797BC�`KI�<[G98 Jv7tR�7tGH8K>

>O<[GHABI�L{I,7S7BR�>O>?8KG9A9IN`yMqC�79ING9INh�8�798K>OINJ68K�656ING98z<�56J}C�Xm7BI
�
8
ns

c�  7BR�>O>?8KG9A9IN`�M$CF79I�GHINh�8yJ68	�*56ING98
>O<[GHABI�L�>O<\R�Eq8O8\<�7BI,QNR�`KCF567tGHA93�`KGH8KJ}36M$CF5}<�J6J�I,56V�<~7BR�>?>O8	GHABI,`;AH<�5��"³�CF568OMq8KABGH3�A9E*<[G9I,CF5�c "¦8	G
∆

E$8�G9_68a>�<�GHA9I�L�U�I�GH_u` C�8K�?` IN8 5"GH7
∆ij = −xixj/Dij

n@XYCFA
1 ≤ i, j ≤ ns

<�56J
i 6= j

n
<�5�J
∆ii = −

∑
j 6=i ∆ij

U�_68KA98
Dij

IN7WGH_68;E6IN5*<�ABRrJ6IN¢q3679INCF5�` C�8K�?` IN8 5"GiXYCFAW79M$8 `KI,8 7SM*<�INA
(i, j)

c "£8	G
Y = (y1, . . . , yns)

E$8iG9_68�>O<�797mXYAH<�`	GHINCF5�h�8 `	GHCFAW<[56JrQ,8	G
d = (d1, . . . , dns)

Eq8iGH_68ihF8K`KGHC�A¤U�ING9_
` C�>OM$CF568K5TG97

di = ∂xi + xiχ̃i∂ logT
cO�D_68?M$CF79I�GHINh�8�J68K�656ING98;h�8 AB79I,C�5wC�X@GH_68�§�G98KX�<�5�³+¶~<�L�U�8 Q,Q�³

24CFQ�G
�
>�<�5�5z8 �T3*<[G9I,CF567DU�81` CF567BI,J68KA�>�<\RzE$8�U�A9I�G9GH8K5~<[7 � 798K8 �

ζ ∈ R
ns 793�`P_�GH_6<[G

(∆ + Y ⊗ Y )ζ = −d ,
�+©x- �

<�56J�GH_68f79M$8 `KI,8K7�>O<�797�J6I�¢�367BI,CF5�:*3�L�8K7r<�AB8fG9_68 5 VFINh�8 5 ETR
fi = ρyiζi

c �D_68KR�79<[GHIN7BX�R�GH_�8
` C�567BG9AH<�IN5TG �+©F© �4E"Ra` C�567BG9A936`	GHI,C�5oc

����� � �������$!"� �l���P���$!����%�������
�D_68SVFC�hF8 AB56I,5�Vy8 �T3*<[G9I,CF5�7¤J6IN79`K36797B8 J�I,5aGH_68SM6A98	h�I,CF367¤798K`KGHINCF567g<�A98iMqC�798 J~CF5k<O`KCF>?M63�GP<�GHI,C�5*<�Q
J6CF>O<�IN5

Ω
U�_6I,`P_�I,5uCF36A?79I,>�36Q�<[G9I,CF5�7�U�I,QNQDEq8�<fAB8 `	GP<�56V�36Q�<�A;J6C�>�<�IN5

[0, Lr] × [0, Lz]
cs�D_68

E$CF3656J*<[ABR
∂Ω

IN7i7BM6Q,I�G1I,5"GHC�ING971«�7BI,J68K7S5T36>vE$8 AB8 J{` Q,C�`P�"U�I,7B8�n¸U�I�GH_
∂Ω1

J68 56C[GHI,5�VaG9_68O<�L�I,71C�X
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7BR�>?>O8	GHAtR �
r = 0

�	n
∂Ω2

G9_68gC�3�G9:*C�UeE$CF3656J6<�ABR �
z = Lz

�	n
∂Ω3

GH_68�X�<�A)�*8 QNJ �
r = Lr

�)<�56J
∂Ω4GH_�8iIN5�:*C�U EqCF3�56J*<�AtR �

z = 0
�lc^�D_68iM6_"R�7BI,` <�Q¦` CF5��*VF36A9<[GHINCF5aI,7DJ68KM6I,`	GH8 J�I,5z�*V�36A98;©Fc

<�I,A4` C�:*C�U
±

2

Z[ gINA
<�I,A
`KC�:*C�U

Ω

������� ê��
	ií � n�j{�Irtc\}�e�c�d�p{ýOñ�uO|~}�klrgd�p?vxd�|*klnqf4}�¡{rt�Ij�§*§*f�k~|lrtc óOuqpO�lf\p õ9}�§*fNhq|~d�óqegf\§�� pqd�k rgp�lcz}�egf�

�D_68iVFC�hF8KA956IN56V;8 �T3*<[G9I,CF567m<�AB8W` QNCF798KJ�E"RzGH_�81XYC�Q,Q,C�U�IN56V�E$CF3656J6<�ABRz`KCF56J6I�GHINCF567 �

•
<�L�IN7DC�Xp7tR�>O>?8KG9ABR

∂rp = 0 , vr = 0 , ∂rvz = 0 , ∂rT = 0 , ∂ryi = 0 ,
�t©�ª �

•
CF3�G9:*C�U

p = 0 , vr = 0 , ∂zvz = 0 , ∂zT = 0 , ∂zyi = 0 ,
�t©\«��

•
X�<�A
�68 Q,J

∂rp = 0 , vr = 0 , ∂rvz = 0 , ∂rT = 0 , ∂ryi = 0 ,
�t©x¬ �

•
IN5�:*C�U

{
vr = 0 , vz = vd(r) , T = T d ,

ρd(r) vd(r)(yi − yd
i (r)) + fi,z = 0 ,

�t©�­��

U�_68KA981GH_681793�Mq8KA979`KA9INM�G d I,5�J6I,` <[GH8K7DM6A98K79` ABI,E$8 Jah[<�Q,368K7 c
�D_68�M6A98K>OI�L�8KJSXYAB8 79_�V"<�7b>OI�L�G936A98@I,7bI,5x]B8 `KG98 JiGH_6ABCF36VF_�<mGH3�Eq8@U�INGH_iI,5�568 AbAH<�J�I,367

ri = 2
>O>

<�56JkC�3�GH8KAWAH<�J6IN367
ro = 2.5

>?>�c12�C�GH_rG9_68�E636AB568 A�:*C�U�<�56JkG9_68;<�I,A¤` C�:6CxU�<�AB8vC�X@M6Q,3�V�GjR�Mq8
U�ING9_a8	L�MqC�568 5"GHI,<�Q¦E$CF3656J*<[ABRzQ,<�R�8 A

vd(r) =






vb(1 − exp((r − ri)/δ) r ≤ ri ,

0 ri ≤ r ≤ ro ,

vc(1 − exp((ro − r)/δ) ro ≤ r ,

�t©x® �

<�56J~VFAH<�J�I,8 5"GgM*<�AH<[>O8	GH8 A
δ = 0.5

>O>�cm�D_68vE636AB568 AgQ,I,M�7 n=GH_68�XYAB8 7B_k>OI�L�G936A981:*C�U�<�56JrG9_68v<�INA
` C[:*C�U�<�AB8i�[8 M�Gg<[Gm<vGH8K>OM$8 A9<[GH3�A98WC�X

T d = 300 � c

�o/�� >!@ H 698IR�A G @ H S � V�M �
�D_6IN7¤7B8 `KG9I,CF5�J68 7B` ABI,E$8 7�GH_68i5T36>O8KA9IN`\<�Q£>?8KGH_�C�J67�`KCF5679INJ68 AB8 JrIN5�G9_6I,7�M*<[Mq8KA � G9_681�*56ING9818 Q,8K>O8K5"G
J6IN79` AB8KG9I,7H<�GHI,C�5�C�XoG9_68�VFC�h�8 A95�I,56Vv8K�T3*<[GHINCF567Kn�GH_�8W<SM$CF7BG98 ABI,CFABIq8KA9A9C�A48 7tGHIN>�<[G98¤E6<�798KJzCF5�GH_�8�J63*<�Q
U�8 I,V�_TG98 JzAB8 79INJ63*<�Qq>O8	GH_6C�Jy<[56JyGH_68�<�Q,VFC�A9ING9_6>?I,`D<�7BMq8K`KG97DA98 Q,<[GH8KJ�GHCv<�J*<�M�G9INh�8gVFABI,JyVF8K568 A9<[GHINCF5oc
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� ������� ���*���j�v�	�,�	���	�*��!��,�����H�	�%�,� ���������
"¦8KG

T
Eq8g<SGHABI�<�5�VF36Q�<�GHI,C�5 �YU�ING9_y56CS_*<�56VFIN56V�5�C�J68K7 ��C[XoGH_68¤` CF>?M63�GH<[GHINCF5*<�Q*J�CF>�<[I,5

Ω
c "£8	G

P 1
cE$81G9_681` CF5�XYCFA9>?I,56VS�*56ING9818 Q,8K>O8K5"G�79M*<�`K8WU�INGH_�Q,IN568\<[A4GHABI�<�Q$XY3656`KG9I,CF5�7DVFINh�8 5�ETR

P 1
c =

{
φ ∈ C0(Ω), ∀K ∈ T , φ|K ∈ P

1
}
,

�t©�¯��
U�_68KA98

P
1 IN74GH_�8W798KG�C[X¸M$CFQ�R�5�CF>OI,<�Q,7)C�XbJ68KVFA98K8

≤ 1
c@§�8	Gm<�Q,7BC

P 1
c,0 = { φ ∈ P 1

c , φ|∂Ω = 0 }
<�56J

XYCFA
1 ≤ l ≤ 4

n
P 1

c,l = { φ ∈ P 1
c , φ|∂Ωl

= 0 }
c

d{8�7B8 8K��XYCFA;<fJ�I,79`KA98	GH8a79CFQN3�GHINCF5
u∗ = (p∗, vr∗, vz∗, T∗, y1∗, . . . , , yns∗) ∈ ud

∗ + V
U�_68KA98

ud
∗

<[` ` C�365"GH7kXYCFAk56CF5�³j_6CF>?CFVF8K568 C�367��gI,ABI,`P_6QN8KGkE$CF365�J*<�ABR�` CF5�J6ING9I,CF567KnSG9_*<[G�I,7rh�8 QNC�`KINGjR�<[56J
GH8K>OM$8 A9<[GH3�A981<[GmI,5�:*C�U1n*<�56J

V = P 1
c,2 × P 1

c,0 × P 1
c,4 × P 1

c,4 ×
(
P 1

c

)ns
.

�t©	���
�j5�G9_68��1<�QN8 A9�TIN5?XYCFAB>v36Q,<[GHINCF5on�G9_68�<�M�M6A9C\L�I,>O<[GH8�7BCFQ,3�G9I,CF5

u∗
IN7�AB8 �T36I,AB8 J?GHC�79<[GHIN7BX�R;GH_�8¤J6IN79`KA98KG98

8 �T3*<�GHI,C�567

∀φ = (φ1, . . . , φns+4) ∈ V , a(u∗;φ) = 0 ,
��- � �

U�_68KA98

a(u∗;φ) =
∑ns+4

i=1

∫
Ω
F0

i (u∗) · φi rdrdz

−
∑ns+4

i=1

∫
Ω
F r

i (u∗) · ∂rφi rdrdz −
∫
Ω
F z

i (u∗) · ∂zφi rdrdz

+
∑ns

i=1

∫
∂Ω4

ρdvd(yi − yd
i )φ4+i rdl .

��-�© �

�D_68WXYCFAB>
a
IN7�56CF56QNI,568 <�A
I,5

u∗
E63�GmQ,IN568\<�A4I,5

φ
c

§�CF>?8W<�J�J6ING9I,CF5*<[Q=G98 AB>O7
>�367BGDE$8W<�J�J68 JzGHCvG9_68gXYCFAB>
a
IN5zCFA9J68KA4GHC�7tGP<�E�I,Q,IN798�GH_68��1<�QN8 A9�TIN5

�*56I�GH8^8KQ,8 >?8 5"G£XYCFAB>v36Q�<�GHI,C�5 ��- � �	c£�D_68@7BGP<[E6I,QNI,7H<�GHI,C�5gI,7£J68K79INVF568 J1GHC�>O<[GH`P_1GH_�8)XYC�Q,Q,C�U�IN56V4GP<[A9VF8	GH7 �

•
QN8\<�7tGB³j7B�T3*<�A98K7v` C�5TG9A9CFQ�C�X�7BG9A98 <�>OQNI,568;J68KA9I�h�<�GHINh�8 7�XYC�Aih�8 Q,C�` I�GjRf` CF>?MqC�568 5"GH7Kn(GH8K>OM$8 A9<[GH36AB8
<�56J�79M$8 `KI,8K7m>O<�7B7�XYA9<�`KG9I,CF5�7W¨ -�«6n$-F¬�n$-[­�°��

•
QN8\<�7tGB³j7B�T3*<�A98K7;` CF5"GHABCFQDC�X¤_"R�J�A9C�J�R�5*<�>?I,`zM6AB8 797B36A98�VFA9<�J6I,8K5"G?<�56JuC�Xg`KCF5"GHIN5�3�INGjR�8K�T3*<[GHINCF5
¨ -F®�n=-�¯�°��

•
_6INVF_�³�CFA9J68KA^79_6C�`P��`\<[M�GH36ABI,56VWG98 A9>�GHC1` CF5"G9A9CFQ*7BM636A9INCF367)CF7B` I,QNQ�<[G9I,CF5�7p568 <�A)79_*<�ABM?XYABCF5"GH7m¨ - �[°%c

�j5�CFABJ68 A�GHC�U�A9I�GH8|GH_68u7BGH<�E6I,QNI,79<[GHINCF5�GH8KA9>?7 n?INGfI,7f` CF5"h�8 56IN8 5"G�GHC I,5"GHABC�J�36` 8|GH_68uXYCFQ,QNC�U�I,56V
5T36>?8 A9IN`\<�Q�M*<�AH<[>O8	GH8 AB7





β = (βr, βz) = (ρ∗vr∗, ρ∗vz∗) , β⊥ = (βz,−βr) , |β| = (β2
r + β2

z )
1/2,

δsd =
1

2

( δ
h2

+
|β|

h

)−1

, δ = 10−5,

δcd = 0.4h1/2δsd ,

δdiv = 4h|β| ,

�%-F- �

U�_68KA98
ρ∗

IN7vGH_68zJ�8 567BINGjR}8	h�<[Q,3*<[G98 J}XYA9C�> GH_�8�<[M6M6A9C\L�I,>O<[G98y79CFQN3�GHINCF5
u∗

c} ¤Q,Q�G9_68a5T36>O8KA9IN`\<�Q
M*<�A9<�>?8KGH8KA97�IN5 ��-�- �¤<�AB8v` C�>OM63�GH8 J�QNC�` <�Q,Q�RzI,5r8 <�`P_kGHABI�<�56V�Q,8

K ∈ T
<[G�G9_68v` 8K5"GHA98;C�X)V�AH<\h�INGjRFc

248K`\<�367B8WGH_68��^AH<�5�J�GHQo5T36>�Eq8KA�<�56JzGH_6817BMq8K` I,8K7 "£8	U�I,7D5T36>vE$8 AB7�<�A98W5�C�G�79INVF56IN�6`\<�5"GHQ�R�J�IN¢q8 A98K5"G
XYA9C�>�3656INGjR�npGH_�8�7H<[>O8?A98	XY8 A98K56` 8�J6IN¢q3679INCF5f` C�8K�?` IN8 5"G

δ
I,7i36798KJ�XYCFAi>OCF>?8 5"G936>�n£8K568 ABV�R�<[56J
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79M$8 `KI,8K7g>O<�797KcD�D_6I,7¤<�M6M6ABC\L�IN>�<�GHI,C�5�IN>OM�A9C�hF8K7¤7BI,VF56I��*`\<[5TG9QNRyG9_68�`KCF56J6I�GHINCF56I,5�V?C[XpGH_�8��F<�`KCFE6I�<[5
>O<[GHABI,` 8K7@G9_*<[G
<�A98¤` CF567BI,J68KA98KJyU�_68 5z7BCFQNh�I,5�VSGH_�8gJ6IN79` AB8KG98�8 �T3*<[G9I,CF5�7�U�_6INQ,8m��8 8KM6I,5�VvGH_68¤` CFABA98 `	G
<�7tR�>?M�G9C�GHIN`WEq8K_*<\h�INCF36A
XYCFA
G9_6817BG9A98\<[>OQNI,568�J�IN¢q3679INCF5z` C�8K�?` IN8 5"G

δsd
c

�D_68i7BGH<�E6I,QNI,79<[GHINCF5OXYCFAB> >O<\RyE$8i8lL�M6A98K79798KJrQ,C�`\<[Q,QNR?C�hF8KAg<vG9A9I�<[56VFQ,8
K ∈ T

<�7

bK(u∗;φ) =
∫

K

∑ns+3
i=4 δsdLi(u∗)(β · ∂φi) rdrdz

+
∫

K
δsd

(
L2(u∗)(β · ∂φ2 + ∂rφ1) + L3(u∗)(β · ∂φ3 + ∂zφ1)

)
rdrdz

+
∫

K
δdivL1(u∗)

(
∂rφ2 + φ2

r
+ ∂zφ3 + vr∗

T∗
∂rφ4 + vz∗

T∗
∂zφ4

)
rdrdz

+
∫

K
δcd

(
(β⊥ · ∂vr∗)(β

⊥ · ∂φ2) + (β⊥ · ∂vz∗)(β
⊥ · ∂φ3)

)
rdrdz

+
∫

K
δcd

(
(β⊥ · ∂T∗)(β

⊥ · ∂φ4) +
∑ns−1

i=1 (β⊥ · ∂yi∗)(β
⊥ · ∂φ4+i)

)
rdrdz .

��-�ª��

�D_68@�*A97tGpGjU�C�Q,IN568 7bI,5iGH_68�A c _oc 7KcpC�X ��-�ª��ln�U�_�I,`P_v`KCFA9AB8 79M$CF56JvG9C¤G9_6847tGHA98 <�>?Q,I,5�8^J6IN¢q3679INCF5�>?8KG9_6C�J
<�56J?GH_68mQ,8 <�7BGt³j7B��36<�A98K7�`KCF5"GHA9C�Q$C[XoGH_68m_"R�J6A9C�J�R�5*<�>?I,`�M6AB8 797B36A98gVFAH<�J�I,8 5"G n�_6<�h�8gE$8 8K5�` C�5679INJ68 AB8 J
I,5r<�U�I,J68vA9<�56VF8�C�X�<�M6M6QNI,`\<�GHI,C�567¤IN5"hFCFQ�h�IN56Vy`KCF5"hF8 `	GHINCF5�³jJ�CF>OIN5*<[G98 J~:*C�U�7WCFAgM6A98K79793�A98	³�hF8KQ,C�` INGjR
I,5�7BGP<[E6I,QNINGHIN8 7bJ6368DGHC1GH_�8m79<�>?8DCFA9J68KA)C�X�J�I,79`KA98	GHI,79<[GHINCF5vXYCFA^E$C�GH_�h[<�ABI�<�E6QN8 7Kcp�D_68DGH_�I,A9J;QNI,5684R�IN8 Q,J�7
<vQ,8 <�7BGt³j7B��36<�A98K7
` CF5"G9A9CFQqC�X£GH_68�QNC�U
³t¶~<�`P_z`KCF5"GHIN5�3�INGjRO8 �T3*<[G9I,CF5z<[56JzI,7
IN5"GHA9C�J636`K8 JzIN5�GH_6IN7�U�CFA9�
<�7D<[5z8	L�GH8K5679INCF5zC�X£GH_68g7BGP<[E6I,QNI,7H<�GHI,C�5?G98 A9>?743�793*<�QNQNR?` C�5679INJ68 AB8 JzXYCFA4IN56` C�>OM6AB8 7B79I,E�Q,8¤:6CxU�7Kc)�D_68
Q�<[7BGpGjU�C1Q,IN568 7p<�A98
_�I,VF_�³�CFA9J�8 A n[79_6C�`P��` <�M�G936A9IN56VgGH8KA9>?7pU�_6CF7B8
XY3656`	GHI,C�5vI,7pG9C�_68KQ,M�M6AB8 798KABh�8m>O<�7B7
XYAH<[`KGHINCF5�M$CF7BINGHI�h�INGjR�IN5�GH_68mh�I,` IN56INGjR;C[X¦79_*<[A9MyXYA9C�5TG97 c)¥mC�GH8mGH_*<[G4CF56Q�R;` A9C�797BU�IN56JzJ6I�¢�367BI,CF5?GH8KA9>?7
<�AB8i`KCF567BI,J68KA98 J�c

§�IN56` 8�GH_�8?AB8 7BI,J63*<[Q,7WC�X@GH_68;VFC�h�8 A95�I,56Va8 �T3*<�GHI,C�567
Li(u∗)

<�A98;8Kh[<�QN3*<[G98 J�8 QN8 >?8 5"GjU�I,7B8O<[56J
GH_�8�<�M6M6ABC\L�IN>�<�GH8�7BCFQ,3�GHI,C�5

u∗
I,7gQNI,568 <�AgIN5r8\<[`P_�G9A9I,<�56VFQN8�n$798 `KCF56J�J68KA9INh[<[G9INh�8 7�J63�8vGHCyJ6I�¢�3�79I,C�5

:*3�L�8K7Sh[<�56IN79_wINJ68 5"G9I,`\<[Q,QNR�cO �XY36AtGH_68KAS7BI,>?M6Q,I��*`\<[G9I,CF5~I,71I,5"GHABC�J�36` 8KJwE"Rf568 VFQN8 `	GHI,5�V�G9_68O7BM*<[G9I�<�Q
J68KA9INh[<[G9INh�8 7£C�X�>v36QNG9I,`KCF>OM$CF568K5"G�GHA9<�567BMqCFAtGb` C�8K�?` IN8 5"GH7bI,5WGH_�8@QNC�` <�Q�AB8 7BI,J63*<[Q,7 c£d{8)G9_T367¸`KCF567BI,J68KA
Q,C�`\<[QF7BGH<�E6I,QNI,79<[GHINCF5gGH8KA9>?7

b̃K(u∗;φ)
CFE�GP<[I,568KJ1XYABCF> �%-�ª��o36M$CF5S7B36E67tGHING93�GHIN56VDGH_68@A98K79INJ63*<�QN7

Li(u∗)E"RyGH_�8iQNC�` <�QoAB8 79INJ63*<�QN7
Ri(u∗)

VFINh�8 5aE"R





R1(u∗) = ∂rvr + ∂zvz + vr

r
+ 1

ρ
(vr∂rρ + vz∂zρ)

R2(u∗) = ρ(v · ∂)vr + ∂rp−
4
3

η
r
(∂rvr −

vr

r
)

R3(u∗) = ρ(v · ∂)vz + ∂zp+ ρg − η
r
(∂rvz + 1

3
∂zvr)

R4(u∗) = ρcp(v · ∂)T + qr

r
− ωT

R4+i(u∗) = ρ(v · ∂)yi +
fi,r

r
− ωi

��-[« �

GH_�8sA c _oc 7 c Eq8KI,56V 8Kh[<�Q,36<[GH8KJ�367BI,56V�G9_68µ<[M6M6A9C\L�I,>O<[G98�7BCFQ,3�G9I,CF5
u∗

c �D_68s7tGP<�E6INQ,IN798 J�� 
@¶
XYCFAB>v36Q�<�GHI,C�5�GH_68K5�`KCF567BI,7BG97�I,5a798K8 �TI,56V

u∗ ∈ u0
∗ + V

793�`P_�GH_6<[G

∀φ ∈ V , a(u∗;φ) +
∑

K∈T

b̃K(u∗;φ) = 0 .
��-F¬ �
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� � ����� #*���	�+���l��� �l�4��� �H� ���P�	�%���?���������
"¦8KG

e = (e1, . . . , ens+4)
Eq81GH_�8S8KA9A9C�A�U�I�GH_�` CF>?M$CF568 5"G97

ei = ui − u∗i
n
1 ≤ i ≤ ns+ 4

c �1I�hF8 5
<vXY3656`	GHI,C�5

ψ ∈ L2(Ω)ns+4 n*CF3�ADVFC"<�QoIN7
GHC;8 7tGHIN>�<[G98�GH_6818KA9A9C�ADCF3�GHM�3�Gm>O8 <�7936AB8

J (e) =

∫

Ω

(ψ · e) rdrdz ,
�%-�­��

I,5|GH8KA9>?7;C�XW` C�>OM63�GP<�E6QN8z�T3*<�5"GHI�GHI,8K7 n�I�c 8�c�n4CF56Q�R|J68 M$8 5�J6I,56VfCF5uGH_68�J*<[GH<�n�G9_68�>?8 7B_µ<�5�J�GH_�8
<�M6M�A9C\L�I,>O<[GH8�7BCFQ,3�GHI,C�5oc^�*CFADI,5�7BGP<[56` 8[n6GH_68WXY3656`	GHINCF5*<�Q

J
>�<\RzE$8WC�XbGH_68WXYCFAB>

Jm,ω(e) =
1

|ω|

∫

ω

em rdrdz ,
��-�® �

U�_68KA98
m

J68K56C�G98 7z<f79CFQN3�GHINCF5�`KCF>?MqCF5�8 5"G�U�I�GH_
1 ≤ m ≤ ns + 4

n
ω

<w7B36EqJ�CF>�<[I,5uC�XWGH_68
` C�>OM63�GP<[G9I,CF5*<[Q¦J6CF>O<�I,5

Ω
<�56J

|ω|
INGH7m>?8\<�7B36A98[cg�j5~G9_6I,7mU
<\RFnqCF568S` CF5"GHABCFQ,7mGH_68�<\hF8 A9<�VF8v8KA9ABCFA

CF5k<?VFINh�8 5r7BCFQ,3�GHI,C�5~` C�>OM$CF568K5TGg<�56J~Cxh�8 AW<O79M$8 ` I��*8 JkAB8 VFINCF5~C[X(GH_68i:*C�U1cg�D_68�7936E$J6CF>O<�I,5
ω>O<�R1GjR�M6IN`\<�QNQNRi` C�hF8KA(GH_68�:=<�>?8�XYA9C�5TGpCFA¸XYC�Q,Q,C�U|<¤Q,I,5�8
<�QNCF56V¤U�_�I,`P_�8	L�M$8 ABI,>?8 5"GP<�Q�>?8\<�7B36A98K>O8K5TG97

<�AB8i>O<�J68[c
 g5y<�MqC�7BGH8KA9INCFA9I=8 7tGHIN>�<[G98¤C[XoGH_68¤�T3*<�5"GHI�GjR

J (e)
>O<�R;E$8gJ�8 A9I�hF8KJzI,5OG9_68¤XYA9<�>?8KU�CFA9�;C�X¦G9_68

J63*<[QoU48KI,VF_"GH8KJ�AB8 7BI,J63*<[Q¦>O8	GH_6C�Joc(�D_68i8 7tGHIN>�<[G98�GP<��[8 7�CF5aGH_68WXYCFAB>

J (e) ≤
∑

K∈Th

ηK ,
��-�¯��

U�_68KA981U481_*<\hF8iI,5"G9A9C�J636` 8KJ�G9_681Q,C�`\<�Qq8 ABA9CFADIN56J6I,` <[GHC�A97

ηK =

ns+4∑

i=1

rK,iwK,i .
��- ���

±¤8KA98[n6GH_681�T3*<�5"GHI�GHIN8 7
rK,i

<�AB81�656ING98W8 Q,8K>O8K5"G�A98 7BI,J636<�Q,7DVFI�hF8K5�E"R

rK,i = hK‖Li(u∗)‖K +
1

2
h

1/2
K ‖[(F r

i ,F
z
i ) · n]‖∂K ,

�%ª ���
U�_68KA98

hK

I,7
G9_68iJ6I�<�>?8KG98 ADC�X
K

n
∂K

ING97DEqC�3656J*<�AtRFn
n

ING97mC�3�GjU
<[A9J�56CFA9>O<�Q¦<[56J
[(F r

i ,F
z
i ) · n]GH_�81]B36>?M{C[X
GH_68O56CFAB>�<�Q^J�IN¢q3679INCF5f:63�L�8 7�<�`KA9CF7B7

∂K
IN5{GH_�8OJ6INA98K`KGHINCF5fC�X

n
ca�D_68O�T3*<�5"GHI�GHI,8K7

wK,i

<�AB8vU48KI,VF_"G97W8Kh[<�Q,36<[GH8KJrXYA9CF>´GH_68�7BCFQ,3�G9I,CF5~C�X)GH_68�QNI,568 <�A9IN798 J~J63*<�Q¸M6A9CFE�Q,8 > � 798 8K�
ξ∗ ∈ V793�`P_�GH_6<[G

∀φ ∈ V , a′(u∗;φ, ξ∗) +
∑

K∈T

b̃′K(u∗;φ, ξ∗) = J (φ) ,
�%ª�© �

U�_68KA98
a′(u∗;φ, ·)

I,7�GH_68��1<[GH8 <�3�L�J68 ABINh[<[G9INhF8gC�X
a
IN5�GH_68WJ�I,A98K`KG9I,CF5yC[X

φ
8Kh[<�Q,36<[GH8KJa<[G

u∗
<[56Ja<

79IN>OINQ�<�A@56C�GH<[GHINCF5zI,7D3�798 J�XYCFA
b̃′K

c
�j5�M6AH<�`	GHIN` 8�n�GH_68W�*56I�GH818 QN8 >?8 5"G�A98K79INJ63*<�QN7

rK,i

<�A981<�M�M6A9C\L�I,>O<[GH8KJ�<�7DXYCFQ,QNCxU�7

rK,i ' h2
Kr

1/2
|G(K)|Ri(u∗)|G(K) +

1

2

∑

e∈∂K

hKr
1/2
|G(K)|[(F

r
i ,F

z
i ) · n]|e ,

�%ª"- �

U�_68KA98
G(K)

I,7(G9_68�` 8 5"G9A98mC�X�V�AH<\h�INGjRvC[X
K

c^�*36AtGH_68KA9>?CFA98[nFGH_68DU�8 INVF_"GH7
wK,i

<�A98m<�M6M�A9C\L�I,>O<[GH8KJ
<�7

wK,i ' h2
Kr

1/2
G(K)D

2
Kξ∗i ,

�%ªFª��
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U�_68KA98
D2

Kξ∗i
I,7O<fQNC�` <�QD36M6M$8 A?EqC�3656J�G9C{G9_68�7B8 `KCF56JµJ68KA9I�h�<�GHINh�8 7?C�X

ξ∗i
c 
�5�36567BG9A936`	GH36AB8 J

>?8 79_�8 7 nTGH_�I,7)<�M6M�A9C\L�I,>O<[GHINCF5�I,7^`KCF>OM�3�GH8KJO367BI,56Vi<1M*<[G9`P_OC�X�8 QN8 >?8 5"GH7@<�ABCF3656J;8\<[`P_OGHABI�<�5�VFQ,8
K

c
"¦8KG

Tj
E$8WGH_6817B8KGmC�XbGHA9I,<�56VFQN8 7
IN5

T
`KCF5"GP<�IN56I,56Vvh�8 AtGH8	L

j
c "¦8KG

s∗
Eq8WGH_�8i7B>OC�C�G9_6I,56V�C�Mq8KAH<[G9CFA

s∗ : φ ∈ P 0 7→ s∗φ =
nno∑

j=1

φjNj ∈ P 1
c ,

�%ª�« �

U�_68KA98
P 0 I,7
G9_68179M*<[` 8iC�XpM�I,8 `K8KU�IN7981` CF5�7BGP<[5TG�XY365�`KGHINCF567m<�56J

φj =

∑
K∈Tj

|K|φ|T∑
K∈Tj

|K|
,

�%ª"¬ �

U�_68KA98
|K|

IN7bG9_684>?8\<[7936AB8�C�X
K

c^§�8K` CF56J�J68 ABINh[<[GHI�hF8K7p<�AB8�G9_68 5�<�M6M6ABC�L�IN>�<[G98 JSETRiJ6I�¢�8KA98K5TG9I�<[G9I,56V
GH_�8iQNC�` <�Q

P 1 A98 `KCF567tGHA93�`KGHINCF5aC�XpG9_68W�*A97tGB³�CFA9J68KADJ68 ABINh[<[G9INhF8K7�C�X
ξ∗i

n�R�IN8 Q,J�I,56VvG9_6818	L�M6A98K797BI,CF5

D2
Kξ∗i = max

(
|δrr

K ξ∗i|, |δ
zz
K ξ∗i|,

1

2
|δrz

K ξ∗i + δzr
K ξ∗i|,

1

r|G(K)

|∂rξ∗i|K|
)
,

�%ªF­��

U�_68KA98
δαβ
K ξ∗i = ∂α(s∗∂βξ∗i)|K

XYCFA
α, β ∈ { r, z }

c

� ��� ��� !"�	#$�%��&��i���P� � �P�Y')���	���	�*�
�D_68i>O8K79_68K7¤`KCF567BI,J68KA98 J�I,5zGH_�I,7DU4C�A9�a<�AB81XY3�Q,QNR�36567tGHA93�`KGH3�A98 J�nq�T3*<�7BI�³j�g8 Q,<�365*<\RyG9A9I�<[56VF36Q,<[GHINCF567
VF8K568 A9<[GH8KJrXYA9CF> GH_�8�M6ABC�`K8 J636AB8vJ68K79` ABI,E$8 JkIN5�¨ ª �[°%cg�D_68v>?8 7B_rVF8K568 A9<[GHCFA¤36798K7�GjU4C�I,56M63�Gg�*QN8 7 �
GH_�8S�*AB7BG�C�568�7BMq8K` IN�68 7¤G9_68SG9AH<�`K8�C�XpGH_68S>O8K79_~C�5~GH_68iE$CF3656J*<[ABR

∂Ω
<�56JrIN7¤AB8KXY8 ABA98KJ~GHC�<�7¤G9_68

E$CF3656J*<[ABRz>?8 7B_��*QN8�c^�D_6817B8 ` C�56J~CF5�8i7BMq8K` I��*8 7�GH_681J68K79INA98 J�>?8 79_a7BI
�
8i<�ABCF3656J�<�798	G¤C[XpM$CFI,5"G97

I,5�79I,J�8
Ω

<�56JaIN7mAB8KXY8KA9A98KJ�G9C?<�7DGH_681E*<�`P�TVFABCF3656J�>?8 79_a�*QN8�c
�D_68µ`KCFA98�C�XyG9_68µ<�J6<�M�GHI�hF8�>O8K79_�AB8K�*568K>O8K5"G}M6A9C�` 8KJ636AB8µI,7�GHC ` A98 <[GH8sEqCF3�56J*<�AtR�<[56J

E*<�`P�TVFABCF3656Je>?8 7B_µ�*Q,8K7�XYA9CF> GH_�8rI,5�XYC�A9>O<[GHINCF5�M�A9C�h�I,J68KJ�ETR�GH_68~Q,C�`\<�Qm8 ABA9CFAyIN56J6IN`\<[G9CFA97
ηK

c
�D_68i<�J*<[M�GHI�hF8i<�Q,V�CFA9I�GH_6>�I,5"h�CFQNh�8 7�GH_6AB8 817BG98 M67 �
�YI��y` C�>OM63�GH81J68 7BI,AB8 J�>O8K79_a79I

�
8 7

h′K = f(ηK)hK ,
�%ª"® �

U�_68KA98gXYCFA@I,5�7BGP<[56` 8[n
f(ηK) = 1

2

INX
ηK ≤ TOL

<�56J
f(ηK) = 1

C[GH_68KABU�I,7B8�c^�D_68mXY3656`	GHI,C�5
f>O<�R�<[Q,79C?GP<��[8Sh[<�QN368 7mQ�<�ABVF8 A�GH_6<�5

1
XYCFA�hF8 AtR~7B>�<[Q,Q

ηK

I,5~C�A9J68KA¤GHC�<�Q,QNC�U�XYCFAmQ,C�`\<�Q¦>?8 7B_
` CF<�A97B8 56IN56V6c~ ¤5�8 ABA9CFASE*<�Q,<�56` IN56V�>O8	GH_6C�JwIN7�8 >?M6QNCxR�8 J�IN5{U�_6IN`P_wGH_�8�GHCFQN8 A9<�56` 8

TOL
IN7

8Kh[<�QN3*<[G98 J�<�7DXYCFQ,QNC�U�7
TOL =

1

2

1

nt

∑

K∈T

ηK ,

U�_68KA98
nt

IN7
GH_6815T36>vE$8 A�C�XbGHABI�<�5�VFQ,8K7
I,5zGH_�8i`K36A9AB8 5"Gm>O8K79_ �
��INI��OGH_�8^EqCF3�56J*<�AtRW>O8K79_W�*QN8(I,7¦J68	GH8KA9>?I,568KJWJ6I,AB8 `KG9QNR¤XYA9CF>eGH_68)�T3*<�5"G9INGHIN8 7

h′K
367BI,56V
G9_68(GHABI�<�56V�Q,8 7

_*<\h�I,56V?<[GmQN8\<�7tGm<�5a8 J6VF81QNC�` <[GH8KJ�C�5
∂Ω

�

�YI,I,I �?GH_�8kE*<�`P�TVFA9C�3656Je>O8K79_��*QN8rI,7z<[Q,79C}J�I,A98K`KG9QNR�VF8 568KAH<[G98 J�XYA9C�> G9_68kM6A9C�h�I,7BI,CF56<�Q
h′K

� 7 c��j5
CFABJ68 ADGHCO<\hFCFINJa8	L�` 8K7979I�hF8v7BMq8K` I��*`\<[G9I,CF5�7mIN5zGH_6IN7
�*Q,8[n=<?Q,<�R�8 ABI,56V?<�QNVFCFA9I�GH_6>�IN7m8K>OM�Q,C�RF8KJ�IN5
U�_6IN`P_aG9_68WJ68K79I,AB8 Ja>?8 79_a7BI

�
8WC[Xp<�VFI�hF8K5yGHA9I,<�56VFQN8gIN74U�A9I�G9GH8K5zGHCvGH_�8WE*<�`P�TVFA9C�3656J�>O8K79_y�*QN8

CF56Q�R~I�X)ING97gh[<�Q,368�I,7�7B3��?` I,8K5"GHQNR~J6IN¢q8 AB8 5"G�XYABCF>´G9_*<[GWC[X@G9_68�568KI,VF_TE$CF36A9IN56Vy8KQ,8 >?8 5"G97 ci�D_68
:*36`	GH3*<�GHI,C�5aG98 7tG¤IN7
XYCFADI,5�7BGP<[56` 8

| log(h′K1
/h′K2

)| ≥ log γ
U�I�GH_aM*<�A9<�>O8	GH8KA

γ = 1.5
c
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�9��������� ���%�����~���	� � � !����,� ���
�D_68OJ6I,7B` A98	GH8?8 �T3*<[G9I,CF5�7 �%-F¬ �W<�AB8O`KCF5"hF8 5�I,8 5"G9QNRfA98K`\<�7tG�IN5TG9C~<a7BR�7tGH8 >�C�X456CF56QNI,568 <�AW8 �T3*<[G9I,CF5�7
36M$CF5�I,5"GHABC�J63�` I,5�VvGH_681J68K` CF>?MqC�79ING9I,CF5

u∗i =

nno∑

j=1

Ui,jNj , 1 ≤ i ≤ ns+ 4 ,
��ªF¯��

U�_68KA98
nno

I,7@GH_68¤5�3�>vEq8KA4C�Xo>O8K79_�h�8 ABG9I,`K8 7��YI,56`KQ,36J6IN56ViEqCF3�56J*<�AtROC�568 7 �4<�56J
Nj

G9_68 "£<�VFA9<�56VF8
56C�J*<�Q
E6<�79IN7vXY3656`KG9I,CF5u<�7B79C�` I,<[GH8KJ|U�I�GH_}hF8KABG98	L

j
n
1 ≤ j ≤ nno

c|�*CFA
1 ≤ i ≤ ns + 4

<�56J
1 ≤ j ≤ nno

n^Q,8KG
φi,j ∈ V

E$8�GH_�8�GH8K7BGvXY365�`KGHINCF5�U�ING9_�` C�>OM$CF568K5TG97
(δikNj)1≤k≤ns+4

U�_68 AB8
δik

IN7�GH_68 � A9C�568 `P�[8 A�7tR�>vEqC�Q�c��D_68?J6I,7B` AB8KGH8;365���5�CxU�5�7SXYCFAB>�<zhF8 `	GHCFA
U ∈ R

(ns+4)∗nno U�ING9_
` C�>OM$CF568K5TG97

Ui,j

7H<[G9I,7tX�R�IN56VvGH_�8i5�CF56Q,IN568\<[A
J6I,7B` AB8KGH8i8 �T3*<�GHI,C�567

Fi,j(U) = a(u∗;φi,j) +
∑

K∈T

b̃K(u∗;φi,j) = 0 .
�%ª � �

�D_68}AB8 79INJ63*<�QN7
Fi,j(U)

<�AB8w8Kh[<�QN3*<[G98 J�367BI,56Vµ5T36>?8 ABI,` <�QS�T3*<[J6AH<[G936A98K7rU�ING9_²ª �i<[36797rM$CFIN5TG97
Q,C�`\<�GH8 J�<[G�>?I,J�MqCFIN5"GH7
C�XbGHABI�<�5�VFQ,8¤8 J6VF8K7 c

�D_68WAB8 79INJ63*<�Q�8 �T3*<[G9I,CF567 �%ª ����<�A98gU�ABINGBGH8 5zIN5yhF8K`KGHC�A
XYCFA9>
F (U) = 0

<�5�J�<[5a<�M6M6ABC�L�IN>�<[G98
79C�Q,3�G9I,CF5|I,7;CFE�GP<�IN568 J|367BI,56V{<fJ6<�>OM$8 J�¥¤8	UDGHCF5 � 7O>O8	GH_6C�Joc �1I�hF8 5�<�5uI,56I�GHI,<�Q4VF3�8 797

U0 n4GH_�8
J*<�>?M$8 J�¥¤8	UDGHCF5 � 7m>O8	GH_6C�JzR�IN8 QNJ67
GH_6817B8 �T368 5�` 8�C[XpI�GH8 A9<[GH8K7

∂UF (Uk)(U
k+1

− Uk) = −σkF (Uk) ,
��«����

U�_68KA98
∂UF (Uk)

I,7^G9_68 �F<�`KCFE6I,<�5O>O<[G9A9I�LvC�X
F

8Kh[<�QN3*<[G98 JO<[G
Uk n Uk+1 G9_68mM6A9C�h�I,7BI,CF5*<[Q=¥¤8KUDG9CF5

ING98 A9<[GH8¤<[G@GH_68
(k+1)

7BG�INGH8KAH<[G9I,CF5O<�56J
σk G9_68gJ*<[>OM6IN56ViM*<�AH<[>O8	GH8 AKc(�D_68g¥¤8KUDG9CF5zING98 A9<[GH8

Uk+1

I,7¤GH_68K5{8	h�<[Q,3*<[G98 JkXYA9C�>
U

k+1 3679IN56Va<zM6A9Cx]B8 `KG9I,CF5�CF5rG9_68;` CF5�8
Λ

C�X@MqCF7BING9INhF8�>O<�7B7�XYAH<�`	GHI,C�567 c
�4CF5"hF8KA9VF8K56` 84C�X=¥¤8	UDGHCF5 � 7¸>O8	GH_6C�JSIN7b<�`P_6I,8	hF8KJ�U�_68 5SGH_68@56CFAB>�C�X�G9_68�3�MqJ*<�GH8)hF8 `	GHCFA

Uk+1−Uk

I,7@E6ABCF36VF_"G
E$8 QNC�U�<SM6AB8 79`KA9INEq8KJyGHCFQN8 AH<[56` 8[n�GjR�M6IN`\<�QNQNR
10−4 c^�D_68gM�A9C�]B8K`KGHINCF5yCF5

Λ
IN7�`KCF>OM6<[GHINE6Q,8

U�ING9_µGH_68k`KCF5"hF8KA9VF8K56` 8fC�XS¥¤8	UDGHCF5 � 7z>?8KGH_�C�J�CF5�QNR�INX1ING97y5T36>?8 A9IN`\<�Q¤` CF5"h�8 A9V�8 56`K8{J6C�>�<�IN5sIN7
793��O`KI,8K5TG9QNR�`KQ,CF7B8?G9C

Λ
c��D_6I,7iI,71I,5�J68 8KJ{GH_�8O` <�798OI,5fCF36Ai` CF>?M63�GH<[GHINCF567�GH_6<�56�T7SG9C�GH_�8O7B_6C�`P�

`\<[M�GH36ABI,56V�G98 A9>?7D367B8 J�G9C;7BGP<[E6I,QNI,798¤GH_68 �1<�Q,8KA9�TI,5yXYCFAB>v36Q,<[GHINCF5oc
 
Gm8\<�`P_~¥¤8	UDGHCF5�7BGH8KM �Y«����ln6GH_68 �F<�`KCFE6I�<[5�>O<[G9A9I�L�I,7m<�7B798K>vE6Q,8KJ�XYABCF> M$8 AtGH36ABEq8KJ�AB8 79INJ63*<�Q

8Kh[<�QN3*<[G9I,CF567g<�56JkGH_�8�Q,I,5�8\<�A¤7BR�7BG98 >�I,7g79CFQ�hF8 Jf<�M�M6A9C\L�I,>O<[GH8KQNR�367BI,56V�<yM6AB8 ` C�56J6ING9I,CF5�8 J � ABR�Q,C�h
ING98 A9<[GHI�hF8^79C�QNhF8KA nxGjR�M6I,` <�Q,Q�RW24I�� �S§�GH<�EWU�ING9_ �1<�367B7t³t§�8 I,J�8 Q"M6AB8 ` C�56J6ING9I,CF5�8 A¦E6QNC�`P�[8 Jv<�G£56C�J�8@QN8Kh�8 Q�c
�D_68?8K�?` IN8 56`	RfC�X�G9_68?M6A98K` CF56J�INGHINCF568KAW>�<\RkE$8O8K56_*<�5�` 8 J{E"Rf<�5w<[M6M6A9C�M6A9I,<[GH8;A98K5T36>vE$8 A9IN56VaC�X
GH_�8f>?8 7B_ 5�C�J68K7�<�` `KCFA9J6IN56V�GHC}G9_68k:*C�U�7BG9A98 <�>OQNI,568K7 c��4C�5Th�8 ABVF8 56`K8wIN7a<�`P_6I,8	hF8KJ U�_68K5 GH_�8
A98KQ�<[G9INh�8fQNI,568 <�AaA98K79I,J�3*<�Q1_*<�7�Eq8K8 5�E�A9CF36V�_TG�E$8 Q,C�U�<uM6A98K79`KA9I,E$8 J�GHCFQN8 A9<�56` 8[n�GjR�M6I,` <�Q,Q�R

10−7 c
248K`\<�367B8�GH_68�7BCF36A9`K8�GH8 AB>O7gM6A98K798 5"GiI,5rG9_68�Q,C�`\<[QpA98K79INJ63*<�QN7 ��-[«��¤_*<\hF8?<y79INVF56I��*`\<�5"GWIN>OM6<�`KGgCF5
GH_�8v` CF5�J6ING9I,CF56IN56V?C�X^GH_68��F<�` CFE�I�<�5�>�<[G9A9I�L�n$INGgI,7¤>OCFAB8S8	�?` I,8K5"GWGHCy`KCF5679INJ68 A¤CF5k` CF<�A97B8v>O8K79_68K7
<?�6A97BGt³jCFABJ68 A¤7BG9A98\<[>OQNI,5681J6I�¢�367BI,CF5�>O8	GH_6C�J~IN5�U�_6IN`P_~GH_�8�Q,C�`\<[Qb7BMq8K` IN8 7gAB8 7BI,J63*<[Q,7mCF56QNRa`KCF5"GP<�IN5
GH_�8y` CF5"h�8 `KG9INh�8	³jJ�IN¢q3679I�hF8z` C�5TG9A9INE63�GHINCF5oc 
W5{�*568y>?8 7B_68 7vU�_68KA98y`KCF5"hF8K`KGHI�hF8l³jJ6I�¢�367BINh�8	³jAB8\<�`	GHI�hF8
8K¢q8 `	GH7g<�A98�<�J68 �T3*<�GH8 Q�RaA98K79CFQ�hF8 Jr<[G¤G9_68S:*<�>O8WXYABCF5"G\n=GH_68i_6I,V�_�³jCFABJ68 A�8lL�M�A98 7B79INCF567 �%-[« �D>�<\RaE$8
367B8 Joc@�D_6I,7DM$CFIN5TGDU�INQ,QqEq8WXY36AtGH_68KAmJ�I,79`K36797B8 J�Eq8KQ,C�U1c


�56` 8i` C�5Th�8 ABVF8 56`K8�_*<[7¤E$8 8K5~<�`P_�I,8Kh�8 J�CF5~<;VFI�hF8 5�>?8 79_�n=<�5~<;M$CF7BG98 A9INCFA9I�8 7BG9I,>O<[GH8WC[XpGH_�8
5T36>?8 A9IN`\<�Q)8KA9A9C�A�I,7S8Kh[<�QN3*<[GH8KJ�<�5�J�GH_68OQ,C�`\<�Q)8 ABA9CFASI,56J�I,`\<�GHCFAB7

ηK
VFI�hF8 5wETR ��- ���i<[A98�3�798 J�G9C
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` C�567BG9A936`	GD<S5�8KU1n6<[J*<�M�G9INhF8KQNR;AB8K�*568KJon�3�567BG9A936`	GH36AB8 Jz>?8 79_�c(de_6I,QN8�G9_68¤�656ING98m8KQ,8K>O8K5TG�A98K79INJ63*<�QN7
rK,i

>�<\R;E$8gAB8\<�J6INQNR�8	h[<�Q,3*<�GH8 J�n�G9_68¤`KCF>?M63�GP<�GHI,C�5OC�X�GH_68mU48KI,VF_"GH7
wK,i

AB8 �T36INA98 7@GH_68¤79CFQN3�GHINCF5;C�X
GH_�81XYC�Q,Q,C�U�IN56VvQ,IN568\<[A9I,7B8 JzJ636<�QoM6ABCFE6Q,8K> � 7B8 8K�

X ∈ R
(ns+4)∗nno 7 c G\c

∂UF
T ·X = Ψ ,

��«6©	�
U�_68KA98

∂UF
T J�8 56C�G98 7�G9_68rGHA9<�567BMqCF7B8rC�XWG9_68rQ�<[7BG �F<[` CFE6I,<�5µ367B8 JeI,5uGH_68~J*<�>?Mq8KJe¥¤8KUDG9CF5 � 7

>?8KGH_�C�J <�56J�U�_68KA98eGH_68eA c _oc 7 c
Ψ ∈ R

(ns+4)∗nno _*<�7|` CF>?M$CF568 5"G97
Ψi,j = J (φi,j)

XYCFA
1 ≤ i ≤ ns + 4

<�5�J
1 ≤ j ≤ nno

c|�D_68�56C�J6<�Q4h[<�Q,3�8 7;C�XmGH_68�J63*<�QD7BCFQ,3�GHI,C�5
ξ∗

<[A98yGH_�8 5
J6INA98 `	GHQ�R�A98K` C�hF8KA98KJµXYA9CF>�GH_68�` CF>?M$CF568 5"G97?C[XgGH_�8ah�8 `	GHCFA

X
cu¥¤C�G98�G9_*<[G�G9_68�`KCF>?M63�GP<�GHI,C�5*<�Q

8K¢qCFAtGDGHC?79CFQ�hF8 ��«6©	��I,7D>v3�`P_~Q,C�U�8 A
G9_*<�5aGH_*<[G�AB8 �T36INA98 JaGHC;CFE�GP<�IN5aG9_681J6I,7B` AB8KGH817BCFQ,3�G9I,CF5
U
c

�£/�� >!@ H 698IR�A G 6 H � > G S �
�j5�G9_6I,7{798 `	GHINCF5�U�8sJ6IN79` 3�797�CF3�Aw5T36>?8 A9IN`\<�Q;AB8 793�QNGH7Kc d{8��*AB7BG}IN5"hF8 7tGHINV"<[GH8|GH_�8µ5T36>O8KA9IN`\<�Q
M$8 ABXYC�A9>O<�56` 8�C�X$GH_�8g<�J6<�M�GHI�hF8�VFABI,J;A98	�*568 >?8 5"G�>O8	GH_6C�J6CFQNCFV�R�cp¥m36>O8KA9IN`\<�Q*8KA9A9C�A97)` CFABA98K79M$CF56J6IN56V
GHC¤h�<[A9I,C�367pCF3�GHM63�G¸XY3656`	GHI,C�5*<�Q,7p<�A984<�797B8 7B798 J?CF5;<g7B8 �T368K56` 8�C�X$<�J6<�M�GHI�hF8KQNRiA98	�*568 J�n"36567BG9A936`	GH36AB8 J
GHABI�<�5�VF36Q�<�GHI,C�567 cb�D_681A98	XY8 A98K56` 8W:=<[>O8�M�A9CFE6QN8 > ` CF5�79I,7tGH7DC�X¸<vABI,`P_zE6365�798 5a:=<�>?8�7tGHA93�`KGH3�A98�c)d{8
GH_�8 5y7tGH36J�R?GH_�8�I,5�:6368 56`K8gC�XoI,5�]B8K`KGHINCF5Oh�8 QNC�`KINGjR;M6ABC��*Q,8K74CF5�A9I,`P_OE636567B8 5z:=<�>?8m79_*<�M$8 7Kc@�pI,5*<[Q,QNR�n
U�8SIN5Th�8 7tGHI,VF<[GH81<�Q,8 <�5aE636567B8 5�:=<�>?8W7BGHAB36`KG936A98[c

� ������� &���� �����%�����w���W� � ���"!"�	#$����&��1���	� � � !����,� ���
d{8W8Kh[<�Q,36<[GH8�G9_681<�J*<�M�GHINh�8W>O8	GH_6C�J6CFQNCFV�R?CF5�<vA9IN`P_aE636567B8 5a:=<�>?8�c^�D_68WXYA98K79_�±

2

Z� gI,A4>OI�L�G936A98
` C�5TGH<�I,5�7

75 � _"R�J6A9CFV�8 5z<�5�J
5.2 � C\L�R�VF8 5yIN5O>?CFQN8
XYAH<�`	GHI,C�5on"` CFABA98K79M$CF56J6IN56VSG9C�<�5O8 �T36I�h�<[Q,8 5�` 8

AH<�GHI,C{C�X
7.2

c �j5�]B8 `	GHINCF5shF8KQ,C�` I�GHI,8K7�<[A98~V�INhF8K5µE"R
vb = vc = 120

`K>yZ[7Kc��pINVF36AB8r-{M�A98 7B8 5"GH7
I,7BC�GH_�8 A9>?7�<[56Jk>OC�Q,81XYAH<�`	GHI,C�5~I,7BC�`KCF5"GHCF3�A97gXYCFA¤79M$8 `KI,8 71±in�
W±�<[56J�± 
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cW�D_68�`KCF>?M63�GP<�GHI,C�5*<�Q
J6CF>O<�IN5ono<�7WIN5�<�Q,Q¸7936E�798 �T368K5"G�7BI,>v36Q,<[GHINCF567Kn�_*<�7WJ�I,>?8 567BI,CF567

Lr = 1.5
<�56J

Lz = 25
` >�cSd{8

CFE67B8 AthF8f<}` CFQNJ�J*<�A9�
�
CF5�8k` I,AB` 36>?79`KA9INEq8KJ�ETR�GH_68k`KCF56IN`\<�QNQNRu79_*<[Mq8KJ�M�A98 >?I�L�8KJe:*<�>O8�XYA9CF5"G\c

 gQ�GH_6C�36VF_rGH_�8vGH8 >?M$8 AH<�GH36AB8�Mq8 <��T71<[GWGH_68�`KCF568vG9I,MkQ,C�`\<�GH8 JkC�5�G9_68�7BR�>?>O8	GHAtRk<�L�I,7KnoING97�h[<�Q,368
A98K>�<[I,567)568 <�A9Q�R�` CF5�7BGP<[5TG
<�Q,C�56VWGH_68¤` CF568�hF8KABG98	Lqn�IN5�<�V�A98 8K>O8K5"G�U�I�GH_OG9_68g�4Q�<\h�I,5O<�56JOdeINQ,QNI�<�>?7
GH_�8 CFAtR�79I,5�` 8�GH_68?C�hF8KAH<�QNQ "£8	U�I,715T36>vE$8 A1XYCFAWC\L�R�V�8 5�IN71<�EqC�3�Gi3656INGjR}¨ ª�©K°�c?�D_68;:=<�>?8�Q,8 5�V�GH_on
J68	�*568 JOXYA9CF>�G9_68mMqCFIN5"G�C�5OGH_�8¤7tR�>?>?8KGHAtR;<�L�I,7)U�_68KA98¤G9_68�GH8 >?M$8 AH<�GH36AB8mAB8\<�`P_�8 74I�GH7)>O<�L�I,>v36>�n
I,7

1.26
`K>�<�56JOG9_68�:=<�>?8mQNINX�Gt³jC�¢¸nFJ68	�*568 Jy<�7@G9_68mQ,C�U48K7BG

z
XYCFA^U�_6IN`P_�GH_�8mG98 >?Mq8KAH<[G936A98�I,7@<�E$C�hF8

1000 � I,7
0.11

>?>�cv¶�C�7BG1C�X)GH_�8�_TR�J6ABCFVF8K5{IN7�56C�G1`KCF56793�>O8KJw<[GgGH_68�M6AB8 >?I�L�8 Jk:=<[>O8�XYABCF5"G\n
E63�GOJ6I�¢�367B8 7OAH<�J6I,<�Q,Q�R{G9Cw`KA98\<�GH8�<�5sCF3�GH8 A?J6I�¢�367BI,CF5|:=<�>?8aU�_68 AB8~ING?E63�A9567?U�INGH_|GH_�8~C\L�R�V�8 5
793�M6M6Q,IN8 J�ETR|G9_68~<[I,A;` C�:6CxU1ce�D_6IN7OM�_68 56C�>O8K56CF5sIN7O`KQ,8 <�A9Q�R�h�I,79INE6Q,8aIN5uG9_68~±´<�56J 
1± >?CFQ,8
XYAH<[`KGHINCF5zI,7BC�`KCF5"GHCF3�A97 c

d{8WI,5"hF8K7BGHINV"<[G98�«v7BG9AH<[G98 VFIN8 74XYC�AD<�J*<�M�GHINh�8�8 ABA9CFA4` CF5"GHABCFQ�E6<�798KJ�C�5yXY3656`KG9I,CF56<�Q,7�C�X£GH_68gGjR�M$8
��-�® �¸<�5�JvI,QNQ,367tGHAH<�GH8 JiI,5S�*VF36AB8
ª�cbdw8
M�A9CFM$CF798@GHC�`KCF5"GHABCFQ�8KA9ABCFA97(C�5v8 I�GH_68KA¸GH_�84GH8K>OM$8 A9<[GH36AB84C�hF8KA
793�EqJ6C�>�<�IN5

[0, 0.66] × [0, 1.5]
n6CFA
G9_68i±²>?CFQN8gXYAH<�`	GHINCF5zC�hF8 Am793�EqJ6C�>�<�IN5

[0, 0.5] × [0.19, 0.21]
n

CFA�G9_68 
W± >?CFQ,8?XYAH<�`	GHI,C�5�C�hF8 A;7B36EqJ�CF>�<[I,5
[0.25, 0.35] × [0, 1.5]

CFA�G9_68z± 

2
>?CFQ,8?XYAH<�`	GHI,C�5

C�hF8KA�793�EqJ6C�>�<�IN5
[0, 0.4] × [0, 0.2]

�Y3656ING97OIN5s`K> �lc��j5µ<�QNQm` <�798K7 n
G9_68r<�J6<�M�GHI�hF8�M6A9C�` 8KJ636AB8~I,7
7BGH<�ABG98 JrU�I�GH_�<�5rIN56ING9I�<�Q¦`KC"<�AB798�36567tGHAB36`KG936A98KJ�G9A9I,<�56VF36Q,<[GHINCF5�` CF5"GP<[I,56IN56V~©x¬ � ��56C�J68 7�<�56Jf- �"¬�«
8 QN8 >?8 5"GH7 ��7B8 8��*V�36A98�ª��	c��D_6I,7S>O8K79_�IN7S`KCF567tGHA93�`KGH8KJ�U�ING9_whF8KABR{Q,INGBGHQN8;<~M6A9INCFA9I^�T56C�U�QN8 J6VF8�CF5
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������� ê����Kí � |~d�§ e�f\vÌkTk~da|~r�ñ�n�kz¨½rg�ld�k~nqf\|~§ �T}�pOy §*d�egf�vx|o}�c�klrgd�p�rt�Id{c\d�p�kld�uq|~� vxd�|-�Ihifzc\r�fm�T�B`��2�}�pOy?��� 2 � |~rgconüóquOpO�Ifzp?õ9}�§�f � h9fm} ����}�eguqfz�0}�|~f�|lfm�Ihifzc�klrg��fze�j 2038 �*` 1.74 f\�¥¢q` 1.07 f\�¥¢7}�pOy
4.39 f\��� � k~nqf�hqegd�kIk~r�pOñ�y{d�§ }�rgp7rg� [0, 1.5]× [0, 2] r�p4c\§
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	�	�	�	�	�	�		�	�	�	�	�	�		�	�	�	�	�	�		�	�	�	�	�	�		�	�	�	�	�	�		�	�	�	�	�	�		�	�	�	�	�	�	

�
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��������������������������������������������� OH

H

HO2

0.25 0.35 0.5

0.21
0.19

1.5

T
1.5

0.66

0.2

0.4

������� ê���
Xí �¥ege�u9�;k~|~}�klrgd�p �xpqd�k�r�pü�lcz}�egf�
)d�v�klnOf0vxd�uq|�p�uq§*f\|~rgcz}�e �Ikl|o}�k~f\ñ�rgfz�)vxd�|�}�yq}�h{klrg��f�f\|~|ld�|c�d�p�k~|ld�e�}�pOy¦r�pqr�klrt}�e»c�d�}�|~�lf)kl|~rg}�pqñ�uqet}�k~r�d�p
GH_�81:*<�>O8g7BGHAB36`KG936A98[c��j5zG9_681EqCF3�56J*<�AtRy>?8 79_z�*QN8�n�U�8179IN>OM6Q�R�7B8KG

h
G9C

0.05
>?> <[GDG9_68WE636AB568 A

Q,INMonoGHC
0.3

>O>�<�GSG9_68;Q,C�U48KASQN8KX�G1`KCFA9568KA�<[56J{G9C
4

>?>�<[G1GH_68?36M6M$8 AS<�56J{A9INVF_"G1EqCF3�56J*<�ABI,8 7Kc
�D_68OE*<�`P�TVFA9C�3656J}>?8 79_{�*Q,8;XY36ABG9_68 AiI,>?M$CF798K7�<�J68 7BI,A98KJ�>?8 79_w79I

�
8OC[X

h = 0.4
>?>�<[GSMqCFIN5"GH7

(0.2, 0.8)
<[56J

(0.3, 1)
` >�IN5679INJ68�G9_68;` CF>?M63�GH<[GHINCF5*<�Q¸J6CF>O<�I,5oc��*CF36A�QN8KhF8KQ,71C�X�A98	�*568 >?8 5"GS<�AB8

GH_�8 5a<�J*<[M�GHI�hF8 Q�R�`KCF567tGHA93�`KGH8KJaETRO367BI,56VvG9_68�8 ABA9CFA�XY3656`KG9I,CF56<�Q,7@J68 M�I,`KG98 JzIN5��*VF36AB8Wª�c)¥m36>O8KA9IN`\<�Q
A98K7936Q�GH7m<�AB8W7936>?>�<[A9I,7B8 JaI,5zGH<�E6Q,8�©�c

� ± 
W± ± 

2Q,8	hF8 Q 56C�J68 7 8KA9A9C�A 56C�J�8 7 8 ABA9CFA 5�C�J68K7 8 ABA9CFA 56C�J68K7 8KA9ABCFA

� ©x¬ � � ©�c -F-�8	³P© ©x¬ � � ��c ª"¬[8l³t¬ ©x¬ � � ©Fc���©\8l³+ª ©x¬ � � ©Fc ª ��8	³�«
© -�¯F-�­ ¬�c ¬F¬�8	³t- -F¬�©�© «6c ­F­�8l³t¬ -�¯ � � ¯�c ¯"-[8l³j« ©�¯ ��© ª�c ® ��8	³+¬
- ¬ �[«"¯ -�c ®�­[8	³t- «"­F¯F® -�c ªFª�8l³t¬ ­ �"¬�­ «6c ª"®[8l³j« -F®F®�© ©Fc -F¬[8	³+¬
ª ©�ª ��¯"® ©�c «��[8	³t- ©	�Fª � � ©Fc -�ª�8l³t¬ ©\«"¯�«F« -�c ª�«F8l³j« «�� �F­ «6c ­F­�8	³j­
« ª�«T¬�®F® ®�c ­ �[8	³+ª -F¬�ªF¯F® ­�c ®�ª�8l³+­ ª"®F¬[«�� ©Fc ªFª�8l³j« ©�©�­FªF¯ -�c�©\«F8	³j­

� ë{ç���� 	9í � uq§0ó9fz|Zd�vKpqd{y{fm�Dd�v }�yq}�h{k~r���f\egjañ�f\pqfz|~}�klfzy `�uqpO�Ikl|~uOcÍk~uq|~fzy�§*fz�lnqfz�T}�pOy*}�hid��Iklfz|lrgd�|~rf\|~|ld�|Tfm�;k~r�§ }�k~fz��ó9}��lfzy¦d�p¦vxd�uq|�y{r � f\|~f\p�k!�;k~|~}�klfzñ�rgfz�Tvxd�|�fz|l|~d�|-c�d�p�k~|ld�e
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�D_*<�5���7�GHC1GH_68¤8 A9ABCFA@E*<�Q�<[56` IN56V1>O8	GH_6C�Jon"GH_68¤5T36>vE$8 A@C�X¦56C�J68 7@I,7@I,5�` A98 <�798KJ�M6ABCFVFAB8 797BINh�8 QNR
XYA9C�> CF5�8z>O8K79_}GHCrG9_68z568	L�G;�*568KA�CF568[cw�D_68zA9<[GHINCrI,5�G9_68z5T36>vE$8 A�C�Xm56C�J68 7�C�5u7B36E67B8 �T368 5"G
GHABI�<�5�VF36Q�<�GHI,C�567)VF8 568KAH<�QNQNR?AH<[56VF8 74Eq8	GjU48K8 5aGjU4C;<�5�JyGH_6AB8 8�c)�D_6IN7
AH<�GHI,CS`\<�5zE$8�`KCF>OM6<�A98KJyGHCvGH_�8
CF568SCFE�GH<�I,568KJ~E"R�3656I�XYCFA9> AB8K�*568K>O8K5"GWC�X^7tGHA93�`KGH3�A98 Jk>?8 7B_68 7Kn�5*<[>O8KQNR

4
c��D_68�8 A9ABCFAm8 7BG9I,>O<[GH8K7

J68K` A98 <�798z7tGH8 <�J6I,Q�Rf<�56J}<[A98�E�A9CF36V�_TGvJ6C�U�5wGHCrQN8Kh�8 Q,7S` CF>?M*<[G9I,E6QN8�U�INGH_{GH_68z¥m8KUDG9CF5wGHC�Q,8 A9<�56`K8
U�ING9_6I,5WXYCF3�A¸<[J*<�M�G9INhF8)AB8K�*568K>O8K5"Gp7tGH8 M�7 c�"¦8KGBGHIN56V

nnol

J68K56C�G98@G9_68�5T36>�Eq8KAbC[X656C�J68 7bI,5WG9_68�>?8 7B_
<[GDAB8K�*5�8 >?8 5"G�Q,8	hF8 Q

l
n
0 ≤ l ≤ 4

n�<�56J
errl

GH_�8�` CFABA98K79M$CF56J6IN56V�8 7tGHI,>O<[G98 Jy8KA9A9C�A n*<�`KCF5"hF8KA9VF8K56` 8
CFABJ68 A

σ
>�<\R�Eq818Kh[<�QN3*<[G98 JzXYA9CF>·GH_6818	L�M6AB8 7B79I,C�5

σ =
log(errl−1/errl)

log(nnol/nnol−1)
.

��«T- �

�*CFAyQNI,568 <�A��*56I�GH8k8KQ,8 >?8 5"G97z7BGP<[E6I,QNI,798KJ�E"RµGH_68k7tGHAB8\<�>?Q,IN568rJ6I�¢�367BI,CF5s>O8	GH_6C�Jon�<�`KCF5"hF8KA9VF8K56` 8
CFABJ68 A

σ = 3
4

I,748	L�Mq8K`KG98 J�XYC�A4GH_68g8 A9ABCFADI,5OGH_68
L2 ³j5�CFA9>�c �^A9C�h�I,J68KJzGH_68WJ636<�Q�M6ABCFE6QN8 > I,7
7BCFQNh�8 J

U�ING9_}793��?`KI,8 5"G;<[` ` 3�AH<�`	RFn)GH_68y79<�>?8yCFA9J�8 Av7B_6CF36QNJ�Eq8�I,5}M6ABI,56`KI,M6QN8OCFE�798 AthF8KJuXYCFA�<rMqC�7BGH8KA9INCFA9I
8 7tGHIN>�<[G98 7¦C�X�XY3656`	GHINCF5*<�QN7¦<\hF8 A9<�VFIN56V
GH_68)8KA9A9C�A¦Cxh�8 A¸<D7936E$J6CF>O<�I,5�cb�4CF5"hF8 ABVF8 5�` 84C�A9J68KA97£CFE67B8 ABh�8 J
5T36>?8 A9IN`\<�QNQNRy<�A98iA98KMqCFAtGH8KJrI,5aGP<�E�Q,8S-;XYCFA�GH_�8ih[<�ABI,CF367DXY365�`KGHINCF5*<�QN7 cD�*CFAm<�QNQoXY3656`	GHI,C�5*<�Q,7Kn=7936M$8 A+³
` C�5Th�8 ABVF8 56`K8aI,7vCFE�798 AthF8KJ�CF5�G9_68y`KC"<�A97B8 Av>?8 7B_68 7;<[7�<rA98K7936Q�G�C�X�79IN>v36Q�GP<�568KCF367SI,>?M6A9C�hF8K>O8K5"G
C�X^M�A9I,>O<�Q£<�5�JrJ63*<�Q£AB8 79C�Q,3�G9I,CF5~<�7mG9_68�>?8 7B_rI,7¤<�J*<[M�GHI�hF8 Q�RaA98	�*568 J�c 
�5�G9_68S�*5�8 Ag>?8 7B_68 7Kn�GH_�8
` C�5Th�8 ABVF8 56`K8�CFABJ68 A�IN7D` Q,C�798�GHC;GH_�81h[<�QN368�8lL�M$8 `	GH8KJ~GH_68KCFA98	GHIN`\<�QNQNRFc

Q,8Kh�8 Q © - ª «
� ©Fc ª � ��c���« ��c ® � ��c ­"®
± ©Fc ¬[« ©Fc�©F© ��c ¯ � ��c ­F¯

1± ©Fc ª"® ��c���© ��c ® � ��c ­ �
± 


2
®�c ª"® -�c�� � ©Fc ­F® ��c��"-

� ë{ç���� �Kí �Td�p���fz|lñ�f\pOc\fTd�|~y{fz|~�Ld�óO�lf\|~��fzyap�uq§*f\|~rgcz}�ege�javxd�| fz|l|~d�|½vxuqpOc�klrgd�pO}�eg�Zc�d�p�k~|ld�e�egr�pOñ2fzr k~nqf\|klnqf.k~f\§*h9fz|~}�kluq|~f.d�|�klnOf���` �2� d�|�� � 2 §*d�egf.vx|~}�cÍklrgd�p

�pINVF36A98S«yM6AB8 798K5"GH7WGH_68v<�J*<�M�G9INh�8�n�3�567BG9A936`	GH36AB8 J�>O8K79_68K7WVF8 5�8 AH<�GH8 J�<�G�Q,8	hF8KQ
l = 2

XYCFA¤G9_68
XYCF36A@XY3656`	GHI,C�5*<�Q,7Kc¸d{8�CFE67B8 AthF8�GH_6<[G
QNC�` <�Q*>O8K79_zAB8K�*568K>O8K5"GDC�`K` 36AB7D<[G��T36ING98�J6IN¢q8 AB8 5"G
QNC�` <[GHINCF567
J68KMq8K56J6I,5�V�CF5�G9_68kGP<�ABVF8KG98 J�79CFQN3�GHINCF5�` CF>?M$CF568 5"G c·�*CFA�8 A9ABCFAa` CF5"G9A9CFQWCF5�G9_68kGH8 >?M$8 AH<�GH36AB8
C�hF8KA�GH_68vU�_6C�Q,8�:=<[>O8[no>O8K79_�A98	�*568K>O8K5TG1C�` `K36A971<[EqC�hF8�G9_68vE636AB568 AWQNI,M67KnoI,5�79I,J�8SGH_�8�M6A98K>OI�L�8KJ
` C�568~hF8KABG98	L�<�5�Je<�Q,CF5�V{GH_�8~GHA9<�I,QNI,56VfJ6IN¢q367BI,CF5u:=<�>?8�c��D_68�<�J6<�M�GHI�hF8r>?8 7B_�E*<�7B8 J�CF5�8KA9A9C�A
` C�5TG9A9CFQ¸XYCFA¤G9_68 
W±�>OC�Q,8SXYA9<�`KG9I,CF5~_*<�7W<y`KCF>OM6<�AH<�E�Q,8�5T36>�Eq8KAWC�X@56C�J�8 7�E$8 ` <�36798�G9_6I,7�A9<�J6IN`\<�Q
I,7?hF8KABRµ7B8 567BING9INhF8rG9CwGH_�8~GH8K>OM$8 A9<[GH36AB8rM6ABC��*Q,8[c��D_68�<�J6<�M�GHI�hF8r>?8 7B_µXYCFAy± 8 A9ABCFA�`KCF5"GHABCFQgIN7
793�E67BGH<�5"GHI�<[Q,QNR;J�IN¢q8 A98K5"G4XYA9C�>�G9_68gM�A98Kh�INCF367�GjU�CvGHABI�<�5�VF36Q�<�GHI,C�567)<�56Jz<[Q,79CiXYA9CF>�G9_68g7B_*<�M$8�C�X¦GH_�8
±�>OC�Q,8gXYA9<�`KG9I,CF5aI,7BC�`KCF5"GHCF3�A97 c^�j5�J68 8KJonqE$8 ` <�367B8SC�X¸>v36Q�GHIN` CF>?MqC�568 5"GD`P_68K>OIN7BG9ABRz`KCF36M6QNI,56VF7Kn�GH_�8
<�`K` 36A9<�`KRw<�`P_6IN8KhF8KJ�XYCFA1GH_68�±·>?CFQ,8�XYAH<[`KGHINCF5f7BGHABCF56VFQ�R�J68 M$8 5�J67�CF5{G9_68�AB8 7BCFQ,3�G9I,CF5{C�X
h[<�ABI,CF367
AH<[J6I,` <�Q(M6ABC��*Q,8K71I,567BI,J68vG9_68OM�A98 >?I�L�8KJ{`KCF568�hF8KABGH8lLqcy�D_6I,71IN5�XYCFA9>O<[G9I,CF5�I,71I,56J�8 8 Jf`\<[M�GH36AB8 J{ETR
79C�QNh�I,56V1GH_�8¤J636<�Q=M6A9CFE�Q,8 >�nTE63�G�56C�G�INX�Q,C�`\<�Q67BCFQ,3�GHI,C�5OAB8 79INJ63*<�QN7^U48KA98�367B8 Jy7BCFQ,8KQNR�cp�D_68g<�J*<�M�G9INh�8
>?8 79_wE*<�798KJ�CF5}±�


2

8 ABA9CFAi` CF5"G9A9CFQ@` CF5�` 8 5"G9AH<[G98 7v>?CF7BGSC�XDI�GH7iJ68 V�A98 8K7vC�X
XYAB8 8KJ6CF>�<�E$Cxh�8�GH_�8
E636AB568 A1QNI,M671<�5�J{IN5rGH_68?36M67tGHA98 <�>�M*<[ABGiC�X@GH_68;` C�568�hF8 AtGH8lL�<[56JkGH_68�GHA9<�I,QNI,56V�J6IN¢q3679INCF5r:=<�>?8�c
�*36ABG9_68 AWJ�CxU�5�7BGHAB8\<�>�n¦GH_68?±�


2

A9<�J6I,` <�QpIN7W` CF5�7936>?8 J{<�56Jf<z` C"<[A9798KA1>O8K79_�>�<\R~Eq8�367B8 Joc;�bC
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������� ê�� � í �!pO�Ikl|~uOcÍk~uq|lfmy §*fm�Inqfm�*ñ�fzpqf\|o}�k~fzyà}�vÌklfz|*klnqf4�lfzc\d�pOyà}�yq}�h{klrg��fN|~f�ýOpOf\§*f\p�k��;k~f\h �vx|ld�§=e�f\vÌk�kld |~r�ñ�n�kz¨½klfz§�hif\|o}�k~uq|~f�`q��` �2�þ}�pOyN� � 2 f\|~|~d�|-d�u{k~hqu{k�vxuqp9cÍklrgd�p9}�et�

0 0.1 0.2 0.3 0.40.05 0.15 0.25 0.35

0

0.01

0.005

0.015

0 0.1 0.2 0.3 0.40.05 0.15 0.25 0.35

0

0.01

0.005

0 0.1 0.2 0.3 0.40.05 0.15 0.25 0.35

0

-41. 10

-55. 10

-41.5 10

0.1 0.20.15

0

-41. 10

-55. 10

-41.5 10

������� ê���� í �{d�egu{klrgd�p hq|~d�ý9e�fm�Z}�egd�pOña�Ifze�fmcÍk~fzy*egr�pqfm�T}��Zc\d�§*hqu{k~fzy�y{uO|lrgpqñ�k~nqf)}�yq}�h{k~r���f�hq|~d{c�fz�~� �vx|ld�§ e�f\vÌk.kldN|lrgñ�n�km¨2� §*d�egf�vx|~}�cÍk~r�d�p
}�k z = 2 §*§N`��2�,§*d�egf�vx|~}�cÍk~r�d�p
}�k r = 3 §�§N`½� � 2§�d�e�f2vx|o}�c�klrgd�pN}�k z = 0.5 §*§ }�p9y¦}*�zd�d�§=d�v»klnqf���� 2 hq|~d�ý9e�f
793�>´3�Mon*U48S>�<\RzAB8 ` C�>O>?8 56J�GH8K>OM$8 A9<[GH36AB81CFA 
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I,7�<�QN79C�7BI,VF56I��*`\<[5TG9QNRO>OC�J6I��*8 JzE"RzGH_�8

I,5x]B8 `KG9I,CF5�h�8 QNC�`KINGHIN8 7 ��M$8\<��wh[<�QN368 7�IN56` AB8\<�7B8yU�ING9_
vb

<�56J
vc

�	cw�D_�8�>?CF7tG;I,>?MqCFAtGP<�5"G�`P_*<�56VF8K7
<�AB8iC�E6798KABhF8KJ~XYCFADGH_�8�±�M6ABC��*Q,8i<�QNCF56V�GH_�8i7tR�>O>?8KG9ABRaQ,IN568gU�_68KA98S`P_*<�56VF8K7¤E"R�<�X�<�`KG9CFADC�X(«O<�AB8
CFE�GH<�I,5�8 Joc

�j5aCF36AD7B8 ` C�56Ja8	L�Mq8KA9IN>O8K5TG n�U�8i`KCF567BI,J68KA
GH_68�XYCFQNQ,C�U�I,5�VSh[<�Q,3�8 7
XYCFA4G9_68WI,5x]B8 `KG9I,CF5OhF8 QNC�`KING9I,8 7

vb = 120
` >�Z[7

, vc ∈ { 30, 60, 90, 120 }
` >�Z[7
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������� ê����Xí � |ld�§=e�f\vÌk�kld*|~r�ñ�n�km¨Lrg�ld�k~nqf\|~§ ��}�pOy¦§*d�egf)vx|o}�c�klrgd�p7rg�ld{c�d�p�k~d�uq|o�Zvxd�|��lh9fmc�rgfz����` �2�}�pOy
� � 2 � egfz}�p
óquqpO�lf\p$õ9}�§*f � h9fm} �4��}�eguqfm�2}�|lf0|lfm�Ihifzc�klrg��fze�j 1718 �*` 9.86 f�� �q` 6.95 f��;¢ }�pOy
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M6A9C��6Q,8 7�J68 `KA98 <�798gU�_�8 5

vc

I,7mJ6I,>?I,56IN79_68KJ�E�3�G�GH_�8�`P_*<�5�VF8 7W<[A98�QN8 7B7�I,>?MqC�ABGP<[5TG�G9_*<�5rIN5�GH_�8�M6AB8Kh�I,CF3�7�8	L�M$8 A9IN>O8K5"G\cg ¤Q,Q
GH_�8S:=<�>?8�7tGHAB36`KG936A98K7�M6A98K798K5TG98 J�I,5�GH_6IN7¤7B8 `KG9I,CF5~_*<\hF8vE$8 8K5kCFE�GP<[I,568KJ~367BI,56Vz<O7BGHA9<�I,V�_TGBXYCFABU4<�ABJ
` C�5TG9I,5T3*<[G9I,CF5fM6ABC�`K8 J636AB8�c��*CF36AWGHCa�6h�8y7BG98\<�J�R{¥m8KUDGHC�5�ING98 AH<�GHI,C�567�U48KA98O793��?` IN8 5"G�G9Cr<�`P_�I,8Kh�8
` C�5Th�8 ABVF8 56`K8SXYABCF> CF5�81:*<�>O8W7tGHAB36`KG936A981GHC�GH_�8i5�8	L�GgC�568�c

� ��� ��� �,�9���f� �������	�S
D�������	� �l� �	�����P�
�j5�GH_�I,7�7B8 `	GHI,C�5�U48zIN5Th�8 7tGHI,VF<[GH8z<�Q,8\<[5�E636567B8 5}:=<�>?8�7tGHAB36`KG936A98[c{�D_68OXYA98 7B_u±
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Z[ ¤I,AS>OI�L�G936A98
` C�5TGH<�I,5�7

20 � _TR�J6ABCFVF8K5;<�56J
16.8 � C\L�R�VF8K5�I,5i>OC�Q,8^XYAH<�`	GHINCF5on�`KCFA9AB8 7BMqCF5�J6I,56VmGHCg<�5v8 �T36I�h[<�Q,8K56` 8

AH<�GHI,C{C�X
0.595

c��j5�]B8 `	GHI,C�5µhF8 QNC�`KING9I,8 7�<�A98~798KG�GHC
vb = vc = 160

` >�Z[7Kc²�pI,VF3�A98r¯�M�A98 7B8 5"GH7
I,7BC�GH_�8 A9>?7�<�56J�>?CFQN8�XYA9<�`KG9I,CF5�I,7BC�`KCF5"GHCF3�A97aXYCFAa79M$8 ` IN8 7k±in 
1±�<�56J�± 
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5T36>vE$8 AbC�X*_"R�J6A9C�VF8 5�U�_�I,`P_�IN7¸QNC�U48KAbG9_*<�5�C�568g¨ ª�© °%cp¶�CFQ,8)XYAH<[`KGHINCF567¦XYCFAb±u<�56J 
W±|Mq8 <��179QNI,VF_"GHQ�R
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