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Abstract — We investigate a periodic, one-dimensional, linear, and degenerate advection-diffusion
equation. The problem is hyperbolic in a subinterval and parabolic in the complement, and the bound-
ary conditions only impose the periodicity of the advective-diffusive flux to ensure mass conservation.
Following Gastaldi and Quarteroni (1989), a condition is added to select the “physically acceptable”
solution as the limit of vanishing viscosity solutions, namely the continuity of the solution at the
parabolic to hyperbolic interface. Using this condition, we establish the well-posedness of the Cauchy
problem in the framework of the evolution linear semi-groups theory. We also discuss the regularity
of the solution when the initial condition is too rough to be in the domain of the evolution operator.
Then, we present reference solutions obtained using the additional interface condition. These solutions
can be used to test the robustness of numerical schemes. Finally, we discuss results obtained with an
upwind scheme, a finite volume box-scheme, and a local discontinuous Galerkin method. The three
schemes (which do not enforce explicitly the additional interface condition) select automatically the
physically acceptable solution, the two latter schemes being more accurate.

Keywords: Hyperbolic/parabolic, interface conditions, semi-group theory, discontinuous Galerkin,
box-schemes, vanishing viscosity solution, porous media

1. INTRODUCTION

The main motivation for this work is to analyze the advection-diffusion of a scalar
variable u(t,x) in a medium having strong heterogeneities. Our aim is to address
an evolution problem that changes spatially its mathematical character, namely hy-
perbolic in some parts of the domain and parabolic in the other parts. The model
evolving u(t,x) is the advection-diffusion equation

OjU—+ 0xF (x,u,0¢u) = f, (1.1)
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with the flux
F(X,u,0¢u) = Bu — a(x)oxu. (1.2)

The diffusion coefficient a(x) allows to switch between a purely advective equa-
tion (a(x) = 0) and an advection-diffusion equation (o (x) > 0). In applications, the
variable u(t,x) can mimic for instance a pollutant concentration in geological layers.

As a model problem, we investigate a 2-periodic setting in one space dimension.
Let Q= (0,2), Qp =(0,1), and Q,, = (1,2). The advection velocity 3 is taken con-
stant equal to 1 (the fluid flows in the sense of positive x); the diffusion coefficient
is given by a(x) = a, > 0 for x € Qp, (the parabolic zone) and a(x) =0 for x € Q,
(the hyperbolic zone). We investigate the Cauchy problem

OiU+ 0¢.Z (X,u,0¢u) = f xeQ,t>0, (13)
ut=0,-)=u, xeQ, '
with advective-diffusive flux
_Ju—agdu  x€Qp,
F(X,u,0xU) = { U xeQ,. (1.4)

To specify boundary conditions, a minimal requirement for extending the solution to
the whole real line by 2-periodicity is the continuity of the flux .% at any interface
where the diffusion coefficient is discontinuous. This property holds in particular
at 1-/1" (parabolic to hyperbolic interface) and at 2-/0* (hyperbolic to parabolic
interface), yielding

u(l™,t) —agdu(1™,t) =u(l1™,t), (L5)

u(0™,t) — agdxu(0t,t) =u(27,t). '
The continuity of the flux is physically important since it expresses mass conser-
vation. In contrast, no continuity conditions are imposed a priori on the solution at
the interfaces. The goal of this paper is twofold. First, to present a mathematical
setting in which (1.3)—(1.4)—(1.5) is well-posed. Second, to display reference so-
lutions computed for various data sets (initial condition and diffusion coefficient)
in order to provide a benchmark test suite. The two main difficulties to be tackled
numerically are to capture the travelling singularities of the solution and to preserve
high-accuracy for long time, i.e., after the initial condition has crossed the domain
Q several times.

Concerning the mathematical setting, it is important to observe that Prob-
lem (1.3)-(1.4)—(1.5) is ill-posed in the sense that it admits many solutions. To il-
lustrate this point, consider the case of a null initial condition, u, = 0, and a null
source term, f = 0. Consider any smooth function of time ¢ : R™ — R such that
¢ (0) = 0 for all n > 0 (for example ¢ (t) = aexp(—b/t) with two constants a and
b > 0). Impose the flux at x = 1 by setting .% (t,1) = ¢ (t). Integrating along charac-
teristics in Q,, shows that the flux at x =2 is #(t,2) = ¢ (t — 1)1{t>1} (1., denotes
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the characteristic function of the set w). Consider the following parabolic problem
on (0,1) with Robin boundary conditions:

O, U+ 0xU — 0y O =0 (t,x) € (0,0) x (0,1),
(u—0agdw) (t,1) =9 (t), te
(u—aydyu) (t,0) =¢(t—11,,, te€
u(0,x) =0, X e

’ (1.6)

This problem admits a smooth solution, and from this solution it is straightforward
to build a nonzero smooth solution to (1.3)—(1.4)—(1.5) with data uy =0 and f =0.
Thus, an additional condition has to be specified to recover uniqueness, i.e., to se-
lect the unique “physically acceptable” solution. This difficulty has been analyzed
in [9] for one-dimensional coupled parabolic/hyperbolic problems using vanishing
viscosity techniques. It results from this study that the physically acceptable solu-
tion is continuous at any parabolic to hyperbolic interface whereas no continuity
condition holds a priori at the other interfaces. In Section 2, we make clear that this
additional condition is indeed needed to derive an existence and uniqueness result
in the framework of the evolution linear semi-groups theory [2,12]. In particular,
we prove that the evolution operator associated with (1.3) is maximal and mono-
tone provided its domain is restricted to those functions that are continuous at the
parabolic to hyperbolic interface. We also discuss the regularity of the solutions to
(1.3)—(1.4)—(1.5) when the initial condition is too rough to be in the domain of the
evolution operator.

Concerning the numerical results, we stress that a robust scheme should find
“automatically” the physically acceptable solution, i.e., the continuity of the solu-
tion at the parabolic to hyperbolic interface should not be explicitly enforced by the
scheme. To assess the schemes, reference solutions are computed for various sets
of data using the problem-specific scheme described in Section 3. In each case, we
present solution profiles at different times and various time-dependent functionals
of the solution allowing to characterize the properties of the schemes to be tested.
Of particular interest are the total energy and the value of the jump at the interface
2-/0". In Section 4, these reference results are used to assess on relatively coarse
meshes the robustness and accuracy of various schemes: an upwind scheme, a box-
scheme introduced in [7], and a locally discontinuous Galerkin method derived in

[4]
2. MATHEMATICAL ANALYSIS

The goal of this section is twofold. First, to stress the importance of the continuity of
the solution at the parabolic to hyperbolic interface in the framework of the evolution
linear semi-groups theory. Second, to discuss the regularity of the solutions to the
evolution problem when the initial condition is too rough to be in the domain of the
evolution operator.
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2.1. Evolution linear semi-groupstheory

Without loss of generality, we assume in this section that o, = 1. For simplicity,
the flux given by (1.4) is denoted by .% (u) instead of .% (x,u,dyu). For a smooth
function v in Qo UQ,,, we introduce the jumps [v(1)] =v(17)—v(17) and [v(2)] =
v(0™) —v(27). For functions only depending on the space variable, distributional
derivatives are denoted by a subscript x. For an open set E C Q, the L2(E)-inner
product is denoted by (-,-)g. Let 2?(Q) be the space of 2-periodic functions in

¢ (Q) and let H3 (Q) be the closure of 22(Q) for the H-norm. Let
V = {ve HYQp) NHY(Qy), [FWD)] = [FW)(@)] =M1 =0},  @1)
and consider the operator A : D(A) =V — L?(Q) defined by
AV = (ZF(V))x. (2.2)

Theorem 2.1. The operator A:V — L2(Q) is the infinitesimal generator of a
continuous semi-group of contractions T (t) : L%(Q) — L?(Q), 0 <t < oo,

Proof. We use the Lumer—Phillips criterion [12, p. 14], i.e., we establish that A
is monotone and maximal; see Lemmas 2.1 and 2.2 below. O

Corollary 2.1. Forall u, € D(A) and f € C1([0,[;L%(Q)), the evolution prob-
lem

du —
{dt+Au f Vvte[0,o, 23)

u(0) = uo,

admits a unique strong solution u € C*([0,); L%(Q))NCO([0,); D(A)). This solu-
tion satisfies the a priori estimates

u®llq < lugll and [ §llg < [AUllg, Yt € [0,0]. (2.4)
Proof. See, e.g., [12, p. 102]. O

Lemma 2.1. The operator A is monotone:

WweD(A), (v,Av), >0. (2.5)

Proof. Letve D(A). Using integration by parts and the continuity of the flux at
17 /1" and 27 /07 yields
(LAY = JoV(FV))xdx+ [FV(F(v))xdx
= — J§wF V) dx—FV)(1)V(D)] - F(V)(2)[v(2)]
= Jo(w)?dx+3v3(1)] + 3
= Jo(w)?dx+3[v(2)]* - 3
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Figure1l. A suitable function g for the proof of Lemma 2.2.
Since ve D(A), [v(1)] = 0 implying (v,Av), > 0. O

Lemma 2.2. The operator A is maximal:

Ygel?(Q), JueD(A) st u+Au=g. (2.6)

Proof. Let g € L?(Q). The solution u in (2.6) is constructed as the vanishing
viscosity limit of a sequence of solutions to a regularized problem. Henceforth, ¢
denotes a generic constant that may depend on g but not on the vanishing viscosity
€ and whose value may change at each occurrence.

Step 1. Let £ > 0. For v € Hy (Q), define Z(v) = v —vy in Qp, FE(V) =V —&vy
in Q, and A®v = (#¢(v))x. Clearly, the problem

(u€a¢)§2 + (ys(ue)a(px)g = (gv¢)Qa V¢ € Hé_er(Q)v (27)

admits a unique solution ué € Héer(Q). Note that (2.7) implies u® + Afué =g in
L2(Q) and [.#¢(uf)(2)] = 0. Testing (2.7) by u¢ yields the a priori estimates

HUSHLZ(Q) < C, ||USHH1(QP) < c, \/E||USHH1(QH) N2 (28)

This implies ||<%“5(u5)\|L2(Q) < ¢. Moreover, since (Z¢€(uf))x =g — uf, it is clear
that H(ﬁf(uf))XHLZ(Q) < ¢; hence,

H‘QS(UE)HHga(Q) < C. (29)
The last important estimate consists of controlling the H-norm of u¢ in the neigh-
borhood of x = 1 uniformly in €. Let 0 < a < 1. There exists a positive function
@ which is zero on (0,1) and on a neighborhood of 2, equal to one on the interval
[1,1+ a], smooth over (1,2), and non-increasing on the same interval; see Figure 1.
Testing (2.7) by ué ¢ and integrating over (1,2) yields

2 2 2 2
/ u‘uf((,udx+/ (ui)ztpdx—s/ ufo(uiwdx:/ gué wdx, (2.10)
1 1 1 1
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noticing that all the integrals are well-defined. Integration by parts of the third inte-
gral in the left-hand side leads to

2 £ & _1 2 £\2 1 £\2
—/l Uxxe‘.UdX—E/l (u5)“ Yydx + z(ux) (1). (2.11)

Hence,
2 £\2 2 £,,& 2 £ £ [? £\2
/l(ux) lﬂdx<—/1 u UXLI,IdX+/1 guX(ﬂdx+§/l (Ug)“|yxldx.  (2.12)

Owing to the inequality ab < ya?+ 4—1yb2 valid for all y > 0, there exists ¢ such that

-2
1

"2 2 2
¢ [WRwox< [ yaxs [“Pyaxs L [ wle  @13)
1 1 1
which combined with the first and third a priori estimates in (2.8) yields

HUSHHl(lfa’lw) <c. (2.14)
The continuity condition [u(1)] =0 in D(A) is rooted in this estimate.

Step 2. Owing to (2.8) and (2.9), there is a subsequence u® of ué such that ué — u
in L2(Q), uf — uin HY(Qp), and F & (uf) — % in Hlo (Q). Passing to the limit
in (2.7) implies that u satisfies u+Au = g in 2'(Qp) and 2'(Q,,). Moreover, it
is clear that # = u—uy in Qp. In Q,, usn — Fén(ufn) = gyuin; the left-hand side
converges to u—.% in 2'(Qy,) and the right-hand side converges to 0 in L2(Q,)
owing to the third estimate in (2.8). Therefore, # = u in Q. Hence, % = % (u) in
Q with . (u) defined by (1.4). Since .Z is in Héer(Q), [Z () (D] =[Z#(u)(2)]=0.
Finally, estimate (2.14) implies that (up to the extraction of a new subsequence) the
limit u is continuous in a neighborhood of 1. Hence, u € D(A) and u+Au =g in
L2(Q), which concludes the proof. O

Remark 2.1. Clearly, the solution u to (2.6) is unique since u+ Au = 0 and
u € D(A) implies ||u|]EZ(Q) = 0 owing to the monotonicity of A. Therefore, the op-
erator (1 +A) is bijective from D(A) into L?(Q). Let B: D(B) =W — L%(Q) be
the extension of A to the space W defined as in (2.1) by omitting the interface con-
dition [v(1)] = 0. Then, one readily verifies that the equation u+ Bu = 0 admits
infinitely many solutions in D(B), i.e., the operator (I + B) is not injective from
D(B) to L%(Q).

Remark 2.2. Since A is monotone and maximal and since L?(Q) is reflexive,
its domain D(A) is dense in LZ(Q); see, e.g., [12, p. 16]. Moreover, for all A > 0, the
operator (I +AA) is bijective from D(A) to L2(Q), (1 +AA) 1 is bounded in L2(Q),

and [|(1+AA) " 2, < 1 S8, .., [1].



A coupled hyperbolic/parabolic model problem 7

Remark 2.3. The argument in the proof of Lemma 2.2 cannot be used to prove
that the H1-norm of u¢ is uniformly bounded on a left neighborhood of 2 with the
function ¢ (x) = (3 —x). Indeed, after integration by parts, one obtains

2 2
- [ gd=3 [ W92 hudx— S 5)202), (2.15)
1 2.1 2
and one cannot conclude owing to the sign of the last term in the right-hand side.

Remark 2.4. Let uf be the time-dependent solution of the evolution problem in
which a small diffusion coefficient € is added in Q. Then, if u, € H3(Q)ND(A),
using the same techniques as in the proof of Lemma 2.2, one can show that u® con-
verges to the semi-group solution T (t)u,. This justifies the fact that the continuity
condition for the solution at x = 1 can be captured by a vanishing viscosity tech-
nique.

2.2. Rough initial data

In this section we construct weak and strong solutions to (1.3)-(1.4) when uy, is
too rough to be in the domain of A, e.g., uy € L?(Q) only. We limit ourselves to the
homogeneous case, f = 0. Our main result is that under some assumptions, once the
initial condition has crossed Q,, i.e., at time t > 1, the solution is smooth enough to
be in D(A). This is a consequence of the smoothing effect of the evolution operator
in Qp. Let Y = L*((0,0);L2(Qp)) NL2((0,0);H1(Qp)) NL2((0,0);L2(Qy)). A
weak solution to (1.3)—(1.4) in'Y is constructed as follows.

First, seek up € L*((0,00);L2(Qp))NL2((0,00); H1(Qp)) such that up(t =0,-) =
Uoja, and, for all ¢ € H(Qp) and a.e. int,

(atqu ¢)Qp - (UP - aXuP7dX¢)Qp + uP(t7 1)¢(1) = &)(t)(f)(O), (2-16)

where
w(t) = u0(2_t)1{t<l} +up(t—1,1)1{t>l}. (2.17)

Standard energy estimates show that Problem (2.16) is well-posed. The unique so-
lution up solves the evolution equation (1.3)—(1.4) in 2’((0,%) x Qp) and satisfies
weakly the Robin condition up(t,0) — dup(t,0) = w(t) and the homogeneous Neu-
mann condition dyup(t,1) = 0.

Second, use the value up(t,1) to feed the advection equation

AUy + AUy =0, in 2'((0,00) x Q). (2.18)

Finally, set U, = Up and U, = Un- Then, u €Y, u is a weak solution of (1.3)-

(1.4)in 2'((0,0) x Q), u(t,-) is continuous at 1 for t > 0, and the flux . (u) satisfies
weakly the interface conditions. The condition at 2~/0™ results from the Robin con-
dition and the fact that u, (t,2) = up(t — 1,1); the condition at 1-/1* results from
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the homogeneous Neumann condition and the fact that the solution u is continuous
at 1.

To obtain stronger regularity results on the solution u € Y constructed above, we
slightly restrict the class of initial conditions. The proofs below are only sketched
since they use well-known energy techniques; see, e.g., [11,13].

Lemma2.3. Let u, € HY(Q) NH?(Qp). Then, the solution u € Y constructed
above is in C1((0,0);L2(Q)) NCO((0,%);D(A)), i.., it coincides with the semi-
group solution for t > 0.

Proof. Since u, € HY(Qy,), w € HY(0,1) in time. Testing the time-derivative of
(2.16) by d;up (this can be justified rigorously by first working in finite dimension
and then passing to the limit; see, e.g., [11, p. 80]) yields

1d
EaHatUPngp + Haxtupngzp - (0tuP,axtuP)QP +(QUp(t,1))% = o' (1) Aup(t,0).
(2.19)
Using Young’s inequality to hide the third term in the left-hand side and the right-
hand side, dropping the fourth term, and then using a Gronwall’s Lemma, we infer,

forany time 0 < T <1,
19up (T, ) I1E, + Jo 19nUplIf, dt < c(luoliZs g, )+ 10Up(0,)13,).  (2:20)

The last term in the right-hand side is controlled since u, € H?(Qp). Hence, d,up €
L*((0,00);L%(Qp)) NL2((0,00); HL(Qp)) implying that up(t,x = 1) is H! in time.
Since u, is assumed to be continuous at x = 1, uy (t,-) € HY(Qy,). Therefore, u(t)
is in D(A) for t > 0; hence, for t > 0, u coincides with the solution given by the
evolution semi-groups theory. O

Proposition 2.1. Let uy € L?(Qp) NH(Qy). Then, the solution u € Y con-
structed above is in C1((1,00);L2(Q)) NCO((1,);D(A)), i.e., it coincides with the
semi-group solution fort > 1.

Proof. Since up € L2((0,);H(Qp)), there is an arbitrarily small time &, >0
such that up(&y,-) € H(Qp). Testing (2.16) by d,up (this can be justified rigorously;
see, e.9., [13, p. 370]) and proceeding as before, one can prove that, for &, <T <1,

e (T, By + J2 (L, )13, dt < c(up(ey,) 2 g, + ||uo||a1(QH)(>2. "
Hence, up € L=((&1,1);HY(Qp)) NHY((g,1);L2(Qp)). As a result, for an arbitrar-
ily small time €, > &, U(€,,-) € HY(Q)NHZ%(Qp). Using u(&,, -) as an initial condi-
tion and reasoning as in the proof of Lemma 2.3 yields d,up € L™((&,,1);L2(Qp)) N
L2((&5,1);HY(Qp)). As a result, u(-,x = 1) is continuous in time for t € (¢,,1) and
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hence for t € (0,1) since &, is arbitrary. Moreover,
u(t,-) € H3(Qp)NHY0,14+t)NHY(1+1,2), O<t<1l. (2.22)

This, in turn, implies that for 0 < t < 1, the flux is continuous both at 1~ /1% and
at2~/0*. Hence, u(t = 1,-) € HY{(Q)NH2(Qp) and for t > 1, u coincides with the
semi-group solution. O

Remark 2.5. Assume that uy, is continuous at x = 1 and is piecewise H! in Q,,,
I.e., there exists a finite sequence 1 < x; < --- <Xy < 2 such that U, € H(1,x,)U

-+ UH(xy,1). Then, the solution u € Y constructed above is a strong solution for
t>t, =2—xy, ie., after the last singularity in u, has crossed Q,. See test cases 2
and 3 in Section 3.2.

Remark 2.6. In view of the results of Sections 2.1 and 2.2, the question which
is left open is to know whether the semi-group solution u(t) = T (t)u,, Uy € L%(Q),
coincides with the solution u € Y constructed above during the time interval (0,1).

3. REFERENCE SOLUTIONS

This section presents reference solutions for the evolution problem (1.3)—(1.4)—(1.5)
for various sets of data. Reference solutions are obtained computationally using a
problem-specific scheme with built-in interface condition.

3.1. A schemewith built-in interface condition

The idea is to use continuous piecewise-linear finite elements to discretize the
advection-diffusion equation in Qp and to use exact integration along characteristics
to solve the purely advective equation in Q. The scheme is able to build a solution
by capturing the flux .%# (u)(1) according to a prescribed criterion (zero jump of the
solution at a certain point or minimizing any global quantity as the energy). In the
context of vanishing viscosity solutions, this criterion is obviously the zero-jump
condition at 1~ /17. To simplify the presentation, we assume that the source term f
is identically zero on Q. The scheme can be easily extended to the general case by
appropriate time-integration along characteristics.

Let u solve (1.3)—(1.4)-(1.5) and let ¢,(t) = .#(u)(t,1) be the flux at x = 1.
Since u(t,17) = ¢,(t), the purely advective equation can be integrated exactly on
Q, toyield the flux at x = 2,

B,(t) =U(t,27) = Up(2— )L gy + by (t— 1)1y (3.1)

Owing to the periodicity of the flux, u,, satisfies the following evolution problem

[N
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with Robin boundary conditions:

O,U+ kU — Ol = 0 (t,x) € [0,00) x (0,1),

(U—agda) (t,1) = 9,(t)  te[0,0), (3.2)
(U—0ayda) (t,0) = g,(t)  te[0,0), '
u(0,x) = uq xe (0,1).

Let A4, = Ulj\lil[xj ,Xj11] be a mesh of Qp and let V, be the space spanned by con-

tinuous piecewise-linear functions on this mesh. The finite element approximation
to (3.2) consists of seeking u, € Cl([O,oo[;VP) such that, for all v, e Vo and t > 0,

%(uhvvh)gp — (F(Up): Vi), T $1(t) V4 (1) — @5(t) vi,(0) = 0. 3.3)
Equation (3.3) is discretized in time by an implicit Euler scheme, yielding
(gt = U Vi), = (Z (U Vg, + @ V(1) — do(t" )V (0) =0, (3.4)

where 3t < 1 is the time step and ¢ is the yet unknown flux ¢, (t"*1). Owing to
(3.1), the flux ¢,(t™1) can be evaluated explicitly using known values of the initial
condition and of the flux ¢, (t) at previous time steps. The solution uﬂ*l of (3.4) is
an affine function of ¢. Evaluating it with two trial values for ¢, it is possible to
determine the value of ¢ for which uﬂ*l(l) = @, i.e., the value of the flux for which
the zero-jump condition is satisfied.

3.2. Test cases

We consider the following test cases:

e Case 1. ay = 0.05 and uy(x) = 16x%(1 — X)Zl{xe[O;l]}'
e Case 2: oy = 0.05and uy(x) = 1{XE[1_.1_25]}.
e Case 3: ay=1and uy(x) = 1{XE[1_.1_25]}.

Note that u is in the domain D(A) defined in Section 2.1 in case 1 only. Simulations
are performed on the time interval (0,5) using 10° time steps and a uniform mesh
of (0,1) with cell spacing h = 10~3. Figures 2—4 present the following results:

e The L*(Q)-norm of u and the energy &'(t) defined as

£(t) = %/()Zu(t,x)zdx+ orO/Ot </01((9Xu(t,x))2dx> &,  (35)

and normalized by &(0); both quantities are displayed as a function of time.
Owing to Lemma 2.1, the energy decreases in time (since f = 0).
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Figure 3. Reference solution for case 2: a = 0.05 and uy(x) = 1{x€[l_;1.25]}.
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Figure4. Reference solution for case 3: a = 1. and uy(x) = l{xe[l.;l.ZS]}'
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e The flux at x = 1 and the jump at x = 2, as a function of time.

e The masses 3 u, [Zu,and [Zu asa function of time. Owing to the periodicity
of the flux, the total mass is conserved in time (since f =0).

e The profiles x — u(t,x) (represented on (0,4) to illustrate periodicity) at times
t=0,05,1,15,2 25,3, 4,and 5.

For case 1 where the initial data is smooth (see Figure 2), the amount of energy
dissipation is small. The homogeneous Neumann condition at 1~ and the jump at
27 /0% are clearly visible. This jump (which is initially zero) peaks in the time
interval t € (1,2), i.e., after the initial data has reached the hyperbolic to parabolic
interface.

For case 2 (see Figure 3), the jump at 2~ /0™ is discontinuous when the singu-
larities in the initial data reach the interface, i.e., at timest =0.75and t = 1. The
solution is in D(A) for t > 1 in agreement with Proposition 2.1. The homogeneous
Neumann condition at 1~ is again clearly visible. Similar conclusions can be drawn
for case 3 (see Figure 4). An important difference is the larger amount of energy
dissipation owing to the larger value of the diffusion coefficient. As a result, the
second singularity in the jump is much smaller than for case 2 (peak value of 0.4
instead of 1).

Convergence tests are presented in Table 1 for case 1. The solution presented in
Figure 2, say u,, is used as a reference to evaluate the errors associated with ap-
proximate solutions obtained on coarser grids and with larger time steps. Letu, 5, be
the approximate solution and let e = u  —u, 5. be the error. For a function depending
on time, say v(t), we consider the discrete norms HVsz(o,T) = MaXo 57 [v(nodt)|

and |]v||z1(0T) = % Y o<nat<T [V(NOL)[. The results presented in Table 1 show that, as

expected theoretically, the scheme is second-order in space and first-order in time
for the three error measures.

let Moy | 1 EDlmos | 1€ONmos
h ot t=1 t=5|p=w0 p=1|p=cw p=1

0.02 106 1.1e-3 7.4e-4 | 1.1e-3 4.1e-4 | 1.6e-4 4.3e-5
0.01 106 2.6e-4 1.8e-4 | 2.6e-4 1.0e-4 | 4.0e-5 1.1e-5
0.005 106 6.4e-5 4.5e-5 | 6.4e-5 2.5e-5 | 1.0e-5 2.6e-6

0.02 2x107° || 2.0e-4 1.8e-4 | 2.2e-4 9.8¢e-5 | 1.3e-4 9.3e-5
0.02 10°° 9.3e-5 8.7e-5 | 1.0e-4 4.7e-5 | 6.0e-5 4.4e-5
0.02 5x10%| 4.2e-5 3.9e-5 | 4.5e-5 2.1e-5 | 3.0e-5 2.0e-5

Table 1. Convergence analysis: h denotes the space step and dt the time step.
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4. RESULTSWITH GLOBAL SCHEMES

This section presents results obtained with schemes in which the continuity of the
solution at the parabolic to hyperbolic interface is not enforced explicitly. We con-
sider an upwind scheme, a finite volume box-scheme introduced in [5,7], and a local
discontinuous Galerkin method derived in [4].

4.1. Upwind scheme

To illustrate the numerical results that can be obtained for the evolution problem
(1.3)—(1.4)—(1.5) with a very simple scheme, we consider a continuous piecewise-
linear finite element method on (0,2) with periodic conditions on the solution and

with first-order artificial viscosity in the hyperbolic subdomain Q. The mesh is

uniform with step size h, and the artificial viscosity is set to € = *—2‘ The scheme is

equivalent to discretizing the spatial derivatives with centered differences in Q and
an upwind scheme in Q,,. In both subdomains, time integration is performed using
an implicit Euler method without lumping of the mass matrix. The time step is set
to &t = 10—%. Two meshes of Q are considered, one with 200 cells and one with 400
cells. The corresponding solutions are termed the “coarse grid/upwind” solution and
the “fine grid/upwind solution.”

Results are presented in Figure 5. For the sake of brevity, we only show the
time evolution of the normalized energy, the L*(Q)-norm of the solution, the flux
at x =1, and the jump at 2~ /0" estimated by the difference u(t,2) —u(t,2 —h). To
facilitate comparisons with the reference solutions, these quantities are plotted using
the same scale as in the two upper panels of Figures 2—4. In all cases, the correct
physical behavior is recovered, confirming that the vanishing viscosity solution can
capture the physically relevant interface condition. For case 1 where the initial data
is smooth, the coarse grid/upwind solution, the fine grid/upwind solution, and the
reference solution agree well. Minor discrepancies between coarse and fine grid
solutions are observed in the energy profile. The situation is different for case 2
where the initial data is rough. Owing to the high level of dissipation induced by
the scheme, significant errors are observed in the energy and jump profiles even
on the fine grid/upwind solution. The singularities in the jump as the leading and
trailing edges of the initial condition leave the hyperbolic subdomain are clearly
under-resolved. Moreover, the asymptotic value of the energy (at time t = 5) is
underestimated by 28.1% with the coarse grid/upwind solution and by 19.9% with
the fine grid/upwind solution. The same conclusions hold for case 3 although the
diffusion coefficient is larger.

4.2. Box-scheme

The box-scheme that we use to simulate the evolution problem is a high order box-
scheme introduced in [5,7]. Box-schemes, like the Preissmann scheme, are com-
monly used in surface flow simulations (e.g., river flows, dam breaking) as well as
in groundwater flow simulations (e.g., sedimentation, pollutant transport); see [10].
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Figure5. Numerical results obtained with the upwind method: case 1 (top), case 2 (center), and case
3 (bottom). Left panels: normalized energy and L®(Q)-norm of the solution; right panels: the flux at
x = 1and the jump at2~ /0.
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We shortly present the main features of our box-scheme. First, equation (1.3)

is recast in mixed form using the diffusive flux p(x) = —a(x)uy as an auxiliary

unknown. This yields
qu+oxu+p)=f (t,x) € [0,0) % (0,2),
p=—a(x)du (t,x) € [0,00) x (0,2), 4.1)
(U+p)(t,0) = (u+p)(t,2), te[0,), '
u(0,x) =ug, p(0,x) =—a(x)ug(x)  xe(0,2).

Let.#Z = u'.\' 1[x i J+l] be a mesh of Q, dt be the time step, and set t" = ndt. Set

h;_1/, =X; —X;_p and introduce the box K, ; , = [x;_,x;] for2< j<N+1. We

assume that the mesh is compatible with the partltlonmg of Qinto Qp and Q so
that a is constant on each box; let a. 12 = A o Taking the mean value of the
j—-1/2
first two equations in (4.1) on a box yields the two following identities verified by
the exact solution:
d o 0
hj—l/za(n U)H_l/z (t)+ [9(Xjat) —ﬁ(xjfl,t)] = hj_l/z(n f)|j_1/2(t)a (4.2)
hj_l/z(no p)“'_l/z (t)= Y [u(xj, t) —u(xj_y, 1), (4.3)

where M° denotes the averaging operator on the boxes and F(Xj,t) = u(xj,t) +
p(xj ,t). The box-scheme evolves simultaneously 3 quantities:

e The values uf and pf at the points of the mesh; these values are such that

uj ~u(x;,t") and p =~ p(x;,t") = —a(x; )ux(x;,t").

e The mean-value 7'1'71/2 in each box Ki_12 such that T‘Ll/z o~ (I‘Iou)“_l/2 (t").

Using a -scheme for the time integration of (4.2) yields

(F'=F') - Mt (5U +opj —ouj_; —aopj 4) +%?—1/2(f)7
_ (4.9)
with F'=u'' + p{ and %?_l/z(f) =(1- 19)(I'|°f)|j71/2(t”) +9 (I'Iof)ljfl/z(t”“).
In addition, we have introduced the discrete time derivative operator & such that for

a time discrete sequence (Z"),., 62" = 22" The relation (4.4) only contains
the parameter 9 selected for the time scheme

The second relation used in the box-scheme expresses the link between the in-
cremental value of 5U?71/2 and the two values c‘Su’j1 and 6u’j‘_l. It can be seen as a
local model at the scale of the box. We use a model with 3 parameters consisting of
a relaxation scheme in the form

1 1 _
<§+DB711/2> 5UT+ <2 DU] 1/2> 5“?71—5U?71/2:

j—1/2
- Jét/ (MEj /2 j—l/z)’

ou" =
j—-1/2 hJ 12

(4.5)
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Figure 6. Numerical results obtained with the box-scheme: case 1 (top), case 2 (center), and case 3
(bottom). Left panels: normalized energy and L*(Q)-norm of the solution; right panels: the flux at
x = 1 and the jump at2~ /0.
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where Mg i1 /z(u) stands for an equilibrium average value defined by

1 1
Ej-1/2(U) = (E"’ng—l/Z) uj+ (E - rl;,j—l/2> uj_q. (4.6)

Finally, we need a local model for (4.3) expressing the closure law for the diffusive
flux p. We use an upwinded quadrature formula to approximate (I1° p)|171/2 (t") by

the quantity
1
ﬁfl/z = E [pT + p?—l] - Dp_,j_l/z[prj1 - p?—l]- (4-7)

Equations (4.5) and (4.7) contain 4 parameters in each box K 128t each time
t", which have to be specified: the two upwind parameters, DU’J._l/2 and DE7j—l/2
in (4.5) and (4.6), respectively; a time parameter { i—1/2 to define the relaxation time
scale 5t/Zj71/2 in (4.5); and the parameter Dmfl/2 to define the averaged diffusive

flux p in (4.7). The values taken by these four parameters rely on the numerical
analysis presented in [5,6,7]. It consists, on the one hand, of a time-independent
analysis, allowing to select Dy, in a way ensuring a non-oscillating stationary state
for the convection-diffusion equation [6]; on the other hand, of a time-dependent
analysis based on the notion of equivalent equation [5,7]. This allows to define the
three parameters D j, Dg, and ¢ to achieve a high-order accuracy. The present box-
scheme can be expressed as a 3-point implicit scheme in the incremental values ou".
Finally, we stress the fact that the box-scheme is used in both the parabolic and the
hyperbolic subdomains. It has been proved to be accurate in all Peclet regimes.

Results with equispaced meshes of 200 and 400 boxes are displayed in Figure 6.
In all computations, the time step is selected according to a CFL number of % =0.5.
The accuracy of the scheme can be observed on the low energy dissipation and on
the sharp resolution of the jump at x = 2. For instance, at time t = 5 and for case 2,
the value of the energy is underestimated by 7.6% on the coarse grid and by 1.7%
on the fine grid, a significant improvement with respect to the upwind scheme.

4.3. Local Discontinuous Galerkin (LDG)

The local discontinuous Galerkin method was developed by Cockburn and Shu [4]
for convection-diffusion equations based on earlier work devoted to hyperbolic con-
servation laws. A complete review of the LDG method and other discontinuous
Galerkin methods can be found in [3] and references therein.

As for the finite volume box-scheme, let .# = U,j\I:lKj+1/2 be a mesh of Q and
assume that the mesh is compatible with the partitioning of Q into Q, and Q,,. Let
k be a positive integer. Let V PC be the space of piecewise discontinuous functions in
Q that are polynomials of degree <k in each cell K, , for 1 < j <N. Let VP be

the subspace of V PG spanned by those functions that vanish identically on Q. For
a function v, € VDG we denote its left and right traces at a point X] in the mesh as
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Figure 7. Numerical results obtained with the LDG method: case 1 (top), case 2 (center), and case
3 (bottom). Left panels: normalized energy and L®(Q)-norm of the solution; right panels: the flux at
x = 1and the jump at2~ /0.
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vhi( i) =limg_ g, v (X +5), 1 < j <N, and we define its jump and average across

mner element boundarles as
[Vh (%j)] :Vﬁ(xj)_vﬁ(xj) and  {v,(x;)} = %(VF]L(X])"i_VE(Xj))v I1<j<N.

The LDG method consists of seeking u,, € C1([0,c0[;VVPC) such that, for all
eVPGandt>0

N
gt (U Vo~ Z(uh—i_zh?th)KJH/z X;Quh (%) Vh (X})] )
- Z) {200 VR ()] = 2 (D vh ()] = (F,vh)g;

and z, € C%([0, oo[; VP€) such that, for all v, e VPC and t > 0

N
(2, Wh)g Z 0(Uns Wik Kie Z} Ap{un (X)) } Wi (x;)]

+ao(( AWp)(17) —(u hWh)(O+)) =0.

Note that (4.9) is a local reconstruction formula for the diffusive flux in Qp, while
(4.8) is the discretization of the evolution equation using the reconstructed flux. As
for the finite volume box-scheme, the continuity of the solution at x = 1 is not used.
The periodicity of the flux is weakly enforced in (4.8). Finally, Problem (4.8)-(4.9)
is discretized in time via a simple explicit Euler method (without slope limiting).
Results are presented in Figure 7. Two uniform meshes of Q are considered: a
coarse mesh with 200 cells and a fine mesh With 400 cells. The time step is obtained

from the diffusive stability limit ot = 100r . For case 1 where the initial data is

smooth, excellent agreement is obtained. For cases 2 and 3 where the initial data is
rough, the Gibbs phenomenon is triggered causing the L*(Q)-norm of the solution
to be larger than 1 until the singularities have left the hyperbolic subdomain. This
phenomenon can be cured by a suitable slope limiter, but this is not the scope of the
present work. We also observe that the jump at 2~ /0 is captured with slightly less
accuracy than the box-scheme. At time t =5 and for case 2, the value of the energy
is underestimated by 2.9% on the coarse grid and by 1.2% on the fine grid, yielding
a slightly better accuracy than the box-scheme.

(4.9)

5. CONCLUDING REMARKS

In this paper, we have analyzed a degenerate one-dimensional advection-diffusion
equation with periodic interface conditions for the total advective-diffusive flux.
Using the evolution linear semi-groups theory, we have shown that the associated
Cauchy problem is well-posed provided it is supplemented with an additional con-
tinuity condition on the solution at the parabolic to hyperbolic interface. Reference
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solutions have been obtained for various sets of data (initial condition, diffusion co-
efficient) and can now be used by practitioners to test the robustness of numerical
schemes to approximate flows in media with strong heterogeneities.

To conclude, we point out that various interesting theoretical points have been
postponed to future work, including the convergence analysis of the various schemes
presented above. Furthermore, a classical question to which it is often difficult to
answer is to know in which sense the function u(t) = T (t)u, given by the semi-
group theory solves the evolution problem when the initial condition is too rough to
be in the domain of the evolution operator. Although we have constructed a weak
solution to the evolution problem for a rather general class of initial conditions, it is
not yet clear that these solutions are those given by the semi-group theory. Periodic
distributions and Fourier series techniques could be used to tackle this question.

Acknowledgments. The authors are grateful to E. Canceés, R. Eymard, and R. Mon-
neau for fruitful discussions.
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