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Abstract
The Diffusion Monte Carlo (DMC) method is a powerful strategy to estimate the
ground state energy Fy of a N-body Schriodinger hamiltonian H = —§A + V with

high accuracy. Briefly speaking, it consists in writing Ey as the long-time limit of
the expectation value of a drift-diffusion process with source term, and in numerically
simulating this process by means of a collection of random walkers. As for a number of
stochastic methods, a DMC calculation makes use of an importance sampling function
11 which hopefully approximates some ground state ¢y of H. In the fermionic case, it
has been observed that the DMC method is biased, except in the special case when the
nodal surfaces of ¥; coincide with those of a ground state of H. The approximation
arising from the fact that, in practice, the nodal surfaces of ¢; differ from those of
the ground states of H, is refered to as the Fixed Node Approximation (FNA). Our
purpose in this article is to provide a mathematicial analysis of the FNA. We prove
that, under some hypotheses, a DMC calculation performed with the importance
sampling function 1)y, provides an estimation of the infimum of the energy (1, H)
on the set of the fermionic test functions ¢ that vanish on the nodal surfaces of ;.

1 Introduction

Calculating the ground state of fermionic systems is a major concern in Computational
Chemistry and Physics. In particular, this issue is the heart of the matter in Quantum
Chemistry and in ab initio Molecular Dynamics (see e.g. [16, 19] and [5] for a more math-
ematical presentation). In both cases, the purpose is to determine electronic structures.

In absence of magnetic field, the electronic structure of a piece of matter consisting of M
nuclei and N electrons is described by a hamiltonian of the form

1
H=—-A+V
2
operating on the antisymmetrized tensor product

N
He= /\ L*(R?).

i=1
The above notation means that H. is the Hilbert space of square integrable functions

v RPx--xR*=R*» SR or C

satisfying the antisymmetry condition



for all permutation ¢ € &y and almost all (z1,--- ,zx) € R3 x --- x R? (¢(0) denotes
the signature of ¢). The antisymmetry condition (1) accounts for the fermionic nature of
the electrons. For simplicity, we do not take the spin variables into account, but all the
results below can be straightforwardly extended to spin-dependent models. The particular
form of V will be made precise in Section 2. Let us just mention for the moment that
V is a real-valued local potential, symmetric with respect to renumbering of particules
(ie. V(zo), s Zov)) = V(21,--+ ,2N)), and that the linear operator H, defined on a
convenient domain D(H) C H,, is self-adjoint on H..

We assume in the sequel that H is bounded from below and that the lower bound of
its spectrum, denoted by FEy, corresponds to an isolated eigenvalue. We denote by g a
normalized eigenfunction of H associated with Fy. By definition, Fy is the ground state
energy and 1)y a ground state of the system. Recall that, under some technical assumptions
on V (satisfied in particular by the potentials V' defined in Section 2),
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where D(qp) is the domain of the energy functional, i.e. of the quadratic form

1
oy =5 [ e+ [ viep

associated with H (recall that D(H) C D(qy) C He with dense embeddings). Besides,
the ground state 1)y is a minimizer of (2) and satistifies the time-independent Schrédinger
equation

Hvpg = Eyi. (3)

In practice, and in particular in electronic structure calculations [16, 19, 5|, determining
the ground state amounts to computing the ground state energy Eg, and possibly some
functions of 1 of the form (19, A1) where A is a self-adjoint operator on H.. Let us
notice that, as the potential V is real-valued and as we focus on solutions of the time-
independent Schrodinger equation (3), it is sufficient to consider real-valued functions 1
only.

Tackling directly problem (2) or equation (3) with deterministic numerical methods is out
of reach for values of N larger than 6 or 7. Most of the fermionic ground state calcula-
tions are in fact performed either with the Hartree-Fock model [20] or with the Kohn-Sham
model [11]. The Hartree-Fock model is a variational approximation of problem (2) consist-
ing in minimizing the energy functional (i, H1) on the subset of {¢) € D(qg), ||¢]z2 = 1}
consisting of Slater determinants, i.e. on the set

1
VN!

The Hartree-Fock ground state can be computed numerically for systems containing as
many as several hundreds of particles on a today available personal computer. The
Hartree-Fock model can be interpreted as a mean-field model. For this reason, the (non-
negative) difference between the Hartree-Fock energy of the system and the exact ground
state energy Ej is called the correlation energy. In some systems, the correlation energy
may play an essential role, and the Hartree-Fock model is then inefficient. The Kohn-
Sham model is an attempt to calculate Fy without calculating g, which originates from
the Density Functional Theory [10]. It usually outperforms the Hartree-Fock model, but
may fail in some cases. It is out of our purpose to describe the Kohn-Sham model, and we

{zp € D(qu), ¥(z1,---,2N) = det (¢;(x;)), ¢ € L*(R?), /RS bipj = %}.



therefore refer the reader to the literature (see for instance [11, 5]). Let us only mention
that the Kohn-Sham model is not a variational approximation of (2) and that, depending
on the system under study, it gives an estimation of the ground state energy which can be
either lower or higher than Fy. In addition, no error bound for the Kohn-Sham model is
available so far. More sophisticated deterministic models, refered to as post Hartree-Fock
models, have been developed (Mgllet-Plesset perturbation method, configuration interac-
tion, multi-configuration self-consistent field, coupled cluster, ...), but the computational
cost of them is prohibitive for large systems.

Quantum Monte Carlo (QMC) methods [14, 15, 21] provide an alternative elegant and
powerful way to solve problem (2). They are (obviously!) stochatics methods. We focus
here on the so-called Diffusion Monte Carlo (DMC) method, which has many advantages:
first, it aims at directly solving the N-body problem (2), without resorting to a mean-
field model; second, as any Monte Carlo method, it provides confidence intervals that
can be, in some sense, considered as a posteriori error bounds; third, it is far much
easier to implement than deterministic methods, such as the Hartree-Fock, Kohn-Sham or
post Hartree-Fock methods. Despite these numerous advantages, the DMC method has
not been widely used by practitioners in the past decades, mainly for the following two
reasons. First, DMC calculations are more demanding in terms of CPU time than, for
instance, Kohn-Sham calculations. In fact, DMC calculations cannot be run from scratch;
they only allow to improve on the result of a previous deterministic or Variational Monte
Carlo (see e.g. [2]) calculation. Second, and contrarily to deterministic methods, DMC
calculations did not offer until recently, the possibility to efficiently compute the gradient
of the ground state energy Fy with respect to external parameters, such that, in electronic
structure calculations, the positions {Z;} of the nuclei. This was a main drawback because
electronic structure calculations often are the inner loop of an algorithm aiming either in
optimizing the nuclear configuration of the system (molecular mechanics), or in making the
nuclei evolve in the effective potential generated by the electrons (molecular dynamics).
In both cases, the gradient of Ey with respect to the {Z;} is needed. The situation is
likely to dramatically change in a near future, for the above two difficulties are about to
be overcome. Indeed, the computational cost of the DMC method scales linearly with the
number of particles, so that the efficiency of DMC increases at least as fast as computer
performances. Besides, M. Caffarel and co-workers have proposed in [3] a promissing
method for efficiently computing the derivatives of Ey with respect to nuclear positions.

It is our hope that this article will help applied mathematicians to get aware of the
specific problems encountered in Quantum Monte Carlo simulations of fermions, and that
it will encourage some of them to contribute to the field. This article focus on the theory
underlying DMC calculations. We intend to investigate the numerical aspects in a future
work.

2 Properties of fermionic ground states

Before entering the presentation of the DMC method, let us recall some important prop-
erties of fermionic ground states.

In most applications, and in particular in electronic structure calculations, the potential
V felt by the N fermions under consideration, can be split into two parts:

N
V(IE):Z‘/I(:L‘Z)_{_ Z V2(‘T2_m]) l':(.fb'l,--' 7$N)€R3N’
i=1 1<i<j<N



the function V, being such that Vo(—y) = Va(y) (usually, V5 is in fact a function of |y|).
The first term accounts for the interaction of the particles with an external potential V7.
The second term is a two-body interaction term. In this paper, we focus on two settings:

1. the simple case of N non-interacting fermions trapped in a harmonic potential, for
which analytical results can be obtained (see Section 6);

2. the one of electronic structure calculations, which is of high practical interest.

In the former setting, the potentials V; and V5 are given by

wiy;  and  Va(y) =0, (4)

N |

3
vy € R, Vily) = Z
j=1

with (for instance) 0 < w1 < we < ws.

In the latter setting, the hamiltonian H models the dynamics of the IV electrons of some
molecular system. The potentials V7 and V5 account for the nuclei-electron and electron-
electron electrostatic interactions respectively. In atomic units [5], they read

M
1
Vi=— Z Pk * Tl and Va(y) (5)
k=1

oyl

The symbol x denotes the convolution product in R? and py, is the positive charge distri-
bution modelling the k-th nucleus. Nuclei are generally represented as classical point-like
particles, i.e. by pr = 20z, where z;, € IN* and 7j, € R? respectively denote the charge
and the position of the k-th nucleus. Point-like nuclei create attractive singularities of
the potential that are difficult to deal with in Quantum Monte Carlo simulations, both
on the theoretical and numerical viewpoints. We concentrate here on the problems issued
from the fermionic nature of the electrons. That is why, when necessary, we get rid of the
above mentioned difficulty by smearing the nuclear distribution. More precisely, we will
assume in some of our results related to DMC calculations (in particular in Proposition 6

below), that the pj are localized regular functions such that pp > 0 and / P = 2. In
R3

the present section however, this simplification is not needed.

It is of course possible to extend our results to more general potentials V' with prescribed
local regularities and behaviors at infinity, but we will not proceed further in this direction
here.

Let us first recall some well-known results of existence and local regularity.

Theorem 1 (Existence of a ground state).

1. For Vi and Vy given by (4), the hamiltonian H, defined on the domain D(H) =
1
{u € He, —§Au +Vue ’He} is self-adjoint on H. and has a ground state.

M
2. For Vi and Vy given by (5) with N < Z = Z 2k (neutral molecule or positive ion),
k=1
the hamiltonian H, defined on the domain D(H) = H. N H*(R3N), is self-adjoint
on He and has a ground state.



The first statement is straightforward: when the potential V' is quadratic, the hamiltonian
H = —%A + V has a purely discrete spectrum and its eigenpairs are known analytically
(see Section 6 or any textbook of Quantum Mechanics). The second statement is by far
less obvious. It has been established by G.M. Zhislin in [27]. Let us also mention that
for V4 and Vs given by (4), D(qy) = He N HY(R*) N F (H'(R3")) where F denotes the
Fourier transform, and that for V; and Va given by (5), D(qx) = He N HY(R3Y).

Proposition 2 (Local regularity).
1. For Vy and Vy given by (4), any ground state 1y of H belongs to C™(IR3N).

2. For Vi and Vy given by (5) with pj, = 21,0z, (point-like nuclei) or p, € C®(R?)
(smeared nuclei), any ground state 1y of H is in Co(R3*N) for any 0 < 6 < 1 where

Co(R*N) = {1/1 € L¥(R*), 3C >0, V(x,y) e R* xR*™, |y(x)—o(y)| <Clo - y\g} :

In addition, vy € C* (]RgN \ (9 Ue)) for point-like nuclei and 1o € C™ (]RgN \ Ye)
for smeared nuclei, where

Ve = {(mla"'axN)E]RBN’ 3(@,])6‘[1,N]|XH1,N]|, l#]v l‘i:xj}
and

Tn = {(mla"'axN)ERgN’ H(l,k)E‘[l,N”XHl,M”, ml:jk}

The first statement is a direct consequence of basic elliptic regularity arguments (see
e.g. [9]). The proof of the second statement results from a straighforward adaptation of
the proof of the Kato-Simon theorem (see e.g. [22], page 193).

Let us now focus on an interesting property of fermionic ground states among antisym-
metric functions, which plays a crucial role in Monte Carlo simulations (see Remark 13
below).

If ¢ is an antisymmetric non-zero continuous function on R3", then the open set RV \
1~1(0) obviously has at least two connected components. For any connected component
C, and any permutation o € Sy,

Co’ == {xO' - (xa(1)7m0(2)7'” 71.0'(N)) € ]R3N7 r = (1'1,1'2,"' 7$N) S C}

is also a connected component. Indeed, if z,y € C then there exists a continuous function
f:[0,1] — C such that f(0) = z and f(1) = y. One has Vs € [0,1], ¥7(x)yr(f(s)) > 0.
Therefore by antisymmetry of ¢y, Vs € [0,1], ¥7(z;)¢1(f(s)s) > 0 and z, and y, belong
to the same connected component. Hence C,, is included in a connected component denoted
by C,. Similarly, (C,),-1 is included in a connected component which contains C. Hence

(Cs)g-1 =C and C, = Cy.

Definition 3. Let 1) € H, N CO(R3N) and U = R3N \ ¢»p~1(0). The function v is said to
satisfy the tiling property if for any connected component C of U,

U= U C,.

ceBGN



The tiling property therefore means that all the connected components of U can be ob-
tained from one of them by permutating the indices of the particles. It follows that all
these connected components are isometric. In addition, the cardinal Nj,, of the subgroup
of permutations on the numbering of the particles which let a given connected component
invariant does not depend on the connected component, and therefore, the number N, of
connected components of U verifies N, = N!/Njpy.

Theorem 4 (Tiling property). For Vi and Va given by (4) or by (5), with point-like or
smeared nuclei, any ground state vy of H satisfies the tiling property.

Theorem 4 is a rigorous formulation of a formal result due to Ceperley [7]. As we are not
aware of any mathematical proof of it, we provide one in Section 5. In some sense, this
result is the counterpart for the fermionic case of the well-known result stating that the

1
ground state of —§A +V on L*(R*M) has a sign.

Corollary 5. Let g be a ground state of H and C a connected component of Uy =
R3N \ 4,1 (0). For Vi and Va given either by (4) or by (5), with point-like or smeared
nuclei, the ground state energy Eqo satisfies

. 1 2 2 1 2 _
Eo—mf{z/cwwu/cvw, b e HC), /cw 1}.

The proof of Corollary 5 is postponed until Section 5.

3 Presentation of the DMC method

For the sake of simplicity, we assume in this section that the ground state energy Fj is an
isolated single eigenvalue of H, and we denote by =y the spectral gap, namely the distance
between E; and the rest of the spectrum of H.

The DMC method is based on the following remark. Let ¢ € H, be such that ||[¢7]|;2 = 1.
The unique solution ¢(t,z) in CO(R, H,) N C(]0, +oo[, D(H)) N C(]0, +oo[, H.) of the
evolution problem

L) 1
{EZ‘WZ#WW (6)
6(0,2) = 1 ()

reads é(t,-) = e 47 and is such that

lexp(Eot) ¢(t) — (Yo, Y1) 2 Yollrz < 1 = (o, ¢r) 12 Yoll 2 exp(=t),

where as above, ¢y denotes a ground state of H. If moreover (19, )2 # 0, one also has

H1p, — FE
0< E(t)— Ey < « gf/foffpfj)%? 0) exp(—~t)
where

(Y1, é(t)) 2

As equation (6) is posed on R3Y, and as in addition, V may have singularities, it seems
difficult to numerically solve it with deterministic methods.



On the other hand, a stochastic representation of the solution of (6) is available, and could
a priori be used to estimate Fy. It indeed follows from the Feynman-Kac formula that,
under convenient assumptions on V,

6(t,7) = E (wf (4 W3) exp <_ /Ot V(x+W,) ds>> (8)

where (Wy)¢>0 denotes a R3"-valued Wiener process. The above expression can be used
in a number of formulae that provide estimations of Ej, for instance [17]

—%ln (]E (1/11 (z + Wi) exp (—/OtV(x+Ws) d3>>> (e O

As such, expression (8) is however not adapted to numerical simulations; it has indeed
been observed that the variance of the random variable

Y, = v (x + W3) exp <—/OtV(x+Ws) ds>

increases very quickly with time.

In practice, physicists and chemists rather make use of the following importance sampling
technique, which allows them to compute ground state energies with a satisfactory accu-
racy (in most cases, 90% of the correlation energy can be recovered). Assume that the
function ¢, which from now on plays the role of an importance sampling function, is such
that the local fields

b(x) = Voi(r) and Er(x) = (Hen)(w) = L Avr(x) + V(z) 9)

V() Yr(x) 2 ()

can be calculated with a reasonable computational complexity for almost every z € R3Y
(for instance, b(x) and Ep(x) can be computed in O(N?) operations if 17 is a Slater
determinant). Let us now consider the function

fl(t’ x) = ¢I($) ¢(tv x)a

where ¢ is the solution of (6) defined above. The energy E(t) defined by (7) also reads

y | @) .y da
E(t) =

) (10)
/ fi(t,x) dx
RS
and an elementary calculation shows that fi is solution of the equation

af 1
— =_-Af —di - F

{ o = 3 — v (o) = Euf. an
f(O,x) = w[(x)a

where the fields b and Ey, are defined almost everywhere by (9).

In order to emphasize the advantages of this reformulation, let us assume for a while that
we are dealing with bosons rather than fermions. In other words, let us consider the

1
problem of computing the ground state of the operator Hp = —§A + V operating on

the bosonic subspace of L?(IR?*") consisting of the functions ¢ satisfying the symmetry



property Y(zo(1y," ", To(n)) = P(21,- -+ ,xn). For simplicity, we assume in addition that
the potential V' is regular. It is well known (see e.g. [22]) that the bosonic ground state ¥ p
of Hp is then non-degenerate, regular, and positive on R3" (up to replacing ¥ by —¢p
if necessary). By performing a mean-field calculation, it is possible to build a function
1y close to ¥p and sharing the same properties of regularity and positivity. The fields
b and Ep, are then regular and problem (11) admits a unique regular solution, namely

filt,x) = Yr(x) (e*tHBwj) (x); in addition,

d:ut fl(tax) dx

— Jren it y) dy
defines for any t > 0 a probability measure on R3" (for f; is non negative a.e.). In the case
2
when ¢; = ¥p, the variance E% duy — (/ FE d,ut> of Er, under the probability
RSN RSN

measure gy is zero, since Ep(z) is constant on R3VN. If one chooses 11 close enough to
1¥p so that the variance of Er, under the probability measure u; is small, one can expect
that (10) will provide an efficient way for estimating F(t). Indeed, u; can be simulated
by interprating (11) as a Fokker-Planck equation with a source term associated with the
diffusion process with generator %A + b.V.

Exploiting formula (10) and (11) is an “exact” very efficient strategy for simulating bosonic
systems. On the other hand, this approach is “biased”, and consequently less efficient, for
fermionic systems. It has indeed been observed in numerical simulations that this approach
introduces a systematic error, except when the nodal surfaces of 1; and 1y coincide. The
approximation arising from the fact that, in practice, the nodal surfaces of 1 differ from
those of 1)y, is refered to as the Fixed Node Approximation (FNA). It has been put forward
in the Physics and Chemistry literature that the source of this systematic error lays on
the fact that the sample paths of the diffusion process associated with (11) cannot cross
the nodal surfaces of 1;. Our purpose in this article is to give a sound mathematical
foundation to this statement and to provide a rigorous analysis of the FNA.

In Section 4, we state our main results. We first analyse in Proposition 7 existence and
uniqueness for the diffusion process with generator %A + 6.V and show in particular that
its sample paths actually behave as expected: they cannot cross the nodal surfaces of ¥ ;.
Then we show in Propositions 10 and 11 that problem (11) admits several weak solutions
and that the one we are interested in, namely f1, is not that built from the density of
the stochastic process associated with (11). Next, we identify in Theorem 12 the energy
calculated with the Diffusion Monte Carlo method, using ; as an important sampling
function. For the sake of clarity, the proofs are postponed until Section 5. Lastly, we
provide in Section 6 a simple illustrative example of two non interacting fermions in an
anisotropic harmonic potential, for which analytical results can be carried out.

4 Analysis of the fixed node approximation

We have been able to rigorously analyse the DMC method under some hypotheses on the
importance sampling function ;. Let us first list these hypotheses:

[H1] Regularity, antisymmetry and exponential fall-off

Yr € DH)NC*(RN)  with |72 =1 (12)
Je >0, vy € R*Y, |pr(y)] < e /e (13)



[H2] Nodal surfaces and critical points

vy € R*N such that ¢;(y) = 0, Vior(y) #0 (14)

U = R3N \ 4;1(0) has a finite number N/ of connected components (15)

[H3] Behaviour at infinity : we assume that either for each connected component C of Uy

I(z0,C,C") € R¥N x (Ry)?,  such that VyeC,
ly—zol >C = (y—0)by) <C'(1+ ]y —wof’) (16)

or

3K >0, Vz € R*Y, |z| > K = ¢(z) Ay (z) >0 (17)

[H4] Finite lower bound of the local energy E,

EIE{QN Ep(y) > —o0 (18)
Yy

[H5] Spectrum of H and energy of ¢y

H is bounded from below (19)
<leawl> < inf Uess(H) (20)

where oess(H) denotes the essential spectrum of H.

Hypotheses [H1] is not very restrictive. Neither is [H4] for V7 and V5 given by (4) or by
(5) with smeared nuclei. We have in particular the following result :

Proposition 6. If the potentials Vi and Va are given by (5) with py, € C§(R3) (electronic
N

structure calculation with smeared nuclei), and if N < Z = Z zk, then the problem
k=1

N 1
imf{izl§/Ra|v¢>i|2+/R3 V1pc1>+§/R3 Aap¢(x)V2(x—y)P¢(y)dxdy, (21)

= {¢z}1<z<N € (Hl(]Rs / bid; = 0ij, po(x Z |pi(x }

has a minimizer {¢1H}1<z'<N' Besides the N-body wavefunction

1 H
fulfills the hypotheses [H1] and [H4]. In addition, 11 satisfies the tiling property.

Problem (21) corresponds to the Kohn-Sham model with a null exchange-correlation func-
tional. More generally, [H1] and [H4] are satisfied by the Slater determinant built with
Kohn-Sham orbitals for local or gradient corrected exchange-correlation energy function-
als [11]. Let us now examine the remaining three hypotheses. Hypothesis [H2] does not
seem restrictive either, since, on the one hand, for a generic function 17 of C*(R*Y),
Vr # 0 is satisfied almost everywhere for the surface measure on 1/}1_1(0), and since, on



the other hand, (15) is fulfilled by the commonly used importance sampling functions for
the latter satisfy the tiling property. As for hypothesis (16), it is a standard assumption
to prevent the sample paths of the stochastic process X7 solution of the SDE (23) be-
low, from going to infinity in finite time. Because b(x) = V4 (x)/¢r(x), (16) is rather
restrictive near the nodal surfaces of ;. The alternative hypothesis (17) holds for in-
stance for 1; given by (22) when for some ¢ > 0, ¢|z|? is added to V; in problem (21) (see
equation (31) below). Lastly, hypothesis [H5] is always satisfied for V; and V5 given by
(4) for in that case, H is bounded from below and has a purely discrete spectrum. For
V1 and V5 given by (5), (19) always holds. For neutral systems and positive ions, even a
simple one-body model (Hartree-Fock or Kohn-Sham) allows in practice to construct an
importance sampling function v; satisfying (20).

Let us finally mention that in the example of two non-interacting fermions in a harmonic
trap presented in Section 6, the hypotheses [H1]-[H4] are satisfied for ¢ given by (47)
with0 <w <1< w.

Proposition 7 (Sample paths of the stochastic process). Let (Wy)i>0 be a 3N-
dimensional Brownian motion. Under hypotheses [H1]-[H 3], for any x € Uy, the stochastic
differential equation

dX} = b(X})dt + dWy,

L5 2

admits a unique solution. This solution is such that a.s., t — X¥ € C°(R,,C(z)) where
C(x) denotes the connected component of Uy which contains x. In addition, X[ admits
a density p(t,x,y) w.r.t. the Lebesgue measure such that ¥%(x)p(t,x,y) is symmetric in
variables x and y.

Remark 8. For z € Uy, let us denote by P* the law of (X[);>0. Combining Yamada-
Watanabe theorem and the approach given by [25] Theorem 6.2.2 p.146, one obtains that
for any connected component C of Uy, the family {P*, x € C} is strong Markov.

Remark 9. A solution to the stochastic differential equation dX; = dW;+(V In(¢1))(X;)dt
is a so-called distorted Brownian motion. Existence of a weak solution can be obtained
by Dirichlet form techniques : for instance according to [1], (23) can be solved for each
z € U if ¥y € HE (R¥*) and if for some e > 0, |Vep;(x)[PVNFe/ | (2)[PV =2+ is locally
integrable on R3Y. Under [H1]-[H2], the latter integrability condition cannot hold since
V1 does not vanish on wl_l(O) and 1/11_1(0) is a 3N — 1-dimensional manifold because of
the antisymmetry of ¢; (U has at least two connected components). Our approach based
on stochastic calculus enables us to obtain strong existence and trajectorial uniqueness for
(23) and heavily relies on hypothesis (14) which prevents the sample paths from crossing
the nodal surfaces of ;.

Proposition 10 (Fokker-Planck equation). Let us define

palt.a) = v (exp (- [ t Fu(x2)as) )

where (X[ )i>0 denotes the stochastic process defined by (23), with convention fa(t,x) =0
when Yr(z) = 0. Under hypotheses [H1]-[H4], the function fo is a weak solution of (11)

10



in the following sense: Yo € C§°(Ry x R3N), vt > 0,
| ettona = [ otapiaa (24)
RSN
/ / < + A<p+b Vi — EL<p> (s,x)fa(s,z)ds dx.
RSN

The issue is now to characterize the function fy. For this purpose, we introduce, for any
connected component C of Uy, the self-adjoint operator He on L?(C) defined on the domain

D(He) = {u € H}(C), —%Au +Vue L2(C)} : (25)

by
1
Heu = —§Au + Vu. (26)
Note that it results from [H1]-[H2] that the boundary of the domain C is of class C2.

Therefore, in particular, D(H¢) = H?(C) N H(C) for V4 given by (5), with point-like or
smeared nuclei.

Proposition 11 (Identification of f3). For Vi and Vs given either by (4) or by (5),
with point-like or smeared nuclei, and under hypotheses [H1]-[H 4], the function

) = 28 gy o (e (- [ t BL(x2)ds) )

is characterized by the following property: for each connected component C of Uy, the
restriction v of x to Ry x C is the unique solution in C°(R.y, D(He)) N CY (R4, L*(C)) of
the problem

at 2 (27)

{ ov _ lAv - Vo in D'(]0, +00[xC),
U(Oa ) = ¢I|C .

Note that if t; satisfies the tiling property, the N/ problems (27) are identical up to

renumbering of particles.

Theorem 12 (Convergence of the DMC energy). Let

Ep(z) f2(t, ) dz

R3
/ fa(t,z) dz
RS

For Vi and V; given either by (4) or by (5), with point-like or smeared nuclei, and under
hypotheses [H1]-[H5], one has

gy — i V() B (EL(X;”) exp (— /0 t Er (X7) ds>> dx o)

/RSN Vi (x)E (m <_ /Ot By (X7) d>> .

EDMC (t) —

11



where (X[ )i>o0 denotes the stochastic process defined by (23). When t goes to +oo,
EPMC(1) converges exponentially fast toward

1
spve—wme {3 [ wers [ Vet veblm. Wls =1 s=0m0)]).

2
One has EYMC > Ey, and the equality holds if and only if the nodal surfaces of 1 coincide
with those of a ground state g of H.

The Diffusion Monte Carlo (DMC) method consists in estimating EPMC(t) for ¢ large
enough by using (28), or a similar expression [14]. The DMC method therefore provides
with an upper bound EEMC of Fy which only depends on the nodal surfaces of the im-
portance sampling function t; (and not of the function vy itself). Almost all the QMC
calculations performed at the present time are based on the importance sampling technique
described above. Some methods aiming at going beyong the Fixed Node Appoximation
have been developed, but their use is still limited to small systems consisting of a few
electrons, or to the special case of the homogenous electron gas. Let us incidently mention
that very accurate QMC calculations on homogenous electron gas are used to fit the pa-
rameters of the approximated exchange-correlation functionals used in Density Functional
Theory.

Remark 13. Formula (28) also reads

N¢

> [ i) E (EL<Xf) exp (— /0 B (X2) ds>> da

EPMC(p) — n=1 ;\2;
ngcl . Vi) E ( exp <— /OtEL (X7) d5>> e

where Cy, Cg, ... Cyr1 are the connected components of Uy. From Proposition 7, the whole
sample path ¢ — X} is a.s. trapped in the connected component containing x. One can
therefore consider that in the DMC method, N/ calculations are done independently (one
in each connected component) and that the N/ results are then averaged. If ¢ satisfies
the tiling property, the N/ problems are identical up to renumbering of particles, and
therefore, the final result will not be affected if the walkers are not equally distributed in
the various connected components of Uj.

)

Remark 14. The equivalent of Corollary 5 for EEMC is the following : in the case when

Vi and V, are given by (4), if one introduces the ground state energy E° of He, (where

C1, Ca, ... Cyr are the connected components of Ur), then EPMC = ming <, < NI EY. In
the case when V; and V3 are given by (5), we have again EPMC = ming <, < y7 ian(Hgn),

where Hcsn is the operator H¢, with domain restricted to symmetric functions on C,. In
any cases, if 17 satisfies the tiling property, one can check that the (Eg)lSnSch (resp. the
(ian(Hgn))1<n<Ng) are equal, since all the connected components of Uy can be obtained
from any one by permutations.

12



5 Proofs of the main results

Proof of Theorem 4. Let C be a connected component! of the open set Uy = R3V \
¥y 1(0) and Q = U Co. Let Z be a subset of G such that

ceGN

o=Jc¢
o€l
V(o,0") €I XTI, (0c#0) = (C,NCy =0).

Let ¢ be the function defined by

| Yo(x) ifx e
() = ' 0 otherwise,
and 1 = H¢(ﬁL2 It is easy to check that ¥y € D(qx) and that ||tho||z2 = 1. Besides,
oo 1 2 )
(o, Hipo) = 5 [Vpol” + Vg
R3N RSN
1 1
= [V 2+/V 2>
i (5 [y vt vt
ap— (1 Vool + | vw%)
1oz, 22 \2 J, .
5 e
= Y + [V
ol \2 e Vol J 1
and

l6l2, = |7 /c 4.

1
As in addition ¥g|c € H}(C) and —§A1/10 + Vb = Eptp in D'(C), it follows from Green’s

formula that
1 1
5/6\vw012+/cvw8 :/C<—§Awo+vwo) wo:Eo/ch. (29)

Therefore <1ZO, H 1;0> = Ejy. The function 1;0 then is a ground state of the operator H and
thus satisfies equation

~ 500 + Vo = Bo,
Let ¥ be the (empty or finite) set of the points at which V; is not C*° and
v = {(z1,-- ,an) € RN, Jiel[l,N]|, z;€ >}
U{(z1, - ,zn) € RN, 3(i,5) € |[LN]| x [[LN]|, i#j, x=uxz;}.
It can be easily checked that 7 is a closed negligeable set, that the open set R3V \ v is

connected, that V is bounded on any compact set of R3Y \ 7 and that 1;0 €cH 2(]R?’N ).
One can thus apply a unique continuation principle (see e.g. Theorem XIII.57 and the

'Notice that since we are in R*Y and Up is an open set, C is an open arc connected set.
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1
comment just below, page 226 of [22]) : if u € L2(R3*Y) satisfies —§Au + Vu = Epu

and vanishes on an open set of R3" | then u is identically zero. It follows that 1;0 is not
identically equal to zero on each open set of R3", and therefore that Q = U. O

Proof of corollary 5. Let C be a connected component of Uy = R3™ \ 4, (0) and

1 2 2 1 2 _
Ec_mf{Q/c]VzM +/cv¢, v e HL(C), /Cw 1}. (30)

The restriction of ¥ to C is in H}(C) and satisfies (29). Let us denote by ¢ the function
defined on C by
Yo(x)

Ye(z) = W-

We have ¢ € H}(C), /wg =1 and
C

1
5 [ V6eP + Vivel = Eo.
C

Therefore Fy > Ec. When V; and V5 are given by (4), the remaining of the proof is easy.
In this case indeed, the operator H¢ defined by (25)-(26) has a purely discrete spectrum
and ¢ is an eigenvector of He which is either positive or negative on C. Therefore, by
standard arguments, ¢ is the ground state of He and E¢ = Ey. When V; and Vs are
given by (5), we reason as follows. We denote by

ew) =3 [IVoP+ [ Ve = (Hev.v)

the energy functional (defined on H}(C)) and we consider a minimizing sequence (1, )neN
of problem (30). As for any ¢ € H}(C), || € HE(C) and E(|¢|) = E(¢), we can assume
that 1, is non-negative on C for any n € IN. We then introduce J the subgroup of &
consisting of the permutations o such that 2

V(I'l,"' 7$N)€C7 (xo(l)a"' 7xo(N))€C'

Notice that as g is antisymmetric, for any o € Gy, C, is a connected component of Uy,
which ensures that J = {o € Sn, C, NC # (0}. Let

> g

ocedJ

Xn=T17— 1 _

> g

ceJ

L2

where 7 (21, ,2N) = Yn(To1), * »To(n)). The function x,, is well-defined for 1, is
non-negative and non-identically equal to zero. We then have x,, € H(C), ||xnllz2 = 1

2Notice that the permutations in J are even since odd permutations change the sign of 1) and therefore
cannot let a connected component of Uy invariant.
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and

0<E&(xn)—Ec = ((H-E¢)Xn,Xn)
1 /
= ——— Y {(H—Ee)yg, )
T,Z)g oo’ eJ
< N {(H - Eeo)yg.vg)
o0’ €T
= Y ((H-Ee)' g, (H—Ee)' ¢
o0’ €T
< N ((H = Eo)vg o) (H — Ee)yg g )2
o0’ €T

= |T* (E(Wn) — Ec),

the last equality arising from the symmetry of H with respect to renumbering of particles.
Therefore, (xn)nen is @ minimizing sequence for problem (30). As by construction, each
Xn Satisfies the symmetry property

V(.%'h--- 7$N)€C7 VUGJ, Xn(mo(l)a"'7$U(N)):Xn(x17'” 7$N)7
whith J = {0 € 6y, C, NC # 0}, the formula

J
\V/(l'l,‘ o ,fL'N) € C7 Vo € 6Na an(xo—(l), e axo'(N)) = % E(O-)Xn(‘rl’ T 7'TN)7

(where, by definition, x, = 0 outside of C) provides a function of D(q) such that ||¢,| 2 =
1 and (¢n, Hppn) = E(xn). Therefore Ey < hrf (¢, Hpr) = E¢. Finally, E¢ = Ey, which
n—-roo
concludes the proof. O

Proof of Proposition 6. The existence of a minimizer {qﬁlH }1 <;j<n to the Hartree

problem (21) for neutral or positively charged systems is proved e.g. in [18]. In the same
article, it is shown that the gbf{ satisfy the Hartree equations

1
—5 A0 +Vigl + (0 Va) ¢! = i)’

N
with p = Z |¢)ZH |2, and that the eigenvalues €; are negative. It is then easy to check that
i=1
¢ € C®(R3) N H%(R?), that p V5 vanishes at infinity, and then using the maximum
principle, that ¢; enjoys an exponential fall-off of exponent /—e¢ for any e such that
€; < € < 0. Properties (12) and (13) follow. Besides, a simple calculation shows that

N N
—%A% + ; (Vi(zi) + (p*Va) (%)) b1 = (Z €i> Yr. (31)

i=1
Consequently
N N
H 1A
L T A ) LRI DI R B SR OIE}
I I i1 1<i<j<N i—1
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As px Vs is bounded and V5 non negative, hypothesis [H4] is fulfilled. Lastly, it is easy to
check that 7 is the ground state of the N-body fermionic hamiltonian

N
_%A + ) (Vi) + (px V) (22))
=1

and that Theorem 4 also holds true for one-body and two-body potentials respectively
given by V1 + p* Vo and 0. Therefore, ¢ satisfies the tiling property. O

Proof of Proposition 7. Let us first prove trajectorial uniqueness. For x € Uy, assume
that X7 is a solution of (23) such that t — X[ € C°(R.,C(x)) and that X{ is another
solution. Let o, = inf{t > 0 : |7 (XF)| A [©1(XF)| < 1/n} for n € IN*. One has for any
t>0,

ds.

tAon

| Xy — Xio | < / -

R [ Yr(XY) Yr(XE)r(X7)

Because of (13) there is a constant K, such that Vs < o,,, | X*| + |X?| < K,,. Since 1 is

a C? function and using the definition of &,,, one deduces that there is a constant C,, only
depending on n such that

Vyr(XE) - Vi (X9) ‘ ($1(X2) = $1(X2) Vb (X2)

tAon B t
V>0, X, — Kb | < C"/o X7~ Xo|ds < C’n/o X5, — X%, |ds.

SA\Op,

By Gronwall’s lemma, one obtains that X7 and X7 coincide up to time o, for any n € IN*,
Therefore o, = inf{t > 0 : [¢;(XF)| < 1/n}. Because t — XF € C°(R,,C(z)) as.,
limy,—, oo 05, = 400 a.s., which concludes the proof of uniqueness.

To prove existence, we are going to introduce suitable regularizations of the drift coefficient
b= V/¢;. Let v : Ry — R, be an increasing C? function such that

v(r) =r forr > 1,

~v(r)=1/2 for r < 1/4,

Vr>0,0<+(r) <1.

For n € IN*, we define

exp(—ly — z|/(2n))
\/’I”LgNSgN_lF(?)N)

gn:yeR?’NH

)

where I' denotes Euler’s gamma function and ssy_1 the surface of the unit sphere in RV .
Notice that g2 is a probability density on R3N. For n € IN*, we set

bz (y) = cn X gn(y)Y (';”’l(yﬁ)) (32)

. ~1/2
with ¢, = (fon 9272 (111/90) () dy) .
As, by definition of v, g,v(|¥r|/9n) < |¥1| V gn, the previous integral is finite. The
associated regularized drift coefficient is by, (y) = VIn, r(y). One easily checks that

b(y) if [4r|(y) > gn(y),

ba(y) = -z
() _% i [61](y) < gn(y)/4.
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;From now on we suppose that n is bigger than ng such that ng > 1/¢ where ¢ denotes the
constant given by (13) and that |¢7](z) > (no®*Ns3ny_1T(3N))~Y/2. This way, b, is equal to
—(y—x)/(2n|y — z|) outside a compact set and equal to b on a neighbourhood of z. Since
one easily checks, using (32), that for any 4,5 € {1,...,3N}, function 821_%_ In(¢pn,7)(y) is
locally bounded in R3N \ {z}, the drift coefficient b, is globally bounded and Lipschitz
continuous on R3*Y . Therefore existence and trajectorial uniqueness hold for the stochastic
differential equation

AXT™ = AWy + by (XP™)dt, XO™ = .

Let
7T =inf{t >0 : [7|(XP") < (n®Ns3y 1 T(3N))~1/2).

Setting X7 = X", Vt € [17_;,77) for n > ng (convention 77 | = 0), using the fact that
when ng < k <, Xf’k = Xf’l for t € [0,7}), one obtains a solution of (23) on [0,7%)
where 72 = lim,,— oo 7. Since |¢7|(X}) is positive for ¢ € [0,7%), X} remains in C(x)
on this time-interval. The next two lemmas are aimed at checking that for any x € Uy,
7% is a.s. infinite, which also ensures that a.s., t — X¥ € C°(R,,C(x)). First, using
especially (14), we will prove that if |X}| remains bounded on [0,7%), then 72 = oo.
When (17) holds, the same line of reasoning yields that 7% is a.s. infinite. We will next

prove that when (16) holds, | X}| cannot go to infinity in finite time.

Lemma 15.

VeeUr, P |75 <400, sup |X{|<+4+o0]| =0.
t€[0,7%)

In addition, under (17), P(t% < +00) = 0.

Proof : On {3, < oo}, by definition of 757, one has |¢7|(X7.) < (n3N ssy_1T'(3N))~1/2
and therefore lim,,_, oo [¢1[(X7) = 0.
Let s(7) = 11y, (2)>0} = L{ys(a)<0}- For t <73,

Vir|? 1
A7) = T X b+ (00T (X)W + (o) S (XY (39
The main idea of the proof of the first assertion consists in checking that because of (14),
the first term of the r.h.s. prevents |¢7|(X}) from vanishing in finite time while X} remains
in a compact set. Let K, S > 0 and ox = inf{t > 0,|X7| > K}. We are going to check
that

]P<T§O§S, sup |Xf|§K>:]P(T§O§S/\UK):0. (34)
te[0,72,)

By (14), there exist positive constants a and M such that
Wy € C(x) N B0, K), [rl(y) < o = A ()| < M|Ver(y)[*. (35)
Let p: R} — R_ bea C? non decreasing function such that

Y eMz
/ —dz if r < a/2,
z
ply) =14 7

0 if r>a.
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Applying It6’s formula, remarking that the non-negative function p’ vanishes together with
p" on [a,4+00) and using (35), one obtains

SNogNTY
PUPI(XEnoienre)) = p(l91|(2)) + s(x) /0 P ([ |[(X3)) Ve (XT).dWs

SN (0P o 5@ o) o0 4 L N
< < o <Xs>+T%<Xs>>p(!wf\<Xs>>+5\wf<Xs>r?p (orl (X)) ds

SNo g ATE
> pllinl(@) +ste) [ (X2 V(X)W
SAUK/\T% x\ |2 1 T M / T 1 // x
[T e | (- 3 ) A + g (el s @0

For s < 7%, |11 (X®)| > (n*Ns3ny_1T'(3N))~1/2, and by (13), | XZ| and therefore |V (X?)|
are bounded. As a consequence the expectation of the stochastic integral in the right-hand-

side of (36) is zero. The function y — (% - %) p'(y)+1p" (y) vanishes on ]0, a./2]U[e, +00]

and is bounded from below on [a/2,a]. Since because of (13), when |17 (X7)| belongs to
[a/2,a], [V (XZT)| remains bounded, taking expectations in (36), one obtains

E (p(191(Xgnren))) = ~C(1+S),

where the positive constant C' does not depend on n. As the left-hand-side is smaller than
p((n3Ns3y_1T(3N))~1/2)P(r% < S Aog) and p((n®Ns3y_1T(3N))~1/2) goes to —oo as n
tends to +oo, one deduces that (34) holds. As S and K are arbitrary, the first assertion
follows.

Let us now assume (17). For K such that Yy € C(x), ly| > K = s(x)A¢(y) > 0, let «
and M be such that (35) holds. Then

vy € C(z), [r(y)l < a = s(x)Ayr(y) = —M[Vir(y).

As a consequence (36) holds with S A o replaced by S. As above, one concludes that
P(rZ < +o0) = 0. O

Lemma 16. When (16) holds,

Ve e U, P <7’§o < 400, sup |X{|= —i—oo) = 0.
te[0,72,)

Proof : Let (z0,C,C’) € R* x (R*)? be a triple associated to C(z) by (16).
Let p: Ry — Ry be an increasing C? function constant on [0, C] and such that p(r) = r
on [C'+1,400) and p(r) > r on R4. By Ito’s formula and (16), for ¢ < 72,

p(IXT — 2ol?) =plla — wol?) + /0 §(IXE — 20[2) (2(XT - 20).(b(XT)ds + dW,) + 3Nds)

t
Lo / PXT — apf2)|XT — ofds,
0
<p(z — 20f2) + (BN + 2|6 lso + 2(C + 125" et

t t
b2 [ HXE = o)X — a0 W+ 20 o [ 1XE = wof? .
0 0
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Therefore, we have:
t t

XF = o <CM 1+ 0 +2 [ T — ) (XE = 20).dW, + 201 [ 1XT ol d.
0 0

Introducing o = inf{t > 0 : | X} — x| > k} for £ € N*, one deduces that for S > 0,
Vk € IN*, Vn > ng, Vt € [0, 5),

tATENATY
B X, 0ms — 0l?) <"1+ 8) 4201/ ([ 12— ds).
0
<C"(1+ 8) + 20|14 Hoo/ B X7\, pre — 70[2) ds
Therefore, by Gronwall Lemma, Vk € IN*, Vn > ny,
]E(|X§/\Uk/\7';f - ‘T0|2) < K
where the constant K depends on S but neither on n nor on k. As
kzP(Uk <SA 7_79;") < E(|X§/\0k/\’rﬂf - ‘T0|2)’

one obtains that IP(limg_, o 0 < S ATL) = 0. Since

{TgogS, sup |Xf|:—|—oo}c{ lim o < SATL }
te

0,72,) k=00

one concludes that IP ( % <8, supgepo ey | XP| = —i—oo) =0, where S > 0 is arbitrary. [

To conclude the proof of Proposition 7, one still has to check that for any ¢ > 0, X} has a
density p(t,z,y) w.r.t. Lebesgue measure such that function 1/J§(x)p(t, x,y) is symmetric
in variables z and y. Let us briefly recall the argument given for instance in [24] which
ensures that X;"" satisfies an analogous property.

According to Girsanov theorem, for ¢ : R* — R measurable and bounded,

E(¢(Xf’")):1E<¢(m+Wt)exp <+/Otbn(x+W)dW —1/ b2 (2 + W, )ds ))

As b, = VIny, 7 by Itd’s formula,

t n W, 1 t
/ bp(z + Ws).dWs = In (M) — —/ Alnpy, r(z + Ws)ds.
0 ¢n,T(m) 2 0
Therefore conditioning by = + W; one obtains E(¢(X, fRSN oy in ;(Z) (t,z,y)dy,

where

at,z,y) = E (exp <—% /Ot (Ibn]? + Alnt, ) (x F W+ %(y - Wt)> ds>)

is symmetric in variables x and y by time-reversal of the Brownian bridge. As a conse-

quence, the denSity pn(ta x, y) = wn,T(y)a(ta x, y)/wn,T (‘T) of Xtmm is such that 7!)7% T($)pn(t, x, y)/C%
is symmetric in variables x and y.
As X7 = X" on {77 > t} and lim,— 100 7¥ = 400 a.s., the law of X;”" converges in
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variation to the one of XF. Therefore X has a density p(¢,x,y) which is the limit in
LYR3N) of p,(t,2,y). Let K >0

/ Z,T(x )
B(0,K)xR3N 2

nr(®)

pn(taxay) —7!}%(95)1?(@9373/) 2 —1/)]( )

Cr,

dxdy §/
B(0,K)
2 —
[ @) = pat ) dedy

Remarking that for any 2 € R3N | 4, r(x)/c, converges to |1;(z)| as n — +oo and that
for n > ny, 1/17217T(m)/c% < (ngNs3n_1T'(3N))~! v 42(z), one easily check that both terms
of the r.h.s. converge to 0 as n — 400 according to Lebesgue’s theorem. Therefore
Y2(z)p(t, z,y) is symmetric in variables z and y on B(0, K) x B(0,K) for any K > 0. O

Proof of Proposition 10. The proof relies on the following Lemma:

Lemma 17. Let t > 0. For any function ¢ : R* — R non-negative or such that
Jran [6(2)] fo(t, x)dx < 400,

[ o@ptade = [ v (¢<xg> exp <_ / t EL(;WS)) i

Proof of Lemma 17 : Let us first suppose that ¢ is positive and bounded. Using
Lebesgue’s theorem, then the Markov property given in Remark 8 and the symmetry of
¥?(z)p(s,z,y) in variables z and y (see Proposition 7), one obtains

| otz = m [ o@ii@n <Hexp<—tEL<let/n>/n>> dr

n—-+o0o R3N Pl

= lim B(z1)1h? (2 H [p(t/n, g, xpr1) exp(—tEL(zk11)/n)] dey ... deg g
k=1

n—-400 R(nt+1)x3N

= lim ¢(x1)97 (Tn11) H (t/n, Trt1, vx) exp(—tEL(wg41)/n)] doy ... dzn g

n—4o0o R(n+1)><3N

n—1
= lim_ /R G@E <¢<Xf> 11 exp(—tEszt/n)/n)) dz

k=0

_ /R G@E <<;S(th) exp (- /0 t EL(Xg)ds>> dx

We obtain the equality for general non-negative functions ¢ by writing the above equal-
ity for ¢ A n and letting n — +o0o by the monotone convergence theorem. The case
Jran [@6(x)| f2(t, x)dx < +oo follows from the equalities for the positive and the negative
parts of ¢. O

Let ¢ € C°(R,; x R*Y) and = € Ur. By Ito’s formula,
t T t s x
e~ Jo EL(X3 )dscp(t,th) — 90(073;) +/0 e Jo EL(X} )dTch(s,Xf).dWS

t . " 1
n / e~ Jo EL(X7)dr (—Eup + Dsp + §A(p + b.Vgo) (s, X7)ds.
0
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Taking expectations, one deduces
B (e BB 7)) = 40,0

t S x 1
+E</ieﬁﬁ%“””(—Emm+&¢+§A¢+bV¢>@“&Q@>.
0

Integrating this equality w.r.t. € R3V against density w%(x) and using Lemma 17, one
concludes formally that (24) holds. To make this argument rigourous, one has to justify
the use of Fubini’s theorem for the second term of the r.h.s. and more specifically for the
contribution of —Er¢+b.Vy. Using Lemma 17, then the definitions of £y, and b and last
(18), one has

t
G@E ([ el PO B 4 09015, X005 ) do

R33N 0

t
:/ / Vi) |ELe + b.Vy|(s,z)E <e—f0 EL(Xf)dr> dds
0 R3N
¢ 1
SC/ / ("MWﬂ+|¢?V@I+Iwzwz.wo|> (s, 2)dds.
0o JR3N 2

The last integral is finite since function 17 is C? and potential V is locally integrable. [J

Remark 18. One has fa(t,z) = ¥%(x)u(t,z) where

u(t,x) = ey B <exp (- /O t EL(X;”)ds>> . (37)

By (18), the function ¢ — [[u(t,.)|| g3~y is locally bounded and for fixed z € R3N,

t +— u(t,z) is continuous according to Lebesgue’s theorem. Since b7 € L?(IR3Y), one
deduces again by Lebesgue’s theorem that fo belongs to CO(R.., L'(R?*")). Notice that
the function u formally solves (Feynman-Kac approach)

ou 1
— =—-A Nu—-F
5 5 u+ b.Vu LU

u(0,z) = Lizev;y

Proof of Proposition 11. By definition of fa, one has v(t,z) = ¢r(x)u(t, ), with u given
by (37). Reasoning like in Remark 18, one obtains that v belongs to C°(IR, L?(C)). Be-
sides, v(t,x) = fa(t,x)/¢r(x) in Ry x C, where f3 satisfies (24). For ¢ € C§°(]0, +00[xC),
since 17 is of class C? and is either everywhere positive or everywhere negative on C, one
may choose ¢(t,x) = T¢(x)d(t, z)/vr(x) where Ie denotes the characteristic function of
C in (24) . Since one easily checks that

Oy T 00 1 I. /1
Y = _—=_= —A . —Frpo="—"—|(=-A¢—
9 e and 2 p+ bV LY o <2 ¢ Vcb) ,

we deduce that
o oo 1 9¢ +oo 1
Vo € C5°(]0, +00[xC), / —v+/ / —Ap—Vop )| v=0.
0 c Ot 0 c \2
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Therefore, v is solution to (27).

Considering only the test functions ¢ of the form ¢(t,x) = ((t) {(z), one obtains in par-
ticular

ve € C(C), %@w(t»mc):(%A&—vs,v<t>>L2(C) in D'(0, +00).  (38)

Let us now prove that (38) still holds true for any £ € D(H¢). As explained below, this
will actually imply that v € CO(R., D(Hc)) N CY(R, L?(C)).

For convenience, we denote by the same letter a function supported in some subset of
R3Y and its extension by zero on the whole space R3*". Let us first consider the case of a
compactly supported function £ € D(H¢) and let us denote by R a real number such that
Supp(¢) C B(0, R). Let g € C°(R3Y) such that Supp(g) € B(0,1), g > 0 on R3", and

g = 1. For € > 0, we denote by g. the function defined by
RBN

061 = o (2).

We also introduce

Co={zeC, dx,dC)> e},

I¢, the characteristic function of C,
hs = 11036 * Ge,

ge = (fhe) * Ge,

and
K= (Ca\Cs) NB(0,R+1), for0<a<p<+oo.

For any ¢ > 0 small enough, the C* function & is supported in the compact set C. N
B(0,R + 1). Therefore,

0 e = (386 V) Do) (39
dt > L0

1
We then split §A§E — V&, into four terms

%Age Ve = Kh (%Af — Vg)) *ge] + (V€ Vhe) % g]
i E (eAh,) *ge} [V ((€h) % 90) — (VER) % g4].

It is easy to check that if u € L2(C), uc = (uhe) * g strongly converges toward u in L?(C)
when € goes to zero. Therefore, for any ¢ > 0,

(e v(t)) L2(c) v (& v(®)2cy >

((n (3a6-ve)) rantn) = (Gae-vean)
L2(c) <7 L2(C)

(V ((§he) * ge) — (VEhe) *geav(t))L2(c) — 0.

e—0

and
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To obtain the above inequality, we have used that V¢ € L?(C). This is true when V;
and V5 are given by (4) since £ is compactly supported. This is also true when V; and
Vo are given by (5), even in the case of point-like nuclei since by Hardy’s inequality,

IVellz <2 (N + L, 2 ) Vel e

1 1
Besides, one has [|[Vhc||L~ < =[|[Vg||p1 and [[Ahel|L~ < —[|[Agl[r1, and both functions
€ €

Vhe and Ah, are supported in the compact set Kéf It follows that (V& - Vhe) * g and
(EAh.) * ge are supported in K2¢. One thus has on the one hand,

(V€ Vhe) % ge,v(t))2cy| < (V€ Vhe) * gell p2(gesey [[0(E)]| 22 (e3¢
< va'Vhs”H(Kg;) gell 1 H"U(t)HB(ng)
1
< ZIValler Vel L2 rgey 1oz ace), (40)
and on the other hand
((EARe) x ge;v(t)) r2cy| < (€A * gell L2 (i5ey 10| L2 (sc5e)
< lleAhdlaegey Ngellzn Io@llzizo
1
< o 1Agl l€lzaggey IOz (41)

At that point, we make use of the inequality

br@) E <exp (— / t EL<X§>ds>) ‘ < oxp (—t (ég;/, EL>) i), (42)

which states that, in some sense, v(t,-) vanishes on the boundary 0C. As there exists a
constant Cp depending only on ¢; and on R such that, for € small enough,

o(t, 2)| =

Vu € Hy(C), HUHL2(K3) <Cpe HVUHL2(K5)7 (43)

we obtain, for € small enough,

0Ol < <Cooxp (¢t 51) ) 190l (44)
and
Hf”L?(ng) <eCp ”V§HL2(K3)- (45)

For the sake of brevity, we do not reproduce here the proof of the Poincaré-type inequality
for narrow domains (43). This can be established by using hypotheses [H1]-[H2] which
allow ones to work in local maps.

Putting all together, one obtains that for any ¢ > 0,
(e v(®)) r2ie) 7 (& v(®)) 12(c) 5
and

(%A& - v&,v(t)) = (%Aﬁ - Vf»”“))

12(¢) <0 12¢)
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In order to pass to the limit in (39), we need to check that, for instance, both (&, 'U(t))LQ(C)

1

and <§ A¢ - VE, v(t)) are uniformly bounded on any compact time interval [0, 7],
L2(C)

with bounds independent on e. Clearly,

| (§he) * 96||L2(C)

1€Rell L2 llgell 21

1€l L2(c) Vel oo ey [lgell 2

€ellz2(c)

VAN VAN VAR VAN

1€l 22(c)

since 0 < he <1 and ||ge||;1 = 1. Thus,

Ve 0,T], | v(®) )| < 1€l IWleoqom.rae-

Besides, using (40), (41), (44), (45), together with the three inequalities

H((—lAf+vg> h)sal <|-gaceve|
2 £2(0) 2 2(0)
1(Veh) % gellzze) < IVEl 2ge
and
(max w?) (14 R)? [1€]l 2 () (V1, Va given by (4)),

[V ((€he) * ge)ll 2(c) < M
2N+ sz (1+CplVyllzr) V€l L2y (Va, Va2 given by (5)),
k=1

we obtain that for € small enough

<C

vt € 0,7), '(%A& - V&,v(t))

L2(C)
where the constant C' is independent of e.

Let us now consider the case of a function { € D(H¢) non necessarily compactly supported.
For R > 1, we introduce the radial function kr defined by

kr(z) =1 if |z <R
kp(z) = (lz] — (R+1))* 2(Jz| —R)+1) if R<|z|<R+1
kr(x) =0 if |z|>R+1
3
which is such that 0 < kr < 1, ||Vkg|re < 3/2, ||Akgr|re < 6+ 5(3]\7 —1). Then
&r = kg€ is a compactly supported function of D(H¢) and thus
d 1 oy
VR>1,  —(&r,v(t))12c) = | 5A8R — VEr,v(1) in D'(]0, +o0f).
dt 2 £2(C)
Letting R goes to infinity, one obtains
d 1 oy
@ (e 0t)) ey = (A= VE, o) in D'(]0, +o0]). (46)
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Using the fact that (46) holds for ¢ € D(H¢), we can now prove that v € C%(R.y, D(H¢))N
CY(R,, L*(C)). Let us denote by (Py)acr the spectral family associated with the self-
adjoint operator He. For any w € L%(C) and any —oo < a < 3 < +o00, Pogw =
(Pg — Pa)w belongs to D(Hc). Using (46) with £ = P, gw, one obtains

d d
i (w’P}aﬁ]v(t))m(c) T (P]a,ﬁ]w’v(t))m(c)

= (HePagw,v(t)) )
= (w, Hcp}aﬂ}v(t))LQ(C) ’

Therefore p
73 Hlav(t) = He Pl g o(?).

As P, gv € C°([0,400[, L?) and v(0) = ¥1]¢, and as He is bounded on Ran(Py, g)),

Bago(t) = e MR, g il -

Passing to the limits a — —oo and § — +00, one gets
v(t) = e e gy,

As +r is in D(H) N C%(R?) and satisfies 1y = 0 on ¢;*(0), one has |, € D(Hc).
Therefore v € C°(R,, D(He))NCH (R, L?(C)). The solution of (27) in C°(R., D(Hc))N
CY(R,, L*(C)) being unique (see [6]), the proof is completed. O

Remark 19. We have shown that there exists a unique solution of class C°(R,, L%(C))

o (38), if £ can be chosen in D(H¢). The fact that uniqueness holds for this kind of very
weak solutions can be compared to uniqueness results for “generalized solutions” such as
ones defined for example in [12], page 85. Let us sketch another proof of this uniqueness
result inspired by [12], and which does not require v(0) to be in D(H¢), and does not use
the notion of spectral family. Let w = H;'(v) (one can suppose that 0 ¢ o(Hc) since H
is bounded from below and V is defined up to a constant). Since v € C°(R4, L?), then
w € C°(R,, D(H¢)) (where D(H) is equiped with the graph norm). For any ¢ € L2(C),
it is then easy to check that %(w, ¢) = —(Hcw, ). Therefore, w is the unique solution to
w' = —Hew in C°(Ry, D(He))NCYIR, L?(C)). As H is self adjoint, w is actually much
more regular on R*: Vk,l € N, w € CK(R*,D(HL)). As v(0) € L?, this shows that v
is in CO°(R4, L?(C)) N CY(R%, L3(C)) N C°(R*., D(H¢)) and the Hille-Yosida theorem for
self-adjoint operators (see [6]) allows to complete the proof.

Proof of Theorem 12. Let us denote by Cy, C2, ... Cy1 the connected components of
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U;. It follows from Proposition 11 that
/ Ep(x) fa(t, z) dz
R3

/R3 fa(t,z)dx

NI
}j/’uh,wbg@»Mude
n=1 n

EDMC (t) —

N!
Z Yr(z) x(t,z) dx
N!
Z1 (ch Yrle, e~ tHen wl‘cn)LQ(Cn)

For V; and V4 given by (4), the remaining of the proof is easy. In this case indeed, He,
has a purely discrete spectrum and a unique positive ground state ¥0. Let us denote by
EY < E} < E2 < ... the eigenvalues of He,, counted with their multiplicities, and by
(YF)ren a Hilbert basis of L2(C,,) such that He,yF = EFyk for all k € IN. One has

2
(He, ile, e~ vile,) 1o, Zﬁ-mcﬁw@ o)
and
2
He,, Ext k
(vrle, »e Vile,) £2(Cn) Z e” (¢n7 wlfcn>L2(Cn)
As 90 is positive on C,, and as ¢1|Cn is either positive or negative on C,, then (z/)n, ¢1|Cn> L)
0 and therefore,
EPMC(ty = min EY+ 0O (e”
()= min En+0(e)
where a = min {E,’j — min E° EF# min Eg} > 0. Let us now prove that
1<n<NJ 1<n<N!
min EO EDMC
1<n<N{
Let np be such that ESO = min , E? and J the subgroup of even permutations of
1<n< N

{1,---, N} such that
Yo e J, V(azl,--- ,xN) S Cnm (a:a(l),--- ,a:a(N)) S Cno-

Since ¢; is antisymmetric, J = {0 € &y, C, NC # 0}. As ) is the unique positive
ground state of He, and V is invariant under permutations, one necessarily has

vgejv v<$1,"' 7$N)€Cn()7 ’l/}no( o(l), " 7$0(N)):¢20(x17”' 71.]\/)-
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Therefore the function v obtained like in the proof of Corollary 5 by antisymmetrization
and normalization of the extension of 1) by 0, satisfies ¢ € D(qu), ||[¢[|2 =1, % =0 on
;7 *(0) and

1

3 [ ITel [ ver =B,
RSN RSN

Therefore min , E? > EPMC. On the other hand, let yPMC be a minimizer of
1<n<N]/

. 1 9 ) B B »
1nf{§ /RSN |v¢| +/RSN Vs, ¢ e D(QH), ||¢”L2 =1, ¥=0on ’Qb[ (0)}

Notice that ( (I])MC)*I(O) = wl_l(O). Indeed, on any connected component C of wl_l(o),
(]))MC|C/||¢]ODMC|C||L2(C) is a minimizer of

(1

since if it was not the case, one could build by antisymmetrisation and normalization
(again by the procedure used in the proof of Corollary 5) an antisymmetric function
which is null on 1,[);1(0) with a lower energy than @D]ODMC. On the other hand, since we
know that the ground state of H¢ is non-degenerate positive, this shows that w(])DMC\c is
either positive or negative.

One then has

1
MO — 3 [ IVeBNOP [ vigBhep
RSN RSN
N/
= Y (He, v vdMCe )
n=1
N/ 5
C
n=1

>  min EY
1<n< N/

Let us now consider the case when V; and V5 are given by (5). For 1 <n < N, CI , we denote
by Hgn the unbounded operator defined by

D(HS ) ={¢ € HX(C,) NH}(Cpn), Yo € Tny ¢7 =},
1
Yo € D(HE,), HE,0=-506+V9,
where 7, is the subgroup of the even permutations of {1,---, N} such that
VJGJn, V(iﬂl,"' ,zN)GCn, (:Eo'(l)a'“ 7J;U(N))€Cna

and where, again, Y7 (z1, -+ ,zN) = P(T51), *+ , To(w)). The operator Hgn is self-adjoint
on {¢ € L%(Cp), Yo € Tp, ¢° = qb} and one can check that

EPMC — min  inf o (Hg )
1<n< N/ "

the inequality EEMC > 1<mi<nN inf o (Hgn) can be established as above, replacing the
SN INe
minimum @ZJ]ODMC by a minimizing sequence, and the argument used at the end of the proof

of Corollary 5 leads to the converse inequality.
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Let ng such that E(]))MC =inf o <Hcsn0) and assume that E(]))MC € Oess (H gno > Then for all

€ > 0, and for all £ € IN*, there exists a subspace V}, of {(b € H{(Cpy), Yo € Ty ¢° = ¢}
with dimension k such that

1
sup o [ VP [ VieP < BN+
€V, ¢l 2=1 # JCny Cny

We then associate with V; the subspace

We={veH, FCVi, b= > el0)¢”

ceBGN

where 5 denotes the extension by 0 of ¢ on R3*"N. Clearly, W}, is a subset of D(qg) with
dimension k£ and

1 1
swp o [ P [ VP = s o[ wepe [ Vi
YEWL, [¥l2=1 R3Y R3N PEVE, lloll L 2=1 Cng Cn

0

Then, using the min-max principle

1
inf oes(H) = lim inf sup / |Vy|? + / V> < EPMC.
k—+o00 WCD(qH) dimW=k yew, o]l 2=1 2 R3N R3N

Therefore inf oess(H) < EPMC < (37, Hipy) and this contradicts hypothesis [H5]. There-
fore the bottom of the spectrum of Hgno is an isolated eigenvalue of finite multiplic-

ity. By standard argument, Hg has a non-degenerate, positive, ground state ¢,, and

1%3 MC — ¢ Z anO, where C is a normalisation constant and gbno the extension by 0
geSN
of ¢p, on R3Y, is a minimizer of problem

. 1 9 ) B B »
1nf{§/RBN Vil +/RaN VY, e Dlgu), |¢llz=1, @ =0on1y; (0)}.

Notice that, by definition of 7M€, we also have in this case (»F™MC)71(0) = ¢;(0). The
same arguments as in the case of a purely discrete spectrum detailed previously, allow to
conclude that EPMC(t) converges exponentially fast toward EPMC.

Lastly, in any case (V7 and V; given by (4) or by (5)) one obviously has EPMC > F.
NOW if EDMC = EO, then ¢DMC is a ground state of H, and as we have shown that
Y7 0) = (wDMC) 1(0), this concludes the proof. Notice that we also proved here the
results presented in Remark 14. U

6 Analytical calculations on a simple example
Let us consider the hamiltonian
H = h(fl) + h(fg)

where



and
r 1 1
vi= |y | eR, Vi(@) = gat 450t (1P +2P),
V4

with w > 1. This hamiltonian describes a system with two non-interacting identical
particles with mass 1 submitted to the harmonic anisotropic potential V7.

Let us denote
1 3
Mgmgms = | Na + 3 +w (ny +n;+1), (Ngyny,n.) € N

the eigenvalues of A and

¢nz,ny,nz (f) = W1/2 Dy (x) @bny (\/"_‘) y) @Z)nz(\/a Z)

the corresponding eigenfunctions. Functions (¢,),en are the eigenfunctions of the 1D
harmonic oscillator with hamiltonian —%% + %xQ and are given by

On(t) = Hn(t) eXp(—t2/2)

where H,,(t) is the n-th Hermite polynomial. Polynomials H,,(¢) are normalized in such a

way as
—+00

V(m,n) € N x N, Hon (8) Ho(t) e dt = Sy
In particular,
—t2/2 —t2/2
e e
Po(t) = Y7 et P1(t) = \/itm

When w > 1, the fermionic ground state energy of the hamiltonian H is Fy = 2(1 + w)
and is non-degenerate. The ground state is given by the Slater determinant

Yo(Z1,72) =

% (000 (Z1)P100(Z2) — P100(Z1)Po00 (T2))
1

= - (o — 1) exp <—§ (m% + m%) _

E

w

5 (y%+y§+z%+z§)>.

w
~
N

Let us consider the importance sampling functions

Yr(T1,72) = c((x2 —x1)cosd + (y2 — y1)sind) (47)

1 1
exp <—§ (z1cosf + y1 sin ) — B (z2 cos b + yo sin 9)2>

exp (—% <(—x1 sin @ + y1 cos 0)% + (—z28in 6 4 yo cos 0) + 22 + z%))

where @ €]0,1], 6 € [0,27[ and the normalization constant ¢ ensures that fRG Y?=1. In
case § = /2, one remarks that the function

% (#000(£1)Po10(T2) — Po10(F1)Poo0 (72))

3/2 1 w
= (2)" e myew (~5 (T +ad) 5 (F s+ D))

29



is an eigenfunction of H for the eigenvalue 1+ 3w and only vanishes on {(Z1,Z2) : y1 =
Yo} = w;l(O). Hence its restriction to each connected component C of Uy is a ground state
of He and according to Remark 14, EPMC = 1 + 3w > 2(1 + w) = Fy. In general (for
0 ¢ {0,7/2,7,3m/2}) it does not seem easy to compute analytically EFPMC.

Nevertheless, for each 0 € [0, 27|, the function 1 satisfies the tiling property and hypoth-
esis [H1]. We are now going to check that hypotheses [H2] — [H4] also hold and to exhibit
the transition density associated with the stochastic differential equation (23).

With the new variables

~ (xg —x1)cosO+ (y2 —y1)sinf  _

o= \/5 y Y1 =U1 COS@—xlsinO, 1 =21,
~ 0 ne )
To = (g + x1)cos 0 + (y2 + y1) sin . Yo =1yocosl —xosinf, zo = zo,
V2
one has

. ~ 1 5 w ~
Vr(T1, 91,21, B2, 52, 72) = V2 iy exp (—5@:? +3) - 5@+ B+ A +2§)> :

Since 0,1 does not vanish on {Z; = 0} = ¢;'(0), (14) and therefore [H2] hold. In

addition,

1 ~
= — I
1

—wy1
b(z1,91, 21, T2, Y2, 22) = —wz1
Ty
—wy2
— W2y

and [H3] is satisfied since (16) holds with zg = 0, C = 1/v& and C’ = 0. Notice that (17)
also holds with K = 2v/1 + w/w since

A O S N N S S
% = —A(1+ &)+ 3T+ T3+ @ + 15 + 21 + ).
1
Combining this equality with
e e~~~ 1 . 9~ SO
V(Z1, 91,21, T2, Yo, 22) = 5 [(1 + (w? = 1)sin® 0)(FF + 73) + (1 + (w* — 1) cos® ) (7 + 03)

+ 2(w?—1)sinfcosh (gjle —n +g2x2+x1> —|—w2(2?—|—2}§)],

V2 V2

one obtains

[(1 _PF AR+ P - PN E D)

DN | =

Er(ZT1,y1,%1,%2,92,22) =2(1 + @) +

~ ~ 2 ~ ~ 2
+ (w?=1) ((cos 0y + sin 6302\;5m> + <cos 0ya + sin@mlj/_;%) > ]

Asw > 1 and w €]0,1], Ey, is greater than 2(1+®) and [H4] holds. Notice that in addition,

4C >0, V1 <i <6, ]&EL] SC(l-FEL). (48)
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In the new coordinates, the stochastic differential equation (23) writes

dXi; = (i - X t> dt + dW},
: X1 ,
dYi, = —@Yy.dt+dW2,
dZyy = —W0Zydt +dWP, (49)
dXoy = —Xoudt +dWP,
dYay = —wYaudt +dWp,
dZsy = —wZyudt +dWP.

The last five coordinates are Ornstein-Uhlenbeck processes and the first one is linked to
the Cox-Ingersoll-Ross model of interest rates. Indeed, setting R; = (X 1,t)2, one obtains

dRy = 2X13d X1 + dt = (3 — 2Ry)dt + 2v/ Ry (1(x, >0p — Lixy,<0y) AW
According to [13] p.126, for any r > 0, the stochastic differential equation

t t
Ry :r+3t—2/ Rgds+2/  RLdBs
0 0
where B is a 1D-Brownian motion admits a R -valued solution. For z; € IR*, choosing

By = (147,50} — L{z,<0}) W}, one easily checks that X%; = (Igz,>0) — 1{51<0})\/R>f% solves
the first equation in (49). As the function % — x is decreasing on R’ and on R*, one
may check that any solution of the first equation in (49) starting from 7 is equal to X f ¥
From [13] p.128, one obtains that for ¢t > 0, X%; admits as a density w.r.t. the Lebesgue
measure, the function p; defined by

252 4 72\ 2nt P~ 2n
~ N _9t\—3/2 _9 e r] + g Z e T1T1
p1(t, 71, 71) = 1z,0,5002 (1 — ™) T7 exp <_ e2t — 1 > nT(n+3/2) <62t - 1>

where T is Euler’s gamma function. One checks that 72 exp(—2%)p1 (t, Z1, 1) is symmetric
in variables 71 and Z;. Similar symmetry relations are easily obtained for the Ornstein-
Uhlenbeck components in (49). Hence the transition density p associated with (49) which
is, by independence of the stochastic processes, the product of the transitions densities
associated with each component, is such that

VF(T1, 51, 21, Fa, Yo, Z2)p(t, T1, 1, 21, Fa, Yo, 2, B1, U1, 21, T2, o, 22)
is symmetric in variables (Z1, %1, 21, T2, Y2, 22) and (Z1,¥1, 21, T2, Y2, Z2). As an easy con-
sequence 92 is an invariant density for (49). For & = (&1, 71, 21,72, J2, Z2) € R* x RS,
let us denote X7 = (Xf;,ij’;, Zf}t,Xgi, Y;{f, Zi?t) where each coordinate solves the cor-
responding stochastic differential equation in (49) with an initial condition given by the
superscript (XZ = #). One has

- t 1 -
- 1 __ o+ _ x2 _ _—t
3x1X1’t = exp ( t /0 (ng)2 ds |, &CQXQJ =e ",

vU 9. vi _ 9 vY2 _ g i _ —Wt
ay1Yl,1t = 82'1Yl,1t =05, Yoy = 05,Y5; = e

One easily checks using Lebesgue’s theorem that for any t > 0, 0z, E <exp <— fg EL(Xf)ds>>

is equal to

E <exp (— /Ot EL(Xf)ds> /Otexp [—s— /Os@dr
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Notice that because of (48), the variable in the last expectation is bounded, uniformly in x
and locally in ¢. Again by Lebesgue’s theorem, for fixed z € R* xR the expectation is con-

tinuous w.r.t. variable ¢. More generally, one obtains that V;IE (exp (— fot Er(X f)ds))
is bounded, uniformly in z € R* x R® and locally in ¢ and continuous w.r.t. ¢ for fixed = €
R* x IR®. This ensures that the restriction of x(t,%) = ¢;(Z)E (exp (— fot EL(Xf)ds»

to each connected component C of Us belongs to C°(R, H}(C)) and Proposition 11 can
be proved by standard energy arguments.

ACKNOWLEDGEMENTS: we warmly thank Michel Caffarel (Laboratoire de Chimie Théorique,
University of Paris VI) for helpful discussions.

References

[1] S. Albeverio, Y. Kondratiev and M. Rockner, Strong feller properties for distorted
Brownian motion and applications to finite particle systems with singular interaction,

in: Finite and Infinite Dimensional Analysis in Honor of Leonard Gross, Contemp.
Math vol. 317, Amer. Math. Soc. 2003, p. 15-35.

[2] A. Aspuru-Guzik and W.A. Lester Jr., Quantum Monte Carlo methods for the solu-
tion of the Schrodinger equation for molecular systems, in: Handbook of Numerical
Analysis, Special volume, Computational Chemistry, volume X, Ph. G. Ciarlet and
C. Le Bris (eds), North-Holland 2003, p. 485-536.

[3] A. Assaraf and M. Caffarel, Computing forces with Quantum Monte Carlo, J. Chem.
Phys. 113 (2000) 4028-4034.

[4] R. Assaraf, M. Caffarel and A. Khelif, Diffusion Monte Carlo with a fized number of
walkers, Phys. Rev. E 61 (2000) 4566-4575.

[5] E. Cances, M. Defranceschi, W. Kutzelnigg, C. Le Bris, and Y. Maday, Computational
Quantum Chemistry: a Primer, in: Handbook of Numerical Analysis, Special volume,
Computational Chemistry, volume X, Ph. G. Ciarlet and C. Le Bris (eds), North-
Holland 2003, p. 3-270.

[6] T. Cazenave and A. Haraux, An introduction to semilinear evolution equations, Ox-
ford University Press 1998.

[7] D.M. Ceperley, Fermion nodes, J. Stat. Phys. 63 (1991) 1237-1267.

[8] C. Filippi and S. Fahy, Optimal orbitals from energy fluctuations in correlated wave
functions, J. Chem. Phys. 112 (2000) 3523-3531.

[9] D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second order,
3rd edition, Springer 1998.

[10] P. Hohenberg and W. Kohn, Inhomogeneous electron gas, Phys. Rev. 136 (1964)
B864-B&71.

[11] W. Kohn and L.J. Sham, Self-consistent equations including exchange and correlation
effects, Phys. Rev. 140 (1965) A1133-A1138.

[12] O.A. Ladyzhenskaya, The mathematical theory of viscous incompressible flow, Gordon
and Breach Science Publishers 1987.

32



[13]

[14]

[15]

[16]
[17]

[18]

[19]

[20]

[21]

D. Lamberton and B. Lapeyre, Introduction au calcul stochastique appliqué a la fi-
nance, Ellipse 1997.

W.A. Lester Jr. (ed.), Recent advances in Quantum Monte Carlo methods, World
Sientific 1997.

W.A. Lester Jr., S.M. Rothstein and S. Tanaka (eds.), Recent advances in Quantum
Monte Carlo methods, Part II, World Sientific 2002.

L.N. Levine, Quantum chemistry, 4th edition, Prentice Hall 1991.

P.-L. Lions, Remarks on mathematical modelling in quantum chemistry, in: Compu-
tational Methods in Applied Sciences, Wiley 1996, 22-23.

E.H. Lieb and B. Simon, The Hartree-Fock theory for Coulomb systems, Commun.
Math. Phys. 53 (1977) 185-194.

D. Marx and J. Hutter, Ab initio molecular dynamics: theory and implementation,
in: Modern Methods and Algorithms of Quantum Chemistry, J. Grotendorst (ed.),
NIC FZ Zilich 2000, p. 301-449.

R. McWeeny, Methods of molecular quantum mechanics, 2nd edition, Academic Press
1992.

M.P. Nightingale and C.J. Umrigar (eds.), Quantum Monte Carlo methods in physics
and chemistry, Vol. 525 of NATO Science Series C: Mathematical and Physical Sci-
ences, Kluwer Academic 1999.

M. Reed and B. Simon, Methods of modern mathematical physics - 1V: Analysis of
operators, Academic Press 1978.

D. Revuz and M. Yor, Continuous martingales and Brownian motion, Springer-Verlag
1991.

L.C.G. Rogers, Smooth transition densities for one-dimensional diffusions, Bull. Lon-
don Math. Soc. 17 (1985), 157-161.

D.W. Stroock and S.R.S. Varadhan, Multidimensional diffusion processes, Springer-
Verlag 1997.

C.J. Umrigar, K.G. Wilson and J.W. Wilkins, Optimal trial wave functions for quan-
tum Monte Carlo calculations, Phys. Rev. Lett. 60 (1988) 1719-1722.

G.M. Zhislin, Discussion of the spectrum of Schrodinger operators for systems of
many particles (in Russian), Trudy Moskovskogo matematiceskogo obscestva 9 (1960)
81-120.

33



