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ì�æ#ó8ä�ï�Ö�ä8êPó2Û4ûNèÉê½ã'ä¨ïKä��#ò'äMô>Ö�ð©äBðSç�ô·ô¬æ�ô·ð�æ;ý�ï�åtæ�ñ�äIç·åtù�ô�ç»ó8ç·ê½ô�ýpê½ã'äBì)é�ô�ô·é"ðSç�è�ü�æ�ïFïKò'åcù�ê½ç�é�è07
9n(#:%�Å������*��*U;�ÑV;�Ñ�W 5I@ 0�-*-

h J .�?�3 .,@(' 0�2YX�+
- 0�. ' 5�2 Th
' %<K 5�)ZD�0�. '\[>- 3 F '*.�? .�?�3]D�0I@(. '*. ' 5�2

Ω = ∪L
l=1Ωl

'*2N.�?�3�%>3>2�%>3 .G?�0�.
.G?�3 '*2�. 3A@(' 5$@ 5 H 0�2�8 .,@(' 0�2YX�- 3

T ∈ Th
?�0�% 0 245�243>)ZD . 8 '*2.13^@6%>3MKL. ' 5�2 F '*.�?N5�2�- 8�5�243,5 H .�?�3�%(+L[M_ 5�)�0�'*2�%
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� � | ��� m��r| ����� m q�m ���
	��� mro
� ��� |iq � m
�
�'é�î%æBêFî½ç»æ2è'ü�ô�ä

T ∈ Th
Ö
ô�ä8ê

hT
õÅä�ç�êPï%ø�ç»æ2åtä8êFäMî�æ2è'ø�ï½ä8ê

h = maxT∈Th
hT
Û 5¬ä8ê Eh

æ2è'ø E i
h

ø�äMè�é�ê½ä�îFä�ï½ù¹ä�óHêFç·ë#äMô�ý¨êFã�ä
ï½ä8êSé2ì�ä�ø�ü#ä�ï�æ2èÅøXç�è
ê½äMîFè'æ�ô¹ä+ø�ü�ä+ï�ç·è Th

Û �'é�î�æ�èXä�ø�ü�ä
e ∈ Eh

Ö�ô�ä8ê
he
õ¹äBç�êPï�ô·ä�è�ü2êFã�Ö�æ2è'ø&ô�ä8ê Te

õ¹äBê½ã'äBï½ä8êSé�ì�äMô�äMåtä�è#êPï
ç�è Th

ó8é�è
êPæ2ç�è�ç·è'ü
e
Û ��é#î¨æ2è_äMô�äMåtäMè
ê

T ∈ Th
Ö�ô·äMê ET

õ¹ätê½ã�äpï½ä8êxé�ì©ä�ø�ü�ä�ïBõ¹äMô�é�è'ü�ç�è�üÉê½é
T
Û���é�î

e ∈ Eh
Ö�óPã'é
é
ïKätæ

ò�è'ç�ê�è�é#î½å�æ�ôÅë#ä�óHêFé�î
ne
Û���é#î�æÆù'ç·ä+ó8äMðSç»ï½äBóMé�è
ê½ç�è�ò�é�òÅï%ì)ò'è'óHêFç·é#è

ϕ
é#è Th

Ö
[ϕ]e

ø�äMè'é2ê½ä+ï©ê½ã�ä � ò�åtùné2ì
ϕ
æ�óMî½é
ï½ï

e
ç·è&ê½ã'ä

ø�ç�îFä�óHêFç·é#è&é�ì
ne
Ö'ðSç�êFã&êFã�ä¨ó8é#è�ë�äMè
êFç·é#èpê½ãÅæ"ê9æ,#Mä�î½écé�ò�êFäMîSë"æ2ô�ò�äxç»ï�êFæ�ñ�äMè&ì)é�îSä+ø�ü�ä+ïSó8é#è#êPæ2ç�è�ä�ø&ç�è

∂Ω
Û

A�ä�ó�æ2ò'ï½äxé2ìRã�ý�ù¹é2ê½ã'ä�ï½ç�ïIÙ�Û/Ù�ÖÅê½ã�äcó8é�äLKpó8ç�äMè
ê
k
ç�ï�ó8é#è'ï6êPæ2è
ê9é#è

T
æ2è'ø�ç·êFï�ô�é�ó�æ2ô�ë;æ�ô·ò'ä¨ðSç·ô�ôbõÅäcø�äMè'é2ê½ä+ø�õ�ý

kT
Û ��é#î

e ∈ Eh
ï½ò'óPã&ê½ã'æ2ê

e = T ∩ T ′ ðSç·ê½ã T
æ�è'ø

T ′ ç·è Th
Ö�ð�äBï½ä8ê

ke = 1
2 (kT + kT ′)

æ2è'ø
k+

e = max(kT , kT ′)
Û

��ç�è'æ2ô�ô·ý#Ö
c
ïKã'æ�ô·ô�æ�ô·ð�æ;ý�ï©ø�äMè�é�ê½ä¨æcùÅé
ïKç·ê½ç�ë�äxóMé�è'ïKêFæ�è#êSðSã�ç»óPãÉè�äMç·ê½ã�ä�î9ø�ä�ùÅä�è'ø�ïSé#è

h
è'é�î�é�èÉê½ã'äxîFæ2ê½ç�é

kmax/kmin
Û

��� ��� o�����]-�+3)$���4�.�8%*& ���Z�
	 "���� &(�
?_äXï½äMäMñ�ê½ã�äÉø�ç»ï½óMî½äMê½ä�ë�ä�ô·é�óMç�ê6ý_ç·èhêFã�ä

Hdiv(Ω)
�±óMé�è�ì)é#î½åtç�è�üEC�æ;ë�ç»æ2î½ê;�Nâ�ã�é�å�æ�ïR
'è'ç�êFäXäMô�äMåtä�è#êcïKù'æ#ó8ä

RT 0(Th)
é2ì

ô�é"ð©ä+ï6ê �>é#îFø�äMî�æ2è'øXê½ã�ä¨ø�ç�ïFó8îFä8êFäIù'î½ä+ï½ï½ò�îFä�ç�èÉê½ã�äxè�é#è'ó8é#è�ì)é�îFåtç·è'ü �©îFé�ò�#�äMç �7�1C�æ;ë�ç»æ2î½êE
'è'ç�êFäxäMô�äMåtäMè
ê�ïKùÅæ�ó8ä

P 1u�l ,0(Th) = { vh ∈ L2(Ω); ∀T ∈ Th, vh|T ∈ P 1(T ); ∀e ∈ Eh,

∫

e

[vh]edσ = 0 } ,

ðSã�ä�î½ä
P 1(T )

ç�ïIêFã�ä�ïKù'æ#ó8äcé2ì�ùÅé#ô·ý�è�é#åcç»æ2ô»ïIé�è
T
ðSç·ê½ãhø�äMü#î½ä�ä ≤ 1

Ûgâ�ã�äcê½îFç»æ2ô�ì)ò�è'ó8ê½ç�é�è'ïBì)é#îIê½ã�ätù�îFä�ïFïKò'î½ätæ2è'øÈê½ã�ä
ë#äMô�é�óMç�ê6ýgæ2îFä©õ¹é2êFãgêPæ2ñ#äMècç·ècê½ã'ä�ïKù'æ#ó8ä�é2ì¹ù�ç�ä�ó8ä�ðSç�ï½äSó8é#è'ï6êPæ2è
êbì)ò�è'ó8ê½ç�é�è'ï

P 0(Th)
Û4â�ã�äSîFä�ï½ò�ô·ê½ç�è�üBè�é�è'óMé�è�ì)é#î½åtç�è�üIåcç ��ä�ø


'è'ç�êFäxäMô�äMåtäMè
ê9ø�ç»ï½óMî½äMê½ç$#�æ2ê½ç�é�èXé�ì � ×�Û �f��ó8é#î½îFä�ï½ù¹é�è'ø�ï©êFégêFã�äA
'è�ç·ê½äxë#é�ô�ò�åtäBõÅé(�&ïFóPã�ä�åcä





��ç�è'ø
(jh, uh) ∈ RT 0(Th) × P 1u�l ,0(Th)

ï½ò'óPãÉê½ã'æ2ê

a(jh, qh) + bh(qh, uh) = 0 ∀ qh ∈ (P 0(Th))d ,

b(jh, vh) = (f, vh)0,Ω ∀ vh ∈ P 0(Th) ,

� Ù�Û �f�

ðSç·ê½ãÉê½ã'äxõ�ç·ô�ç�è�ä�æ�î�ì)é�îFåtï

a(jh, qh) = (jh, qh)0,Ω , b(jh, vh) = (∇ · jh, vh)0,Ω , bh(qh, uh) =
∑

T∈Th

kT (qh,∇uh)0,T .
� Ù�Û �	�

â�ã�ä�è�ò�åtä�î½ç»óMæ�ôRæ2è'æ�ô·ý�ï½ç�ïIé2ìSïFóPã�äMåtä � Ù�Û �	�9ãÅæ�ïBõ¹äMäMè\ù¹äMî½ì)é�îFåtä�øVç·è ��×M���Rç·è_ê½ã'äpóMæ�ï½äté2ì�ó8é�èÅï6êPæ2è
ê¨ó8é�äLKpó8ç�äMè
ê
k
Û �'é�ô �

ô�é"ðSç·è'ünï½ç�åcç�ô»æ2îxæ2îFü�ò�åtä�è#êPïMÖ¬ç�ê¨ç»ïBä�æ#ïKç�ô·ýVïKã�é"ðSèVê½ãÅæ"êxê½ã'äpø�ç�ïFó8îFä8êFätù�î½é#õ�ô�äMå � Ù�Û �f��ç�ï¨ð©ä�ô·ô4ù¹é#ï½ä�ø³Û �'ò�î½ê½ã�ä�î½åté�îFä�Ö¬ç�ê¨ç»ï
ïKê½îPæ2ç�ü�ã
êKì)é#î½ð�æ2îPøcê½é�ë#äMîFç�ì)ýpê½ã'æ2ê�êFã�ä¨ø�ç»ï½óMî½äMê½äBù�îFä�ïFïKò'î½ä

uh
ç�ïSæ�ô�ï½écê½ã�äxò�è'ç �
ò�äxï½é�ô�ò�ê½ç�é�èÉé2ì�ê½ã�äxù'î½é#õ�ô·ä�å





��ç�è'ø
uh ∈ P 1ubl ,0(Th)

ïKò'óPãÉêFã'æ"ê
∑

T∈Th

kT (∇uh,∇vh)0,T = (fh, vh)0,Ω ∀vh ∈ P 1ubl ,0(Th) ,
� Ù�Û/Ó �

ðSç·ê½ã
fh = Π0f

Ö�ðSã�ä�î½ä
Π0 ø�ä�è�é2êFä�ïBêFã�äXé#îKêFã�é�ü#é�è'æ�ô�ù'î½é � ä�óHêFé�îxì)îFé�å L2(Ω)

é#è#êFé
P 0(Th)

Û �RîFé�õ�ô�äMå � Ù�Û Óf�IðSç·ô�ô%õ¹ä
êFäMîFåcä+øpêFã�ä�� ù�î½ä+ï½ï½ò�îFäIì)é�îFåÆò�ô»æ"êFç·é#è>·Û
â�ã�äxø�ç»ïFó8îFä8ê½äBù�îFé�õ'ô·ä�å � Ù�Û �	��ï½æ2ê½ç»ï-
'ä+ï©ê6ð©étç�åcù¹é�î½êFæ�è
ê�ù'î½é#ùÅä�îKêFç·ä+ï^7

• ê½ã'ä¨ø�ç�ïFó8îFä8êFäBë�äMô�é�ó8ç·ê6ý jh
å�æ;ýpõÅäxîFä�óMé�è'ïKê½îFò'ó8ê½ä�øXô·é�ó�æ2ô�ô·ý�ì)îFé�å ê½ã�äxäb��ù'î½ä+ï½ï½ç·é#è

∀T ∈ Th , jh|T = −kT∇uh|T +
1

2
(fhπ1

h)|T ,
� Ù�Û Òf�

ðSã�ä�î½ä
π1

h

ç�ï&æhù�ç�ä�ó8ä�ðSç�ï½ä 
'îPï6ê �>é#îFø�äMîtùÅé#ô·ý�è�é#åtç�æ�ô9ïKòÅóPã êFã'æ"ê ∀T ∈ Th
æ2è'ø ∀x = (x1, · · · , xd) ∈ T

Ö©ð�ä
ã'æ;ë#ä

π1
h(x) = (x1 − GT,1, · · · , xd − GT,d)

Ö
(GT,1, . . . , GT,d)

õÅä�ç·è�üpê½ã�äcó8é�é�îPø�ç�è'æ"êFä�ï�é2ìbêFã�ägóMäMè
ê½ä�î�é2ìRå�æ�ïFï
é2ì�êFî½ç»æ2è�ü#ô·ä

T
Û �'é�îÆì)ò�îKêFã�äMîgò'ï½ä�Öbç�êgç�ïgó8é�è�ë#äMè�ç�äMè
êxê½é�ç·è
ê½îFé�ø�ò'óMä�ê½ã�ä&ü�ý�îPæ"ê½ç�é�è_îPæ�ø�ç�ò'ï¨é�ì

T
ü#ç·ë#äMè\õ�ý

ρT =
1

|T |1/2
‖π1

h‖0,T
Ö'ðSã�äMîFä |T | ç»ï�ê½ã'äxåcä+æ�ï½ò�îFä�é�ì T Û
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• ê½ã'ä¨ø�ç�ïFó8îFä8êFäBë�äMô�é�ó8ç·ê6ý jh
ï½æ2ê½ç»ï-
Åä�ï�ê½ã'ä¨ø�ç�ïFó8îFä8êFäBåtæ#ï½ïSóMé�è'ï½äMîFë"æ"êFç·é#èXä��
ò'æ2ê½ç�é�è

∇ · jh = fh .
� Ù�Û Ø$�

������� ] '�� +,���Y+Z����� ���  0- 0����"�+,"
�'é�î

v ∈ H1
0 (Ω) + P 1u�l ,0(Th)

Ö'ð©äBç�è#êFî½é�ø�òÅó8äIê½ã�äxõ'î½é#ñ�äMèÉäMè'äMîFü�ý�è�é#î½å

|v|k,h =

(
∑

T∈Th

kT ‖∇v‖2
0,T

)1/2

.
� Ù�Û Hf�

	B!"��:%�Å*+)�+��¹� ;�Ñ�
¬Ñ� 3>.
(j, u)

0�2 _
(jh, uh)

[63>@ 3(%,D�3MKL. '�O=3>-/8E.G?�3F+
2'\NL+�3�%>5�-/+
. ' 5�2@5 H���� R ��� 0�2 _ ��� R�� � R =�?�3>2 J .G?�3^@ 3
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c
%(+LKM? .G?�0�.





c|u − uh|k,h ≤ h
(∑

T∈Th
kT |u|22,T

)1/2
+ h‖f − fh‖k−1,0 ,

‖j − jh‖k−1,0 ≤
√

2|u − uh|k,h + 1√
2
h‖fh‖k−1,0 .

� Ù�Û Úf�

��@ 5M5 H R â�ã�ä&ù�îFé
é�ì�ç�ïcï½ç·åtç�ô�æ�î¨ê½éVê½ã'äXé�è'äXù�îFä�ï½äMè
ê½ä+ø\ç�è �·×;Ù=��ì)é�îcó8é�èÅï6êPæ2è
êcóMé
ä>Kpó8ç�äMè
ê
k
æ�è'ø\ð�äXé�è'ô·ýhã�ç�ü�ã�ô�ç�ü�ã
ê¨ê½ã'ä

ø�ç·ÿºäMîFäMè'óMä�ïpæ�î½ç»ïKç�è�ühðSã�ä�è
k
ç»ïpë"æ�î½ç»æ2õ�ô�ä�Û 9�ç·èÅó8ä

uh
ï½é�ô�ë�ä�ïcêFã�äÈè�é#è'ó8é#è�ì)é�îFåtç·è'ü 
Åè�ç�êFäÈäMô�äMåtä�è#ê&ù�î½é#õ�ô�äMå � Ù�Û/Ó �8Ö�ð�ä

ø�ä+ø�ò'óMäxò'ïKç�è�ü�ó8ô»æ�ïFï½ç�ó�æ2ô¹ê½ä+óPã�è�çH�#ò'ä�ï � ï½äMäBì)é#îSç·èÅï6êPæ2è'óMä,��×+Ó��i�%êFã'æ"ê

|u − uh|k,h ≤ 2 inf
wh∈P 1��� ,0(Th)

|u − wh|k,h + sup
vh∈P 1��� ,0(Th)

(fh, vh)0,Ω −∑T∈Th
kT (∇u,∇vh)0,T

|vh|k,h

.

��ïKç�è�ütï6êPæ2è'ø�æ�îFøtç�è
ê½ä�î½ù¹é�ô»æ"êFç·é#è�ê½ä+óPã�è�çH�#ò'ä�ï�ô·é�ó�æ2ô�ô·ýté�è&ä�æ#óPãpäMô�äMåtäMè
ê
T
Ö#ê½ã�ä 
'îPï6ê©ê½ä�î½å ç�èpêFã�äBî�Û ã�Û ï%å�æ;ýtõÅäBä+ï6êFç·å�æ"êFä�ø

õ�ý
c h
(∑

T∈Th
kT |u|22,T

)1/2 Û �©é#è'ó8ä�î½è�ç�è�ügê½ã�ä¨ï½ä�óMé�è'øXê½ä�î½ånÖ�ð�äBè�é2êFç�óMäIê½ã'æ2ê9æ2èÉç·è
ê½ä�ü�îPæ"êFç·é#èXõ�ýXù'æ�îKêPï�ý�ç·ä�ô�ø�ï

(fh, vh)0,Ω −
∑

T∈Th

kT (∇u,∇vh)0,T = −(f − fh, vh)0,Ω −
∑

T∈Th

kT

∫

∂T

∂nu vh .

â�ã�äA
ÅîFïKê�ê½äMîFå ç�èÉê½ã�äxîFç·ü#ã
ê�åtä�åÆõ¹äMîSç»ïSî½ä+æ�ø�ç�ô�ý�ä�ïKê½ç�åtæ2ê½ä+øÉæ#ï

(f − fh, vh)0,Ω = (f − fh, vh − Π0vh)0,Ω

≤ ‖f − fh‖k−1,0‖vh − Π0vh‖k,0

≤ c h ‖f − fh‖k−1,0|vh|k,h ,
� Ù�Û·×+Õf�

ðSã�ä�î½ä+æ�ï�ó8ô»æ�ïFï½ç�ó�æ2ôºç·è
êFäMîFùÅé#ô�æ2ê½ç�é�è&ê½ä�óPã'è�ç �
ò�ä+ï � ï½äMäBì)é#îSç·è'ïKêFæ�è'ó8ä���×�×>�i�©ý�ç·ä�ô�ø&ì)é#î�ê½ã�ä¨ï½ä�óMé�è'øpê½äMîFå

∑

T∈Th

kT

∫

∂T

∂nu vh ≤ c h

(
∑

T∈Th

kT |u|22,T

)1/2

|vh|k,h .

�©é#åÆõ�ç�è�ç�è�üBê½ã�ä�æ2õ¹é"ë�äSä�ïKê½ç�å�æ"êFä�ïRý�ç�äMô»ø�ïbêFã�ä9ø�ä+ïKç�î½ä+øtò�ù�ù¹äMî©õÅé#ò�è'øcì)é�îRê½ã�ä�ù�î½ä+ï½ï½ò�îFä�äMîFî½é#î�Û ��ç�è'æ�ô·ô�ý�Ö#ê½ã�ä9ë�äMô�é�ó8ç·ê6ýÆä�î½îFé�î
ä+ï6êFç·å�æ"êFäxø�ç·îFä�ó8ê½ô�ýpì)é#ô·ô�é"ð�ï©ì)î½é#å ê½ã�äxîFä�óMé�è'ïKê½îFò'ó8ê½ç�é�èXù'î½é#ùÅä�îKê6ý � Ù�Û Òf��ï½ç·è'óMä

‖j − jh‖k−1,0 ≤
(∑

T∈Th
2kT |u − uh|21,T + 1

2k−1
T ‖fhπ1

h‖2
0,T

)1/2

≤
√

2|u − uh|k,h + 1√
2
h‖fh‖k−1,0 .

�
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� ��� |iq � m
�
?úç·ê½ã�é#ò�ê�æ�è
ýÉæ�ø�ø�ç�êFç·é#è'æ2ô�î½ä�ü�ò�ô»æ2îFç�ê6ý&æ�ïFïKò�åtù�êFç·é#èné�ènê½ã'äÆø�æ"êPæ

f
Ö�êFã�äÆé#è�ô·ý&ä�ïKê½ç�å�æ"ê½ägæ;ë;æ�ç·ô»æ2õ'ô·äBì)é#îSê½ã�ägø�ç·ë#äMîFü�ä�è'ó8ä

é�ì¬ê½ã'äxë�äMô�é�ó8ç·ê6ýpç»ï

‖∇ · (j − jh)‖k−1,0 ≤ ‖f − fh‖k−1,0 .
� Ù�Û·×#×��

ûNè�åté#ïKê9æ2ù'ù�ô·ç»óMæ2ê½ç�é�è'ï�Ö�ç·ê9ç»ï�îFä�æ�ï½é�èÅæ2õ�ô�ä9êFéXæ�ïFï½ò�åtäBê½ã'æ2ê�ê½ã�ägø�æ"êPætç�ïSåté#î½äxîFäMü#ò�ô�æ�î�Û©â%ý�ù�ç»óMæ�ô·ô�ý�Ö�ð�ä¨å�æ;ý&æ#ï½ï½ò�åtäBê½ãÅæ"ê
êFã�ä¨ø�æ"êPæcç�ï

H1 é#èXêFã�ä¨ï½ò�õ¹ø�é�å�æ2ç�è'ï Ωl
Ö

∀l , 1 ≤ l ≤ L , f|Ωl
∈ H1(Ωl) .

� Ù�Û·×;Ù �

?úç·ê½ã&ê½ã�ç»ïSæ�ïFï½ò�åtù�ê½ç�é�è�Ö�ð�ä�îFä�æ#ø�ç�ô·ýté�õ�êFæ2ç�è 
ÅîFïKê;�±é�îPø�äMî�ó8é#è
ë#äMîFü�ä�è'ó8ä�ç�è&ê½ã�äIè�é�îFå |u − uh|k,h + ‖j − jh‖k−1,div

Ö�ï½ç·èÅó8ä

h‖f − fh‖k−1,0 ≤ ch2
(∑

T∈Th
k−1

T |f |21,T

)1/2 Û

��Þ � �R����à��R���N�B���¨�����I��������� ��� ������N���9��� à����R�
ûNèÉê½ã'ç�ï�ïKä+óHê½ç�é�èÉð�äxä�ïKêFæ2õ'ô·ç»ïKãÉê6ð�é�ætùÅé
ï6êFäMîFç·é#î½ç³ä�î½îFé�î�ç�è'ø�ç»óMæ"êFé�îPï�é2ì4îFä�ï½ç�ø�òÅæ2ôºê6ý�ùÅä#Û©â�ã�äA
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kmax/kmin
Ö¬ðSã�ä�î½ä+æ�ï�ê½ã'ä�ô�æ2êKê½ä�î

ý�ç�äMô»ø�ï�ó8é#è'ïKêFæ2è
êPï�ç·è'ø�äMù¹äMè'ø�ä�è
ê�ì)î½é#å êFã�ç�ï�îFæ2ê½ç�é'Û%â�ã�äxè�ò�åtä�î½ç»óMæ�ô�ä���ù¹äMîFç·åtäMè
êPï�ù�î½ä+ïKä�è
ê½ä�øÉç�è�ïKä+óHê½ç�é�èÈÓcðSç�ô·ô�ïKã�é"ð ê½ãÅæ"ê
ì)é#î�ï6êFî½é#è�ü�ô�ý�ã�ä8êFäMîFé�ü#äMè�ä�é�ò'ï�åtä�ø�ç»æ�Ö�õ¹é2êFãnä�ïKê½ç�åtæ2ê½é#îFï�îFä8êFæ�ç·èÉêFã�äMç�îSò'ï½ä8ì)ò�ô�è�ä�ïFï�Û

������� k �P� �,+8& +,-* ��� � �L"�%��3)$"
5¬ä8ê

P 1l ,0(Th) = P 1u�l ,0(Th) ∩ H1
0 (Ω)

õ¹ätê½ã�äpóMé�è�ì)é#î½åtç�è�ü 
Åè�ç�êFä�äMô�äMåtäMè
ê¨ï½ù'æ�óMäcé�ì�ø�ä�ü�îFäMäté�è'ä�ÛtûNè�êFã�äpï½ä��
ò�äMô>Ö�ð�ä
ï½ã'æ2ô�ô³é2ìÊêFäMènå�æ2ñ#äIòÅïKäBé2ì�ê½ã'ä�ì)é#ô·ô�é"ðSç�è�ütã
ý�ù¹é2êFã�ä�ï½ç�ï�ç�è
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' % ) 5�245�.15�243�0�-$5�2 X
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Ô9é2ê½äÆê½ã'æ2êIç�è�êFã�ägó�æ�ï½äÆé2ì%ø�ç·åtäMèÅïKç�é�è

d = 2
Ö³æXï½ò
Kpó8ç�äMè
êIóMé�è'ø�ç�êFç·é#è�ì)é�î�ã
ý�ù¹é2êFã�ä�ï½ç�ï���Û�×xêFéXã�é#ô�ø�ç»ï9ê½ã'æ2ê�êFã�äMîFägæ�î½äÆæ2ê

åté#ïKê��tïKò�õºø�é#åtæ�ç·èÅï�ïKãÅæ2îFç·è�ütætó8é#åcåté#è&ù¹é�ç�è
ê�ç·è
Ω
æ�è'ønæ"êSåté#ïKê9ÙtïKò�õºø�é#åtæ�ç·èÅïSïKã'æ�î½ç�è�ütætó8é�åtåté�èÉù¹é�ç�è#ê�é#è

∂Ω
Û

?_ä¨ó8é#è'ïKç»ø�ä�î©êFã�äBê6ð�égì)é#ô·ô�é"ðSç�è�ügç�è
ê½ä�î½ù¹é�ô»æ"êFç·é#è&é#ùÅä�îFæ2ê½é�îPï 7
• ò�è'ø�äMî9ã�ý�ù¹é2ê½ã'ä�ï½ç�ï ��Û�×�Ö'ç·ê�ð�æ�ï�ù�î½é"ë#äMènç�è �·×+Õ���êFã'æ"ê�ê½ã�ä�î½äÆä���ç�ïKêFï�æ2èÈç�è
ê½ä�î½ù¹é�ô»æ"êFç·é#èÉé#ùÅä�îFæ2ê½é#î IBV : H1

0 (Ω) →
P 1l ,0(Th)

ï½ò'óPãXêFã'æ"ê

∀v ∈ H1
0 (Ω), ∀T ∈ Th, ‖v − IBVv‖0,T ≤ chT (kT )−1/2|v|k,∆T ,

� ��Û�×��

∀v ∈ H1
0 (Ω), ∀e ∈ Eh, ‖v − IBVv‖0,e ≤ ch1/2

e (k+
e )

−1/2|v|k,∆e ,
� ��Û/Ù �

ðSã�ä�î½ä
∆T
æ2è'ø

∆e
ø�äMè�é�ê½ä&î½ä+ïKù¹ä�ó8ê½ç�ë�äMô�ýVê½ã�äÉò�è�ç�é�è é�ì9æ2ô�ô©ä�ô·ä�åtäMè
êFï

T ∈ Th
ê½ã'æ2êtï½ã'æ�î½äXæ2êgô�ä�æ#ï6êgæ�è ä�ø�ü�ä

ðSç·ê½ã
T
æ�è'øúé�è'äÈë�ä�îKêFä��wðSç�êFã

e
æ2è'øwðSã�ä�î½äVð©äÈãÅæ;ë�äÈò'ï½ä�øúê½ã�äVè�é2êPæ"ê½ç�é�è |v|k,∆T = ‖k1/2∇v‖0,∆T

æ2è'ø
|v|k,∆e = ‖k1/2∇v‖0,∆e

Û
• ô�ä8ê IOs : P 1u�l ,0(Th) → P 1l ,0(Th)

õ¹äÆêFã�ä �IïKð�æ2ô»ønç·è
êFäMîFùÅé#ô�æ2ê½ç�é�èÈé#ùÅä�îFæ2ê½é�î�ø�ä�
'è'ä�ø�ì)é#î
vh
ç�è

P 1ubl ,0(Th)
æ#ï�êFã�ä

ò�è�çH�
ò�äIì)ò�è'ó8ê½ç�é�ènç·è
P 1l ,0(Th)

ï½ò'óPã&ê½ã'æ2êSì)é�î�æ�ô·ô³ë#äMî½ê½ä��
s
ç·è Th

Ö

IOsvh(s) =
1

](Ts)

∑

T∈Ts

vh|T (s) ,

ðSã�ä�î½ä Ts
ç�ï�ê½ã�ä�ï½ä8êpé�ìIä�ô·ä�åtäMè
êFï�ç�è Th

óMé�è
êFæ�ç·è�ç�è�ü
s
æ2è'ø

](Ts)
êFã�äÈóMæ�îFø�ç�è'æ�ôSé2ìBê½ã�ç»ïpï½ä8ê+Û â�ã�ä �Iï½ð�æ�ô�ø

ç�è#êFäMîFùÅé#ô�æ2ê½ç�é�èVé�ù¹äMîPæ"ê½é#îBã'æ�ïxõ¹äMä�è\ó8é�èÅïKç»ø�äMîFä�ø�ç·è@� �'ÖM×�Ò��±Û ��èÅø�äMîxã�ý�ùÅé�ê½ã�ä+ïKç»ï �'Û·×#Ö�ç�ê¨ð�æ�ïBù'î½é"ë#äMè�ç�è � ���Rê½ãÅæ"ê
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c
ïKòÅóPãXêFã'æ"ê

∀vh ∈ P 1u�l ,0(Th), |vh − IOsvh|k,h ≤ c



∑

e∈Ei
h

keh
−1
e ‖[vh]e‖2

0,e
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	B!"��:%�Å*+)�+��¹� 
¬ÑV;�Ñ � 3>.

(j, u)
0�2 _

(jh, uh)
[ 3<@ 3L%,D�3MK>. '�O�3L- 8 .�?�3 +
2'\NL+�3�%>5�-/+
. ' 5�2<5 H ��� R�� � 0�2�_ ��� R�� � J 0�2 _ - 3>.

P1(f) =

(
∑

T∈Th

k−1
T ‖f − fh‖2

0,T +
1

4
k−1

T ρ2
T ‖fh‖2

0,T

)1/2

.
� ��Û �	�

=�?�3>2N.G?�3^@ 3,3CB ' %(. %�06K65�2�%(. 0�2.
ν
'*2 _ 38D�3>2 _ 3>2�.�5 H h

%(+LKQ? .�?�0�.

|u − uh|k,h + ‖j − jh‖k−1,div ≤ ν

(
P1(f) + inf

vh∈P 1� ,0(Th)
|uh − vh|k,h

)
.

� ��Û/Ó �

¾&�
	���!�� 
�Ñ�
�Ñ9â�ã'äBægù¹é#ïKê½äMîFç�é�îFçÅä�î½îFé�î�ä�ïKê½ç�å�æ"ê½äBç�èpêFã�äxî½ç�ü�ã
ê�åcä�åÆõ¹äMîSé�ì � �'Û Óf�Rç»ï�ê½ã'äBï½ò�å é�ì�æcù�îFäL�±ù�î½é�óMä�ïFïKç�è�üxêFäMîFå
é#è�ô·ý\ø�ä�ùÅä�è'ø�ç�è�ühé�è\êFã�ä�ø�æ"êPæ

f
æ�è'øhêFã�änåcä+ïKã Th

ù�ô·òÅïcæ�ùÅé
ï6ê �>ù'î½é�ó8ä+ï½ï½ç�è�ü�ê½ä�î½åaæ�ô�ï½éVø�äMù¹äMè'ø�ç�è�ü_é�è�ê½ã�änø�ç»ï½óMî½äMê½ä
ù�îFä�ïFï½ò�î½ä

uh
Û

��@ 5M5 H R 5¬ä8ê vh
õ¹ätæ2è�æ�î½õ�ç·ê½îPæ2îFý&ì)ò�è'óHêFç·é#è�ç�è

P 1ubl ,0(Th)
æ�è'ø�ô�ä8ê

jh ∈ RT 0(Th)
õ¹äcê½ã�ätø�ç»ï½óMî½äMê½äÆë#äMô�é�ó8ç·ê6ý 
'ä�ô�ø�Û 9�ç·èÅó8ä

(j, u)
ç»ï�ê½ã�äxäb��æ�óHê�ï½é�ô�ò�ê½ç�é�èÉé2ìbù�îFé�õ�ô�äMå � ×�Û �f�8Ö�ð©äBã'æ;ë#ä

a(jh − j, q) + bh(q, vh − u) = a(jh, q) + bh(q, vh)

=
∑

T∈Th

∫

T

(kT∇vh + jh) · q

≤
∑

T∈Th

k
1/2
T ‖∇vh + k−1

T jh‖0,T k
1/2
T ‖q‖0,T ,

æ�è'ø

b(jh − j, v) = b(jh, v) − (f, v)0,Ω

=
∑

T∈Th

∫

T

(∇ · jh − f) v

≤
∑

T∈Th

k
−1/2
T ‖∇ · jh − f‖0,T k

1/2
T ‖v‖0,T .

�'é�î
(j, u) ∈ Hdiv(Ω) × H1

0 (Ω)
æ2è'ø

(q, v) ∈ (L2(Ω))d × L2(Ω)
Ö'ó8é#è'ïKç»ø�ä�î©êFã�äxõ�ç�ô·ç�è�ä+æ2î�ì)é�îFå

B((j, u), (q, v)) = a(j, q) + bh(q, u) + b(j, v) .

9�ç�è'óMäxù�î½é#õ�ô�äMå � ×�Û �f�©ç�ï�ð�äMô�ô�ù¹é#ï½ä�ø³Ö
B
ïFæ"êFç�ï+
'ä+ïSæ2èÉç·è�ì*�Nï½ò�ù�ó8é�èÅø�ç�êFç·é#è&é�ì�êFã�äBì)é�îFå

|u|k,h + ‖j‖k−1, S s T ≤ 1

λ
sup

(q,v)∈(L2(Ω))d×L2(Ω)

B((j, u), (q, v))

(‖v‖2
k,0 + ‖q‖2

k,0)
1/2

,
� ��Û Òf�
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(j, u) ∈ Hdiv(Ω) × H1
0 (Ω)

ÖbðSã�ä�î½ä
λ
ç�ïgæ�ó8é#è'ï6êPæ2è
ê¨ç�è'ø�äMù¹äMèÅø�äMè
êgé�ì

h
õ�ò�ê¨êFã'æ"êcå�æ;ýVø�ä�ùÅä�è'øhé�èhêFã�äpîPæ"ê½ç�é

kmax/kmin
ÛRâ�ã�ç»ï�ý�ç·ä�ô�ø�ï

|u − vh|k,h + ‖j − jh‖k−1,div ≤ 1

λ

(
∑

T∈Th

kT ‖k−1
T jh + ∇vh‖2

0,T + k−1
T ‖f −∇ · jh‖2

0,T

)1/2

.

9�ç�è'óMä ∇ · jh = fh
æ�è'øXòÅïKç�è�ütê½ã'äBê½îFç�æ�è�ü�ô�ä�ç�è�ä��#òÅæ2ô�ç�ê6ý#Ö�ð©äxé#õ�êFæ�ç·è

|u − vh|k,h + ‖j − jh‖k−1, S s T ≤
√

2

λ

(
|uh − vh|2k,h + ‖f − fh‖2

k−1,0 +
∑

T∈Th

kT ‖k−1
T jh + ∇uh‖2

0,T

)1/2

,

æ�è'øhò'ï½ç·è�ü�ê½ã�ä&î½ä+ó8é#è'ï6êFî½òÅóHê½ç�é�è_ì)é#î½ågò�ô�æ � Ù�Û Òf�8Öbð©äpé#õ�êFæ�ç·èhêFã�ä&æ�ùÅé
ï6êFäMîFç·é#î½ç%ä�ïKê½ç�åtæ2ê½ä � ��Û/Ó �¨ðSç�êFã\ê½ã�äÉó8é#è'ï6êPæ2è
ê
ν =√

2
λ

Û
�

�÷ù¹é#ïFïKç�õ�ô�ä¨óPã�é�ç»ó8ä�ì)é�î
vh
ç�è � �'Û Óf�%ç»ï�êFã�ä��IïKð�æ2ô»øpç�è
ê½ä�î½ù¹é�ô»æ"êFäIé�ì

uh
ÛRâ�ã'ç�ïSý�ç�äMô»ø�ï�ê½ã'äBì)é�ô�ô·é"ðSç�è�ücî½ä+ïKò�ô·ê�Û

Ïg�Å!;�¹������!;( 
�Ñ��¬Ñ � 3L.
(j, u)

0�2�_
(jh, uh)

[63/@ 3L%,D�3MK>. '�O�3L- 8 .�?�3 +
2'\NL+�3 %L5�-/+
. ' 5�2 5 H � � R�� � 0�2�_ ��� R�� � R =�?�3>2 J +
2 _ 3A@
?
8QD�5�.�?�3(%(' % �PR � J .G?�3^@ 3,3CB ' %(. % 0 K65�2�%(.10�2�.

ν
'*2 _ 38D�3L2�_ 3>2�. 5 H h

%6+LKM? .G?�0�.

|u − uh|k,h + ‖j − jh‖k−1,div ≤ ν
(
P1(f) + η1(uh)

)
,

� ��Û Ø$�

F ?�3A@ 3

η1(uh) =


∑

e∈Ei
h

keh
−1
e ‖[uh]e‖2

0,e
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��ç�è'æ2ô�ô·ý#Ö�ð©äBç�è�ë�ä�ïKê½ç�ü#æ2ê½ä�ê½ã�äxé#ù�ê½ç�å�æ2ô�ç�ê6ý&é2ì�ê½ã�ä¨æ�õÅé"ë#ä�ä�î½îFé�î�ä�ïKê½ç�å�æ"êFé�îPïMÛ
	B!"��:%�Å*+)�+��¹� 
¬Ñ���Ñ� 3>.

(j, u)
0�2 _

(jh, uh)
[63>@ 3(%,D�3MKL. '�O=3>-/8E.G?�3F+
2'\NL+�3�%>5�-/+
. ' 5�2@5 H���� R�� � 0�2 _ ��� R�� � R =�?�3>2 J .G?�3^@ 3

3QB ' %6. % 0 K65�2�%6. 0�2.
c
%(+LKM? .G?�0�.

P1(f) + inf
vh∈P 1� ,0(Th)

|uh − vh|k,h ≤ P1(f) + η1(uh) ≤ c |u − uh|k,h +
√

2‖j − jh‖k−1,div .
� ��Û Úf�

��@ 5M5 H R â�ã�äxô�é�óMæ�ô³î½ä+ó8é�èÅï6êFî½ò'ó8ê½ç�é�è&ù�î½é#ùÅä�îKê6ý � Ù�Û Òf��æ�ï�ð�äMô�ô¬æ#ï©ä��
ò'æ"êFç·é#è'ï � ×#Û·×(�©æ�è'ø � Ù�Û/Ø �%ý�ç�äMô»ø

P1(f) =

(
∑

T∈Th

k−1
T ‖∇ · (j − jh)‖2

0,T + k−1
T ‖jh + kT∇uh‖2

0,T

)1/2

≤
√

2
(
‖j − jh‖k−1,div + |u − uh|k,h

)
.

�'ò�îKêFã�äMîFåté�îFä�Ö�ç·ê�ð�æ#ï�ä�ïKêFæ2õ'ô·ç»ïKã'ä�ø&ç·è<� ���³ê½ãÅæ"êSê½ã'äMîFäIäb��ç�ïKêFï�ætóMé�è'ïKêFæ�è#ê
c
ïKòÅóPãXêFã'æ"ê

∀v ∈ H1
0 (Ω), ∀vh ∈ P 1u�l ,0(Th), ∀e ∈ E i

h, k
1/2

e h−1/2
e ‖[vh]‖0,e ≤ c

∑

T∈Te

k
1/2
T |v − vh|1,T .

� �'Û·×+Õf�

â�ã�ç»ï�ý�ç·ä�ô�ø'ï
η1(uh) ≤ c|u − uh|k,h

Ö�ðSã�ç»óPãÉóMé�åtù�ô�ä8êFä�ï�ê½ã'äxù�î½é�é�ì6Û
�
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'îPï6êSø�ä�î½ç�ë�äIæ2è&ægù¹é#ïKê½äMîFç�é�îFçÅä�î½îFé�î©ç·è'ø�ç�ó�æ"ê½é#î%ì)é#î�ê½ã�äBù�îFä�ïFïKò'î½ä9æ�è'ø�êFã�äMènø�ä+ø�ò'ó8äBæ2èÉæÆù¹é#ïKê½ä�î½ç�é�îFç

ä�î½îFé�î�ç�è'ø�ç»óMæ"êFé�î�ì)é�î�êFã�äxë�ä�ô·é�óMç�ê6ý#Û
	B!"��:%�Å*+)�+��¹� 
¬Ñ��¬Ñ � 3>.

u
0�2 _

uh
[63 @ 3L%,D�3MK>. '�O�3>-/8 .G?�3 +
2�'\N>+�3G%>5�-/+
. ' 5�2<5 H ��� R � � 0�2�_ ��� R�� � R = ?�3L2 J +
2 _ 3A@ ?
8QD�5�.�?�3(%(' %

� R � J .G?�3^@ 3,3CB ' %(. % 06K 5�2�%(. 0�2�.
c
%(+LKQ? .�?�0�.

|u − uh|k,h ≤ c P2(f) + 2 inf
vh∈P 1� ,0(Th)

|uh − vh|k,h ,
� �'Û·×#×��

F ?�3A@ 3

P2(f) =

(
∑

T∈Th

2h2
T k−1

T ‖f − fh‖2
0,T + h2

T k−1
T ‖fh‖2

0,T +
1

2

∑

e∈ET

he(k
+
e )

−1‖[fhπ1
h · ne]e‖2

0,e

)1/2
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��@ 5M5 H R �'é�î�æ2ô�ô wh ∈ P 1l ,0(Th)
Ö�ð�äxã'æ;ë#ä

∑

T∈Th

kT (∇(u − uh),∇wh)0,T = (f − fh, wh)0,Ω ,

æ�è'øpêFã�äMîFä8ì)é#î½ä#Ö�ì)é�î�æ�ô·ô
w ∈ H1

0 (Ω)
Ö'ð�äBã'æ;ë�ä

∑

T∈Th

kT (∇(u − uh),∇w)0,T =
∑

T∈Th

kT (∇(u − uh),∇(w − wh))0,T + (f − fh, wh)0,Ω .

â�æ2ñ#ä
wh = IBVw

Û ��ïKç�è�ü�ó8ô»æ�ïFï½ç�ó�æ2ô¹ê½ä+óPã�è�çH�#ò'ä�ï�ì)é#îSî½ä+ïKç»ø�ò'æ�ôºæcù¹é#ïKê½ä�î½ç�é�îFç³ä�ïKê½ç�å�æ"ê½ä+ïG�·×+Õ�ÖP×�Ú��>Ö
ð�äxé�õ�êPæ2ç�è

∑

T∈Th

kT (∇(u − uh),∇(w − wh))0,T ≤ c|w|k,h

(
∑

T∈Th

h2
T k−1

T ‖fh‖2
0,T + h2

T k−1
T ‖f − fh‖2

0,T

+
1

2

∑

e∈ET

he (k+
e )

−1‖[k∇uh · ne]e‖2
0,e

)1/2

.

�'î½é#å ê½ã'äÆîFä�ó8é#è'ïKê½îFò'óHêFç·é#èXì)é#î½ågò�ô�æ � Ù�Û Òf�Sæ�è'ø&ê½ã�äÆì�æ�ó8ê�ê½ã'æ2ê ∀e ∈ Eh, [jh · ne]e = 0
ïKç�è'óMä

jh ∈ RT 0(Th)
Ö¹ð©ägø�ä�ø�òÅó8ä

êFã'æ"ê
[k∇uh · ne]e = 1

2 [fhπ1
h · ne]e

Û:��ò�î½ê½ã�ä�î½åté#î½ä#Ö�ê½ã�äBêFäMîFå
(f − fh, wh)0,Ω

ç»ïSä�ïKê½ç�å�æ"ê½ä+ø&æ#ï�ç·è � Ù�Û�×�Õf�8Ö�ý�ç·ä�ô�ø�ç�è�ü

(f − fh, wh)0,Ω ≤ c
∑

T∈Th

hT k
−1/2
T ‖f − fh‖0,T k

1/2
T ‖∇w‖0,T

≤ c

(
∑

T∈Th

h2
T k−1

T ‖f − fh‖2
0,T

)1/2

|w|k,h .

â�ã�ä�î½äMì)é�îFä�Ö�ð�äIãÅæ;ë�ä
∑

T∈Th

kT (∇(u − uh),∇w)0,T ≤ cP2(f)|w|k,h .

5¬ä8ê
vh
õ¹ä¨æ2ènæ2îFõ�ç·ê½îPæ2îFýgì)ò'è'óHêFç·é#èÉç�è

P 1l ,0(Th)
Û�9�ä8êKêFç·è'ü

w = u − vh
Ö'ð©äBã'æ;ë#ä

|u − vh|2k,h =
∑

T∈Th

kT (∇(u − uh),∇w)0,T + kT (∇(uh − vh),∇w)0,T ,



×+Õ � | ��� m��r| ����� m q�m ���
	��� mro
� ��� |iq � m
�
ðSã�ä�è'ó8äBð�ä¨ø�ä�ø�ò'ó8ä

|u − vh|k,h ≤ cP2(f) + |uh − vh|k,h .

��ç�è'æ2ô�ô·ý#Ö�ê½ã'ä�êFî½ç»æ2è'ü�ô�äIç�è�ä��#òÅæ2ô�ç�ê6ý |u − uh|k,h ≤ |u − vh|k,h + |uh − vh|k,h

ý�ç�äMô»ø�ï�ê½ã�ä¨ø�ä�ï½ç·îFä�ø&ä�ïKê½ç�å�æ"ê½ä#Û
�

Ïg�Å!;�¹������!;( 
�Ñ��³Ñ � 3L.
u

0�2 _
uh

[63 @ 3L%3D�3MKL. '�O�3L-/8 .G?�3�+
2�'\N>+�3�%>5�-/+
. ' 5�2 5 H � � R � � 0�2 _ ��� R�� � R = ?�3L2 J +
2�_ 3^@ ?
8QD�5�.�?�3(%(' %
� R � J .G?�3^@ 3,3CB ' %(. % 06K 5�2�%(. 0�2�.

c
%(+LKQ? .�?�0�.

|u − uh|k,h ≤ c
(
P2(f) + η1(uh)

)
.

� �'Û·×��f�

��@ 5M5 H R ��ç·îFä�ó8ê½ô�ýXîFä�ï½ò�ô·êFï�ì)îFé�å � ��Û�×�×��©ò�ù¹é�ènóPã�é�é#ï½ç�è�üÆì)é#î
vh
ê½ã'ä��IïKð�æ2ô»øXç�è
ê½ä�î½ù¹é�ô»æ"êFä�é�ì

uh
Û

�

?_äxè�ä���êSç�è
ë#ä�ïKê½ç�ü#æ2ê½ä�ê½ã�äxé#ù�ê½ç�å�æ2ô�ç�ê6ý&é2ì¬êFã�ä¨æ2õ¹é"ë�äIäMîFîFé�î�ä�ïKê½ç�å�æ"ê½é#îFï�Û
	B!"��:%�Å*+)�+��¹� 
¬Ñ��¬Ñ� 3>.

u
0�2 _

uh
[63>@ 3L%3D�3MKL. '�O�3L-/8 .�?�3F+
2�'\N>+�3 %>5�-/+
. ' 5�2 5 H ��� R � � 0�2�_ ��� R�� � R = ?�3L2 J .�?�3A@ 3 3QB ' %6. %�0

K65�2�%(.10�2�.
c
%(+LKM? .G?�0�.

P2(f) + inf
vh∈P 1� ,0(Th)

|uh − vh|k,h ≤ P2(f) + η1(uh) ≤ c
(
|u − uh|k,h + h‖f − fh‖k−1,0

)
.

� �'Û·×M�	�

��@ 5M5 H R �©ô»æ�ïFïKç»óMæ�ô¹ê½ä�óPã'è�ç �
ò�ä+ï � ï½äMäBì)é#îSç·è'ïKêFæ�è'ó8ä���×�Õ'ÖF×+Ú��5�%ï½ã�é"ð�ê½ã'æ2êSì)é�î�æ2ô�ô
T ∈ Th

Ö�ð�äxã'æ;ë�ä

∑

T∈Th

∑

e∈ET

(k+
e )

−1
he‖[kT∇uh · ne]e‖2

0,e ≤ c

(
|u − uh|2k,h +

∑

T∈Th

h2
T k−1

T ‖f − fh‖2
0,T

)
,

æ�è'ø
∑

T∈Th

h2
T k−1

T ‖fh‖2
0,T ≤ c

(
|u − uh|2k,h +

∑

T∈Th

h2
T k−1

T ‖f − fh‖2
0,T

)
.

â�ã�ä�î½äMì)é�îFä�Ö

c P2(f) ≤ |u − uh|k,h +

(
∑

T∈Th

h2
T k−1

T ‖f − fh‖2
0,T

)1/2

≤ |u − uh|k,h + h‖f − fh‖k−1,0 ,

æ�è'øXòÅïKç�è�ü�ä�ïKê½ç�å�æ"êFä � ��Û�×�Õ	�RêFé�ó8é�è
êFî½é#ô
η1(uh)

Ö�ð�äBé�õ�êPæ2ç�èXêFã�ä¨ø�ä+ïKç�î½ä+øXîFä�ï½ò�ô·ê�Û
�

¾&�
	���!�� 
�Ñ Ì Ñtû±ì
f ∈ H1(Ω)

Ö
h‖f − fh‖k−1,0

ç»ïXé#è�äÈé#îFø�ä�îpã�ç�ü�ã�ä�îpêFã'æ2è |u − uh|k,h

ï½ç·èÅó8ä
h‖f − fh‖k−1,0 ≤

ch2‖∇f‖k−1,0

Û
��è�äÆé2ìbê½ã�äcæ"ê½ê½îPæ�óHêFç·ë#äBì)ä�æ2ê½ò�îFä�ï9é2ìbê½ã�äP
'è�ç·ê½ägë�é�ô�ò�åtäxõ¹é(�nïFóPã�äMåtä � Ù�Û �f��ç»ïSêFã'æ"êIë�ä�ô·é�ó8ç·ê6ýXä�î½îFé�î9ä�ïKê½ç�åtæ2ê½ä+ï�å�æ;ýXõ¹ä

îFä�æ#ø�ç·ô�ýXø�ä+ø�ò'óMä�øXì)î½é#å ù�îFä�ïFïKò'î½äIäMîFî½é#î©ä+ï6êFç·å�æ2ê½ä�ï�Û
	B!"��:%�Å*+)�+��¹� 
�Ñ Ë�� Ñ � 3>.

(j, u)
0�2 _

(jh, uh)
[63 @ 3L%,D�3MK>. '�O�3>-/8�.G?�3,+
2'\NL+�3 %>5�-/+
. ' 5�2 5 H ��� R�� � 0�2�_ � � R�� � R � %6%(+
) 3 .G?�0�.

.G?�3^@ 3 3QB ' %(. % 0*D @ 3L%6%(+�@ 3�3^@ @ 5I@ '*2�_�'\K60�. 5I@
η(Th, f, uh)

_ 38D�3L2�_�'*2YX�5�2 .�?�3 ) 3(%C? Th
J .G?�3E_ 0�. 0 f

0�2�_G.�?�3E_�' %AK^@ 3>.13 D @ 3L%6%(+�@ 3
uh

%(+LKM? .G?�0�.
χ∗ η(Th, f, uh) ≤ |u − uh|k,h ≤ χ∗ η(Th, f, uh) ,

� �'Û·×;Ó �

H 5$@�%>5�) 3 K65�2�%(.10�2�. %
χ∗

0�2�_
χ∗ R =�?�3>2 F 3�?�0$O=3

‖j − jh‖k,div ≤
√

2
(
χ∗η(Th, f, uh) + P1(f)

)
,

� �'Û·×+Òf�

0�2 _
χ∗η(Th, f, uh) +

1√
2
P1(f) ≤ 2|u − uh|k,h +

√
2‖j − jh‖k,div .

� �'Û·×"Ø$�



� | ��� m��r| ����� m q�m ���
	��� mro
� ��� |iq � m
� ×�×

��@ 5M5 H R ?_äA
'îPï6êSù�îFé"ë�äIä�ïKê½ç�å�æ"ê½ä � ��Û�×�Ò	�HÛ4â�ã�äBô·é�ó�æ2ô³îFä�ó8é#è'ïKê½îFò'óHêFç·é#èXù�îFé�ù¹äMî½ê6ý � Ù�Û Ò	�©ý
ç�äMô»ø�ï

‖j − jh‖2
k−1,0 ≤ 2

∑

T∈Th

kT ‖∇(u − uh)‖2
0,T +

1

4
ρ2

T k−1
T ‖fh‖2

0,T .

�'ò�îKêFã�äMîFåté�îFä�Ö�ð�äxã'æ;ë�ä ∇ · (j − jh) = f − fh
ÛRâ�ã�ä�î½äMì)é�îFä�Ö�ð�äIü#ä8ê

‖∇ · (j − jh)‖2
k−1,0 + ‖j − jh‖2

k−1,0 ≤ 2
(
(χ∗)2η(Th, f, uh)2 + P1(f)2

)
,

ý�ç�äMô»ø�ç·è'ücä+ï6êFç·å�æ2ê½ä � �'Û·×+Òf�8Û�ûNèÉé�îPø�ä�î�ê½été�õ�êPæ2ç�è � ��Û�×;Ø �HÖ�ð�äR
ÅîFïKê�è�é2êFç�óMäIê½ã'æ2ê

P1(f) ≤ ‖∇ · (j − jh)‖k−1,0 +

(
∑

T∈Th

1

4
k−1

T ρ2
T ‖fh‖2

0,T

)1/2

,

æ�è'øpì)îFé�å ê½ã�äBô�é�óMæ2ô³îFä�óMé�è'ïKê½îFò'ó8ê½ç�é�è&ì)é�îFåÆò�ô»æ � Ù�Û Òf�8Ö�ð©ä¨ø�ä+ø�ò'óMä

1

4
ρ2

T ‖fh‖2
0,T ≤ 2

(
‖j − jh‖2

0,T + k2
T ‖∇(u − uh)‖2

0,T

)
.

â�ã�ä�î½äMì)é�îFä�Ö

P1(f) ≤ ‖∇ · (j − jh)‖k−1,0 +
√

2
(
‖j − jh‖k−1,0 + |u − uh|k,h

)
,

ðSã�ä�è'ó8äBð�äxä�æ#ïKç�ô·ýpø�ä�ø�ò'óMä � �'Û·×"Ø$�HÛ
�

� Þ � �R����à��R���N�B���Æ�����I���������\��� 	��N�R�S����á
	9�Ná��I�úà����%�
ûNèIê½ã'ç�ï�ïKä+óHê½ç�é�èxð�äRø�ä�î½ç�ë�ä4ë"æ2îFç�é�ò'ïºã�ç�äMîPæ2îPóPã�ç»óMæ�ô;æ�ùÅé
ï6êFäMîFç·é#î½ç"ä�î½îFé�î³ä+ï6êFç·å�æ"êFä�ïºì)é#î³ê½ã'äRù�îFä�ïFïKò�îFäbäMîFî½é#î³ç·èBêFã�ä4ì)îPæ2åtäMð�é�îFñ

é�ì³ê½ã�äIù�îFä�ïFïKò�îFäSì)é#î½ågò�ô�æ2ê½ç�é�è � Ù�Û/Ó �8Û�� ù¹é#ïKê½äMîFç�é�îFç'äMîFîFé�îRä+ï6êFç·å�æ"êFä�ï%ì)é�î©ê½ã�äIë�ä�ô·é�óMç�ê6ýtå�æ;ýcê½ã�ä�èXõ¹ä�ä+æ�ï½ç·ô�ýcø�ä�ø�ò'óMä�øpì)î½é#å
ù�îFé�ù¹é#ï½ç·ê½ç�é�è �'Û·×+Õ�Û ��è\ê½ã�äÉé�è'ä&ã'æ�è'ø³Ö4ð�äÉï½ã'æ�ô·ô�ä�ïKêFæ�õ�ô·ç»ï½ã ô·é"ð�äMîcæ2è'ø�ò�ù�ù¹äMîtõ¹é�ò�è'ø'ïÆì)é#îÆêFã�äÉù�î½ä+ï½ï½ò�îFäpäMîFîFé�îÆòÅïKç�è�ü
óMô�æ#ï½ï½ç�ó�æ2ô�ê½ä+óPã�è�çH�
ò�ä�ïBõ'æ#ïKä+ø�é#è_ænïFæ"êFò�îFæ2ê½ç�é�è_ù�îFé�ù¹äMî½ê6ýÈæ2è'ø_ænï6êFî½ä�è�ü2êFã�äMè�ä+ø<��æ�ò'óPã�ý � 9�óPã�ð�æ2î #¨ç�è�ä��
ò'æ�ô·ç·ê6ý �/Ù�Ö H��>Û���è
êFã�äxé2êFã�äMîSã'æ�è'ø³Ö�ò'ï½ç�è�ütê½ã�äBêFä�óPã�è'ç �
ò�äBù�îFä�ï½äMè
ê½ä+øXç�è<�·×>�>Ö�ð�äxïKãÅæ2ô�ô�ó8ç�îFóMò�åÆë#äMè
ê�ê½ã�äxè�ä�ä�ø&ì)é�î�êFã�ä�ï½äBù�îFé�ù¹äMî½ê½ç�ä�ï�Û

� ����� k �P� �,+8& +,-* �Y+3��"
�'é�ô�ô·é"ðSç�è�ügê½ã�äBì)îPæ2åtäMð�é�îFñtç·è
êFî½é�ø�ò'óMä�øÉç�è �/Ù�Ö H��±Ö�ê½ã'ä¨ïKù'æ#ó8ä

P 1ubl ,0(Th)
ï½ã'æ�ô·ô³õ¹äxäMè�îFç»óPã�ä�øÉæ�ï�ì)é#ô·ô�é"ð�ï

Xh = P 1u�l ,0(Th) ⊕ X̂h ,
� �'Û�×��

æ�è'øXð�ä¨ï½ã'æ2ô�ô�ó8é#è'ïKç»ø�ä�î©êFã�äBê6ð�égì)é#ô·ô�é"ðSç�è�ügù'î½é#õ�ô·ä�å�ï^7




��ç�è'ø
uh ∈ Xh

ïKòÅóPãXêFã'æ"ê
∑

T∈Th

kT (∇uh,∇vh)0,T = (fh, vh)0,Ω ∀vh ∈ Xh ,
� �'Û/Ù �

æ�è'ø




��ç�è'ø
ûh ∈ X̂h

ï½ò'óPãÉê½ã'æ2ê
∑

T∈Th

kT (∇ûh,∇v̂h)0,T = (fh, v̂h)0,Ω −
∑

T∈Th

kT (∇uh,∇v̂h)0,T ∀v̂h ∈ X̂h ,
� �'Û �f�

ðSã�ä�î½ä
uh
ç�ï©ê½ã'äxò�è�çH�#ò'äBï½é�ô�ò�êFç·é#èXé2ì�ê½ã�äBù�îFä�ïFï½ò�î½ä�ù�îFé�õ�ô�äMå � Ù�Û/Ó �HÛ4û±êSç»ïSó8ô�ä�æ�î%êFã'æ"êSù�îFé�õ�ô�äMå�ï � �ÅÛ Ùf��æ2è'ø � �ÅÛ �	�%æ#ø�åtç�ê�æ

ò�è'ç �
ò�ä¨ï½é�ô�ò�ê½ç�é�è¬Û



×;Ù � | ��� m��r| ����� m q�m ���
	��� mro
� ��� |iq � m
�
ûNè�êFã�ç»ï9ð�é�îFñºÖ�ê½ã'ägï½ù'æ�óMä

X̂h
ðSç�ô·ô�õ¹äcóMé�è'ïKê½îFò'óHêFä�ønò'ï½ç�è�üXõ�ò'õ�õ�ô�ä¨ì)ò�è'ó8ê½ç�é�è'ï�Û �'é�î

T ∈ Th
ðSç·ê½ãVä�ø�ü#ä�ï

e
Ö
e′
Ö
e′′
Ö¹ô·äMê

λe,T
Ö
λe′,T

Ö
λe′′ ,T

õ¹äBê½ã�äxõ'æ�î½ý�óMäMè
ê½îFç�óIó8é�é#îFø�ç�è'æ2ê½ä�ï�è�ò�ågõÅä�î½ä+øXç�è�ïKòÅóPãÉætð�æ;ýtê½ã'æ2ê
λe
ç»ï�æ�ïFï½é�óMç�æ2ê½ä+øpðSç·ê½ãnê½ã'äxë�äMî½ê½äb�

é#ù�ùÅé
ïKç·ê½äcêFé
e
Û ?_äpó8é#è'ï½ç�ø�ä�îBê½ã�äpóMé�è�ì)é#î½åtç�è�üÉä�ø�ü#ä�õ�ò�õ�õ�ô�ä

bc
e

æ2è'øVêFã�ä�è�é�èÅó8é�è�ì)é�îFåcç�è�üÉäMô�äMåtäMè
ê¨õ�ò'õ�õ�ô�ä
bnc
T

ðSã'ç�óPã
å�æ;ýpõ¹ä¨ø�ä�
Åè�ä�ønæ�ï�ì)é#ô·ô�é"ð�ï

∀e ∈ E i
h, e = T ∩ T ′,





bc
e|T = ddΠe′ 6=eλe′,T ,

bc
e|T ′ = ddΠe′ 6=eλe′,T ′ ,

bc
e|Ω\Te

= 0 ,

æ�è'ø

∀T ∈ Th,

{
bnc
T |T = 2 − (d + 1)

∑
e∈ET

λ2
e,T ,

bnc
T |Ω\T = 0 .

Ô9é2ê½äBêFã'æ"ê�êFã�äxè�é�èÅó8é�è�ì)é�îFåcç�è�ücäMô�äMåtäMè
ê�õ�ò'õ�õ�ô�ä�ï�æ�î½äBïKòÅóPã&êFã'æ"ê

∀T ∈ Th , ∀e ∈ Eh ,

∫

e

bnc
T = 0 .

� �ÅÛ � �

ûNè'ø�äMä�ø�Ö¹ç�è_Ù �ÆÖ
bnc
T

ë"æ�è�ç�ï½ã�ä+ï�æ2ê�êFã�äÆê6ð�éF!Bæ�ò'ï½ï�ù¹é�ç�è#êPïIðSç�êFã�ä�ø�ü�äÆõÅæ2îFý�óMäMè
ê½îFç»óxó8é�é�îPø�ç�è'æ"êFä�ï
(1 ±

√
1/3)/2

ðSã'äMîFä�æ�ï
ç�è �f�ÆÖ

bnc
T

ë"æ2è�ç»ïKã'ä�ïtæ"êcê½ã�äÉêFã�î½ä�ä !Bæ�ò'ïFïgù¹é�ç�è
êFïtðSç·ê½ã ì�æ�óMä&õ'æ�î½ý�óMäMè
ê½îFç�ó&ó8é�é�îPø�ç�è'æ"êFä�ï
(2/3, 1/6, 1/6)

Û ��ç�è'æ2ô�ô�ý�Ö%ð�ä
ç�è
ê½îFé�ø�ò'ó8äIê½ã'äxõ�ò�õ�õ�ô�ä¨ï½ù'æ�óMä�ï

B l (Th) =
ï½ù'æ2è

e∈Ei
h
{bc

e}
æ2è'ø B ubl (Th) =

ïKù'æ�è
T∈Th

{bnc
T } .

� � ��� f +3���P � ��*+ �  0�!�L"$)�+,&  �)$��� " � �����+8-��(�4-  "$ �)�% �  �)�+3�4- '�� �2'Z����) �
ûNè&ê½ã�ç»ï�ï½ä�ó8ê½ç�é�è�Ö�ð�ä¨ïKãÅæ2ô�ô³åtæ�ñ�äIò'ï½äxé2ì¬êFã�äBì)é�ô�ô�é"ðSç·è�ütù�îFé�ù¹äMî½ê½ç�ä�ï 7

	B!"��:%�
!+�P( ��Ñ Ë � 9�æ2ê½ò�îPæ"êFç·é#è_ù'î½é#ùÅä�îKê6ýU�HÑ =�?�3A@ 3 3QB ' %6. %�0 K65�2�%(.10�2�.
β ∈ (0, 1)

'*2 _ 38D�3L2�_ 3>2�. 5 H h
0�2 _&5 H kmax/kmin%(+LKM? .G?�0�.

|u − uh|k,h ≤ β |u − uh|k,h .
� �'Û/Ó �

	B!"��:%�
!+�P( ��ÑV; � 9�ê½îFäMè�ü�ê½ã�ä�è�ä�øE��æ2òÅóPã
ý �"9�óPã�ð�æ�î #�ç·è'ä��
ò'æ2ô�ç·ê6ý��8Ñ/=�?�3A@ 3�3QB ' %6. % 0>K65�2�%(.10�2�.
γ ∈ [0, 1)

'*2 _ 3�D�3L2�_ 3>2�.�5 H h0�2 _�5 H kmax/kmin
%6+LKM? .G?�0�.

∀v ∈ P 1��� ,0(Th), ∀w ∈ X̂h,
∑

T∈Th

kT (∇v,∇w)0,T ≤ γ|v|k,h|w|k,h .
� �'Û Òf�

â�ð©é�ã'ç·ä�îFæ�îFóPã�ç»óMæ�ô4äMîFî½é#îBä�ïKê½ç�åtæ2ê½ä+ïÆæ2îFäpø�ä�î½ç�ë�ä+øVç�èhê½ã'ç�ïgïKä+óHê½ç�é�è¬Ö�é#è�äpõ'æ#ïKä+øVé#è\ä�ø�ü#ä�õ�ò�õ�õ'ô·ä+ïÆæ2èÅøhé�è�äpõÅæ�ï½ä�ø_é�è
ä�ô·ä�åcä�è
ê�õ�ò�õ�õ�ô�ä�ï�Û
�ÅÛ Ù�Û·×#Û��L2LO�5�- O�'*2 X 3M_^X 3 [>+L[ [L- 3L%
ûNè&ê½ã�ç»ï�ï½ä�ó8ê½ç�é�èÉð©äxóPã�é�é#ï½ä

X̂h = B l (Th)
Û

	B!"��:%�Å*+)�+��¹� ��Ñ�
¬Ñ � 3L.
u
0�2�_

uh
[63�@ 3L%3D�3MKL. '�O�3L-/8�.G?�3�+
2�'\N>+�3 %>5�-/+
. ' 5�2 5 H ��� R � � 0�2 _ ��� R�� � R =�?�3>2 J +
2 _ 3A@ .�?�3 %L0�. +�@ 0�. ' 5�2D�@ 5QD�3A@(. 8 ��R � 0�2�_ .G?�3 %(.3@ 3L2YX�.G?�3>243M_��:0�+LKM?78
	��#KQ? F 0I@��'*2 3QN>+�0�- '*. 8 � R � J .G?�3^@ 3,3CB ' %(. %�0>K 5�2�%(. 0�2�.

c
%(+LKQ? .�?�0�.

|u − uh|k,h ≤ c η2(uh) ,
� �'Û Ø$�

F ?�3A@ 3
η2(uh) = |ûh|k,h .

� �'Û Hf�



� | ��� m��r| ����� m q�m ���
	��� mro
� ��� |iq � m
� ×M�

��@ 5M5 H R â�ã�äÉù�îFé�é2ì�ä���êFäMè'ø�ïÆê½éVê½ã'ä&è�é#è'ó8é#è�ì)é�îFåtç·è'ü�óMæ#ïKäXê½ã�äÉç�ø�ä�æ�ïgù�îFä�ï½äMè
ê½ä+ø\ç�è � H��±Û<�'é�î
uh ∈ Xh

ÖRð�äXãÅæ;ë�ä�êFã�ä
ò�è'ç �
ò�ä¨ø�ä+ó8é#åcù¹é#ï½ç·ê½ç�é�è

uh = u1 + u2
ðSã�äMîFä

u1 ∈ P 1u�l ,0(Th)
æ�è'ø

u2 ∈ B l (Th)
Û:��é#î

vh ∈ P 1u�l ,0(Th) ⊂ Xh
Ö�ð�äBã'æ;ë�ä

∑

T∈Th

kT (∇(uh − uh),∇vh)0,T = 0 ,

æ�è'øpì)é#î�æ2ô�ô
v̂h ∈ B l (Th)

Ö�ð�äBã'æ;ë�ä

∑

T∈Th

kT (∇(uh − uh),∇v̂h)0,T =
∑

T∈Th

kT (∇ûh,∇v̂h)0,T .

â�ã�ò'ï�Ö�õ�ýpêFæ�ñ�ç·è�ü
vh = u1 − uh

æ2è'ø
v̂h = u2

ç�èÉê½ã�äxæ�õÅé"ë#äIä��
ò'æ"êFç·é#è'ïMÖ�ð�äxé�õ�êPæ2ç�è

|uh − uh|2k,h =
∑

T∈Th

kT (∇ûh,∇u2)0,T ,

æ�è'ø ì)îFé�åaê½ã�ä � ï6êPæ2è'ø�æ�îFø�����æ�ò'óPã�ý � 9�óPã�ð�æ2î #pç�è�ä��
ò'æ�ô·ç·ê6ý�Ö�ð©ä�ø�ä+ø�ò'óMä |uh − uh|2k,h ≤ |ûh|k,h|u2|k,h

Û ��ò'îKêFã�äMîFåté�îFä�Ö
ò'ï½ç�è�ücê½ã�ä¨ïKê½îFäMè�ü�ê½ã�ä�è�ä�ø ��æ2òÅóPã
ý �"9�óPã�ð�æ�î #9ù�î½é#ùÅä�îKê6ý��'Û/Ù¨ý�ç�äMô»ø�ï

|u1 − uh|2k,h + |u2|2k,h − |uh − uh|2k,h = 2
∑

T∈Th

kT (∇u2,∇(uh − u1))0,Ω ≤ 2γ|u2|k,h|uh − u1|k,h .

â�ã�ä�î½äMì)é�îFä�Ö�ð�äIé#õ�êFæ�ç·è
(1 − γ2)|u2|2k,h ≤ |uh − uh|2k,h

æ2èÅø&óMé�åÆõ'ç·è�ç�è�ücê½ã'ä¨æ2õ¹é"ë�äIç·è�ä��
ò'æ2ô�ç�êFç·ä+ï�ô·ä+æ�ø�ï�êFé

|u − uh|k,h ≤ |u − uh|k,h +
1√

1 − γ2
|ûh|k,h .

��ç�è'æ2ô�ô·ý#Ö�ò'ï½ç·è'ügêFã�ä¨ïFæ"ê½ò'îFæ2ê½ç�é�èXù'î½é#ùÅä�îKê6ý � �'Û/Ó �HÖ'ð©äBé�õ�êFæ2ç�è

|u − uh|k,h ≤ 1

(1 − β)
√

1 − γ2
|ûh|k,h ,

� �'Û Úf�

ý�ç�äMô»ø�ç·è'ügêFã�ä¨ø�ä+ïKç�î½ä+øXîFä�ï½ò�ô·ê�Û
�

ûNètêFã�ä�ê6ð�é��Nø�ç�åcä�è'ï½ç·é#è'æ2ô'ó�æ�ï½ä�Ö
ç�ê�ç�ï%î½ä�ô�æ2ê½ç�ë�ä�ô·ýcï6êFîFæ�ç·ü#ã#ê½ì)é�îFð�æ�îFøÆê½égë�ä�î½ç·ì)ý¨êFã�ä�ïKê½îFäMè�ü�ê½ã�ä�è�ä�ø ��æ2ò'óPã�ý � 9�óPã
ð�æ2î #�ù�î½é#ù
�
ä�îKê6ý#Û
�©�
	�	 � �¬Ñ��¬Ñ � %6%(+
)�3

d = 2 R =�?�3>2 J .G?�3^@ 3 3QB ' %(. % 0 K65�2�%(.10�2�.
γ < 1

5�2�- 8 _ 38D�3>2 _�'*2YX 5�2E.G?�3 )�'*2'*)�+
) 0�2 X - 3,5 H .G?�3.,@(' 0�2YX�- 3L%�'*2 Th
%(+LKQ? .�?�0�. � � R�� � ' % O=3^@(' � 3M_ R��@ 5M5 H R � çH� �'é�î

T ∈ Th
Ö�ô�ä8ê Bc(T ) =

ïKù'æ�è
e∈T {bc

e|T }
æ2è'øÉô�ä8ê

γT = max
u∈P 1(T ),v∈Bc(T )

(∇u,∇v)0,T

‖∇u‖0,T‖∇v‖0,T
.

ûNè � Ó��>Ö³ç·êBç�ïxï½ã�é"ðSè�êFã'æ"ê
γT = supx∈R3

xtA12A−1

22
A21x

xtA11x

Ö³ðSã�ä�î½ä
A11, A12, A21, A22

æ2îFägï½ò'óPãÈêFã'æ"êBê½ã'äcô�é�óMæ�ôbïKê½ç·ÿºè�ä�ïFï
å�æ"êFî½ç �

A
Ö�î½ä�ô�æ2ê½ç�ë�ä�ê½étêFã�äxõ'æ�ï½ç»ï%ì)ò'è'óHêFç·é#è'ïSé2ì

P 1ubl ,0(Th)
æ�è'ø B l (Th)

Ö�ç»ï
A =

(
A11 A12

A21 A22

)
.

� ç·çi��?Vätè�äb��êBë#äMîFç�ì)ý�è�ò�åtä�î½ç»óMæ�ô·ô�ýnê½ã'æ2êxê½ã�ä�î½äcä���ç»ï6êPïxænó8é�èÅï6êPæ2è
ê
γ0 < 1

é�è'ô·ý�ø�äMù¹äMè'ø�ç�è�üné�èVê½ã'äcåtç�è�ç�åÆò�å æ2è�ü#ô·äcé2ì
T
ï½ò'óPã�ê½ã'æ2ê

γT ≤ γ0
ÛDA©ä+óMæ�ò'ïKäÉé2ì�ç�ï½é2êFî½é#ù
ýhæ2èÅø ïFóMæ�ô·ä&ç·è�ë"æ2îFç�æ�è'ó8ä#Ö4ð©änóMæ�è æ#ï½ï½ò�åtäXêFã'æ"êcê6ð�éVé�ì�ê½ã�änë#äMî½ê½ç»ó8ä�ïgé2ì

êFî½ç»æ2è�ü#ô·ä
T
ã'æ;ë�äÆóMé�é�îPø�ç·èÅæ"ê½ä+ï

(0, 0)
æ2èÅø

(1, 0)
æ�è'ø�ù'æ�îFæ�åcäMê½ä�î½ç$#MäxêFã�ä¨êFî½ç»æ2è'ü�ô�ä

T
õ�ýÉç·êFïIæ2è'ü�ô�ä�ï

(α, β)
� ï½äMäÆô�ä8ìÊêBù�ô�é2ê



×M� � | ��� m��r| ����� m q�m ���
	��� mro
� ��� |iq � m
�
ç�è 
Åü�ò�îFän×��HÛ���é#îBä�æ�óPã

(α, β)
Ö¬ð�ätåtæ;ýÈï½é�ô�ë�ägê½ã'äpæ2õ¹é"ë�äÆä�ç·ü#äMè�ë"æ2ô�ò�äcù�î½é#õ�ô�äMå è�ò�åtäMîFç»óMæ2ô�ô�ýÈæ2è'ø�ê½ã�ò'ïxóMé�è'ïKê½îFò'óHêIê½ã'ä

ì)ò�èÅóHê½ç�é�è
(α, β) 7→ γT

Û �9ü#æ�ç·è�Ö�õÅä+óMæ�ò'ïKäXé2ì�ç�ï½é2êFî½é#ù
ýVæ2è'ø\ïFóMæ�ô·ä�ç�è�ë;æ�î½ç»æ2èÅó8ä�Ö¬ê½ã�ä&ï½æ�åcä�îFä�ï½ò�ô·ê¨ç�ïÆé�õ�êPæ2ç�è�ä�øVì)é#î
γT
ç�ì

æ�è
ýÈê6ð©é�æ2è'ü�ô�ä�ïBæ2îFäcêFæ2ñ#äMèVì)î½é#å�ê½ã'äpïKäMê {α, β, π − α − β } ç·è_ðSã�ç»óPã�äMë#äMîxé#îFø�ä�î�Ûtâ�ã�ä�î½äMì)é�îFä�Ö�ð�ätåtæ;ý�î½ä+ï6êFî½ç»óHêxé�ò'îç�è�ë�ä�ïKê½ç�ü#æ2ê½ç�é�èXê½écê½ã�ä¨ø�é�å�æ2ç�è

D = { (α, β); α ≥ β; α + 2β ≥ π; α + β ≤ π }.

â�ã�ç»ïÉø�é�å�æ2ç�èúç»ï&ø�ä�ù�ç»óHê½ä+øúç�èúê½ã�äVåtç�ø�ø�ô·ä_ù�ô�é2êXé�ì�
'ü�ò�îFä ×_æ�ïXæ�ïKã'æ#ø�ä�øqêFî½ç»æ2è'ü�ô�ä�Û�û6ï½é�ó8é�è
êFé�ò�îPïtì)é�îXê½ã�ä�ì)ò�è'ó8ê½ç�é�è
(α, β) ∈ D 7→ γT

æ2îFä�ù'î½ä+ïKä�è#êFä�øcé�ècêFã�ä�îFç·ü#ã#êRù'ô·é�êRç·è 
'ü#ò�îFäx×�Ûbâ�ã�äSåtç·è�ç�åÆò'å�ë"æ2ô�ò�äSì)é#î
γT
ç�ï

0.5
æ�è'øtç�ï%æ"êKêPæ2ç�è�ä�øgì)é#î

æ�èÉä��
ò�ç·ô»æ"êFäMîPæ2ôºêFî½ç»æ2è�ü#ô·ä � ô·äMìÊêIó8é#î½è'äMî�é2ìRï½ã'æ�ø�ä+ø&ê½îFç�æ�è�ü�ô�ä��8Û���ò�î½ê½ã'äMîFåcé#î½ä#Ö�ð©äxãÅæ;ë�ä
γT ≤ 1

ì)é#î�æ2ô�ô
(α, β)

æ2è'ø
γT → 1é#è�ô·ýnç·ì

(α, β) → (π, 0)
Û�9�ç�è'óMäÆêFã�ä¨ì�æ�åcç�ô�ýÉé�ì4ê½îFç�æ�è�ü�ò'ô�æ2ê½ç�é�è'ï

(Th)h
ç»ï�æ#ï½ï½ò�åtä�øÉêFéXõ¹ägï½ã'æ2ù¹äL�±îFäMü�ò'ô�æ�î�Ö'ê½ã�ägåcç�è�ç�åÆò�å

æ�è�ü�ô�ä�é�ì
T
å�æ;ýpõÅäxò'è�ç�ì)é#î½åtô�ýpõ¹é�ò�è'ø�ä�øXì)î½é#å õÅä�ô·é"ð õ�ýXæcùÅé
ïKç·ê½ç�ë�ä��
ò'æ2è
êFç�ê6ý#Ûbâ�ã'äMîFä8ì)é�îFä�Ö�ç·êSç�ï�ùÅé
ï½ï½ç·õ'ô·ä�ê½é�õ¹é�ò�èÅø

γTì)îFé�å æ�õÅé"ë#ä�õ�ýÉæcóMé�è'ïKêFæ�è
ê
γ0 < 1

é#è�ô·ý&ø�äMù¹äMè'ø�ç·è�ü�é#èXêFã�ç»ïSåtç·è�ç�åÆò'å æ2è'ü�ô�ä�Û
� ç·ç�çH��ûNèné#îFø�ä�î�ê½é�ù�îFé"ë�ä � �ÅÛ Ò	�HÖ�ó8é#è'ï½ç�ø�ä�î

vh ∈ P 1u�l ,0(Th)
æ2èÅø

wh ∈ B l (Th)
Û:�'î½é#å ê½ã�ä¨æ�õÅé"ë#äBî½ä+ïKò�ô·ê�Ö�ð�äxø�ä�ø�ò'ó8äBêFã'æ"ê

∑

T∈Th

kT (∇vh,∇wh)0,T ≤
∑

T∈Th

kT γT ‖∇vh‖0,T‖∇wh‖0,T ,

æ�è'øXòÅïKç�è�ütê½ã'ä ��æ�ò'óPã�ý � 9�óPã�ð�æ2î #9ç�è�ä��
ò'æ�ô·ç·ê6ý�Ö�ð�äBé�õ�êPæ2ç�è

∑

T∈Th

kT (∇vh,∇wh)0,T ≤
(

sup
T∈Th

γT

)
|vh|k,h|wh|k,h ,

ðSã�ä�è'ó8äBð�ä¨ø�ä�ø�ò'ó8äBù�îFé�ù¹äMî½ê6ý �'Û/ÙÆðSç�êFã&êFã�ä¨ó8é#è'ïKêFæ2è
ê
γ = supT∈Th

γT ≤ γ0 < 1
Û

�

α
α β

β

(0, 0) (1, 0) π/3 π/2 π

α
β

(0, 0)
(1, 0)
π/3
π/2

π

���������	��
�E5¬ä8ìÊê 7¬êFî½ç»æ2è�ü#ô·ä
T
ðSç�êFãXæ2è�ü#ô·ä+ï

α
æ2è'ø

β � åtç»ø�ø�ô�ä�74ø�é#åtæ�ç·è D
� ï½ã'æ�ø�ä+øcê½îFç�æ�è�ü�ô�ä��bì)é�î%ùÅæ2ç�îFï

(α, β) � îFç·ü#ã
ê 7bç�ï½é�ó8é#è#êFé�ò�îPï©é2ì�ê½ã�äBì)ò�èÅóHê½ç�é�è (α, β) ∈ D 7→ γT

��ç�è'æ2ô�ô·ý#Ö�ð©äBç�è�ë�ä�ïKê½ç�ü#æ2ê½ä�ê½ã�äxé#ù�ê½ç�å�æ2ô�ç�ê6ý&é2ì�ê½ã�ä¨æ�õÅé"ë#ä�ä�î½îFé�î�ä�ïKê½ç�å�æ"êFé�îPïMÛ

	B!"��:%�Å*+)�+��¹� ��Ñ���Ñ� 3>.
u

0�2 _
uh

[63>@ 3L%3D�3MKL. '�O�3L-/8 .�?�3F+
2�'\N>+�3 %>5�-/+
. ' 5�2 5 H ��� R � � 0�2�_ ��� R�� � R = ?�3L2 J .�?�3A@ 3 3QB ' %6. %�0
K65�2�%(.10�2�.

c
%(+LKM? .G?�0�.

η2(uh) ≤ |u − uh|k,h + c h‖f − fh‖k−1,0 .
� �ÅÛ·×+Õf�



� | ��� m��r| ����� m q�m ���
	��� mro
� ��� |iq � m
� ×+Ó

��@ 5M5 H R 9�ç�è'óMä ûh
ç»ï�ê½ã�ä¨ï½é�ô�ò�êFç·é#è&é�ì � �'Û �f��æ2è'ø

X̂h
ç»ï

H1
0 (Ω)

�Nó8é�è�ì)é�îFåcç�è�ütïKùÅæ�ó8ä#Ö�ð©äBã'æ;ë#ä

|ûh|2k,h =
∑

T∈Th

∫

T

kT∇(u − uh) · ∇ûh +

∫

Ω

(fh − f) ûh

=
∑

T∈Th

∫

T

kT∇(u − uh) · ∇ûh +

∫

Ω

(fh − f) (ûh − Π0ûh)

≤ |u − uh|k,h|ûh|k,h + c h‖f − fh‖k−1,0 |ûh|k,h ,

ý�ç�äMô»ø�ç·è'ügêFã�ä¨ø�ä+ïKç�î½ä+øXä+ï6êFç·å�æ2ê½ä�Û
�

¾&�
	���!�� �¬Ñ ��Ñ�ûNèÉø�ç·åtäMèÅïKç�é�è
d = 2

Ö�ætï6êFîFæ�ç·ü#ã
êKì)é�îFð�æ2îPøpóMæ�ô�óMò�ô�æ2ê½ç�é�èÉïKã�é"ð�ï�êFã'æ"ê

Xh =

{
vh ∈ L2(Ω); ∀T ∈ Th, vh|T ∈ P 2(T ); ∀e ∈ Eh

∫

e

[vh]e = 0
æ�è'ø

[vh]e(me) = 0

}
,

ðSã�ä�î½ä
me
ç»ï�êFã�äxåtç�ø�ù¹é�ç�è
ê�é2ì�ä�ø�ü#ä

e
Û

�ÅÛ Ù�Û Ù�Û��L2LO�5�- O�'*2 X 3>- 3L) 3>2�.�[>+L[ [L- 3L%
ûNè&ê½ã�ç»ï�ï½ä�ó8ê½ç�é�èÉð©äxóPã�é�é#ï½ä

X̂h = B u�l (Th)
Û

�©�
	�	 � �¬Ñ��³Ñ � ' � =�?�3 %(.3@ 3L2YX�.G?�3>243M_��:0�+LKM?78
	��#KQ? F 0I@�UK65�2�%(.10�2�. H 5$@G%,D�0PK 3L% P 1� � ,0(Th)
0�2 _ B � � (Th)

' %�'\_ 3L2. '\K60�-*- 8
0 R

� '*' � � 3L.
uh = u1 + u2

[63F.�?�3F+
2�'\N>+�3>_ 3QK65�)ZD�5=%('*. ' 5�2 5 H .G?�3�%>5�- +
. ' 5�2
uh

5 H � ��R � � F '*.�? u1 ∈ P 1� � ,0(Th)
0�2 _

u2 ∈
B � � (Th) R =�?�3>2 u1 = uh

' %G.G?�3 +
2�'\N>+�3G%>5�-/+
. ' 5�2&5 H ��� R�� � 0�2 _
u2 = ûh

' %�.�?�3 +
2'\NL+�3�%L5�-/+
. ' 5�2&5 H � ��R�� � R��@ 5M5 H R � çH� 5�äMê
vb
õÅäÉæ2è�æ�î½õ'ç�êFîFæ�î½ý�ì)ò�è'óHêFç·é#è ç�è B ubl (Th)

æ�è'ø
vh
æ2è�æ�î½õ'ç�êFîFæ�î½ý�ì)ò�è'óHêFç·é#è ç�è

P 1ubl ,0(Th)
ÛVâ�ã�ä !Iî½ä�äMè

ì)é#î½ågò�ô�æcý�ç�äMô»ø�ï

kT (∇vb,∇vh)0,T = kT

∑

e∈∂T

∇vh · ne

∫

e

vb ,

æ�è'ønê½ã'äcîFç�ü�ã
ê�åtäMågõÅä�î�ë"æ�è�ç�ï½ã�ä+ï�êFã'æ2è�ñ�ï�ê½é � �ÅÛ � �HÛxâ�ã�ç»ï�ç�åtù�ô�ç·ä+ï9êFã'æ"êIê½ã'äcïKê½îFäMè�ü�ê½ã�ä�è�ä�ø&��æ2ò'óPã�ý � 9�óPã
ð�æ2î #¨ó8é#è'ïKêFæ2è
ê
ì)é#î

P 1u�l ,0(Th)
æ2èÅø B u�l (Th)

ç»ïSï½ç·åtù�ô�ý
0
Û

� ç·çi� ��é#î�æ2ô�ô
vh ∈ P 1u�l ,0(Th)

Ö'ð©äBã'æ;ë#ä

(fh, vh)0,Ω =
∑

T∈Th

kT (∇uh,∇vh)0,T =
∑

T∈Th

kT (∇u1,∇vh)0,T +
∑

T∈Th

kT (∇ub,∇vh)0,T ,

æ�è'øXõ�ý&ò'ïKç�è�ücê½ã'äA
'îFïKêSù'æ2î½êSé2ì�ê½ã�äxù'î½é�é2ì6Ö�ð�äxø�ä�ø�ò'ó8äIê½ãÅæ"ê

∑

T∈Th

kT (∇u1,∇vh)0,T =
∑

T∈Th

(fh, vh)0,T ∀vh ∈ P 1ubl ,0(Th) .

â�ã�ä�î½äMì)é�îFä�Ö
u1
ç»ï©ê½ã�äBò�è�çH�
ò�äBïKé#ô·ò�êFç·é#èXé�ì � Ù�Û Óf�%æ�è'øpêFã�ç»ï©ç�è&ê½ò�îFèXç�åtù�ô·ç�ä�ï�êFã'æ"ê

u2
ç»ï©ê½ã�äBò�è'ç �
ò�äBïKé#ô·ò�ê½ç�é�èXé�ì � �ÅÛ �	�HÛ

�

	B!"��:%�Å*+)�+��¹� ��Ñ��¬Ñ � 3L.
u
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1

1 + β
P3(f) ≤ |u − uh|k,h ≤ 1

1 − β
P3(f) ,

� �ÅÛ·×#×��

F ?�3A@ 3

P3(f) =

(
∑

T∈Th

k−1
T (fh, bnc

T )
2
0,T

|bnc
T |21,T

)1/2

.
� �ÅÛ·×;Ù �
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õÅäXê½ã�äÉò�è�çH�
ò�änïKé#ô·ò�êFç·é#è é2ì � �'Û/Ù �8Û&�'î½é#å ô�äMåtå�æE�ÅÛ/Ø�Ö4ð©ä&ã'æ;ë�äpê½ã�änø�ä�óMé�åtù¹é#ï½ç�êFç·é#è
uh = uh + ûh

Û
â�ã�ä�î½äMì)é�îFä�Ö�ð�äIãÅæ;ë�ä

|ûh|k,h = |uh − uh|k,h ≤ |u − uh|k,h + |u − uh|k,h ≤ (1 + β)|u − uh|k,h ,

êFã'æ2è�ñ�ï©ê½égê½ã'äBïFæ"êFò�îPæ"ê½ç�é�èXù�î½é#ùÅä�îKê6ý��ÅÛ·×#Û �'ò�îKêFã�äMîFåté�îFä�Ö�ï½ç·è'óMä9êFã�äxó8é#è'ï6êPæ2è
ê
γ
ì)é�î�êFã�äIïKê½îFäMè'ü2ê½ã'äMè�ä+ø ��æ2òÅóPã
ý �"9�óPã�ð�æ�î #

ç�è�ä��
ò'æ�ô·ç·ê6ýpç»ïSïKç�åtù�ô�ý
0
Ö�ð�äxø�ä�ø�ò'ó8äBì)îFé�å � �'Û Úf�©êFã'æ"ê |u − uh|k,h ≤ 1

1−β |ûh|k,h

Û&�9ï�æcîFä�ï½ò�ô�ê+Ö�ð©äBü#ä8ê

1

1 + β
|ûh|k,h ≤ |u − uh|k,h ≤ 1

1 − β
|ûh|k,h ,

æ�è'ø�ç�è�é�îPø�ä�î9êFé&ó8é#è'ó8ô�ò'ø�ägê½ã'ägù�îFé�é2ì6Öºð�äÆé�è'ô·ýnè�ä�ä�ø�êFé&ï½ã�é"ð ê½ãÅæ"ê |ûh|k,h = P3(f)
Û¨â�æ2ñ�ç·è'ü

v̂h = bnc
T

ç�è � �'Û �f�9æ2è'ø
ò'ï½ç�è�ücê½ã�äBì�æ#óHêSê½ãÅæ"ê ∑

T∈Th
kT (uh, bnc

T )0,T = 0
Ö�ð�äIü#ä8ê

kT (∇ûh,∇bnc
T )0,T = (fh, bnc

T )0,T .

5¬ä8ê
ûh|T = αT bnc

T

ì)é�î�ï½é�åtä
αT ∈ R

Û�9�ç�è'ó8ä
(∇ûh,∇bnc

T )0,T = αT |bnc
T |21,T

Ö�ð�äBé�õ�êPæ2ç�è

αT =
(fh, bnc

T )0,T

kT |bnc
T |21,T

,

ï½ã�é"ðSç�è�üÆêFã'æ"ê |ûh|k,h = P3(f)
Û

�

¾&�
	���!�� �¬Ñ Ì Ñ 9�ç�è'ó8ä
uh
óMæ�è�õ¹änóMé�åtù�ò�êFä�ø ðSç�êFã�é�ò�êXïKé#ô·ë�ç�è�ü�ù�îFé�õ'ô·ä�å � �ÅÛ Ùf�HÖ%ç·ê�ç�ï�ïKê½îPæ2ç�ü�ã
ê½ì)é�îFð�æ�îFø_êFéVë#äMîFç�ì)ýhêFã�ä

ïFæ"êFò�îFæ2ê½ç�é�è&ù�î½é#ùÅä�îKê6ýXè
ò'åcä�î½ç»óMæ�ô·ô�ý�Û
¾&�
	���!�� �¬Ñ Ë�� Ñ9â�ã�ä¨æcù¹é#ïKê½ä�î½ç�é�îFçºäMîFî½é#î�ä+ï6êFç·å�æ2ê½ä � �ÅÛ·×#×��©é�è�ô�ýpç�è�ë�é�ô�ë�ä+ï�ægù'î½ä>�>ù�îFé�ó8ä+ï½ï½ç·è'ü¨ê½ä�î½ånÛ

� ����� f +3���P � ��*+ �  0�!�L"$)�+,&  �)$��� �L+ � ��%*& �.� -4)�+8-�� ) �*� "� �)�% �  �)�+,�.- ' � �2'Z����) �
ûNèÉê½ã'ç�ï�ï½ä�ó8ê½ç�é�èÉð©äBä+ï6êPæ2õ�ô�ç�ï½ã�æcã�ç·ä�îFæ�îFóPã'ç�ó�æ2ô³æcùÅé
ï6êFäMîFç·é#î½ç³ä�î½îFé�î�ä�ïKê½ç�å�æ"ê½é#î�ê½ã'æ2ê�è�äMç·ê½ã'äMî�îFä��
ò�ä+ï6êPï�ù�î½é#ùÅä�îKê6ý��'Û�×Iè'é�î

ù�îFé�ù¹äMî½ê6ý �'Û/Ù�Û ?_ä¨ó8é#è'ïKç»ø�ä�î�ê½ã�ä¨ó�æ�ï½ä
Xh = B l (Th)
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u
0�2 _

uh
[63!@ 3(%,D�3MKL. '�O=3>-/8,.�?�3�+
2�'\N>+�3 %L5�-/+
. ' 5�2N5 H ��� R � � 0�2�_ � � R�� � R =�?�3>2 J +
2 _ 3^@]?
8QD�5�.�?�3(%(' %

� R � J .G?�3^@ 3,3CB ' %(. % 06K 5�2�%(. 0�2�.
c
%(+LKQ? .�?�0�.

|u − uh|k,h ≤ c
(
P4(f) + |ûh|k,h + inf

vh∈P 1� ,0(Th)
|uh − vh|k,h

)
,

� �ÅÛ·×��f�

F ?�3A@ 3

P4(f) =

(
∑

T∈Th

h2
T k−1

T ‖f − fh‖2
0,T + h2

T k−1
T ‖f‖2

0,T + h2
T k−1

T ‖fh‖2
0,T

)1/2

,
� �ÅÛ·×M�	�

0�2 _
k−1

T =
∑

e∈ET
(k+

e )
−1 R

��@ 5M5 H R 5¬ä8ê Π : H1
0 (Ω) → B l (Th)

õ¹äBê½ã'äIç�è
ê½ä�î½ù¹é�ô»æ"êFç·é#è&é#ùÅä�îFæ2ê½é�îSø�äb
'è�ä+øXì)é#î
v ∈ H1

0 (Ω)
æ�ï

Πv =
∑

e∈ET

( ∫
e
v∫

e bc
e

)
bc
e .
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�'é�îXæ�ô·ô
vh ∈ P 1(T )

æ2èÅø
v ∈ H1

0 (Ω)
Ö�æ2èwç·è
êFäMü�îPæ"êFç·é#èwõ
ýqù'æ�îKêPï�î½ä+æ�ø�ç�ô�ý ï½ã�é"ð�ïcê½ã'æ2ê ∫

T
∇vh · ∇(v − Πv) = 0

Û
�'ò�îKêFã�äMîFåté�îFä�Ö
ì)é�î

w ∈ H1
0 (Ω)

Ö'ð©äBã'æ;ë#ä

∑

T∈Th

kT (∇(u − uh),∇w)0,T =
∑

T∈Th

kT (∇u,∇(w − IBVw))0,T + kT (∇u,∇IBVw)0,T

− kT (∇uh,∇(w − IBVw))0,T − kT (∇uh,∇IBVw)0,T

=
∑

T

(f, w − IBVw)0,T − kT (∇uh,∇Π(w − IBVw))0,T

+ (f − fh, IBVw)0,T .

9�ç�è'óMä
ûh
ç»ï�ê½ã�ä¨ï½é�ô�ò�êFç·é#è&é�ì�ù�îFé�õ'ô·ä�å � �ÅÛ �	�©æ�è'ø

Π(w − IBVw) ∈ B l (Th)
Ö�ð©äBã'æ;ë#ä

∑

T∈Th

kT (∇(u − uh),∇w)0,T =
∑

T∈Th

(f, w − IBVw)0,T − (fh, Π(w − IBVw))0,T

+ kT (∇ûh,∇Π(w − IBVw))0,T + (f − fh, IBVw)0,T .

�'ò�îKêFã�äMîFåté�îFä�Ö�ç�ê¨ç»ï¨ï½ã�é"ðSèhç·è ��×L�RêFã'æ"ê¨êFã�äpé#ùÅä�îFæ2ê½é�î
Π
ë#äMîFç 
Åä�ïIê½ã'ätì)é�ô�ô·é"ðSç�è�ünù�îFé�ù¹äMî½ê6ý 7¨ê½ã�ä�î½ä�äb��ç»ïKêFïxæ�ó8é#è'ïKêFæ2è
ê

cï½ò'óPã&ê½ã'æ2êSì)é�î�æ2ô�ô
v ∈ H1

0 (Ω)
Ö ‖Πv‖1,T ≤ c h

−1/2
T

∑
e∈ET

‖v‖0,e
ÛRâ�ã�ä�î½äMì)é�îFä�Ö�ð©äxø�ä+ø�ò'óMäBì)î½é#å � �'Û Ùf�RêFã'æ"ê

kT (∇ûh,∇Π(w − IBVw))0,T ≤ ckT ‖∇ûh‖0,T h
−1/2
T

∑

e∈ET

‖w − IBVw‖0,e

≤ ckT ‖∇ûh‖0,T h
−1/2
T

∑

e∈ET

h1/2
e (k+

e )
−1/2|w|k,∆e

≤ ck
1/2
T ‖∇ûh‖0,T

∑

e∈ET

|w|k,∆e .

�'ò�îKêFã�äMîFåté�îFä�ÖbïKç�è'óMäpê½ã'äpì�æ2åtç�ô·ý
(Th)h

ç»ïÆï½ã'æ�ùÅä>�>îFäMü#ò�ô�æ�î�Ö¬ê½ã�ä�î½ä&ä���ç»ï6êPïÆæ�óMé�è'ïKêFæ�è
ê
c
ïKòÅóPã\ê½ã'æ2êÆì)é#îgæ2ô�ô

v ∈ H1
0 (Ω)

Ö

‖Πv‖0,T ≤ ch
1/2
T ‖Πv‖1,T

ÛRâ�ã'äMîFä8ì)é�îFä�Ö�ð�äBåtæ;ýXðSî½ç·ê½ä

(fh, Π(w − IBVw))0,T ≤ c‖fh‖0,T h
1/2
T

∑

e∈ET

‖w − IBVw‖0,e

≤ chT ‖fh‖0,T

∑

e∈ET

(k+
e )−1/2|w|k,∆e

≤ ck
−1/2
T hT ‖fh‖0,T

∑

e∈ET

|w|k,∆e .

9�ç�åtç·ô»æ2îFô�ý�Ö�ð�äIå�æ;ýpðSîFç·ê½ä

(f, w − IBVw)0,T ≤ ck
−1/2
T hT ‖f‖0,T

∑

e∈ET

|w|k,∆e ,

æ�è'ø

(f − fh, IBVw)0,T ≤ ck
−1/2
T hT ‖f − fh‖0,T

∑

e∈ET

|w|k,∆e .

â�ã�ä�î½äMì)é�îFä�Ö�ð�äIü#ä8ê
∑

T∈Th

kT (∇(u − uh),∇w)0,T ≤ c
(
P4(f) + |ûh|k,h

)
|w|k,h .
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5¬ä8ê

vh ∈ P 1u�l ,0(Th)
æ�è'øÉô·äMê

w = u − vh
Û:�'î½é#å ê½ã'äxç�ø�ä�è
ê½ç·ê6ý

|w|2k,h =
∑

T∈Th

kT (∇(u − uh),∇w)0,T + kT (∇(uh − vh),∇w)0,T ,

ð�äBî½ä+æ�ø�ç�ô·ý&ø�ä�ø�òÅó8äIê½ã�ä¨ø�ä�ï½ç·îFä�ø&ä8êFç·å�æ"êFä�Û
�

�÷ù¹é#ïFïKç�õ�ô�ä¨óPã�é�ç»ó8ä�ì)é�î
vh
ç�è � �ÅÛ·×��f�©ç�ï�êFã�ä��Iï½ð�æ�ô�ø&ç·è
êFäMîFùÅé#ô�æ2ê½äIé2ì

uh
Û4â�ã�ç�ï�ý
ç�äMô»ø�ï�êFã�äBì)é�ô�ô·é"ðSç�è�ütîFä�ï½ò�ô�ê+Û

Ïg�Å!;�¹������!;( ��Ñ Ë ;³Ñ � 3>.
u

0�2�_
uh

[63 @ 3L%3D�3MKL. '�O�3L-/8 .G?�3,+
2�'\N>+�3�%>5�-/+
. ' 5�2 5 H ��� R � � 0�2 _ ��� R�� � R = ?�3L2 J +
2 _ 3^@�?
8QD�5�.�?�3(%(' %
� R � J .G?�3^@ 3,3CB ' %(. % 06K 5�2�%(. 0�2�.

c
%(+LKQ? .�?�0�.

|u − uh|k,h ≤ c
(
P4(f) + η3(uh)

)
,

� �ÅÛ·×;Ó �

F '*.G?
η3(uh) = |ûh|k,h + η1(uh) .

� �ÅÛ·×+Òf�
��@ 5M5 H R �'é�ô�ô·é"ð�ï�ø�ç�î½ä+óHêFô·ýXì)î½é#å � �'Û �	�HÛ

�

��ç�è'æ2ô�ô·ý#Ö�ð©äBç�è�ë�ä�ïKê½ç�ü#æ2ê½ä�ê½ã�äxé#ù�ê½ç�å�æ2ô�ç�ê6ý&é2ì�ê½ã�ä¨æ�õÅé"ë#ä�ä�î½îFé�î�ä�ïKê½ç�å�æ"êFé�îPïMÛ
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uh
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c
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P4(f) + inf
vh∈P 1� ,0(Th)

|uh − vh|k,h ≤ P4(f) + η1(uh) ≤ c
(
|u − uh|k,h + h‖f − fh‖k−1,0

)
.

� �ÅÛ·×"Ø$�

��@ 5M5 H R �©ô»æ�ïFïKç»óMæ�ô¹ê½ä�óPã'è�ç �
ò�ä+ïG�·×+Õ�ÖP×�Ú���ïKã�é"ð�ê½ã'æ2êSì)é�î�æ�ô·ô T ∈ Th
Ö�ð�äxã'æ;ë�ä

∑

T∈Th

h2
T k−1

T ‖fh‖2
0,T + h2

T k−1
T ‖f‖2

0,T ≤ c
∑

T∈Th

h2
T k−1

T ‖fh‖0,T + h2
T k−1

T

(
‖f − fh‖2

0,T + ‖fh‖2
0,T

)

≤ c

(
|u − uh|2k,h +

∑

T∈Th

h2
T k−1

T ‖f − fh‖2
0,T

)
,

ý�ç�äMô»ø�ç·è'ü

P4(f) ≤ c
(
|u − uh|k,h + h‖f − fh‖k−1,0

)
.

��ïKç�è�ütä�ïKê½ç�å�æ"ê½ä � ��Û�×�Õ	�RêFé�ó8é�è
êFî½é#ô
η1(uh)

Ö�ð�äxé�õ�êPæ2ç�èXêFã�ä¨ø�ä+ïKç�î½ä+øXîFä�ï½ò�ô·ê�Û
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àZ�
ûNè�êFã�ç»ï�ï½ä�ó8ê½ç�é�è�ð�ä�ø�ç»ïFó8ò'ïFï%é#ò�î�è
ò'åcä�î½ç»óMæ�ô'îFä�ï½ò�ô·êFï�Û ?_ä�
ÅîFïKê�óMé�è'ï½ç�ø�äMîRêFã�äBóMæ�ï½ä�é�ì�ó8é#è'ï6êPæ2è
ê©óMé�è'ø�òÅóHê½ç�ë�ç�ê6ý�æ�è'øtê½ã'äMè

æ#ï½ï½ä�ïFï�é�ò�îSä+ï6êFç·å�æ"êFé�îPï�ç·èÉê½ã'ä¨óMæ�ï½äBé2ì�ã�ä8êFäMîFé�ü�ä�è�äMé#ò'ï�åtä�ø�ç»æ�Û
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��ïÈæ ê½ä�ïKê�ù�îFé�õ'ô·ä�åÉÖBð�ä ó8é#è'ïKç»ø�ä�înê½ã�ä\ò�è'ç�ê_Ù �aïK�#òÅæ2îFä

Ω = ]0, 1[
2 ðSç·ê½ã ã�é�åté#ü�äMè'äMé�òÅï �9ç�î½ç»óPã�ô�ä8êÈõ¹é�ò�èÅø�æ2îFý

óMé�è'ø�ç·ê½ç�é�èÅï&æ�è'ø�óMé�è'ïKêFæ�è#ênó8é#è'ø�ò'ó8ê½ç�ë
ç·ê6ý
k = 1

Û â�ã�ähø�æ"êPæ
f
ç»ïÉóPã'é#ï½äMè�ï½é êFã'æ"êÉê½ã�ä_ä���æ#óHêÉï½é�ô�ò�êFç·é#è�é2ì � ×�Û �	�Xç�ï

u(x, y) = sin(2πx) sin(2πy)
Ûúâ�ð©éVì�æ2åtç�ô·ç�ä�ïté�ì�ò�è'ïKê½îFò'ó8ê½ò�îFä�ø�ê½îFç�æ�è�ü�ò'ô�æ2ê½ç�é�è'ïtæ2îFänó8é�èÅïKç»ø�äMîFä�ø�Û â�ã�ä 
'îPïKêcé#è�änç�ï�æ

�
ò'æ#ïKç �>ò'è�ç�ì)é#î½å êFî½ç»æ2è�ü#ò�ô»æ"ê½ç�é�è\ðSç·ê½ã ê½îFç»æ2è�ü#ô·äÉïKç$#Mä
hi = h02

−i Ö h0 = 0.2
æ�è'ø

i = 0, 1, 2, 3, 4
Û_â�ã�änï½ä�ó8é#è'ø\é#è�ä&ç»ï

ïKê½îFé�è�ü#ô·ý\è'é�è
�±ò�è�ç·ì)é�îFåaðSç·ê½ã ê½îFç�æ�è�ü�ô�ä�ïKç$#Mänè�ä+æ2îcê½ã�ä�õ¹é�ò'è'ø�æ2îFý æ�ïtõ¹ä8ì)é#î½ä�æ�è'ø êFî½ç»æ2è'ü�ô�ä�ïgê½ä�è êFç·åtä+ï�ïKå�æ2ô�ô�äMî�ç�è�êFã�ä
ë�ç»ó8ç�è�ç�ê6ýné�ìRê½ã�äcù¹é�ç�è#ê

(0.5, 0.5)
ô�é�óMæ"êFä�øVæ"ê9êFã�ätó8äMè
êFäMîIé2ì

Ω
ÛBûNè�ê½ã�är
'ü#ò�î½ä+ï9õ¹äMô�é"ðxÖºäMîFî½é#î�ç�è'ø�ç»óMæ"êFé�îPï9æ�è'øÈè�ò�åtäMîFç»óMæ2ô

ä�î½îFé�îPï�ðSç·ô�ô�õÅägù�ô·é�êKêFä�øÈæ#ï9æ�ì)ò'è'óHêFç·é#èÈé2ìbê½ã'äÆè�ò�åÆõ¹äMîIé2ìRø�ä�ü�îFäMä+ï�é2ìbì)îFäMä+ø�é�å ì)é�î�ê½ã�äcø�ç»ï½óMî½äMê½ä¨ù�îFä�ïFï½ò�î½äxù'î½é#õ�ô·ä�ånÖÅç>Û ä#Û



� | ��� m��r| ����� m q�m ���
	��� mro
� ��� |iq � m
� ×�Ú

210 310 410

-110

010

110

|u − uh|k,h�
1(f)

η1(uh)�
2(f)

η(jh)

210 310 410 510

-110

010

110

|u − uh|k,h�
1(f)

η1(uh)�
2(f)

η(jh)

���������	���	� ����æ�ó8êRäMîFî½é#î4æ2è'øcîFä�ï½ç�ø�òÅæ2ô�õ'æ#ïKä+øgä�î½îFé�îbç�è'ø�ç»óMæ2ê½é�îPï4æ�ï4æIì)ò'è'óHêFç·é#ècé�ìÅêFã�ä�è�ò�ågõÅä�îRé2ìºä�ø�ü#ä�ï
ç�è&êFã�äxåtä�ï½ã � ô�ä8ìÊê 7��#òÅæ�ï½ç �±ò�è�ç·ì)é�îFå ê½îFç�æ�è�ü�ò'ô�æ2ê½ç�é�è�Ö�îFç·ü#ã#ê 7Rï6êFî½é#è�ü�ô�ý�è�é#è
�>ò'è�ç�ì)é#î½å ê½îFç�æ�è�ü�ò�ô»æ"êFç·é#è

êFã�äBè
ò'åÆõ¹äMî�é2ì¬ä+ø�ü�ä+ï%ç�è&ê½ã�äBåtä�ï½ã�Û ?úç�êFãÉægô�é�ü��±ô�é�üÆïFóMæ�ô·ä#Öf
ÅîFïKê;�±é�îPø�äMî�ó8é#è
ë#äMîFü�ä�è'ó8äSêFã�äMîFä8ì)é#î½ä�ý�ç·ä�ô�ø�ï�ï½ô·é#ùÅä+ï�é2ì
1/2
ì)é#î

ê6ð�é��Nø�ç�åcä�è'ï½ç·é#è'æ2ôºù�îFé�õ�ô�äMå�ï�Û
��ç�ü�ò�îFäcÙXù�îFä�ï½äMè
êFïIé�ò'î�è�ò�åtäMîFç»óMæ2ôbîFä�ï½ò�ô·êFï�ì)é�îIê½ã'ägîFä�ï½ç�ø�ò'æ2ôbõ'æ#ïKä+øÈäMîFîFé�î9ç�è'ø�ç»óMæ2ê½é#îFïIø�äMîFç�ë�ä�ø�ç·è 9�ä+óHê½ç�é�è&�&æ�è'ø�ì)é#î

êFã�äSê6ð�éBì�æ2åtç·ô�ç�ä�ï4é�ìºåtä+ïKã�ä+ïMÛ ?_ä�ù�îFä�ï½äMè
ê4ê½ã�ä9ä���æ�ó8êRù�î½ä+ï½ï½ò�îFä�äMîFî½é#î |u − uh|k,h

Ö2ê½ã'ä�ù�îFäL�±ù�î½é�óMä�ïFïKç�è�ü�ê½äMîFå
P1(f)

ü#ç·ë#äMè
õ�ý � �'Û � �HÖ
ê½ã'ä�ù¹é#ïKê;�±ù�îFé�óMä�ïFïKç�è�üxêFäMîFå

η1(uh)
ü�ç�ë�ä�èpõ�ý � ��Û Hf�8Ö#êFã�äBù�îFäL�±ù�î½é�óMä�ïFïKç�è�üBê½ä�î½å

P2(f)
ü�ç�ë�ä�èpõ�ý � ��Û�×+Ùf�%æ�è'øtê½ã'ä

ë#äMô�é�óMç�ê6ýXäMîFî½é#î©ç�è'ø�ç»óMæ2ê½é�î
η(jh) = η1(uh) + P1(f) + P2(f) ,

îFä�ï½ò�ô·ê½ç�è�ütì)î½é#å �©é#î½é#ô·ô»æ2îFý��'Û/Øcæ�è'ø �RîFé�ù¹é#ï½ç�êFç·é#è �'Û·×+Õtõ�ý&ï½ä8êKêFç·è'ü�ê½ã�äcó8é#è'ï6êPæ2è
êFï�ä��
ò'æ2ô�ê½épé#è�ä�Û ?_ä�
'îPï6ê9é#õ'ï½äMîFë�äBê½ãÅæ"ê
êFã�ä¨ä���æ#óHê9ù�îFä�ïFï½ò�î½äBä�î½îFé�îSç»ïG
'îPïKê;�±é�îPø�äMîSç�ènê½ã�äÆåcä+ïKãÈï½ç$#Mä�ÖÅç·èÈæ�ü�îFäMä�åcä�è
ê�ðSç·ê½ãÈê½ã�äÆæpù�î½ç�é�îFç³äMîFîFé�î�æ2èÅæ2ô�ý�ï½ç»ïMÛ{��ô�ô�êFã�äÆæ
ù¹é#ïKê½ä�î½ç�é�îFçºäMîFî½é#î©ç�è'ø�ç»óMæ2ê½é�îPï�æ2ô»ïKécä���ã�ç�õ�ç·êSê½ã�ä¨óMé�îFî½ä+óHê�é�îPø�äMî�é�ì�ó8é#è�ë�äMîFü�ä�è'ó8ä#Û ?_ä¨æ2ô»ïKécè�é�ê½ç»ó8äIê½ã'æ2ê�ê½ã�äxù�îFäL�±ù�îFé�ó8ä�ïFï½ç·è�ü
êFäMîFå

P1(f)
ø�é#åtç·è'æ2ê½ä+ïxê½ã'äXù¹é#ïKê;�±ù�î½é�óMä�ïFïKç�è�üÉê½ä�î½å

η1(uh)
Û �9ïgæ�îFä�ï½ò�ô�ê+Ö�ê½ã�ä&ä���æ�ó8êÆë�ä�ô·é�ó8ç·ê6ý�ä�î½îFé�î ‖j − jh‖k−1,divæ�ù�ù�îFé(��ç�å�æ"êFäMô�ý9ó8é#ç·è'óMç�ø�ä�ï³ðSç·ê½ãBêFã�äRù�îFäL�±ù�îFé�óMä�ïFïKç�è�ü©ê½ä�î½å

P1(f)
Û�â�ã�ä4äMÿ¹ä+óHêFç·ë�ç·ê6ý�ç�è'ø�äb��ì)é#î³ê½ã�ä%ù�î½ä+ï½ï½ò�îFäbäMîFî½é#î³ç·è'ø�ç�ó�æ"ê½é#î

η1(uh)
Ö'ø�äb
'è�ä�ønæ#ï

I1 =
η1(uh)

|u − uh|k,h

,

êPæ2ñ�ä+ï9ë"æ�ô·ò�ä+ï9îPæ2è'ü�ç�è�üpì)îFé�å
0.60

ê½é
0.86
Ûxâ�ã�äcä8ÿºä�óHêFç·ë�ç·ê6ý�ç·èÅø�ä���ì)é#î9êFã�äcê½é2êPæ2ô�äMîFî½é#î9ç�è'ø�ç»óMæ2ê½é�îIõ'æ#ïKä+øÈé�èÈê½ã�ätåtç ��ä+ø

ì)é#î½ågò�ô�æ2ê½ç�é�è�Ö�ø�ä�
'è�ä+ø&æ#ï

I2 =
η1(uh) + P1(f)

|u − uh|k,h + ‖j − jh‖k−1,div
,

êPæ2ñ�ä+ïIë;æ�ô·ò'ä�ïIîFæ�è�ü�ç�è�üXì)î½é#å
0.85

êFé
0.87
Û ��ç·èÅæ2ô�ô·ý#Öºê½ã�ätä8ÿºä�ó8ê½ç�ë�ç�ê6ýÈç�è'ø�äb�Èì)é�îIêFã�ätë�äMô�é�ó8ç·ê6ý�äMîFî½é#î9ç�è'ø�ç»óMæ2ê½é�îBõ'æ#ïKä+øÈé#è

êFã�äxù�îFä�ïFïKò�îFä�ì)é�îFåÆò�ô»æ"êFç·é#è�Ö�ø�ä�
Åè�ä�ønæ�ï

I3 =
η1(uh) + P1(f) + P2(f)

‖j − jh‖k−1,div
,

êPæ2ñ�ä+ï�ë"æ2ô�ò�ä�ï9îFæ�è�ü�ç�è�ücì)î½é#å
1.7
ê½é

1.8
Û©â�ã�ä+ïKä¨ï½ô·ç�ü�ã
êFô·ý&ô�æ�î½ü#äMî�ë"æ2ô�ò�ä�ï�æ2îFäBø�ò�äxê½étêFã�ä¨ù�îFä�ï½äMèÅó8äxé2ì�ê½ã'ä¨ù�îFäL�±ù�î½é�óMä�ïFïKç�è�ü

êFäMîFå
P2(f)

Ûpâ�ã�ò'ï�Ö¬ð�äpó8é�èÅó8ô�ò'ø�äcê½ã'æ2êÆæ2ô·ê½ã�é#ò�ü�ãVê½ã'äpænùÅé
ï6êFäMîFç·é#î½çbä�ïKê½ç�å�æ"êFä�õ'æ�ï½ä�øVé�è_ê½ã'ä�ù�î½ä+ï½ï½ò�îFäÆì)é#î½ågò�ô»æ"ê½ç�é�è_ç»ï
ç�è
ê½äMîFä�ïKê½ç�è�üXì)é�î�ê½ã�ä�é�îFä8ê½ç»óMæ�ô¬îFä�æ#ïKé#è'ï9ï½ç·èÅó8äÆç·êBý
ç�äMô»ø�ïIó8é#è'ï6êPæ2è
êFï�ç�è'ø�äMù¹äMèÅø�äMè
êBé2ì4ê½ã'ägîPæ"êFç·é

kmax/kmin
Öºç·êIù'î½ä+ïKä�è#êPïSêFã�ä

è�ò�åtäMîFç»óMæ2ô�ø�îFæ;ðSõ'æ#óPñcê½étõÅäxô�ä�ïFï�ï½ã'æ2îFùpêFã'æ2èÉêFã�äxä�ïKê½ç�å�æ"ê½é#îFï�õ'æ#ïKä+øXé#èXêFã�äxåtç ��ä+øXì)é#î½ågò�ô»æ"ê½ç�é�è¬Û
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�

210 310 410

-110

010

110

|u − uh|k,h
η2(uh)�

4(f)
η3(uh)�

3(f)

210 310 410 510

-110

010

110

|u − uh|k,h
η2(uh)�

4(f)
η3(uh)�

3(f)

���������	���	� ��ç�äMîPæ2îPóPã�ç�ó�æ2ô�ä�î½îFé�î©ç·èÅø�ç�ó�æ"êFé�îPï%æ�ï�æÆì)ò�è'óHêFç·é#èXé�ì³ê½ã�äIè�ò�åÆõ¹äMî�é2ì�ä+ø�ü�ä+ï%ç�èpêFã�äIåcä+ïKã � ô�ä8ìÊê 7�
ò'æ�ï½ç �>ò�è'ç�ì)é#î½å êFî½ç»æ2è�ü#ò�ô»æ"ê½ç�é�è¬Ö
îFç�ü�ã
ê 7RïKê½îFé�è�ü#ô·ý�è'é�è
�±ò�è�ç·ì)é�îFå ê½îFç»æ2è�ü#ò�ô�æ2ê½ç�é�è
��ç�ü�ò�îFä �pø�ç»ïKù'ô�æ;ý�ï�é�ò'î9è�ò�åtäMîFç�ó�æ2ô�îFä�ï½ò�ô·êFï�ì)é#î�êFã�ä¨ã�ç�äMîPæ2îPóPã�ç»óMæ2ô³ä�î½îFé�îSç�è'ø�ç»óMæ2ê½é#îFï�ø�äMîFç·ë#ä�øÉç·èN9�ä�óHêFç·é#è �Xæ2èÅøÉì)é�îSêFã�ä

ê6ð�énì�æ2åtç�ô·ç�ä�ïxé�ì�åtä+ïKã�ä+ïMÛF?Vä&ó8é�èÅïKç»ø�äMîBêFã�äpä�î½îFé�îxç�è'ø�ç»óMæ2ê½é�î
η2(uh)

ü�ç�ë�ä�è_õ�ý � �'Û Hf� � õ'æ�ï½ä�ø_é#è_ä+ø�ü�ä�õ'ò�õ�õ�ô�ä�ïgæ2è'øhæ
ïFæ"êFò�îFæ2ê½ç�é�è&ù�î½é#ùÅä�îKê6ýU�8Ö�ê½ã�äxù�îFäL�±ù�îFé�ó8ä�ïFï½ç·è�ücäMîFîFé�î�ä�ïKê½ç�å�æ"ê½é#î

P3(f)
ü#ç·ë#äMè&õ
ý � �ÅÛ·×;Ù � � õ'æ#ïKä+øXé#ènäMô�äMåtäMè
ê�õ�ò�õ'õ�ô·ä+ïK��æ�è'ø

êFã�änù�î½ä>�>ù'î½é�ó8ä+ï½ï½ç�è�üVæ�è'ø�ù¹é#ïKê;�±ù�îFé�ó8ä�ïFï½ç·è�üVäMîFî½é#îgç�è'ø�ç»óMæ2ê½é#îFï
P4(f)

æ2è'ø
η3(uh)

ü�ç�ë�ä�è õ�ý � �'Û�×>� �Ææ�è'ø � �'Û�×�Ò	� � õ'æ�ï½ä�ø
é#èVä+ø�ü�äcõ�ò�õ�õ'ô·ä+ïxù�ô�ò'ïxæÉùÅé
ï6ê �>ù�îFé�ó8ä+ï½ï½ç·è'üpê½ä�î½å �8ÛgûNè\æ2ô�ôRóMæ#ïKä+ïMÖºêFã�ä�ó8é#î½îFä�ó8êIé#îFø�ä�îBé2ì�óMé�è�ë�ä�î½ü#äMè'óMä¨ç»ïBé�õ�êPæ2ç�è�ä�ø³Û���é#î
è�é#è'ó8é#è�ì)é�îFåtç·è'ü�ä�ô·ä�åtäMè
ê�õ�ò�õ�õ'ô·ä+ïMÖ+ê½ã'ä%ï½æ2ê½ò�îPæ"êFç·é#è�ù'î½é#ùÅä�îKê6ý�ãÅæ�ï³õ¹äMä�èxë�äMîFç 
'ä�ø�è�ò�åtäMîFç�ó�æ2ô�ô·ý#Û¬â�ã�ä%óMé�è'ïKêFæ�è#ê

β
ð�æ�ï¹ì)é#ò�è'ø

êFé�õ¹ä©ä��
ò'æ2ô#ê½é
0.82

ì)é#î¬êFã�ä �
ò'æ#ïKç �±ò�è�ç·ì)é�îFå÷åtä+ïKã�ä+ï�æ�è'øxêFé
0.84

ì)é�î�ê½ã�ä�è�é�è��>ò�è'ç�ì)é#î½å åtä�ï½ã�ä�ï�Ö;ê½ã'äMîFäMõ�ýxó8é�èU
'î½åtç�è�ü�êFã'æ"ê
êFã�äIïFæ"êFò�îPæ"ê½ç�é�è�ù'î½é#ùÅä�îKê6ýtç»ï©ç�è'ø�ä�ä�ø&ï½æ2ê½ç»ï-
'ä+ø�ç�èpê½ã'ç�ï�óMæ#ïKä#Û �9ô�êFã�é�ò'ü�ãpêFã�äBï½æ2ê½ò�îPæ"êFç·é#èpù�îFé�ù¹äMî½ê6ýcó�æ2è�è�é�ê©õ¹äBü�ò'æ�îFæ�è#êFäMä+ø
êFã�äMé#î½äMê½ç»óMæ2ô�ô�ý�ì)é�îÆóMé�è�ì)é#î½åtç�è�ünä�ø�ü#ä�õ�ò�õ�õ'ô·ä+ïMÖ�ð©ätè�é�ê½ç»ó8ätêFã'æ"ê¨êFã�äpä+ï6êFç·å�æ"êFé�î

η2(uh)
ùÅä�îKì)é#î½å�ïBð�äMô�ôRè�ò�åtäMîFç�ó�æ2ô�ô·ý�ì)é#î

õ¹é2êFã �#òÅæ�ï½ç �±ò�è�ç·ì)é�îFå æ2èÅøVè'é�è
�±ò�è�ç·ì)é�îFå åtä�ï½ã�ä�ï�ÛF�'é�îxêFã�ätê6ð�é�ä�ïKê½ç�åtæ2ê½é#îFïBîFäMô�ý�ç·è�üné#èVêFã�äXïFæ"êFò�îFæ2ê½ç�é�è_ù�îFé�ù¹äMî½ê6ý�Ö³êFã�ä
äMÿ¹ä+óHê½ç�ë�ç�ê6ý&ç·èÅø�ç�óMä�ï�ì)é#î�ê½ã�äxù�îFä�ïFï½ò�î½äIäMîFîFé�î�ç·èÅø�ç�ó�æ"êFé�î+Ö�ø�ä�
'è'ä�ønæ�ï

I4 =
η3(uh)

|u − uh|k,h

æ2è'ø
I5 =

P3(f)

|u − uh|k,h

,

æ�î½ägç·è�ê½ã�äcîFæ�è�ü�ä
0.4 − 0.5

ç·èÅø�äMù¹äMè'ø�äMè
ê½ô�ýÈé2ì
h
Ûxâ�ã�äcä�ïKê½ç�åtæ2ê½é#î

P4(f) + η3(uh)
ã'æ�ï9ê½ã'äÆêFã�äMé#î½äMê½ç»óMæ2ôbæ�ø�ë;æ�è
êFæ2ü#ä¨é2ì

óMç·îPó8ò�ågë�ä�è#êFç·è'ügêFã�ä¨ïFæ"ê½ò'îFæ2ê½ç�é�èÉù�î½é#ùÅä�îKê6ý#Ö�õ�ò�êIæ"êSê½ã'äxä���ùÅä�è'ï½äxé2ì4è�ò�åtäMîFç�ó�æ2ô³ä8ÿºä�ó8ê½ç�ë�ä�è�ä�ïFï�ï½ç·è'óMäBê½ã�äxäMÿ¹ä+óHêFç·ë�ç·ê6ý&ç�è'ø�äb�
ç»ïSæ2ù�ù'î½é(��ç�åtæ2ê½ä�ô·ý

10
Û

��� �����  �Y+, ���,� � �.-*��% ��)�+ �+3) �
��ï¨æÉê½ä+ï6ê¨ù�îFé�õ'ô·ä�åÉÖ�ð�äpó8é�èÅïKç»ø�äMîBêFã�äpïK�#òÅæ2îFä

Ω = ]−1, 1[
2 ðSç�êFã\ã�é�åté�ü#äMè�ä�é�ò'ïA��ç·îFç»óPã�ô·äMêÆõ¹é�ò�è'ø'æ2îFý�ó8é#è'ø�ç·ê½ç�é�è'ï�Û

â�ã�äIø�é�å�æ�ç·è
Ω
ç»ï�ïKù�ô�ç·ê�ç�è
ê½é

L = 4
ì)é�ò�î�ï��
ò'æ�î½ä�ïKò�õ��±ø�é#å�æ2ç�è'ï

Ωl
ðSç�êFã&ï½ç�ø�ä�ï©é2ì�ô�äMè�ü�ê½ã

1
Û�9�ò�õ¹ø�é�å�æ2ç�è'ï�æ2îFä�è�ò�åÆõ¹äMîFä�ø

óMé�ò�è
ê½ä�î;�Nó8ô�é�óPñ�ðSç�ï½ä%ïKêFæ2î½ê½ç�è�üIðSç�êFãÆêFã�ä�ò�ù�ù¹äMî4îFç·ü#ã
ê�é#è�ä�Û:��èÆä+æ�óPãgï½ò�õºø�é�å�æ�ç·è
Ωl
Ö"ê½ã'ä�óMé�è'ø�ò'óHêFç·ë�ç·ê6ý¨ç�ï4ï½ä8ê�ê½é

kl = κl−1 Û
?_ä¨ó8é#è'ïKç»ø�ä�î�ê6ð©épó�æ�ï½ä�ï�ì)é�îSùÅæ2îPæ2åtä8êFäMî

κ
7%ætåtç·ô»ø�ô�ýXë"æ2îFý�ç·è�ü�ó�æ�ï½äIðSã'äMîFä

κ = 1.2
æ�è'ønæcïKê½îFé�è'ü�ô�ýpã�ä8êFäMîFé�ü#äMè�ä�é�ò'ï�é�è'ä

ðSã�ä�î½ä
κ = 10

ÛSÔ�é�ê½äxêFã'æ"ê�êFã�äÆë"æ�î½ç»æ"êFç·é#è'ïSé2ìRóMé
ä>Kpó8ç�äMè
ê
k
æ2îFä¨ó8é#åcùÅæ"ê½ç�õ�ô�ä¨ðSç·ê½ãÈã�ý�ùÅé�ê½ã�ä+ïKç»ï �'Û·×#Û�ûNè�õÅé�ê½ã�ó�æ�ï½ä�ï�Ö�ê½ã�ä

ø�æ2êFæ
f
ç»ï

f(x, y) = 2π2 sin(πx) sin(πy)
ï½écê½ã'æ2ê�êFã�äxä���æ#óHê�ïKé#ô·ò�ê½ç�é�èÉç�ïSü#ç·ë#äMèÉõ�ý

u(x, y) = 1
κ sin(πx) sin(πy)

Û
Ô9ò�åtäMîFç�ó�æ2ô�îFä�ï½ò�ô·êFïSæ2îFäxù�îFä�ï½äMè
ê½ä+øÉé�è�æcì�æ2åtç�ô·ýÉé2ì��
ò'æ�ï½ç �±ò�è�ç·ì)é�îFånÖ�ò�è'ïKê½îFò'ó8ê½ò�îFä�ø&ê½îFç»æ2è�ü#ò�ô�æ2ê½ç�é�è'ï�ðSç·ê½ãnêFî½ç»æ2è'ü�ô�äBï½ç$#Mä

hi = h02
−i Ö h0 = 0.2

æ2è'ø
i = 0, 1, 2, 3, 4

Û&Ô�é2êFä�ê½ãÅæ"ê¨êFã�äpêFî½ç»æ2è�ü#ò�ô»æ"ê½ç�é�èÅïxæ2îFäpæ2ô�ð�æ;ý�ïxó8é#åtù'æ"êFç·õ�ô�ä�ðSç·ê½ã\êFã�äXï½ò�õ
�
ø�é#å�æ2ç�è'ï

Ωl
Öºç�è�æ2ü#î½ä�äMåtäMè
ê9ðSç·ê½ãVã�ý
ù¹é2êFã�ä�ï½ç»ïIÙ�Û Ù�Û ��ç·ü#ò�îFä �Xù�îFä�ï½äMè
êPïSê½ã'ägäb��æ#óHêIù�î½ä+ï½ï½ò�îFäxäMîFî½é#î�æ#ï�ð�äMô�ô�æ#ï�êFã�ägïFæ2åtä
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