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Õ�:=<?C£<?CfÔ~CE<?CEÖ;>]C]ÐaÜ9Ý4C£<?CfÔ�CE<ZÑ?:�8¦D×Û=@-<?C
9�Ü;:¦:�>?Ú�Ü(+�C
-d:=Ù¤@-<AÜ¤ýâ:=Ö9Ö;CA@-Ù�ø î�ûP@-Ö;B2ø <=ûv6

:¦CE<?C�Ü�ÝdC�>]:=Ö;ÐÒÓ�B9CE<�@�Ö;CEÝ Õ�:�B9CEDtÝ�Ú9Ó�>?Ú�>]:=ÖSÑj@-Ó×Ö;Ð�@)Õ�CA@-Öä>EÙ9<ÒÛ�@-ÑÒÙ9<?C7Ñ?CE<ÒÕ�6¦áNÖâ:=<?B9CE<�Ñ?:�Õ�:bB9CED
ÑÒÚ;C£Õ�:AÛ�CEÕ�CEÖbÑ�:-ÔL@"BRÓ�ÐÒD�:�>A@-ÑÒÓ�:=Ö

γ
Ó×Ö�Ó×Ñ?Ð¥>E<ÒØRÐÒÑj@-D×D�:=ß�<j@-Þ9Ú9Ó�>�Þ9D¬@-Ö;C�Ü¤Ý4C7@=Ð?ÐÒÙ9Õ�C£ÑÒÚ¤@-Ñ

Γ
Ó�ÐZÑÒÚ;C�C]BRß�C�:-Ô

@'ÐÒÕ�:b:=ÑÒÚ�ã�:=Ù9Ö;B9C]B�ÐjCEÑ
Ω ⊂ R

2 @-Ö;B ÝdC�B9Cfå;Ö;C�ÿ

ρ =

{
1
Ó×Ö

Ω,
0
Ó×Ö

R
2/Ω.

ö�ùaü

=�Ú;CEÖ�Ü9Ý4C�>]:=Ö;Ð?Ó�B9CE<ZÑÒÚ;C�CEÖ;CE<Òß�Ø�@=Ð?Ð?:�>EÓ¬@-Ñ?C]B�Ñ?:"ÑÒÚ9Ó�ÐZBRÓ�ÐÒD�:�>A@-ÑÒÓ�:=Ö�:-ÔPÑÒÚ;C�Ô�:=<ÒÕ�ÿ

E =

∫
>

2

−1

2
(c0 ? ρ)ρ+

∫

Γ
γ(~n),

Ý�Ú;CE<?C
~n
Ó�Ð�ÑÒÚ;C�Ö;:=<ÒÕ)@-D¤Ñ?:�ÑÒÚ;C¥>EÙ9<ÒÛ�C�Ü�ÑÒÚ;C�à�CE<ÒÖ;CED

c0
B9CEÞ�CEÖ;B9ÐL:=Ö9D×Ø":=Ö"ÑÒÚ;CZÐ?Þ¤@=>]C�Û=@-<ÒÓ¬@-ã9D�C]ÐaÜ

?
B9CEÖ;:=Ñ?C]Ð

ÑÒÚ;C >]:=ÖSÛ�:=D×Ù9ÑÒÓ�:=ÖËÓ×Ö0ÐÒÞ¤@=>]C�@-Ö;B
γ
Ó�Ð)@-Ö0CEÖ;CE<Òß�Øë:-Ô§Ñ?CEÖ;Ð?Ó�:=Ö+D×Ó×Ö;C�ö~Ð?C]C?)¥CEÕ)@-<ÒàËù�6×ù�Ô�:=<"@-ÖµCfô�Þ9D×Ó�>EÓ×Ñ

Cfô9@-Õ"Þ9D�C':-Ô
c0
@-Ö;B

γ
üf6�áNÖâÑÒÚ;C&Ô�:=D×D�:AÝ�Ó×Ö9ß�Ð?C]>EÑÒÓ�:=Ö�Ü�Ý4C'B9CE<ÒÓ×Û�C7Ó×Ö�@)Ú;CEÙ9<ÒÓ�Ð?ÑÒÓ�>�Ý�@]ØâÑÒÚ;C�BRÓ�ÐÒD×Þ¤@=>]CEÕ�CEÖbÑ

Û�CED�:b>EÓ×ÑNØ�:-Ô�ÑÒÚ;C�>EÙ9<ÒÛ�C
Γ
Ó×ÖâÑÒÚ;C�Ö;:=<ÒÕ)@-DPBRÓ×<?C]>EÑÒÓ�:=ÖâãbØ�>]:=Õ"Þ9Ù9ÑÒÓ×Ö9ß�ÑÒÚ;C�å;<?ÐÒÑ¥Û�@-<ÒÓ¬@-ÑÒÓ�:=Ö
:-ÔLÑÒÚ;C&CEÖ;CE<Òß�Ø�6

=�Ú9Ó�Ð�ß�Ó×Û�C]Ð"@�Û�CED�:b>EÓ×ÑNØ
c = (c0 ? ρ) + λ(~n)κ

Ü�Ý�Ú;CE<?C
κ
Ó�Ð7ÑÒÚ;C�Õ�CA@-Öï>EÙ9<ÒÛ�@-ÑÒÙ9<?C�Ü

λ = γ + γ ′′
@-Ö;B

∂ρ
∂t = c|Dρ| 6A@2C£>A@-Ö ÑÒÚ;CEÖ <?CfÔ~:=<ÒÕ�Ù9D¬@-Ñ?C£ÑÒÚ;C�Þ9<?:=ã9D�CEÕ�ãSØ @
BvD�CEÛ�CED�Ð?CEÑ�C§C�DbÙ¤@-ÑÒÓ�:=Ö�:=Ö ÑÒÚ;C£Ð?CEÑ {u ≤ 0}:-Ô�@'ÐÒÕ�:�:=ÑÒÚ Ô~Ù9Ö;>EÑÒÓ�:=Ö

u
Ý�Ú9Ó�>jÚ�ÑÒÚ;CEÖ�Ðj@-ÑÒÓ�ÐÒå¤C]ÐAÿ

ut = (c0 ? [u] + λ(~n)κ)|Du|,
Ý�Ó×ÑÒÚ�ÿ





ρ = [u] =

{
1
ÓuÔ

u > 0

0
ÓuÔ

u ≤ 0
,

~n = Du
|Du| ,

κ =
BRÓ×Û ( Du

|Du|

)
.

ö&/�ü

E �GF Ä-ÆIHbÅKJLÌ�ÅvÊJÎ ÊML£Ì�Â F J,H�ÊMN4È F É
@2C£B9C]Ð?>E<ÒÓ×ã�C§ÑÒÚ;C�Õ�:�B9CEDwÓ×Ö�@-Ö Ú;CEÙ9<ÒÓ�ÐÒÑÒÓ�>�Ýd@AØ�6,+�CEÑ�Ù;Ð�>]:=Ö;ÐÒÓ�B9CE<¥@-Ö :=<ÒÑÒÚ;:=Ö;:=<ÒÕ)@-DHã¤@=ÐÒÓ�Ð

(e1, e2, e3)
:-Ô

R
3 @-Ö;B Ý4C�B9CEÖ;:=Ñ?C£ÑÒÚ;C�>]:�:=<?BRÓ×Ö¤@-Ñ?C]ÐZãSØ x = (x1, x2, x3)

6A=�Ú;C�CEÖ;CE<Òß�Ø :-ÔPÑÒÚ;C�BRÓ�ÐÒD�:�>A@-ÑÒÓ�:=Öä@-D�:=Ö9ß�ÑÒÚ;C
D×Ó×Ö;C�Ó�Ð�ÐÒÓ×Ö9ß�Ù9D¬@-<A6A=J:"Ðj:=D×Û�C�ÑÒÚ9Ó�Ð�Þ9<?:=ã9D�CEÕ�ÜO-d<?:AÝ�Ö2ø×ù�ùEûvÜhø×ù!/-ûwÑÒÚ;CEÖ5-�@-<ÒÖ;CEÑÒÑ�ø ç�ûH@-Ö;B52£@AÛ=@�9�9a@RÜ(-�@-<ÒÖ;CEÑÒÑ
ø×ùAè-û�Þ9<?:=Þ�:�ÐjC�Ñ?:�ÐÒÙ9<Ò<?:=Ù9Ö;B ÑÒÚ;C�BRÓ�Ð?D�:b>A@-ÑÒÓ�:=Ö

Γ
ãSØ�@7ÑÒÙ9ã�C

Tε
:-Ô�ÐÒÓ�9AC

ε
@-Ö;B Ñ?:�>]:=Ö;Ð?Ó�B9CE<ZÑÒÚ;C�CEÖ;CE<Òß�Ø :-Ô

ÑÒÚ;C�Ô~:=<ÒÕ�ÿ

E =

∫
>

3\Tε

1

2
Λeclass.eclass +

∫

Tε

γ0(~n),
ö�î�ü

Ý�Ú;CE<?C
Λ
<?CEÞ9<?C]Ð?CEÖSÑ?Ð¦ÑÒÚ;C&CED¬@=ÐÒÑÒÓ�>�>]:bC�P)>EÓ�CEÖbÑ?ÐAÜ

γ0
Ó�Ð§@-Ö�CEÖ;CE<Òß�Ø�:-ÔtÑ?CEÖ;Ð?Ó�:=Ö�D×Ó×Ö;C�@-Ö;B

eclass Ó�Ð§@"B9CfÔ~:=<�Q
Õ)@-ÑÒÓ�:=Öâ@-Ö;B Ó�ÐZÐ?:=D×Ù9ÑÒÓ�:=Öâ:-Ô�ÿ





BRÓ×Û
(Λeclass) = 0,Ó×Ö;>
(eclass) = − Ó×Ö;> (ρδ0(x3)e

0)
Ý�Ú;CE<?C

e0 = 1
2 (b⊗ e3 + e3 ⊗ b),

eclass(x) → 0
Ý�Ú;CEÖ |x| → ∞.

öR<bü



ε

8HÓ×ß�Ù9<?C)ù�ÿS=�Ú;C�>EÙ9Ñ?:�T�ÑÒÙ9ã�C£:-ÔP<j@=BRÓ×Ù;Ð
ε
6

:¦CE<?C�Ü
Γ
ãhCED�:=Ö9ß�Ð�Ñ?:'ÑÒÚ;C£Þ9D¬@-Ö;C

(e1, e2)
Ü9ÑÒÚ;C�Û�C]>EÑ?:=<

e3
Ó�Ð�ÑÒÚ;C�Û�C]>EÑ?:=<ZÖ;:=<ÒÕ)@-D�Ñ?:'ÑÒÚ;C�Þ9D¬@-Ö;C�Ü

b ∈ R
3 Ó�Ð

@�>]:=Ö;Ð?Ñj@-ÖSÑZÛ�C]>EÑ?:=<&ö~>A@-D×D�C]B?-dÙ9<Òß�CE<?Ð�Û�C]>EÑ?:=<rü�@=Ð?Ðj:b>EÓ¬@-Ñ?C]B�Ñ?:7ÑÒÚ;C£BRÓ�ÐÒD�:�>A@-ÑÒÓ�:=Ö D×Ó×Ö;C�@-Ö;B�ÑÒÚ;C£:=ÞhCE<j@-Ñ?:=<Z:-Ô
Ó×Ö;>]:=Õ"Þ¤@-ÑÒÓ×ã9Ó×D×Ó×ÑvØ�Ó×Ö;>�Ó�ÐZB9Cfå;Ö;C]B�Ô~:=<¥@�å¤CED�B

e = (eij) ∈ S3 ÜRÑÒÚ;C&Ð?CEÑZ:-ÔPÐ?ØbÕ�CEÑÒ<ÒÓ�> 3 × 3
Õ)@-ÑÒ<ÒÓuôwÜ9ãbØ�ÿ

(
Ó×Ö;>

(e))ij =

3∑

i1,j1=1

εii1i2εjj1j2∂i1∂j1ei2j2 , i, j = 1, 2, 3

Ý�Ú;CE<?C£Ý4C£Ö;:=Ñ?C�@=Ð�Ù;ÐÒÙ¤@-D

εijk =





1
ÓuÔ

(ijk)
Ó�Ð¥@7Þh:�ÐÒÓ×ÑÒÓ×Û�C£ÞhCE<ÒÕ&Ù9Ñj@-ÑÒÓ�:=Öâ:-Ô

(123),
−1

ÓuÔ
(ijk)

Ó�Ð¥@7Ö;CEßS@-ÑÒÓ×Û�C�ÞhCE<ÒÕ&Ù9Ñj@-ÑÒÓ�:=Öä:-Ô
(123),

0
ÓuÔ ÑNÝ4:�Ó×Ö;BRÓ�>]C]Ð¦@-<?C£ÑÒÚ;C�Ðj@-Õ�C�6

=�Ú;CpÐ?:=D×Ù9ÑÒÓ�:=Ö
eclass :-ÔJöR<bühÐj@-ÑÒÓ�Ð�å¤C]Ð eclass ∼ 1

r

ÜaÔ�:=<
r
Ð?Õ)@-D×D�ÜaÝ�Ú;CE<?C

r
Ó�ÐwÑÒÚ;CpBRÓ�ÐÒÑj@-Ö;>]CpÑ?:�ÑÒÚ;CpBRÓ�Ð?D�:b>A@-ÑÒÓ�:=Ö

ö~>fÔU8¥D×Û�@-<?C
9�CEÑ�@-D�6�ø î-û¦Ô�:=<�@�B9C]Ðj>E<ÒÓ×Þ9ÑÒÓ�:=Ö :-Ô&ÑÒÚ;CäÞ9ÚSØRÐÒÓ�>A@-D�Õ�:bB9CEDxüf6 8tÓ×Ö¤@-D×D×Ø�Ü¦ÑÒÚ;C
>EÙ9Ñ?:�T ÑÒÙ9ãhCâÓ�Ð
<?CEÞ9<?C]Ð?CEÖSÑ?C]B ãbØ)ÑÒÚ;C§å;ß�Ù9<?C"ù�6V@2C£>]:=Ö;ÐÒÓ�B9CE<Z@-Ö�@-Þ9Þ9<?:Aô�Ó×Õ)@-Ñ?C£Õ�:�B9CEDw:-ÔHÑÒÚ9Ó�Ð�:=Ö;C�Ý�Ú;CE<?C�ÑÒÚ;C§å¤CED�B

e
Ó�Ð

ß�Ó×Û�CEÖ�ãSØ
e = χ ? eclass ÜRÝ�Ó×ÑÒÚ χ @7<?CEß�Ù9D¬@-<ÒÓ�9]Ó×Ö9ß�>]:=<?C§Ô~Ù9Ö;>EÑÒÓ�:=Ö�ö~>]:=Ö9Ö;C]>EÑ?C]B�Ñ?: ε ü4Ñ?:"ã�C£@�ì�Ù;ÐÒÑ?C]BwÜ¤@-Ö;BÑÒÚ;C�CEÖ;CE<Òß�Ø
ö�î�ü�Ó�Ð�<?CEÞ9D¬@=>]C]B�ãbØ�ÑÒÚ;C�Ô�:=D×D�:AÝ�Ó×Ö9ß�CEÖ;CE<Òß�Ø�ÿ

E =

∫
>

3

1

2
Λe.e+ η

∫

Γ
γ0(~n),

Ý�Ú;CE<?C
η
Ó�Ð¥Ñ?:'ã�C�@=B-ìiÙ;ÐÒÑ?C]Bâ@-Ö;B�>]:=Ö9Ö;C]>EÑ?C]B�Ñ?:

ε
6S@2C�Ð?CEÑ

γ(~n) = ηγ0(~n)
6LáNÖ�:=<?B9CE<ZÑ?:)>]:=Õ"Þ9Ù9Ñ?C�ÑÒÚ;C

BRÓ�ÐÒD�:b>A@-ÑÒÓ�:=ÖâBRØbÖ¤@-Õ"Ó�>]ÐAÜ;Ý4C�>]:=Õ"Þ9Ù9Ñ?C&ÑÒÚ;C�å;<?ÐÒÑ�Û�@-<ÒÓ¬@-ÑÒÓ�:=Ö�:-ÔtÑÒÚ;C&CEÖ;CE<Òß�Ø�ö~ÐjC]CW8¥D×Û�@-<?C
9&CEÑ¥@-D�6Zø î�û�üf6S@2C
B9Cfå;Ö;C]B

Γδ(s) = Γ(s) + δh(s).~nΓ(s)
6A=�Ú;CEÖ�Ü9ÑÒÚ;C�Ô�:=D×D�:AÝ�Ó×Ö9ß�Ú;:=D�B9Ð

−dE(Γδ)

dδ

∣∣∣∣
δ=0

=

∫

Γ
c.h,

Ý�Ó×ÑÒÚ
c = c0 ?ρ+λ(~n)κ

ÜbÝ�Ú;CE<?C
c0 = c0(x1, x2)

:=Ö9D×Ø�B9CEÞ�CEÖ;B9Ðd:=Ö
Λ
@-Ö;B

χ
Ü
λ(~n) = (γ(~n)+γ ′′(~n))

6
=�ÚSÙ;ÐAÜ9ÑÒÚ;C&CEÛ�:=D×Ù9ÑÒÓ�:=Ö�Ó�Ð�Þh:�ÐÒÑÒÙ9D¬@-Ñ?C]B�Ñ?:"ãhC ∂ρ

∂t = c|Dρ| Ý�Ó×ÑÒÚ ρ B9Cfå;Ö;C]B�Ó×Ö�ö�ùaü�@-Ö;B Γ = ∂Ω
6

X
Y�Z\[^]`_ba(c%aed�fhgjiVkRlRm�l�npo�gjqOr�iVk�otsvu�w
c0
qOxMy

γ z{��
b = |b|e1 | #R�I��' | ����}~#R�I�
���
�$#%}������& ���������#%�& 
�%#%� | �$'��� "��'����R���U#R�I�
�������(����� c0 �

ĉ0(ξ) =
−µb2

2
e−ζ

√
ξ2
1
+ξ2

2

(
ξ21 + 1

1−ν ξ
2
2√

ξ21 + ξ22

)



��'���#R�I�,�
��}������
γ �

γ(~n) = C

(
n2

1 +
1

1 − ν
n2

2

)
,

� �I��}"� ~n = (n1, n2)
����#R�I�p'���}����$�^���" �#K��}�#K�5#R�I�p 
��}���� | C ��������}"�R���� �#K��}�� � ���& ��������(��'�������'�#R�I�

����}%����}��t���� �#K��}���'�����������#%�& 
�R#%�� "���R�� 
�K��';#R��� | ζ > 0
���5�*�;�������% ����V�I��}������
#v��}7�����v�O��'����R'�����'�#R�I�

����#v��}��&��� � | ν ����#R�I�~������������'�}��$#%�&����'��
µ
����#R�I�
�j������ "���R�� 
�K��';#v 7¡���}��R�!��}�#K��¢h������}"�"£*�
#\���¤ W¥§¦�¨

���� �#%�&��'ª©\�
��}~#R�(���"«���}"�������%��'ª���
c0
��'���#K��¬W��}
#R� | �M�$#R�I�h¥v­�¦�¨
 ������®#v��}�©*��'��t¯,����}~#R�I�,����}������

γ
 

X
Y�Z\[^]`_ba(c¤°�±M��}����$����� | � �~���$��� �
dE
dt

=

∫

Γ
−c2 ≤ 0.

=�Ú;C�Õ�:�B9CED�Ý4C'ÐÒÑÒÙ;BRØâÓ�Ð§Þ�CE<ÒÑÒÓ×Ö;CEÖbÑ�Ý�Ó×ÑÒÚ
<?C]ÐÒÞ�C]>EÑ�Ñ?:�ÑÒÚ;C':=Ö;C"ÐÒÑÒÙ;BRØ�Ó×Ö9ß�Ó×ÖG8¦D×Û=@-<?C
9"CEÑ�@-D�6�ø î�ûvÜwÐÒÓ×Ö;>]C
Ý4C£@=B9B @�Õ�CA@-Ö >EÙ9<ÒÛ�@-ÑÒÙ9<?C¦Ñ?CE<ÒÕ Ý�Ú9Ó�>jÚ�ãhCEÑÒÑ?CE<Z@-Þ9Þ9<?:]ôRÓ×Õ)@-Ñ?C]Ð�ÑÒÚ;C§CEÖ;CE<Òß�Ø)Ö;CA@-<�ÑÒÚ;C¦BRÓ�Ð?D�:b>A@-ÑÒÓ�:=Ö�6S@2C
Ô~:=Ù9Ö;B ÑÒÚ9Ó�ÐZÑ?CE<ÒÕ Ó×Öt2£@]Û�@�9�9a@RÜ;-�@-<ÒÖ;CEÑÒÑ&ø×ùAè�ûP@-Ö;B?-4<?:aÝ�Ö�ø×ù�ùfûv6
² � ÇwÅNÎ³H F Ä�´pÈ�Ì
=�Ú;C£ß�:�@-D�:-ÔtÑÒÚ;C�Þ¤@-ÞhCE<ZÓ�Ð�Ñ?:"Þ9<?:aÛ�C�ÐÒÚ;:=<ÒÑ�ÑÒÓ×Õ�C�CfôRÓ�ÐÒÑ?CEÖ;>]C�@-Ö;B Ù9Ö9Ó¤DbÙ;CEÖ;C]Ð?ÐZ:-ÔPÑÒÚ;C§Ô~Ù9Ö;>EÑÒÓ�:=Ö

u
6 æ Ó×Ö;>]C

ÑÒÚ;C5:�@-Õ"Ó×D×Ñ?:=Ö9Ó¬@-ÖµÓ×ÖbÑ?CE<ÒÛ�CEÖ9Ó×Ö9ßïÓ×ÖõÑÒÚ;C�C�DbÙ¤@-ÑÒÓ�:=ÖõÓ�Ð�Ö;:=Ñ�>]:=ÖSÑÒÓ×ÖbÙ;:=Ù;Ð2ö�@-Ö;BõCEÛ�CEÖõÖ;:=Ñ�B9Cfå;Ö;C]BõÝ�Ú;CEÖ
|Du| Ó�Ð�9ACE<?:SüfÜ;@�Ö¤@-ÑÒÙ9<j@-DªÔ~<j@-Õ�CEÝ4:=<Òà�Ô�:=<dÑÒÚ;C�ÐÒÑÒÙ;BRØ)Ó�Ð4ÑÒÚ;C§ÑÒÚ;C]:=<ÒØ�:-ÔHÛ�Ó�Ð?>]:�ÐÒÓ×ÑvØ�Ð?:=D×Ù9ÑÒÓ�:=Ö;Ð�öxÔ~:=<Z@�ß�:�:bBÓ×ÖSÑÒ<?:�BRÙ;>EÑÒÓ�:=ÖµÑ?:
ÑÒÚ9Ó�Ð)ÑÒÚ;C]:=<ÒØ�Ü4ÝdC <?CfÔ�CE<�Ñ?:�-�@-<ÒD�C]Ð�ø01�ûvÜ§ø¶µaûvÜ\·4<j@-Ö;B;@-D×D�ÜdáiÐÒÚ9Ó×Ó�Ü�+wÓ�:=Ö;Ð�ø×ù!¸=ûvÜ¹·4<j@-Ö;B;@-D×D�Ü
+wÓ�:=Ö;Ð�ø×ù!1=ûvÜ�ø×ù�µ�ûvÜ¤áiÐÒÚ9Ó×Ópø0/�<=û�@-Ö;B�áiÐÒÚ9Ó×Ó�ÜO+wÓ�:=Ö;Ð7ø0/$¸-ût@-Ö;B�Ô~:=<§@-Ö�Ó×ÖSÑÒ<?:�BRÙ;>EÑÒÓ�:=ÖäÑ?:�Û�Ó�Ð?>]:�ÐÒÓ×ÑvØ Ð?:=D×Ù9ÑÒÓ�:=Ö�Ô~:=<
CEÛ�:=D×ÛbÓ×Ö9ß"Ô~<?:=ÖSÑ?ÐaÜ9Ý4C£<?CfÔ�CE<�Ñ?:�8¦Õ&ã9<?:�ÐÒÓ�:�ø0¸=ûvÜ(-�@-<ÒD�C]ÐaÜ æ :=Ö;CE<AÜ æ :=Ù9ßS@-Ö9Ó�BRÓ�Ð&ø ú�ûvÜ�·4Ú;CEÖ�Ü�2§Ó×ßS@RÜ;2�:=Ñ?:�ø×ùAî�ûvÜ
º�Û=@-Ö;Ð�ø0/�è-ûvÜOº�Û�@-Ö;ÐAÜ æ Þ9<ÒÙ;>?à2ø0/Rùfût@-Ö;B æ :=Ù9ßS@-Ö9Ó�BRÓ�Ð�ø0/�ú�û�üf6»@2C&>]:=Ö;ÐÒÓ�B9CE<¦ÑÒÚ;C�Ô�:=D×D�:AÝ�Ó×Ö9ß�Þ9<?:=ã9D�CEÕñÿ�å;Ö;B
u(x, t)

Ð?:=D×Ù9ÑÒÓ�:=Ö�:-Ô
{
ut = (c0 ? [u])|Du| − F (Du,D2u)

Ó×Ö
R

n × (0, T ),

u(x, t = 0) = u0(x)
Ó×Ö

R
n,

ö&¸�ü
Ý�Ú;CE<?C

[u]
Ó�Ð�ÑÒÚ;C£>jÚ¤@-<j@=>EÑ?CE<ÒÓ�ÐÒÑÒÓ�>�Ô~Ù9Ö;>EÑÒÓ�:=Ö�:-ÔPÑÒÚ;C�Ð?CEÑ {u > 0} ö~Ð?C]C�ö&/�üÒüf6Lýä:=<?C]:AÛ�CE<AÜ¤Ý4C&@=Ð?Ð?Ù9Õ�C

c0 ∈ L∞¼¾½"¿ (Rn) ∩BV (Rn),
ö&1�ü

Ý�Ú;CE<?C
BV (Rn)

Ó�Ð�ÑÒÚ;C�ÐÒÞ¤@=>]C�:-ÔPãh:=Ù9Ö;B9C]B Û=@-<ÒÓ¬@-ÑÒÓ�:=Ö;ÐZÔ�Ù9Ö;>EÑÒÓ�:=Ö;Ð¦@-Ö;B

L∞¼¾½"¿ (Rn) = {f : R
n → R : ‖f‖L∞À ÁKÂ ( > n) <∞}

Ý�Ó×ÑÒÚ

‖f‖L∞À ÁKÂ (> n) =

∫
>

n

‖f‖L∞(Q(x))

@-Ö;B
Q(x)
Ó�Ð�ÑÒÚ;C�Ù9Ö9Ó×Ñ¥Ð"DbÙ¤@-<?C£>]CEÖSÑ?CE<?C]Bâ@-Ñ

x
ÿ

Q(x) =

{
x′ ∈ R

n : |xi − x′i| ≤
1

2

}
.

=�Ú;C&@=Ð?ÐÒÙ9Õ"Þ9ÑÒÓ�:=Ö;Ð
(HF )

:=Ö�ÑÒÚ;C�:=ÞhCE<j@-Ñ?:=<
F
@-<?C£ÑÒÚ;C�Ö;CfôRÑ¥:=Ö;C]ÐAÿ



ö�Óxü.=�Ú;C�:=ÞhCE<j@-Ñ?:=<
F
Ó�ÐZCED×D×Ó×Þ9ÑÒÓ�>�Ü¤Ó�C�Ü ∀X, Y ∈ Sn Ü ∀p ∈ R

n Ü

ÓuÔ
X ≤ Y

ÑÒÚ;CEÖ
F (p,X) ≥ F (p, Y ),

öKµ�ü
Ý�Ú;CE<?C

Sn ö�ÑÒÚ;C£Ð?CEÑ¥:-Ô�ÐÒØ�Õ�CEÑÒ<ÒÓ�> n× n
Õ)@-ÑÒ<ÒÓuô;ü4Ó�ÐZC�DbÙ9Ó×ÞhC]B Ý�Ó×ÑÒÚ�Ó×Ñ?Ð�Ö¤@-ÑÒÙ9<j@-DJ:=<?B9CE<A6

ö�Ó×Óxü
F
Ó�Ð�D�:�>A@-D×D×Ø�ã�:=Ù9Ö;B9C]B�:=Ö

R
n × Sn Ü9>]:=ÖSÑÒÓ×ÖbÙ;:=Ù;Ð�:=Ö

R
n\{0} × Sn @-Ö;B

F ∗(0, 0) = F∗(0, 0) = 0,
ö�ú�ü

Ý�Ú;CE<?C
F ∗ ö�<?C]ÐÒÞ�6 F∗

ü4Ó�Ð�ÑÒÚ;C§Ù9Þ9Þ�CE<�QvÐ?CEÕ"Ó�>]:=ÖbÑÒÓ×Ö;:=Ù;Ð7ö�Ù;Ðj>aüdCEÖSÛ�CED�:=ÞhC�ö�<?C]ÐÒÞ�6�D�:AÝdCE<¥Ð?CEÕ"Ó�>]:=ÖbÑÒÓ×ÖSÙIQ
:=Ù;Ð�ö�D�Ð?>aü4CEÖSÛ�CED�:=ÞhCaüd:-Ô

F
Ü�Ó�C§ÑÒÚ;C�ÐÒÕ)@-D×D�C]ÐÒÑ�Ù;Ð?>¦Ô�Ù9Ö;>EÑÒÓ�:=Ö ≥ F

ö�<?C]ÐÒÞ�6PÑÒÚ;C§ß�<?CA@-Ñ?C]ÐÒÑ�D�Ðj>ZÔ~Ù9Ö;>EÑÒÓ�:=Ö

≤ F
üf6

ö�Ó×Ó×Óxü
F
Ó�Ð�ß�C]:=Õ�CEÑÒ<ÒÓ�>�Ü¤Ó�C

F (νp, νA+ µp⊗ p) = νF (p,A), ∀ν > 0, µ ∈ R, A ∈ Sn.
ö�ç�ü

=�Ú;C£Õ)@-Ó×Ö�<?C]ÐÒÙ9D×Ñ�Ó�ÐAÿ
Ã
ÄjYOÅÆ]`Y�Z�a(c�ÇÈd�ÉjÊ^u;w�n�n�l%rªo5o�gMlRË�n!o�xMm�otqOx^yeÌÆx^lRÍjÌ^o�x^o�Ë!Ë z�M�
#

u0 : R
n → R Î ���p���0�������%#�£� "��';#%�R'O�(�����A����'� �#%�&��'��$' R

n ���I 
�?#R�I�$#

|Du0| < B0 in R
n ö�ùAè�ü

��'��
∂u0

∂xn
> b0 > 0 in R

n.
ö�ù�ùaü

�M�
#
c0
�
��#%���R�����R'�����©��$ �ÏM�I��' | ��'�����}
#R�I�������������®#%�%��'O� (HF ) | #R�I��}"����«�����#R�

T ∗ = inf

{
1

|c0|BV (
>

n)

ln

(
1 +

b0
2B0

)
,

b0
B0

1

16‖c0‖L∞À ÁKÂ (> n)
,

1

|c0|BV (
>

n)

ln

(
1 +

b0
B0

|c0|BV (
>

n)

8‖c0‖L∞À ÁKÂ
)}

���( ���#R���$#,#R�(��}����"«����
#R�
�p��'O�&Ð
�(�
�!���
 ������%#%�p�����Ñ�I#%�&��'����~#R�I����}�� Î �����Ò��Ó
���R'
R

n × [0, T ∗)
 \ÔÕ��}"�������
} |#R�I�~�
������#%�&��'t�
�$#%����	¹���

|Du(x, t)| < 2B0
��'

R
n × [0, T ∗),

ö�ù!/�ü
∂u

∂xn
(x, t) > b0/2 > 0

��'
R

n × [0, T ∗).
ö�ùAî�ü

X
Y�Z\[^]`_ba(c�Ö×ÏM�����W#R�I����}"���Ø���R����� | ��'��I��}
#%�% �������} | ��'�#R�I�� "���!�����
���R�p�
'(���&��'�# � � | ��'����
�$}

F (p,X) = − #%}
((

I − p⊗ p

|p|2
)
X

)(
λ

(
p

|p|

))
,

ö�ù
<bü
� �R#R� λ > 0

��'������p�!�$#R� | ������}
#Ù#%�����*��«�����#v��'� ��?��'��5��';�%Ð
�O��'������\����}����������! "�$#%�&��'3����'������& �� � �R#R����p�"��'� 
��}����$#%��}"��#v��}��p 



X
Y�Z\[^]`_ba(c¤Ú�¢Û������}
#,#%�R�p����«$���
#v��'� �����'��p��'O�&Ð
�(�
'������U}���������#��
��}~#R�(�¹��}�� Î ����� �
{
ut = (c0 ? [u] + c1)|Du|

�R'
R

2 × (0, T ),

u(x, t = 0) = u0(x)
�R'

R
2,

���¹��}������"� Î ��¢h������}"�"£ | ¬~�! 
� | �^�W���$�I��} | ÔÕ��'O'��"���*¥§¦�¨ | ¥RÜ�¨���'���¢h������}"�"£ |~Ý �$}�����';� | ÔÕ�$'O'������ |,Þ �����¥v­"¨��$'��t�5����'��t#%�����*��«�����#v��'� ��.��'��5��'O�&Ð
�O��'�������}"��������#^����}Ù�I�����R#%�R�����������! 
�%#%�5���Ù��}��$����� Î �?¢h�Ñ���$}��"£ |
Ý ��}������Ñ�&�!���O�
# | ÔÕ��';'������.¥�ß�¨! �à¹��}���}�� Î �¤���á���U���$}��W����'���}����S#R����'�#R�����U��'������R'� �� � �������������� ���'��
��}�����}
#v��}��� 
8;:=<pÑÒÚ;C¥Þ9<?:b:-Ô�:-ÔwÑÒÚ9Ó�ÐpÑÒÚ;C]:=<?CEÕ�Ü�ÝdCZÝ�Ó×D×D¤Ù;ÐjC¥@�å9ô"Þh:=Ó×ÖSÑpÕ�CEÑÒÚ;:�Bw6S=J:�B9:�ÑÒÚ¤@-ÑAÜbÝ4C¥Ý�Ó×D×D¤Ö;C]C]B�Ñ?:&Þ9<?:AÛ�C
@�D×Ó×Þ;Ð?>?Ú9Ó×Ñ�9�@�Þ9<ÒÓ�:=<ÒÓ4C]ÐÒÑÒÓ×Õ)@-Ñ?C'Ô�:=<�Ð?C]>]:=Ö;B�:=<?B9CE<&:=ÞhCE<j@-Ñ?:=<&:-Ô4ÑÒÚ;C'Ô�:=<ÒÕ

H(x, t,Du) + F (Du,D2u)Ý�Ó×ÑÒÚäÐÒÕ�:�:=ÑÒÚ�Ó×Ö9Ó×ÑÒÓ¬@-DP>]:=Ö;BRÓ×ÑÒÓ�:=Ö�6h@2C&Ý�Ó×D×D�@-D�Ð?:�Þ9<?:aÛ�C7@-Ö
C]ÐÒÑÒÓ×Õ)@-Ñ?C7:-ÔLÑÒÚ;C&Õ�:�BRÙ9D×Ù;Ð§:-Ôp>]:=ÖSÑÒÓ×ÖSÙ9Ó×ÑNØâÓ×Ö
ÑÒÓ×Õ�C§:-ÔtÑÒÚ;C�Ð?:=D×Ù9ÑÒÓ�:=Ö�ãSØ)Ù;Ð?Ó×Ö9ß"@&<?CEß�Ù9D¬@-<ÒÓ�9a@-ÑÒÓ�:=Ö�:-ÔJÑÒÚ;C§Ó×Ö9Ó×ÑÒÓ¬@-D�>]:=Ö;BRÓ×ÑÒÓ�:=Ö�6A8§Ð4Ô�@-<Z@=ÐdÝ4C§à�Ö;:AÝ�ÜRÑÒÚ;C]Ð?C
ÑvÝ4:)Ó�B9CA@=ÐAÜRÝ�Ú9Ó�>?Ú
@-<?C�>E<ÒÙ;>EÓ¬@-DwÔ�:=<Z:=Ù9<¦@-<Òß�Ù9Õ�CEÖSÑ¦Ñ?:"Ý4:=<ÒàhÜ¤@-<?C�Ö;CEÝ�6

â � H�ã�ÇwÎ4ÅKä9Ç�Ì�Å�ÊJÎ ÊjL�Ì�Â F Ç®H�Ì�ÅvÆ9È F
ávÖëÐ?C]>EÑÒÓ�:=Ö�/RÜ�ÝdC�ß�Ó×Û�C�Ðj:=Õ�C�Þ9<?CED×Ó×Õ"Ó×Ö¤@-<ÒØï<?C]ÐÒÙ9D×Ñ?Ð":=Ö0@âD�:b>A@-D�Þ9<?:=ã9D�CEÕ�6�8HÓ×<?Ð?ÑAÜ�Ó×Ö+Ð?C]>EÑÒÓ�:=Ö3/R6×ù�Ü�Ý4C
<?C]>A@-D×DpÑÒÚ;C�B9Cfå;Ö9Ó×ÑÒÓ�:=Öë:-ÔdÛ�Ó�Ð?>]:�ÐÒÓ×ÑNØ�Ð?:=D×Ù9ÑÒÓ�:=Ö;Ð�@-Ö;B�Ý4C"ß�Ó×Û�C�@-Ö�Cfô�Ó�Ð?Ñ?CEÖ;>]C�@-Ö;B�Ù9Ö9Ó¤DbÙ;CEÖ;C]Ð?Ð�<?C]Ð?Ù9D×Ñ£Ô~:=<
ÑÒÚ;C�D�:�>A@-DJÞ9<?:=ã9D�CEÕ�6\=�Ú;CEÖ�ÜªÓ×ÖâÐ?C]>EÑÒÓ�:=ÖG/R60/RÜ;ÝdC&ß�Ó×Û�C�Ð?:=Õ�C�<?C]Ð?Ù9D×Ñ?Ð¦:=ÖâÑÒÚ;C�<?CEß�Ù9D¬@-<ÒÓ×ÑvØä:-Ô�ÑÒÚ;C�Ð?:=D×Ù9ÑÒÓ�:=Ö
:-Ô4ÑÒÚ;C'D�:�>A@-DtÞ9<?:=ã9D�CEÕ�6'áNÖ�Ð?C]>EÑÒÓ�:=Ö2îRÜwÝ4C'Þ9<?:aÛ�C�=�Ú;C]:=<?CEÕ�ù�6 î�Ô~:=<�ÑÒÚ;C'Ö;:=ÖIQ�D�:�>A@-D�Þ9<?:=ã9D�CEÕ�6�8tÓ×Ö¤@-D×D×Ø�Ü
Ý4C£ß�Ó×Û�C�Ü9Ó×Öä@-Þ9Þ�CEÖ;BRÓuôwÜRÑÒÚ;C£Þ9<?:�:-ÔP:-ÔPÑÒÚ;C£Þ¤@-<j@-ãh:=D×Ó�>�áNÐ?Ú9Ó×Ój+�CEÕ"Õ)@"Ù;Ð?C]B�Ó×Ö�ÐjC]>EÑÒÓ�:=Öt/R6

å æëº®çSè?¿�é ¿?¸�ê�º�ë º�çSìª½Uè�¹�ìîí]»�ºÈêïèj»£¾^ê\è.ð7ºh»�ñ�è�çAé
2§Ó×Û�CEÖ

T > 0
ÜRÝ4C�>]:=Ö;ÐÒÓ�B9CE<ZÑÒÚ;C§Ô�:=D×D�:AÝ�Ó×Ö9ß�Þ9<?:=ã9D�CEÕ�ÿ

{
ut +G(x, t,Du,D2u) = 0

Ó×Ö
(0, T ) × R

n,

u(x, t = 0) = u0(x)
Ó×Ö

R
n,

ö�ù!¸�ü

Ý�Ó×ÑÒÚ�ÑÒÚ;C�Ô�:=D×D�:AÝ�Ó×Ö9ß�@=Ð?Ð?Ù9Õ"Þ9ÑÒÓ�:=Ö;Ð
(H0)
ÿ

ö�Óxü
G(x, t, p,X) = −c(x, t)|p| + F (p,X)

@-Ö;B
F
Ðj@-ÑÒÓ�Ð�å¤C]Ð�ÑÒÚ;C�@=Ð?Ð?Ù9Õ"Þ9ÑÒÓ�:=Ö;Ð

(HF )
Ü

ö�Ó×Óxü
c : R

n × (0, T ) → R
Ó�Ð7ã�:=Ù9Ö;B9C]BwÜpD×Ó×Þ;Ð?>?Ú9Ó×Ñ�9 Ó×Ö+ÐÒÞ¤@=>]C�ö�ÝdC�Ö;:=Ñ?C

Lc
Ó×Ñ?Ð'D×Ó×Þ;Ð?>jÚ9Ó×Ñ�9�>]:=Ö;ÐÒÑj@-ÖSÑrü

@-Ö;B�Ù9Ö9ÓuÔ�:=<ÒÕ"D×Øµ>]:=ÖSÑÒÓ×ÖbÙ;:=Ù;Ð�Ó×Ö�ÑÒÓ×Õ�C0ö�Ý4C
Ö;:=Ñ?C
ωc
Ó×Ñ?Ð�Õ�:�BRÙ9D×Ù;Ð :-Ô�>]:=ÖSÑÒÓ×ÖbÙ9Ó×ÑvØ�Ü�B9Cfå;Ö;C]B�ãbØ�ÿ

∀x ∈ R
n, ∀s, t ∈ [0, T ), |c(x, t) − c(x, s)| ≤ ωc(|t− s|) üfÜ

ö�Ó×Ó×Óxü
u0
Ó�ÐZD×Ó×Þ;Ð?>?Ú9Ó×Ñ�9�ö�ÝdC�Ö;:=Ñ?C

B0
Ó×Ñ?Ð�D×Ó×Þ;Ð?>jÚ9Ó×Ñ�9�>]:=Ö;ÐÒÑj@-ÖbÑrüf6



À !�ò ÅvÄ�Ì F ÎpÆ F ÇwÎ,óÛ´4ÎpÅvôV´ F Î F Ä=Ä5LiÊMH�Ì�Â F J»H�ÊjN4È F É õ-À;ö^÷
@2C�B9Cfå;Ö;C£ÑÒÚ;C�Ô�:=D×D�:AÝ�Ó×Ö9ß)ÐjCEÑ?ÐAÿ

USC(Rn × [0, T )) = {u : R
n × [0, T ) → R

D�:�>A@-D×D×Ø�ã�:=Ù9Ö;B9C]BwÜ9Ù9Þ9ÞhCE<¥Ð?CEÕ"Ó�>]:=ÖbÑÒÓ×ÖSÙ;:=Ù;Ð }

LSC(Rn × [0, T )) = {u : R
n × [0, T ) → R

D�:b>A@-D×D×Ø�ã�:=Ù9Ö;B9C]BwÜ;D�:AÝ4CE<§Ð?CEÕ"Ó�>]:=ÖSÑÒÓ×ÖbÙ;:=Ù;Ð }
@2C£ÑÒÚ;CEÖ�B9Cfå;Ö;C£ÑÒÚ;C£Ð?:=D×Ù9ÑÒÓ�:=Ö;Ð¦:-Ô�ö�ù!¸�ü�Ó×Ö ÑÒÚ;C�Ô~:=D×D�:aÝ�Ó×Ö9ß)Ý�@]Øhÿ
ø�Y;ù�úRûjú�ü`ú�ÅÆûe°�c%a�d§ý.lRË!m�u;Ë�l�n�þ3Ë�ÌMÿÆË!u�k%ÌMn�lRu�x��^Ë�Ì^iAo�w�Ë!u�kRÌMn�lRu�x qOx^y Ë!u�k%ÌMn�l�u�x z¢3����'� �#%�&��'

u ∈ ��� Ý (Rn × [0, T ))
���~���!���� "�����R#%����� Î �
������#%�&��'����p��ß$Ó��p� �Ù�%#S���$#%����	���� �

�K�Ñ�
u(x, t = 0) ≤ u0(x)

�R'
R

n |
�v���Ñ������}������
}��

(x0, t0) ∈ R
n × (0, T )

��'�������}������
}��.#v����#�����'� �#%�%�$'
Φ : (Rn × (0, T )) → R | C1 ��'#%�R�p�U��'��

C2 ��'5�K�I�� �� | #R�I�$#,���~#K��'����
';#O��}��$��� Î ������#K� u �$#
(x0, t0) | #R�I�,�
���R��� � ��'������$����� �

∂Φ

∂t
(x0, t0) +G∗

(
x0, t0, DΦ, D2Φ

)
≤ 0.

¢3����'� �#%�&��'
v ∈ ��� Ý (Rn × [0, T ))

���
���!���� "�����R#%�����!�O��}���������#%�&��'ª���p��ß$Ó���� �W�%#S���$#%����	���� �
�K�Ñ�

v(x, t = 0) ≥ u0(x)
�R'

R
n |

�v���Ñ������}������
}��
(x0, t0) ∈ R

n × (0, T )
��'��h�
�$}������
}��.#v����#�����'� �#%�%�$'

Φ : (Rn × [0, T )) → R | C1 ��'#%�R�p�U��'��
C2 ��'5�K�I�� �� | #R�I�$#,���~#K��'����
';#O��}��$� Î ����� � #K�

v
�$#

(x0, t0) | #R�I�,�
�$����� � �R'����I������� �
∂Φ

∂t
(x0, t0) +G∗

(
x0, t0, DΦ, D2Φ

)
≥ 0.

¢e����'� �#%�&��'
u ∈ C0(Rn × [0, T ))

���U�������� "�����%#%���
������#%�&��'�������ß$Ó��p� � | ��'��.��'O����� � | �R#»���U����� Î ��'��*������(��}��
������#%�&��'�������ß$Ó��� 
X
Y�Z\[^]`_ °�c¤° ÏM�(�U ���'����%#%�%�$'

φ
���
C1 ��'�#%��������'�� C2 ��'t�K�(�� ��U������'(�
#R�I�$# φ ���
��� �h��}��
';#%�%� Î ������'#%����� | # � �& ������ �h��}��
';#%�%� Î ���U�R't�K�I�� �����'�� φ, φt, Dxφ,D

2
xφ

��}"�� "��';#%�R'O�(�����~��'t�K�I�� �����'���#%�����! 
@2C�ß�Ó×Û�C�@-Ö;:=ÑÒÚ;CE<7C�DbÙ9Ó×Û=@-D�CEÖbÑ"B9Cfå;Ö9Ó×ÑÒÓ�:=Ö�6�áNÖ�:=<?B9CE<7Ñ?:�B9:âÑÒÚ¤@-ÑAÜHÝdC�B9Cfå;Ö;C�ÑÒÚ;C�Þ¤@-<j@-ã�:=D×Ó�>�ÐÒÙ9ãï@-Ö;B
ÐÒÙ9Þ�CE<?BRÓ�TwCE<?CEÖSÑÒÓ¬@-D�6�á�Ô

u : R
n × (0, T ) → R

ÜPÑÒÚ;CEÖ P+u
Ó�Ð"B9Cfå;Ö;C]BïãbØ

(a, p,X) ∈ R × R
n × Sn

ã�CED�:=Ö9ß�Ð�Ñ?: P+u(x, t)
ÓuÔ

(x, t) ∈ R × (0, T )
@-Ö;B

u(y, s) ≤ u(x, t) + a(s− t) + 〈p, y − x〉 +
1

2
〈X(y − x), y − x〉 + o

(
|s− t| + |y − x|2

)

@=Ð
R × (0, T ) 3 (y, s) → (x, t)

6 æ Ó×Õ"Ó×D¬@-<ÒD×Ø�Ü P−u = −P+(−u) 6�@2C7@-D�Ð?:�B9Cfå;Ö;C�ÑÒÚ;C&ÑNÝ4:�Ô~:=D×D�:aÝ�Ó×Ö9ßÐ?CEÑ?ÐAÿ

P̄+u(x, t) =





(a, p,X) ∈ R × R
n × Sn, ∃ (xn, tn, an, pn, Xn) ∈ R

n × R × R × R
n × Sn

Ð?Ù;>?Ú�ÑÒÚ¤@-Ñ
(an, pn, Xn) ∈ P+u(xn, tn)@-Ö;B

(xn, tn, u(xn, tn), an, pn, Xn) → (x, t, u(x, t), a, p,X)







=�Ú;C�Ð?CEÑ P̄−u(x, t)
Ó�Ð7B9Cfå;Ö;C]B�Ó×Öë@�ÐÒÓ×Õ"Ó×D¬@-<�Ýd@]Ø�6t@2C�ÑÒÚ;CEÖïÚ¤@]Û�C�ÑÒÚ;C"Ô�:=D×D�:AÝ�Ó×Ö9ß
B9Cfå;Ö9Ó×ÑÒÓ�:=ÖïÔ~:=<�ÑÒÚ;C

Ð?:=D×Ù9ÑÒÓ�:=Ö;Ð¥:-ÔZö�ù!¸�üfÜ9Ý�Ú9Ó�>?Ú�Ó�ÐZC�DSÙ9Ó×Û�@-D�CEÖSÑ¦Ñ?:'ÑÒÚ;C�B9Cfå;Ö9Ó×ÑÒÓ�:=ÖÕ/R6×ù�ö~ÐjC]CU·4<j@-Ö;B;@-D×DJCEÑ¦@-D�6�ø×ù!¸-û�üfÿ
ø�Y;ù�úRûjú�ü`ú�ÅÆûe°�c�Ç³d�fhÍjÌÆl��(qOk�o�x�npy^o
	VxÆl�n�lRu�x3s�u;w��Ml�Ë�m�u;Ë�l�n�þ�Ë�u�k%Ìjn�lRu�xMË z¢3����'� �#%�&��'

u ∈ ��� Ý (Rn × [0, T ))
���~���!���� "�����R#%����� Î �
������#%�&��'����p��ß$Ó��p� �Ù�%#S���$#%����	���� �

�K�Ñ�
u(x, t = 0) ≤ u0(x)

�R'
R

n |
�v���Ñ������}U������}��

(x, t) ∈ R
n × (0, T )

��'�������}������
}��
(a, p,X) ∈ P+u(x, t) | � �W������� �

a+G∗ (x, t, p,X) ≤ 0.

¢3����'� �#%�&��'
v ∈ ��� Ý (Rn × [0, T ))

���
���!���� "�����R#%�����!�O��}���������#%�&��'ª���p��ß$Ó���� �W�%#S���$#%����	���� �
�K�Ñ�

v(x, t = 0) ≥ u0(x)
�R'

R
n |

�v���Ñ������}U������}��
(x, t) ∈ R

n × (0, T )
��'�������}������
}��

(a, p,X) ∈ P−v(x, t) | � �~������� �
a+G∗ (x, t, p,X) ≥ 0.

¢e����'� �#%�&��'
u ∈ C0(Rn × [0, T ))

���U�������� "�����%#%���
������#%�&��'�������ß$Ó��p� � | ��'��.��'O����� � | �R#»���U����� Î ��'��*������(��}��
������#%�&��'�������ß$Ó��� 
� Ë!Ë�Ì^rªiMn�lRu�x d�
 z @2C¦Ðj@AØ"ÑÒÚ¤@-Ñ�@-Ö�Ù;Ð?>ZÔ�Ù9Ö;>EÑÒÓ�:=Ö w Ðr@-ÑÒÓ�Ð�å¤C]ÐdÑÒÚ;C¥>]:=Õ"Þ¤@=>EÓ×ÑvØ�@=Ð?ÐÒÙ9Õ"Þ9ÑÒÓ�:=Ö (C)

ÓuÔ�Ô�:=<
CEÛ�CE<ÒØ

(z, s) ∈ R
n ×R

+
∗

ÜSÑÒÚ;CE<?C¦CfôRÓ�ÐÒÑ?Ð
r > 0
ÐÒÙ;>?Ú�ÑÒÚ¤@-ÑAÜbÔ~:=<dCEÛ�CE<ÒØ

M > 0
Ü�ÑÒÚ;CE<?C§Cfô�Ó�ÐÒÑ?Ð

C
Ð?Ù;>?Ú�ÑÒÚ¤@-ÑAÜ

|(x, t) − (z, s)| ≤ r
(τ, p,X) ∈ P̄+w(x, t)

|w(x, t)| + |p| + |X| ≤M



⇒ τ ≤ C.

@2C£<?C]>A@-D×D�ÑÒÚ;C�Þ¤@-<j@-ãh:=D×Ó�>&áiÐÒÚ9Ó×ÓwD�CEÕ"Õ)@RÜ9Þ9<?:AÛ�C]B�Ó×Ö�@-Þ9Þ�CEÖ;BRÓuô�ö~Ð?C]>EÑÒÓ�:=Ö5<büfÿ
�AY�Z Z\[ °�cÑÖ³d��Ùq(w�q(ÿ,u�k%lRm��
Ë�Ê^l%l z�M�
#

U
��'��

V Î �����O��'�����#R����� R
n | u ∈ USC(U×R

+)
��'��

v ∈ LSC(V ×R
+)
 ,�M��#

φ : U×V×R
+ →

R
���
 
�������

C2  ¹¢Ù�������p�U#R����# (x, y, t) → u(x, t) − v(y, t) − φ(x, y, t)
}"���� ��I���������! ����M�p�!«��R����� ��'

(x̄, ȳ, t̄) ∈ U × V × R
+
∗

 e¡���'��$#v�
τ = ∂tφ(x̄, ȳ, t̄) | p1 = Dxφ(x̄, ȳ, t̄) | p2 = −Dyφ(x̄, ȳ, t̄)

��'��
A = D2φ(x̄, ȳ, t̄)

 7¢ ���������?���Ñ�
��#R���$#
u
��'�� −v ���$#%���R����#R�I�?���������h��#%�&��'

(C)
 ÈÏM�I��' | ����}?�
����}��

α > 0
���( ��5#R���$#

αA < I | #R�I�
}�����«$���
#R� τ1 | τ2 ∈ R
��'��

X | Y ∈ Sn ���I ���#R����# �
τ = τ1 − τ2,

(τ1, p1, X) ∈ P̄+u(x̄, t̄), (τ2, p2, Y ) ∈ P̄−v(ȳ, t̄),

−1
α

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ (I − αA)−1A.

X
Y�Z\[^]`_ °�c¤Ú ÏM�(�W���������h��#%�&��'
(C)

���\���$#%���R	���� Î � u ��'�� −v ���h�
�!��'Õ��� u ���Ù����� Î �
�����I#%�%��'Õ��'�� v���
�p�����(��}��
������#%�&��'ª���
�W�I��}�� Î �$�Ñ�& ���Ð
�(�$#%�&��'� 



@2C&@-D�Ð?:'<?C]>A@-D×D�ÑÒÚ;C�Ô~Ù9Ö;B;@-Õ�CEÖSÑj@-DHÞ9<?:=Þ�CE<ÒÑNØ :-Ôtß�C]:=Õ�CEÑÒ<ÒÓ�>�C�DSÙ¤@-ÑÒÓ�:=Ö;ÐAÿ
�AY�Z Z\[ °�c��bd��jÌÆx^y^qOrªo�x�n!qOk¹iÆw�u�iAo�w�n�þ u;s��;o�u�r�o�n!w�lRm�o�ÍjÌMqIn�lRu�x^Ë z�M�
#

θ : R → R Î ���. "��';#%�R'O�(����� | '���'����� 
}"��������'��?�
 "�$����}�����'� !#%�%��'���'�� u Î ������� Î �
�$�Ñ�I#%�%�$'��K}"���K�O�� ��#%�����
�Ñ�.�����!�(�
}������Ñ�I#%�&��'$�*���p��ß$Ó�� | #R�(��' θ(u) ���
���¶��������� Î ��������#%�&��' �K}"���K�j  �����!�(�
}������Ñ�I#%�&��'$�$ 
8;:=<ZÑÒÚ;C£Þ9<?:�:-ÔP:-ÔPÑÒÚ9Ó�Ð\+�CEÕ"Õ)@RÜ¤Ý4C£<?CfÔ�CE<�Ñ?: æ :=Ö;CE<&ø0/�µaû�ö%=�Ú;C]:=<?CEÕ ù�6×ù�ùaüf6
@2C£Ö;:AÝ Þ9<?:aÛ�C�ÑÒÚ;C§Ô�:=D×D�:AÝ�Ó×Ö9ß�>]:=Õ"Þ¤@-<ÒÓ�Ð?:=Ö�Þ9<ÒÓ×Ö;>EÓ×Þ9D�C�ÿ
Ã
ÄjYOÅÆ]`Y�Z×°�c��îd�

u�r�iÆq(w�lRË!u�x3iÆw�l%x^m�lRiÆkRo z�M�
#

u ∈ ��� Ý (Rn × [0, T )) Î �
�U��� Î �
�����I#%�%��'Õ��'�� v ∈ ��� Ý (Rn × [0, T )) Î �~�U���!�O��}���������#%�&��'Õ���U�§ß�Ó��$ ¢Ù���������Ù#R����#
u0(x) = u(0, x) ≤ v(0, x) = v0(x)

�R'
R

n | #R�I��' | ��'�����} #R�I� �����������®#%�%��'O� (H0) | u ≤ v��'
R

n × [0, T )
 

�~w�u`u�s\u;s\n�ÊMo�u;w�o�r��! #"
+�CEÑLÙ;ÐL>]:=Ö;ÐÒÓ�B9CE<LÔ~:=<�ÑÒÚ;C�Õ�:=Õ�CEÖbÑpÑÒÚ¤@-Ñ

u
@-Ö;B

v
@-<?C�ãh:=Ù9Ö;B9C]Bw6�ýâ:=<?C]:aÛ�CE<AÜSÝdC�<?CEÕ)@-<Òà'ÑÒÚ¤@-ÑPÔ~:=<

γ > 0
Ü

ũ = u− γ
T−t

Ó�Ð¥@'Ð?Ù9ã;Ð?:=D×Ù9ÑÒÓ�:=Ö�:-ÔZö�ù!¸�ü�@-Ö;B�Ðj@-ÑÒÓ�Ð�å¤C]ÐaÜRÓ×Ö ÑÒÚ;C£ÛbÓ�Ðj>]:�ÐÒÓ×ÑvØ�Ð?CEÖ;Ð?C�ÿ

ũt +G∗(x, t,Dũ,D
2ũ) ≤ −γ

(T − t)2
≤ −γ
T 2

.

ávÖ;B9C]C]BwÜ
Dũ = Du

Ü
D2ũ = D2u

@-Ö;B
ũt = ut − γ

(T−t)2
6 æ :9ÿ

ũt +G∗(x, t,Dũ,D
2ũ) = − γ

(T − t)2
+ ut +G∗(x, t,Du,D

2u) ≤ −γ
(T − t)2

.

=�Ú9Ó�Ð�Ó�Ð�Ý�<ÒÓ×ÑÒÑ?CEÖ�Ó×Ö�@'Ô~:=<ÒÕ)@-DwÝ�@]Ø ã9Ù9Ñ�Ó×ÑZÓ�ÐZCA@=Ð?Ø�Ñ?:"ÐÒÚ;:aÝ Ó×ÑZãbØ�Ù;ÐÒÓ×Ö9ß)Ñ?C]ÐÒÑ�Ô�Ù9Ö;>EÑÒÓ�:=Ö;Ða6
æ Ó×Ö;>]C

u ≤ v
Ô~:=D×D�:aÝZÐ�Ô~<?:=Õ

ũ ≤ v
Ó×Ö"ÑÒÚ;CZD×Ó×Õ"Ó×Ñ

γ → 0
Ü�Ó×Ñ�Ý�Ó×D×DªÐÒÓ×Õ"Þ9D×Ø"ÐÒÙIP)>]C�Ñ?:£Þ9<?:AÛ�CZÑÒÚ;CZ>]:=Õ"Þ¤@-<ÒÓ�Ð?:=Ö

Þ9<ÒÓ×Ö;>EÓ×Þ9D�C�Ù9Ö;B9CE<ZÑÒÚ;C&@=B9BRÓ×ÑÒÓ�:=Ö¤@-Dt@=Ð?ÐÒÙ9Õ"Þ9ÑÒÓ�:=Ö;ÐAÿ



ut +G∗(x, t,Du,D

2u) ≤ −γ
T 2

< 0,

lim
t→T

u(t, x) = −∞.

ö�ù!1�ü

@2C�Ð?CEÑAÿ
M = sup

(x,t)∈
>

n×[0,T )
{u(x, t) − v(x, t)} .

@2C&Ý�@-ÖSÑ£Ñ?:�ÐÒÚ;:AÝ ÑÒÚ¤@-Ñ
M ≤ 0

6h8§Ð?ÐÒÙ9Õ�C
M > 0

6 æ :9ÜªÑÒÚ;CE<?C'CfôRÓ�ÐÒÑ?Ð
(x∗, t∗)

Ð?Ù;>?Ú
ÑÒÚ¤@-Ñ
u(x∗, t∗) −

v(x∗, t∗) > 0
6A=�Ú;CEÖ�Ü9ÝdC�BRÙ9Þ9D×Ó�>A@-Ñ?C�ÑÒÚ;C£Û�@-<ÒÓ¬@-ã9D�C]Ð�Ó×Ö�Ð?Þ¤@=>]C�ãSØ >]:=Ö;ÐÒÓ�B9CE<ÒÓ×Ö9ß;ÿ

M̄ = sup
(x,y,t)∈

>
n×
>

n×[0,T )

{
u(x, t) − v(y, t) − |x− y|4

4ε
− α

2

(
|x|2 + |y|2

)}
.

@2C�<?CEÕ)@-<Òà�ÑÒÚ¤@-Ñ
M̄ ≥ u(x∗, t∗) − v(x∗, t∗) − α|x∗|2 Ü;@-Ö;B Ð?: M̄ > 0

Ô~:=<
α
ÐÒÕ)@-D×D�CEÖ;:=Ù9ß�Ú�6A=�Ú¤@-Ö9àRÐ

Ñ?:'ÑÒÚ;C�Ñ?CE<ÒÕ α
2 (|x|2 + |y|2) ÜRÑÒÚ9Ó�ÐZÐÒÙ9Þ9<?CEÕ&Ù9Õ Ó�Ð�<?CA@=>?Ú;C]B�ö�ãhC]>A@-Ù;Ð?C u @-Ö;B v @-<?C�ãh:=Ù9Ö;B9C]B¤üf6S@2C£ÑÒÚ;CEÖÖ;:=Ñ?C

(x̄, ȳ, t̄)
@"Þ�:=Ó×ÖbÑ¥:-ÔtÕ)@�ôRÓ×Õ&Ù9Õ�6,@2C�Ý�Ó×D×D�Ö;:AÝ Ù;Ð?C�ÑÒÚ;C�Ô�:=D×D�:AÝ�Ó×Ö9ß)D�CEÕ"Õ)@Rÿ



�AY�Z Z\[ °�c�$bd��Ùq(Ë!Ë�l%x%��n!u�n�Ê^otk%l%rªl�npl%x
α
qOxMy

ε z¡��~����#
M ′ = lim

h→0
sup

|y−x|≤h, t∈[0,T )
(u(x, t) − v(y, t))

 �ÏM�I�
' | #R�I�,�
�$����� � �R'������$����� �
ö�Óxü

lim
α→0

αx̄ = lim
α→0

αȳ = 0 |

ö�Ó×Óxü
lim
ε→0

|x̄− ȳ|4 = 0 |

ö�Ó×Ó×Óxü
lim
ε→0

lim
α→0

M̄ = M ′ |

ö�Ó×Û;ü
lim
ε→0

lim
α→0

1

ε
|x̄− ȳ|4 = 0 |

ö�Û;ü
lim
ε→0

lim
α→0

α(|x̄|2 + |ȳ|2) = 0
 

@2C�å;Ö9Ó�ÐÒÚ ÑÒÚ;C£Þ9<?:�:-ÔP:-ÔPÑÒÚ;C£ÑÒÚ;C]:=<?CEÕ ãhCfÔ�:=<?C�Þ9<?:AÛ�Ó×Ö9ß)ÑÒÚ9Ó�Ð�D�CEÕ"Õ)@R6
=�Ú;CEÖ�Ü9Ý4C�BRÓ�Ð?ÑÒÓ×Ö9ß�Ù9Ó�ÐÒÚ�ÑvÝd:)>A@=Ð?C]Ðaÿ

ù�& ¿ >A@=Ð?C�ÿ ∀ε > 0,∃α ∈ (0, ε)
ÐÒÙ;>?Ú�ÑÒÚ¤@-Ñ

t̄ = 0
6V=�Ú;CEÖ�Ü�ÑÒÚ;CE<?C¥CfôRÓ�ÐÒÑ?ÐpÐ?C�DbÙ;CEÖ;>]C]Ð

εn → 0
@-Ö;B

αn → 0
ÐÒÙ;>?Ú

ÑÒÚ¤@-Ñ
t̄n = 0

@-Ö;Bwÿ

0 < M̄ ≤ u(x̄n, 0) − v(ȳn, 0) ≤ u0(x̄n) − u0(ȳn) ≤ B0(|x̄n − ȳn|),
Ý�Ú;CE<?C

B0
Ó�Ð§ÑÒÚ;C�D×Ó×Þ;Ð?>?Ú9Ó×Ñ�9�>]:=Ö;ÐÒÑj@-ÖbÑ�:-Ô

u0
6Ù@2C7ÑÒÚ;CEÖ�:=ã9Ñj@-Ó×Ö�@�>]:=ÖSÑÒ<j@=BRÓ�>EÑÒÓ�:=Ö�ã�C]>A@-Ù;Ð?C |x̄n −

ȳn| → 0
ö~ÐjC]C�ÑÒÚ;C£Ó×Ñ?CEÕ�/R6L:-ÔV+�CEÕ"Õ)@�/R6 ú�üf6

/ ½�' >A@=Ð?C�ÿ�8§Ð?ÐÒÙ9Õ�C"ÑÒÚ¤@-Ñ�ÑÒÚ;CE<?C)CfôRÓ�ÐÒÑ?Ð
ε > 0

ÐÒÙ;>?Ú2ÑÒÚ¤@-Ñ&Ô~:=<�CEÛ�CE<ÒØ
α ∈ (0, ε)

ÜtÝ4C)Ú¤@]Û�C
t̄ > 0
6�@2C)>A@-Ö

>?Ú;:�:�Ð?C
ε
ÐÒÕ)@-D×DJCEÖ;:=Ù9ß�Ú�ö~CED�Ð?C�Ü;Ý4C&@-Þ9Þ9D×Ø�ÑÒÚ;C&@-<Òß�Ù9Õ�CEÖSÑ§:-ÔtÑÒÚ;C£å;<?ÐÒÑZ>A@=Ð?CaüfÜ9Ó�C�Ü9ÐÒÙ;>jÚ�ÑÒÚ¤@-ÑAÿ

|x̄− ȳ|4
ε

≤ γ

2T 2Lc
.

ö�ù�µ�ü
@2C�Ð?CEÑ

ũ(x, t) = u(x, t) − α
2 |x|2
@-Ö;B

ṽ(x, t) = v(x, t) + α
2 |x|2
6A=�Ú;CEÖ�Ü9ÝdC£Ú¤@]Û�C�ÿ

M̄ = sup
(x,y,t)∈

>
n×
>

n×[0,T )

{
ũ(x, t) − ṽ(y, t) − |x− y|4

4ε

}
.

=�Ú;CEÖ�Ü;ÝdC�>]:=Ö;ÐÒÓ�B9CE<ZÑÒÚ;C�Ñ?C]ÐÒÑ�Ô~Ù9Ö;>EÑÒÓ�:=Ö
ψ(x, y, t) = |x−y|4

4ε

@-Ö;B Ý4C&Ð?CEÑ
p̄ = x̄− ȳ

6S@2C�Ù;Ð?C�ÑÒÚ;C
Þ¤@-<j@-ãh:=D×Ó�>&áiÐÒÚ9Ó×Ó`+�CEÕ"Õ)@R6A@ËÓ×ÑÒÚ�ÑÒÚ;C£Ðj@-Õ�C£Ö;:=Ñj@-ÑÒÓ�:=Ö;ÐaÜ9ÑÒÚ;C�Ô�:=D×D�:AÝ�Ó×Ö9ß)Ú;:=D�B9Ðaÿ

τ = 0,



p1 =
|p̄|2p̄
ε

= p2,

A =
2

ε
|p̄|2

(
Z −Z
−Z Z

) Ü¤@AÛ�C]>
Z =

I

2
+
p̄⊗ p̄

|p̄|2 .

@-Ö;B�Ô~:=<¥CEÛ�CE<ÒØ
β
ÐÒÙ;>jÚ�ÑÒÚ¤@-Ñ

βA < I
Ü;ÑÒÚ;CE<?C7Cfô�Ó�Ð?Ñ?Ð

X
Ü
Y ∈ Sn @-Ö;B�ÑvÝd:)<?CA@-D�Ð τ1

@-Ö;B
τ2
ÐÒÙ;>?Ú

ÑÒÚ¤@-ÑAÿ

τ1 − τ2 = 0,
(
τ1,

|p̄|2p̄
ε

,X

)
∈ P̄+ũ(x̄, t̄),

(
τ2,

|p̄|2p̄
ε

, Y

)
∈ P̄−ṽ(ȳ, t̄),

−1

β

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ (I − βA)−1A.

=�Ú;C£D¬@=ÐÒÑ�Ó×Ö;C�DbÙ¤@-D×Ó×ÑvØ Ó×Õ"Þ9D×Ó�C]Ð¥ÑÒÚ¤@-Ñ
X ≤ Y

6V@2C£Ù;Ð?C�ÑÒÚ;C�Ô�:=D×D�:AÝ�Ó×Ö9ß�D�CEÕ"Õ)@Rÿ
�AY�Z Z\[ °�c)(bd�*ÈqIn!w�l�g�o�Ë�n�l%rªqIn!o�Ë z¡��W�I������#R�I�A�
�$����� � �R'��*����#%�R����#v���U��'�#R�I�
����#%}���« A





1

2‖A‖A < I,

‖A‖ ≤ 6|p̄|2
ε

,

� �
δ =

1

2‖A‖ |
#R�I�
'

(I − δA)−1A ≤ 2‖A‖I ≤ 12

ε
|p̄|2I,

� �I��}"� ‖A‖ = sup
ζ∈
>

2n

|Aζ.ζ|
ζ.ζ

 

@2C�å;Ö9Ó�ÐÒÚ�ÑÒÚ;C�Þ9<?:b:-Ô�:-ÔtÑÒÚ;C�ÑÒÚ;C]:=<?CEÕ ã�CfÔ�:=<?C£Þ9<?:aÛbÓ×Ö9ß�ÑÒÚ9Ó�ÐZD�CEÕ"Õ)@R6
@2C�>A@-Ö�<?CEÝ�<ÒÓ×Ñ?C�ÑÒÚ;C£Õ)@-ÑÒ<ÒÓuô Ó×Ö;C�DSÙ¤@-D×Ó×ÑNØ�Ó×Ö ÑÒÚ;C£Ô~:=D×D�:aÝ�Ó×Ö9ß�Ô�:=<ÒÕ�ÿ

−12|p̄|2
ε

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ 12|p̄|2

ε

(
I 0
0 I

)
.

=�ÚSÙ;Ð
X
@-Ö;B

Y
@-<?C�ã�:=Ù9Ö;B9C]B Ó×Ö;B9CEÞhCEÖ;B9CEÖSÑÒD×Ø :-Ô

α
ö�Ó×Ñ�Ó�ÐZ@-D×<?CA@=BRØ�ÑÒÚ;C£>A@=Ð?C§Ô�:=<

p̄
@=>]>]:=<?BRÓ×Ö9ß�Ñ?:

Ó×Ñ?CEÕ /R6�:-Ô¹+�CEÕ"Õ)@5/R6 ú�üf6)áNÖ�Þ¤@-<ÒÑÒÓ�>EÙ9D¬@-<AÜ −12|p̄|2

ε I ≤ X ≤ 12|p̄|2

ε I
6 æ : ÑÒÚ;CE<?C�CfôRÓ�ÐÒÑ?Ð

αn → 0ÐÒÙ;>jÚâÑÒÚ¤@-Ñ
t̄ → t∞

Ü
p̄ → p∞

@-Ö;B
(X,Y ) → (X∞, Y∞)

6¥ýä:=<?C]:AÛ�CE<AÜhÐÒÓ×Ö;>]C
u
Ó�Ð§@)ÐÒÙ9ã;Ð?:=D×Ù9ÑÒÓ�:=Ö

@-Ö;B
v
Ó�ÐZ@"ÐÒÙ9ÞhCE<?Ð?:=D×Ù9ÑÒÓ�:=Ö�Ü9ãSØ�Ù;ÐÒÓ×Ö9ß�ÑÒÚ;C&>]:=Ö;BRÓ×ÑÒÓ�:=Ö�ö�ù!1�üfÜ;:=Ö;C�å;Ö;B9ÐAÿ

τ1 +G∗

(
x̄, t̄,

|p̄|2p̄
ε

+ αnx̄,X + αnI

)
≤ −γ
T 2

,

τ2 +G∗

(
ȳ, t̄,

|p̄|2p̄
ε

− αnȳ, Y − αnI

)
≥ 0.



=�Ú;CEÖ�Ü=ãSØ&Ù;ÐÒÓ×Ö9ß¦ÑÒÚ;C�CED×D×Ó×Þ9ÑÒÓ�>EÓ×ÑNØ�:-Ô;ÑÒÚ;C�C�DSÙ¤@-ÑÒÓ�:=Ö"@-Ö;B�ÑÒÚ;C4Õ)@-ÑÒ<ÒÓuô�Ó×Ö;C�DSÙ¤@-D×Ó×ÑNØ
X ≤ Y

Ü=Ý4Cd:=ã9Ñj@-Ó×Ö�ÿ

τ2 +G∗

(
ȳ, t̄,

|p̄|2p̄
ε

− αnȳ, X − αnI

)
≥ 0.

æ Ù9ã9ÑÒ<j@=>EÑÒÓ×Ö9ß)ÑÒÚ;C�ÑvÝ4:)Ó×Ö;C�DSÙ¤@-D×Ó×ÑÒÓ�C]ÐaÜ9ØbÓ�C]BRD�Ðaÿ
γ

T 2
+G∗(x̄, t̄,

|p̄|2p̄
ε

+ αnx̄,X + αnI) ≤ G∗(ȳ, t̄,
|p̄|2p̄
ε

− αnȳ, X − αnI).

Ó�C�ÿ

c(x̄, t̄)

∣∣∣∣
|p̄|2p̄
ε

+ αnx̄

∣∣∣∣− c(ȳ, t̄)

∣∣∣∣
|p̄|2p̄
ε

− αnȳ

∣∣∣∣

−F∗

( |p̄|2p̄
ε

+ αnx̄,X + αnI

)
+ F ∗

( |p̄|2p̄
ε

− αnȳ, X − αnI

)
≥ γ

T 2
.

@2C�D�CEÑ
α
ß�:�Ñ?:

0
6G-dØ2Ù;ÐÒÓ×Ö9ß
Ó×Ñ?CEÕ ù�:-ÔÙ+�CEÕ"Õ)@�/R6 ú
@-Ö;BïÑÒÚ;C)Ô�@=>EÑ7ÑÒÚ¤@-Ñ

c
Ó�Ð7ã�:=Ù9Ö;B9C]BwÜ�ÝdC

:=ã9Ñj@-Ó×Ö�ÿ

(c(x̄, t̄) − c(ȳ, t̄))
|p∞|3
ε

− F∗

( |p∞|2p∞
ε

,X∞

)
+ F ∗

( |p∞|2p∞
ε

,X∞

)
≥ γ

T 2
.

ýä:=<?C]:AÛ�CE<AÜ

(c(x̄, t̄) − c(ȳ, t̄))
|p∞|3
ε

≤ Lc|p∞|4
ε

,

Ý�Ú;CE<?C
Lc
Ó�Ð�ÑÒÚ;C~+wÓ×Þ;ÐÒÚ9Ó×Ñ�9�>]:=Ö;ÐÒÑj@-ÖSÑ§:-Ô

c
6S=�Ú9Ó�ÐZÓ×Õ"Þ9D×Ó�C]ÐAÿ

Lc|p∞|4
ε

− F∗

( |p∞|2p∞
ε

,X∞

)
+ F ∗

( |p∞|2p∞
ε

,X∞

)
≥ γ

T 2
.

-dØ�Ù;Ð?Ó×Ö9ßâö�ù�µ�üfÜ9Ý4C&:=ã9Ñj@-Ó×Ö�ÿ
γ

2T 2
− F∗

( |p∞|2p∞
ε

,X∞

)
+ F ∗

( |p∞|2p∞
ε

,X∞

)
≥ γ

T 2
.

@2C£ÑÒÚ;CEÖ�BRÓ�Ð?ÑÒÓ×Ö9ß�Ù9Ó�ÐÒÚ�ÑvÝd:)>A@=Ð?C]Ðaÿ
ù & ¿ >A@=Ð?C�ÿ

p∞ = 0
6ZávÖ ÑÒÚ9Ó�Ð¦>A@=Ð?C�ÜRÝ4C�Ú¤@]Û�C

X∞ = 0
@-Ö;B

F∗(0, 0) = F ∗(0, 0) = 0
6 æ :9ÜRÝdC&:=ã9Ñj@-Ó×Ö�ÿ

0 ≥ γ

2T 2
,

Ý�Ú¤@-ÑZÓ�Ð¥@-ã;Ð?Ù9<?Bw6
/ ½+' >A@=Ð?C�ÿ

p∞ 6= 0
6ZávÖ ÑÒÚ9Ó�Ð¦>A@=Ð?C

F∗ = F ∗ = F
6 æ :9Ü;Ý4C£Ú¤@AÛ�C�ÿ

0 ≥ γ

2T 2
,

Ý�Ú¤@-ÑZÓ�Ð¥@-ã;Ð?Ù9<?Bw6



−k

−k

k

k

8tÓ×ß�Ù9<?C
/RÿA8 ÑÒ<ÒÙ9Ö;>A@-ÑÒÙ9<?C£Ô~Ù9Ö;>EÑÒÓ�:=Ö
Tk
6

=J:�@=>jÚ9Ó�CEÛ�C£ÑÒÚ;C�Þ9<?:b:-ÔtÓ×Ö ÑÒÚ;C£>A@=Ð?C§Ý�Ú;CE<?C�ÑÒÚ;C§Ô�Ù9Ö;>EÑÒÓ�:=Ö;Ð¦@-<?C�Ö;:=Ñdãh:=Ù9Ö;B9C]BwÜ9Ó×Ñ�ÐÒÙIP)>]C]Ð�Ñ?:'Ù;ÐjC¦ÑÒÚ;C
Ô�Ù9Ö;B;@-Õ�CEÖbÑj@-D4Þ9<?:=ÞhCE<ÒÑvØ�:-Ô�ß�C]:=Õ�CEÑÒ<ÒÓ�>)C�DbÙ¤@-ÑÒÓ�:=Ö;ÐA6�@2C"ÑÒÚ;CEÖ�>]:=Ö;ÐÒÓ�B9CE<�ÑÒÚ;C"ÑÒ<ÒÙ9Ö;>A@-ÑÒÙ9<?C"Ô~Ù9Ö;>EÑÒÓ�:=Ö;Ð

Tkö~Ð?C]C�å;ß�Ù9<?C?/�üf6ä8;:=<"CEÛ�CE<ÒØ
k
ÜPÝ4C�ÑÒÚ;CEÖëÚ¤@]Û�C

Tk(u) ≤ Tk(v)
@-Ö;B�ãSØ2D�CEÑÒÑÒÓ×Ö9ß

k
ß�:�Ñ?:âÓ×ÖRå;Ö9Ó×ÑvØ�Ü�ÝdC

:=ã9Ñj@-Ó×Ö�ÑÒÚ;C£<?C]ÐÒÙ9D×ÑA6
2

@2C£Ö;:AÝ Þ9<?:aÛ�C
+�CEÕ"Õ)@�/R6 úR6
�~w�u`u�s\u;s-,Ao�r7r�q.�! 0/
=�Ú;C&Ô~Ù9Ö;>EÑÒÓ�:=Ö

(x, y) → u(x, t) − v(y, t)
Ó�Ð§ãh:=Ù9Ö;B9C]Bëö�ãhC]>A@-Ù;Ð?C

u
@-Ö;B

v
@-<?C�ãh:=Ù9Ö;B9C]B¤üf6�ýâ:=<?C]:aÛ�CE<AÜ

Ý4C£Ú¤@AÛ�C�@=Ð?ÐÒÙ9Õ�C]B�ÑÒÚ¤@-Ñ
M̄ > 0

6S@2C£ÑÒÚ;CEÖ�Ú¤@]Û�C�ÿ
|x̄− ȳ|4

4ε
+
α

2
(|x̄|2 + |ȳ|2) ≤ C.

1 89<?:=Õ Ý�Ú9Ó�>jÚ
α

2
(|x̄|2 + |ȳ|2) ≤ C,

@-Ö;B

|x̄− ȳ|4 ≤ Cε,

@-Ö;B�Ð?:
lim
ε→0

|x̄− ȳ| = 0
@-Ö;B

lim
α→0

αx̄ = lim
α→0

αȳ = 0
6

@2C�Ð?CEÑ
Mh = sup

|x−y|≤h, t∈[0,T )
(u(x, t) − v(y, t))

6ï+�CEÑ
(xh

n, y
h
n, t

h
n)
ãhC�ÐÒÙ;>jÚ ÑÒÚ¤@-Ñ

u(xh
n, t

h
n) −

v(yh
n, t

h
n) ≥Mh − 1

n

Ý�Ó×ÑÒÚ |xh
n − yh

n| ≤ h
ö
xh

n

@-Ö;B
yh

n

B9:'Ö;:=Ñ¥B9CEÞ�CEÖ;B�:=Ö
α
üf6S@2C£ÑÒÚ;CEÖ�Ú¤@]Û�C

Mh − 1

n
− h4

4ε
− α

2

(
|xh

n|2 + |yh
n|2
)

≤u(xh
n, t

h
n) − v(yh

n, t
h
n) − |xh

n − yh
n|4

4ε
− α

2

(
|xh

n|2 + |yh
n|2
)

≤M̄
≤u(x̄, t̄) − v(ȳ, t̄).



@2C£D�CEÑ
α
ß�:'Ñ?:

0
ÿ

Mh − 1

n
− h4

4ε
≤ lim inf

α→0
(u(x̄, t̄) − v(ȳ, t̄))

≤ lim sup
α→0

(u(x̄, t̄) − v(ȳ, t̄)).

öR@2C£Ú¤@]Û�C£Ù;ÐjC]B ÑÒÚ;C§Ô�@=>EÑ¥ÑÒÚ¤@-Ñ
xh

n

@-Ö;B
yh

n

B9:"Ö;:=ÑZB9CEÞhCEÖ;B�:=Ö
α
üf6S@2C�D�CEÑ

h
ß�:'Ñ?:

0
@-Ö;B Ý4C&:=ã9Ñj@-Ó×Ö�ÿ

M ′ − 1

n
≤ lim inf

α→0
(u(x̄, t̄) − v(ȳ, t̄))

≤ lim sup
α→0

(u(x̄, t̄) − v(ȳ, t̄)).

@2C£D�CEÑ
ε
ß�:"Ñ?:

0
ÿ

M ′ − 1

n
≤ lim inf

ε→0
lim inf

α→0
(u(x̄, t̄) − v(ȳ, t̄))

≤ lim sup
ε→0

lim sup
α→0

(u(x̄, t̄) − v(ȳ, t̄))

≤ lim sup
ε→0

lim sup
α→0


 sup

|x−y|≤cε
1
4

(u(x, t) − v(y, t))




≤ lim sup
h→0

sup
|x−y|≤h

(u(x, t) − v(y, t))

=M ′.

Ð?:
lim
ε→0

lim
α→0

u(x̄, ȳ) − v(ȳ, t̄) = M ′ 6�áNÖ ÑÒÚ;C�Ðj@-Õ�C�Ý�@]Ø�Ü;ÝdC£Ú¤@]Û�C lim
ε→0

lim
α→0

M̄ = M ′ 6S=�Ú;CE<?CfÔ�:=<?C�Ü

lim
ε→0

lim
α→0

( |x̄− ȳ|4
4ε

+
α

2
(|x̄|2 + |ȳ|2)

)
= lim

ε→0
lim
α→0

(
u(x̄, ȳ) − v(ȳ, t̄) − M̄

)
= M ′ −M ′ = 0.

æ :9Ü




lim
ε→0

lim
α→0

|x̄− ȳ|4
4ε

= 0,

lim
ε→0

lim
α→0

α

2
(|x̄|2 + |ȳ|2) = 0.

@µÚ¤@-Ñ¦@=>jÚ9Ó�CEÛ�C]ÐZÑÒÚ;C£Þ9<?:�:-Ô�:-ÔV+�CEÕ"Õ)@�/R6 úR6
2

@2C£Ö;:AÝ Þ9<?:AÛ�C
+JCEÕ"Õ)@p/R6 çR6
�~w�u`u�s\u;s-,Ao�r7r�q.�! 02
-4Ø�B9Cfå;Ö9Ó×ÑÒÓ�:=Ö�:-Ô�ÑÒÚ;CZÖ;:=<ÒÕ :-Ô

A
ÜbÝ4C¥Ú¤@]Û�C�ÿ Aζ.ζ

ζ.ζ ≤ ‖A‖ Ü�Ðj: Aζ.ζ
‖A‖ ≤ Iζ.ζ

Ü�Ý�Ú¤@-Ñdß�Ó×Û�C]ÐpÑÒÚ;C¥å;<?ÐÒÑ4<?C]ÐÒÙ9D×Ñ
:-ÔtÑÒÚ;C£D�CEÕ"Õ)@R6

+�CEÑ
ζ =

(
ζ1
ζ2

)
∈ R

2n 6V@2C£ÑÒÚ;CEÖ�Ú¤@AÛ�C�ÿ

Aζ.ζ =
2

ε
|p̄|2Z(ζ1 − ζ2).(ζ1 − ζ2)

≤4

ε
|p̄|2Z(ζ1.ζ1 + ζ2.ζ2)

≤4

ε
|p̄|2‖Z‖|ζ|2.



æ :9Ü9Ó×ÑZÐÒÙIP)>]C]ÐZÑ?:"Ð?Ú;:AÝ ÑÒÚ¤@-Ñ ‖Z‖ ≤ 3
2

ÿ

Zξ.ξ =
ξ2

2
+
p̄ξ ⊗ p̄ξ

|p̄|2

≤ξ
2

2
+ ξ2

≤3

2
ξ2.

8;:=<�ÑÒÚ;C7D¬@=ÐÒÑ¦Ó×Ñ?CEÕ�ÜhÓ×Ñ£ÐÒÙIP)>]C]Ð§Ñ?:�Ö;:=ÑÒÓ�>]C7ÑÒÚ¤@-Ñ�ÓuÔ
B ≥ 0

@-Ö;B
C ≥ 0

Ý�Ó×ÑÒÚ
B,C ∈ Sn ÐÒÙ;>jÚäÑÒÚ¤@-Ñ

BC = CB
Ü�ÑÒÚ;CEÖ

CB ≥ 0
6ëávÖ;B9C]C]BwÜ

CBξ.ξ = CB
1

2 ξ.B
1

2 ξ ≥ 0
ö�Ý4C Ú¤@AÛ�C Ù;Ð?C]BëÑÒÚ;C�Ô�@=>EÑ"ÑÒÚ¤@-Ñ

B
Ó�Ð�Þh:�ÐÒÓ×ÑÒÓ×Û�C�ÜPÑÒÚ;CEÖ+ÐÒØ�Õ�CEÑÒ<ÒÓ�> @-Ö;B2å;Ö¤@-D×D×Ø�ÑÒÚ¤@-Ñ

C
Ó�Ð�Þ�:�Ð?Ó×ÑÒÓ×Û�Caüf6 æ :9ÜLÓuÔ

B ≥ C
@-Ö;B

D ≥ 0
Ý�Ó×ÑÒÚ

D(B − C) = (B − C)D
ÜwÑÒÚ;CEÖ

DB ≥ DC
6 æ :9ÜJÓ×Ñ�ÐÒÙIP)>]C]Ð£Ñ?: ÐÒÚ;:aÝ ÑÒÚ¤@-Ñ

A ≤ 2‖A‖(I − δA) =

2‖A‖I −A
ÜRÓ�C

A ≤ ‖A‖I Ý�Ú¤@-ÑZÓ�Ð�ÑÒ<ÒÙ;C£ãbØ�B9Cfå;Ö9Ó×ÑÒÓ�:=Öä:-ÔHÑÒÚ;C£Ö;:=<ÒÕ :-Ô A 6@µÚ¤@-Ñ§@=>?Ú9Ó�CEÛ�C]ÐZÑÒÚ;C�Þ9<?:b:-Ô�:-ÔV+JCEÕ"Õ)@�/R6 çR6
2

@2C)Ö;:aÝ ß�Ó×Û�C�@-ÖëCfô�Ó�Ð?Ñ?CEÖ;>]C)<?C]ÐÒÙ9D×Ñ'ãbØ2Ù;ÐÒÓ×Ö9ßäÑÒÚ;C�>ED¬@=Ð?Ð?Ó�>)ÏtCE<Ò<?:=Ö�éêÐ"Õ�CEÑÒÚ;:bB�öxÔ�:=<�ÑÒÚ;C�Þ9<?:b:-ÔÒÜtÝ4C
<?CfÔ~CE<�Ñ?:�ð§<?:=Ö9Ó�:=Ù�Ü;áNÕ&ãhCE<ÒÑ&ø×ùAç-û�üfÿ

Ã
ÄjYOÅÆ]`Y�Z×°�c%a43 d�fhgMlRË�n!o�x^m�oÕqOxMy�Ì^xÆlRÍjÌMo�xMo�Ë!Ë z¢Ù���������t#R���$#�#R�I��}"�G��«�����#R�t�ª��� Î ��������#%�&��' U− ∈ USC(Rn × [0, T ))
��'����ª�����(��}��
�$�Ñ�I#%�%�$'

U+ ∈
LSC(Rn × [0, T ))

���.�§ß$Ó
�����I ���#R���$#
U−(x, 0) = U+(x, 0) = u0(x) | #R�I�
' | #R�I��}"����«$���
#R���.��'O�&Ð
�O� "��';#%�R'O�(�����W��������#%�&��'G���p�§ß$Ó
�$ 

@2C&Ö;:aÝ >]:=Ö;Ð?ÑÒ<ÒÙ;>EÑ�@)ÐÒÙ9ãä@-Ö;B
@�ÐÒÙ9ÞhCE<?Ð?:=D×Ù9ÑÒÓ�:=ÖäÝ�Ú9Ó�>?Ú
Ðj@-ÑÒÓ�Ð�Ô~Ø�ÑÒÚ;C&Ó×Ö9Ó×ÑÒÓ¬@-DP>]:=Ö;BRÓ×ÑÒÓ�:=Ö�6\@2C�ã�CEß�Ó×Ö
ãSØ ÐÒÑÒÙ;BRØ�Ó×Ö9ß"ÑÒÚ;C£Þ9<?:=ã9D�CEÕ

ut + F (Du,D2u) = 0
6V@2C£Ú¤@]Û�C&ÑÒÚ;C§Ô~:=D×D�:aÝ�Ó×Ö9ß�+�CEÕ"Õ)@Rÿ

�AY�Z Z\[ °�cRa(a d�fhgMlRË�n!o�x^m�oÕqOxMy Ì^xÆlRÍjÌMo�xMo�Ë!Ë4�Vm�q(Ë!o
c = 0 zÏM�I��}"���"«����
#R�U�p��'O�&Ð
�O�
�
������#%�&��'

u
���~#R�I����}�� Î ���
�
{
ut + F (Du,D2u) = 0,

u(x, 0) = u0(x).

ö�ùAú�ü

ÔÕ��}"��������} | u ���Ù��'O� �
��}����Ñ�� ���';#%�R'O�I�$���~�R't#%�R���
��'��p�%#R�Ù�p���(�����Ñ���U���~ "��'�#%��'O���%#%� | ωF | ���v�(��'����U��'O�����'Õ#R�(�~���¶�;�
 ����R#�£� "��'O��#K��';#¹���
u0 | B0

 ���� | u �
��#%���R	���� �
∀t, s ∈ [0, T ), ∀x ∈ R

n |u(x, t) − u(x, s)| ≤ ωF (|t− s|).

�~w�u`u�s\u;s-,Ao�r7r�q.�! #565
@2C�@=Ð?ÐÒÙ9Õ�C�ÜdÓ×Öµ@äå;<?Ð?Ñ�ÑÒÓ×Õ�C�ÜdÑÒÚ¤@-Ñ

u0 ∈ C2
b = {u C2,∃ C, ||Du||L∞ , ||D2u||L∞ ≤ C} 63@2CÐ?CEÑ

u± = u0 ± C1t
Ý�Ó×ÑÒÚ

C1 = infx∈Rn{−F ∗(Du0, D
2u0), F∗(Du0, D

2u0)}
ö
C1
B9CEÞhCEÖ;B9Ð�:=Ö9D×Ø

:=Ö�ÑÒÚ;C"ã�:=Ù9Ö;B9Ð&:-Ô
Du0
@-Ö;B

D2u0
üf6"áNÑ£ÑÒÚ;CEÖ�CA@=ÐÒØ�Ñ?:�>?Ú;C]>?àRÐ�ÑÒÚ¤@-Ñ

u+ Ó�Ð&@�ÐÒÙ9ÞhCE<?Ð?:=D×Ù9ÑÒÓ�:=Ö�@-Ö;B u−



Ó�Ð�@2Ð?Ù9ã;Ð?:=D×Ù9ÑÒÓ�:=Ö�6 =�Ú;CEÖ�Ü�ÑÒÚ;CE<?C�CfôRÓ�ÐÒÑ?Ð�@
Ù9Ö9Ó¤DSÙ;CäÐ?:=D×Ù9ÑÒÓ�:=ÖË:-Ô�ö�ùAú�ü�ö%=�Ú;C]:=<?CEÕ /R6×ùAè�ü�@-Ö;BwÜ�ãSØ+ÑÒÚ;C
>]:=Õ"Þ¤@-<ÒÓ�Ð?:=Ö�Þ9<ÒÓ×Ö;>EÓ×Þ9D�C�Ü9ÑÒÚ;C£Ô~:=D×D�:aÝ�Ó×Ö9ß)Ú;:=D�B9ÐAÿ

∀t ∈ [0, T ), ∀x ∈ R
n, |u(x, t) − u0(x)| ≤ C1t.

ö�ùAç�ü

@2C�ÑÒÚ;CEÖ�Ð?CEÑ
v(x, t) = u(x, t+ h)

6 æ :
v
Ó�Ð�Ð?:=D×Ù9ÑÒÓ�:=Ö�:-Ô�ö�ùAú�ü�@-Ö;BwÜ;ãSØ�ÑÒÚ;C§>]:=Õ"Þ¤@-<ÒÓ�Ðj:=Ö�Þ9<ÒÓ×Ö;>EÓ×Þ9D�C�Ü9Ý4C

:=ã9Ñj@-Ó×Ö�ÿ

u(x, t+ h) − u(x, t) ≤ sup(u(x, h) − u0) ≤ C1h.

æ Ó×Õ"Ó×D¬@-<ÒD×Ø�Ü;Ý4C�Ú¤@]Û�C�ÿ

u(x, t) − u(x, t+ h) ≤ sup(u(x, h) − u0) ≤ C1h,

@-Ö;B�Ð?:9ÿ

|u(x, t+ h) − u(x, t)| ≤ sup(u(x, h) − u0) ≤ C1h.

@2C4Ö;:aÝõ@=Ð?ÐÒÙ9Õ�C4ÑÒÚ¤@-Ñ
u0
Ó�Ð�:=Ö9D×Ø�D×Ó×Þ;Ð?>?Ú9Ó×Ñ�9�6V@2C�Ð?CEÑ

u0
ε = u0?ρε

Ý�Ú;CE<?C
ρε
Ó�ÐL@Z<?CEß�Ù9D¬@-<ÒÓ�9]Ó×Ö9ß�Ð?C�DSÙ;CEÖ;>]C�Ü

Ó�C
ρε = 1

εnρ(
·
ε)
Ý�Ú;CE<?C

ρ ∈ C∞
c (Rn,R)

@-Ö;B Ðj@-ÑÒÓ�Ð�å¤C]Ðaÿ

ρ ≥ 0,
Ð?Ù9Þ9Þ

(ρ) ⊂ B̄(0, 1),

∫
>

n

ρ(x)dx = 1.

=�Ú;CEÖ
u0

ε ∈ C2
b

@-Ö;B ‖Du0
ε‖L∞(

>
n), ‖D2u0

ε‖L∞(
>

n) ≤ B0C2

ε

6�ávÖ;B9C]C]Bwÿ

|Du0
ε(x)| =|Du0 ? ρε(x)|

=

∣∣∣∣
∫
>

n

Du0(x− y)ρε(y)dy

∣∣∣∣

≤
∫
>

n

|Du0(x− y)| ρε(y)dy

≤B0

∫
>

n

ρε(y)dy

=B0

@-Ö;B

|D2u0
ε (x)| =|Du0 ? Dρε(x)|

=

∫
>

n

|Du0(x− y)| |Dρε(y)|dy

≤B0
1

ε

∫
>

n

1

εn

∣∣∣Dρ
(y
ε

)∣∣∣ dy

=B0
1

ε
‖Dρ‖L1(

>
n).



ýâ:=<?C]:aÛ�CE<AÜ ‖u0 − u0
ε‖L∞(

>
n) ≤ B0ε

6�ávÖ;B9C]C]BwÜ;Ð?Ó×Ö;>]C ∫>
n ρε(x)dx = 1

|u0 − u0
ε (x)| ≤

∫
>

n

|u0(x) − u0(x− y)|ρε(y)dy

≤B0

∫

B̄(0,ε)
|y|ρε(y)dy

≤εB0

∫

B̄(0,ε)
ρε(y)dy = εB0.

@2C4Ö;:=Ñ?C
uε
ÑÒÚ;C�Ð?:=D×Ù9ÑÒÓ�:=Ö"Ý�Ó×ÑÒÚ'Ó×Ö9Ó×ÑÒÓ¬@-D;>]:=Ö;BRÓ×ÑÒÓ�:=Ö

u0
ε

6^=�Ú;CEÖ�Ü�ãSØ&ÑÒÚ;C�>]:=Õ"Þ¤@-<ÒÓ�Ð?:=Ö"Þ9<ÒÓ×Ö;>EÓ×Þ9D�C�Ü ‖uε′(·, t)−
uε(·, t)‖L∞(

>
n) ≤ ‖u0

ε′ − u0
ε‖L∞(

>
n)
Ü9@-Ö;B�Ðj:

uε
>]:=ÖSÛ�CE<Òß�C�Ù9Ö9ÓuÔ�:=<ÒÕ"D×Øäö~ÐÒÓ×Ö;>]C

u0
ε

>]:=ÖSÛ�CE<Òß�C�Ù9Ö9ÓuÔ�:=<ÒÕ"D×Ø9ü
Ñ?:

u
Ý�Ú9Ó�>?ÚµÓ�ÐAÜLãbØëÐ?Ñj@-ã9Ó×D×Ó×ÑvØ ö~Ð?C]C?=�Ú;C]:=<?CEÕ /R6 î
:-ÔW-�@-<ÒD�C]Ð�ø01-û�üfÜpÑÒÚ;C�Ð?:=D×Ù9ÑÒÓ�:=Öõ:-Ô�ö�ùAú�ü7Ý�Ó×ÑÒÚ+Ó×Ö9Ó×ÑÒÓ¬@-D

>]:=Ö;BRÓ×ÑÒÓ�:=Ö
u0
65@2C�ÑÒÚ;CEÖïÚ¤@]Û�C�Ü�ãbØ2ÑÒÚ;C�>]:=Õ"Þ¤@-<ÒÓ�Ðj:=ÖïÞ9<ÒÓ×Ö;>EÓ×Þ9D�C�Ü ‖uε(·, t) − u(·, t)‖L∞(

>
n) ≤ ‖u0

ε −
u0‖L∞(

>
n)
6A@2C�ÑÒÚ;CEÖ�B9C]BRÙ;>]C�ÿ

‖u(·, t+ h) − u(·, t)‖L∞(
>

n) ≤2‖u0 − u0
ε‖L∞(

>
n) + ‖uε(·, t+ h) − uε(·, t)‖L∞(

>
n)

≤2B0ε+ C1

(
B0,

B0C2

ε

)
h.

-4Ø
Ñj@-à�Ó×Ö9ß�ÑÒÚ;C�Õ"Ó×Ö9Ó×Õ�Ù9Õ :=Ö
ε
ÜJÝdC):=ã9Ñj@-Ó×Ö�ÑÒÚ;C"Õ�:bBRÙ9D×Ù;Ð7:-ÔZ>]:=ÖSÑÒÓ×ÖbÙ9Ó×ÑvØ�:-Ô

u
Ü
ωF
ÜHÝ�Ú9Ó�>?ÚïB9CEÞ�CEÖ;B9Ð

:=Ö9D×Ø�:=Ö
B0
6

2

X
Y�Z\[^]`_ °�c%a�°3{�'�#R�I�¹ "�����¹���»�$�������! ��$#%�%�$'��$��'������% �� | �K� � �R#R� F ���R����� Î ���§ß
Ü$� | � �,�I����� C1

(
B0,

B0C2

ε

)
∼

B0C2
1
ε

�$'��.���
ωF (δ) ∼

√
δ
 �{�'7#R�����p "���!� | ��'�����#v�
}�'���#%����� ��}��!���� "�$' Î �\�
�$��'��������R' Ý �I�
' |87 ����� |

7 �$#K�
¥�ß�¦�¨ | Î ���!���?��'t����� �����R���R����}Ù�
������#%�&��'(�p��¡
��� �9�O�I���(�������~#R�(�~�����$'� 
��}����$#%��}����p�$#%�&��'� 
�AY�Z Z\[ °�cRa$Çbd�fhgMlRË�n!o�x^m�oÕu;s\Ë�Ì^ÿ�qOx^y Ë�ÌMi,o�w�Ë!u�k%ÌMn�l�u�xMË:�%�;o�xMo�w�qOk�m�q(Ë�o zÏM�I��}"���"«����
#R�

U+ �v}����K�(�� !#%�����
�Ñ�
U− �����!�(�
}������Ñ�I#%�&��' �K}"���K�(�" �#%�������Ñ�.��� Î �
������#%�&��'$�����p��ß$Ó������I ���#R����# �

u0(x) − ωF (t) − ‖c‖L∞(
>

n×[0,T ))B0t ≤U−(x, t)

≤U+(x, t) ≤ u0(x) + ωF (t) + ‖c‖L∞(
>

n×[0,T ))B0t.

�
��}U�
����}��
(x, t) ∈ R

n × (0, T )
 

�~w�u`u�s\u;s-,Ao�r7r�q.�! #5<;
8HÓ×<?Ð?ÑAÜ�Ý4C�ÐÒÑÒÙ;BRØ
ÑÒÚ;C"Þ9<?:=ã9D�CEÕ ö�ùAú�üf6*8�>]>]:=<?BRÓ×Ö9ßäÑ?: ÑÒÚ;Cp+�CEÕ"Õ)@Õ/R6×ù�ù�ÜJÑÒÚ9Ó�Ð&Þ9<?:=ã9D�CEÕ Ú¤@=Ð7@�Ù9Ö9Ó¤DSÙ;C
>]:=ÖSÑÒÓ×ÖSÙ;:=Ù;Ð�Ð?:=D×Ù9ÑÒÓ�:=Ö�Ü

u
ÜRÝ�Ú9Ó�>?ÚäÐj@-ÑÒÓ�Ð�å¤C]ÐAÿ

u0(x) − ωF (t) ≤ u(t, x) ≤ u0(x) + ωF (t).

@2C�Þ9<?:AÛ�C�ÑÒÚ¤@-Ñ ‖Du‖L∞(
>

n×(0,T )) ≤ ‖Du0‖L∞(
>

n)
6HávÖ;B9C]C]BwÜ�D�CEÑwÙ;Ð�>]:=Ö;ÐÒÓ�B9CE<�ÑÒÚ;C�Ô�Ù9Ö;>EÑÒÓ�:=Ö

uh(x, t) =

u(x + h, t) + ‖Du0‖L∞(
>

n) |h|
6W=�Ú;CEÖ

uh Ó�Ð�ÐÒÑÒÓ×D×DPÐ?:=D×Ù9ÑÒÓ�:=Ö�:-Ô§ö�ùAú�üf6W=�Ú;CE<?CfÔ�:=<?C�Ü uh(x, 0) = u0(x +



h) + ‖Du0‖L∞(
>

n) |h| ≥ u0(x)
6 æ :9Ü�ãSØâÑÒÚ;C7>]:=Õ"Þ¤@-<ÒÓ�Ðj:=ÖäÞ9<ÒÓ×Ö;>EÓ×Þ9D�C�Ü�Ý4C7Ú¤@]Û�C

uh ≥ u
6 @2C7B9C]BRÙ;>]C

ÑÒÚ¤@-ÑAÜRÔ~:=<ZCEÛ�CE<ÒØ
h ∈ R

n Ü

u(x, t) − u(x+ h, t) ≤ ‖Du0‖L∞(
>

n) |h|,
@-Ö;B�Ð?:

‖Du‖L∞(
>

n×(0,T )) ≤ ‖Du0‖L∞(
>

n)@2C�ÑÒÚ;CEÖ�Ð?CEÑ
U+(x, t) = u(x, t)+‖c‖L∞(

>
n×[0,T ))B0t

6M=�Ú;CEÖ�Ü ‖DU+‖L∞(
>

n×(0,T )) ≤ ‖Du‖L∞(
>

n×(0,T )) ≤
B0
@-Ö;B

U+ Ó�ÐZÐ?:=D×Ù9ÑÒÓ�:=Ö�:-ÔÒÿ
{
vt − ‖c‖L∞(

>
n×[0,T ))B0 + F (Dv,D2v) = 0,

v(x, 0) = u0,

@-Ö;B�Ð?:
U+ Ó�ÐZÐ?Ù9Þ�CE<?Ð?:=D×Ù9ÑÒÓ�:=Öâ:-Ô�ö�ù!¸�ü�@-Ö;B Ðr@-ÑÒÓ�Ð�å¤C]ÐAÿ

U+(x, t) =u(x, t) + ‖c‖L∞(
>

n×[0,T ))B0t

≤u0(x) + ωF (t) + ‖c‖L∞(
>

n×[0,T ))B0t.

æ Ó×Õ"Ó×D¬@-<ÒD×Ø�Ü�ÝdCL>]:=Ö;ÐÒÑÒ<ÒÙ;>EÑH@�Ð?Ù9ã;Ð?:=D×Ù9ÑÒÓ�:=Ö
U− Ð?Ù;>?Ú£ÑÒÚ¤@-Ñ U−(x, t) ≥ u0(x)−ωF (t)−‖c‖L∞(

>
n×[0,T ))B0tãSØ�Ð?CEÑÒÑÒÓ×Ö9ß

U−(x, t) = u(x, t) − ‖c‖L∞(
>

n×[0,T ))B0t
6p=H:â@=>?Ú9Ó�CEÛ�C)ÑÒÚ;C"Þ9<?:�:-Ô�ÜJÓ×Ñ&ÐÒÙIP)>]C]Ð�Ñ?:â@-Þ9Þ9D×Ø

ÑÒÚ;C�>]:=Õ"Þ¤@-<ÒÓ�Ð?:=Ö�Þ9<ÒÓ×Ö;>EÓ×Þ9D�C&Ñ?:
U− @-Ö;B U+ 6

2

8tÓ×Ö¤@-D×D×Ø�Ü9Ý4C£Þ9<?:aÛ�C]B�ÑÒÚ;C�Ô�:=D×D�:AÝ�Ó×Ö9ß*=�Ú;C]:=<?CEÕ�ÿ
Ã
ÄjYOÅÆ]`Y�Z×°�c%a�ÖÈd�fhgMlRË�n!o�x^m�oÕqOxMy�Ì^xÆlRÍjÌMo�xMo�Ë!Ë�svu�wpn�Ê^otkRu`m�qOk�iÆw�u�ÿÆkRo�r z�M�
#

T > 0
 GÏM�I��' | ��'����
}p#R�I�p���������h��#%�%�$'(� (H0) | #R�(��}��.��«$���
#R������'O�&Ð
�O�������� "�����%#%�.�
�$�Ñ�I#%�%�$'7����#R�I���}�� Î ���
� ��ß$Ó�����'

R
n × [0, T )

 
E ! Ä�Ì�ÅvÉËÇ�Ì F ÊJÎ Ì�Â F Ä�ÊHÈv´�Ì�ÅvÊJÎ ÊML
J,HSÊjN4È F É õ-À;ö^÷
�AY�Z Z\[ °�cRa�Ú d � i^w�lRu;w�lAo�Ë�n�l%r�qIn!o z¢Ù���������U#R���$# ‖Du0‖L∞(

>
n) ≤ B0

�$'�� ∂u0

∂xn
≥ b0 | � �R#R� B0 > 0

��'��
b0 > 0

 pÏM�(��' | #R�I�~�����Ñ�I#%�&��'�����§ß$Ó��
���R����� Î ��#R�I�.ÏM�I���$}�����­� Rß:=����$#%����	����

‖Du(·, t)‖L∞(
>

n) ≤ B(t)
��'�� ∂u

∂xn
≥ b(t),

� �R#R� B(t) = B0e
Lct ��'�� b(t) = b0 −B0(e

Lct − 1)
 �ÔÕ��}"��������} | u ���W��'O� ����}������� "��';#%�R'O�(����� �R'�#%�������'����R#R�W�p�!�����Ñ���U���
 "�$';#%��';���%#%���R't#%�R���

ωu | ���R	A'��"� Î � �
∀x ∈ R

n, ∀s, t ∈ [0, T ), |u(x, t) − u(x, s)| ≤ ωu(|t− s|),
�
�$#%����	���� �

ωu(δ) ≤ ωF (δ) + ‖c‖L∞B0δ + ωc(δ)

∫ T

0
B(s)ds,

� �I��}"� ωc
���Ù#R�(�Ù�p�!�����Ñ���
���Ù "�$';#%��';���%#%����'5#%�R���W���

c | ��'�� ωF
���h#R�I� �p�!�$�������~���W "��';#%�R'O���R#%���R'5#%�R�p�

���~#R�I�~�
�����I#%�%��'G���p��ß?>
���&�!�"�W�M�����p��­� �ß�ß��$ 



�~w�u`u�s5u�s@,Ao�rªrªqA�B C5<D 8;:=< ÑÒÚ;C
Þ9<?:b:-Ô':-Ô�ÑÒÚ;CäD×Ó×Þ;Ð?>jÚ9Ó×Ñ�9�C]ÐÒÑÒÓ×Õ)@-Ñ?C
Ó×Ö ÐÒÞ¤@=>]C�Ü¦Ý4C2@=Ð?Ð?Ù9Õ�CâÓ×Ö
@âå;<?ÐÒÑ"ÑÒÓ×Õ�C�ÑÒÚ¤@-Ñ

u
Ó�Ð'ãh:=Ù9Ö;B9C]Bw6�@2C Ð?CEÑ

φε(x, y, t) = B(t)
(
|x− y|2 + ε2

)1/2 6�@2C Þ9<?:AÛ�C ÑÒÚ¤@-Ñ
u(x, t) − u(y, t) ≤ φε 6V@2C�Ð?CEÑAÿ

M = sup
(x,y,t)∈

>
n×
>

n×[0,T )
{u(x, t) − u(y, t) − φε(x, y, t)} ,

8¦Ð?Ð?Ù9Õ�C�ÑÒÚ¤@-Ñ
M > 0

6A=�Ú;CEÖ�Ý4C�Ð?CEÑAÿ

M̄ = sup
(x,y,t)∈

>
n×
>

n×[0,T )

{
u(x, t) − u(y, t) − φε(x, y, t) − α

2
(|x|2 + |y|2) − γ

T − t

}
.

8;:=<
α > 0, γ > 0

ÐÒÕ)@-D×DwCEÖ;:=Ù9ß�Ú�Ü9Ý4C�Ú¤@AÛ�C
M̄ > 0

6�ýä:=<?C]:AÛ�CE<
u
Ó�Ð�ã�:=Ù9Ö;B9C]BwÜ;Ðj:�ÑÒÚ;C�ÐÒÙ9Þ Ó�Ð�<?CA@=>jÚ;C]B

Ó×Ö
(x̄, ȳ, t̄)

ö�Ý�Ó×ÑÒÚ
x̄ 6= ȳ
ü�@-Ö;B

α

2
(|x̄|2 + |ȳ|2) ≤ C,

@-Ö;B)Ð?:
αx̄→ 0

@-Ö;B
αȳ → 0

6V@2C¥Þ9<?:AÛ�C¦ÑÒÚ¤@-Ñ
t̄ > 0
6�ávÖ;B9C]C]BwÜR@=Ð?ÐÒÙ9Õ�C¥ÑÒÚ;C¥:=Þ9Þh:�ÐÒÓ×Ñ?C�6S=�Ú;CEÖ�ÜSÝdC¥Ú¤@AÛ�C

u0(x̄) − u0(ȳ) − φε(x̄, ȳ, 0) > 0,

Ó�C

u0(x̄) − u0(ȳ) > B0

(
|x̄− ȳ|2 + ε2

) 1

2 > B0|x̄− ȳ|,
Ý�Ú¤@-ÑZÓ�Ð¥@-ã;ÐÒÙ9<?B�Ð?Ó×Ö;>]C ‖Du0‖L∞(

>
n) ≤ B0

6V@2C£Ð?CEÑ

p̄ = Dxφ
ε =

(
|x̄− ȳ|2 + ε2

)−1/2
(x̄− ȳ)B(t) = −Dyφ

ε 6= 0
ö�ãhC]>A@-Ù;Ð?C

x̄ 6= ȳ
ü
,

Z = D2
xφ

ε =
((

|x̄− ȳ|2 + ε2
)−1/2

I −
(
|x̄− ȳ|2 + ε2

)−3/2
(x̄− ȳ) ⊗ (x̄− ȳ)

)
B(t) = D2

yφ
ε,

A = D2φε =

(
Z −Z
−Z Z

)
.

=�Ú;CEÖ�ÜwãSØâÞ¤@-<j@-ã�:=D×Ó�>"áiÐÒÚ9Ó×ÓV+�CEÕ"Õ)@RÜJ@-Þ9Þ9D×Ó�C]B
Ñ?:
ũ = u(x, t) − α

2 |x|2, ṽ(y, t) = v(y, t) + α
2 |y|2
@-Ö;B

φ(x, y, t) = φε(x, y, t) + γ
T−t

ÜZÔ~:=<�CEÛ�CE<ÒØ
β
ÐÒÙ;>?Ú�ÑÒÚ¤@-Ñ

βA < I
Ü¥ÑÒÚ;CE<?C
Cfô�Ó�ÐÒÑ?Ð

τ1, τ2 ∈ R
@-Ö;B

X, Y ∈ Sn ÐÒÙ;>?Ú�ÑÒÚ¤@-ÑAÿ

τ1 − τ2 =
γ

(T − t̄)2
+ LcB(t)

(
|x̄− ȳ|2 + ε2

) 1

2 ,

(τ1, p+ αx̄,X + αI) ∈ P̄+u(x̄, t̄),

(τ2, p− αȳ, Y − αI) ∈ P̄−v(ȳ, t̄),

−1

β

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ (I − βA)−1A.

æ :9Ü9ÑÒÚ;C§Ô~:=D×D�:aÝ�Ó×Ö9ß)Ú;:=D�B9Ð

τ1 − c(x̄, t̄)|p̄+ αx̄| + F∗(p̄+ αx̄,X + αI) ≤ 0,



τ2 − c(ȳ, t̄)|p̄− αȳ| + F ∗(p̄− αȳ, Y − αI) ≥ 0.

=�Ú;C�Õ)@-ÑÒ<ÒÓuô�Ó×Ö;C�DbÙ¤@-D×Ó×ÑvØ�Ó×Õ"Þ9D×Ó�C]ÐAÜ¤Ó×Ö�Þ¤@-<ÒÑÒÓ�>EÙ9D¬@-<AÜ�ÑÒÚ¤@-Ñ
X ≤ Y

ÜªÐ?:9Ü9ãSØ Ù;Ð?Ó×Ö9ß)ÑÒÚ;C&CED×D×Ó×Þ9ÑÒÓ�>EÓ×ÑNØ�:-Ô
F
Ü9ÝdC

B9C]BRÙ;>]C�ÿ

τ2 − c(ȳ, t̄)|p̄− αȳ| + F ∗(p̄− αȳ,X − αI) ≥ 0.

1 89<?:=Õ ÑÒÚ¤@-ÑAÜ9ãbØ�Ð?Ù9ã;ÐÒÑÒ<j@=>EÑÒÓ×Ö9ß;ÿ
γ

(T − t̄)2
+ LcB(t)

(
|x̄− ȳ|2 + ε2

) 1

2 − c(x̄, t̄)|p̄+ αx̄| + c(ȳ, t̄)|p̄− αȳ|

+F∗(p̄+ αx̄,X + αI) − F ∗(p̄− αȳ,X − αI) ≤ 0.

@2CZD�CEÑ
α
ß�:&Ñ?:

0
ö
p̄
@-Ö;B

X
@-<?CZãh:=Ù9Ö;B9C]B�Ðj:�ÑÒÚ;CEØ">]:=ÖSÛ�CE<Òß�C£@-Ö;B�ÝdC¦Ð?ÑÒÓ×D×D¤Ö;:=Ñ?C

p̄
@-Ö;B

X
ÑÒÚ;CEÓ×<pD×Ó×Õ"Ó×Ñrüfÿ

γ

(T − t̄)2
+ lim

α→0

(
LcB(t)

(
|x̄− ȳ|2 + ε2

) 1

2 + (−c(x̄, t̄) + c(ȳ, t̄)) |p̄|
)

+ F∗(p̄, X) − F ∗(p̄, X) ≤ 0.

5¦:aÝ�Ü
p̄ 6= 0
Ü9ÑÒÚ;CE<?CfÔ�:=<?C

F∗(p̄, X) = F ∗(p̄, X)
6Lýä:=<?C]:AÛ�CE<AÜ

LcB(t)
(
|x− y|2 + ε2

)1/2 − c(x, t)|p̄| + c(y, t)|p̄|

=
(
|x− y|2 + ε2

)1/2
(
LcB(t) − |x− y|B(t)

|x− y|2 + ε2
(c(x, t) − c(y, t))

)

≥
(
|x− y|2 + ε2

)1/2
(
LcB(t) − |x− y|2LcB(t)

|x− y|2 + ε2

)

≥
(
|x− y|2 + ε2

)1/2
(LcB(t) − LcB(t))

≥0,

Ð?:
γ

(T − t̄)2
≤ 0,

Ý�Ú¤@-ÑZÓ�Ð¥@-ã;ÐÒÙ9<?Bw6 æ :
u(x, t) − u(y, t) ≤ φε 6A-dØ�D�CEÑÒÑÒÓ×Ö9ß ε ß�:'Ñ?: 0

Ü9Ý4C&:=ã9Ñj@-Ó×Ö�ÿ

u(x, t) − u(y, t) ≤ B(t)|x− y|.
ºPôR>jÚ¤@-Ö9ß�Ó×Ö9ß

x
@-Ö;B

y
ÜRØ�Ó�CED�B9Ð

|u(x, t) − u(y, t)| ≤ B(t)|x− y|,
Ý�Ú¤@-Ñ&ß�Ó×Û�C]Ð�ÑÒÚ;C"å;<?ÐÒÑ�<?C]ÐÒÙ9D×Ñ�Ó×Ö�ÑÒÚ;C)>A@=Ð?C"Ý�Ú;CE<?C

u
Ó�Ð�ãh:=Ù9Ö;B9C]Bw6�á�Ô

u
Ó�Ð�Ö;:=Ñ&ãh:=Ù9Ö;B9C]BwÜJÝdC�>]:=Ö;ÐÒÓ�B9CE<

ÑÒÚ;C¥ÑÒ<ÒÙ9Ö;>A@-ÑÒÙ9<?C¥Ô�Ù9Ö;>EÑÒÓ�:=Ö;Ð
Tk
ö~Ð?C]C�å;ß�Ù9<?C /�üf6S=�Ú;CEÖ

Tk(u)
Ó�Ð4ã�:=Ù9Ö;B9C]B�@-Ö;B�Ð?:=D×Ù9ÑÒÓ�:=Ö�:-Ô�ÑÒÚ;C¦Þ9<?:=ã9D�CEÕ�Ü

@-Ö;B�Ð?:9ÿ

|Tk(u(x, t)) − Tk(u(y, t))| ≤ B(t)|x− y|.
+�CEÑÒÑÒÓ×Ö9ß

k
ß�:"Ñ?:'Ó×ÖRå;Ö9Ó×ÑNØ�Ü;Ø�Ó�CED�B9ÐAÿ

|u(x, t) − u(y, t)| ≤ B(t)|x− y|,



@-Ö;B Ý4C�:=ã9Ñj@-Ó×Ö�ÑÒÚ;C�å;<?ÐÒÑZC]ÐÒÑÒÓ×Õ)@-Ñ?C�6
8;:=<pÑÒÚ;C¦Ð?C]>]:=Ö;B)C]Ð?ÑÒÓ×Õ)@-Ñ?C�ÜSÝdC¥Ð?CEÑAÜSÔ~:=<

x = (x′, xn)
Ü
uλ(x, t) = u(x′, xn +λ, t)−λb(t) 6S@2C¥Ú¤@]Û�C

uλ(x′, xn, 0) =u(x′, xn + λ) − λb0

≥u(x′, xn, 0).

ýâ:=<?C]:aÛ�CE<AÜ

uλ
t +G∗

(
x′, xn, t,Du

λ, D2uλ
)

=ut − λb′(t) − c(x′, xn, t)|Du| + F ∗
(
Du,D2u

)

=ut + λB0Lce
Lct − c(x′, xn, t)|Du| + F ∗

(
Du,D2u

)

≥ut + λB0Lce
Lct −

(
c(x′, xn + λ, t) + λLc

)
|Du| + F ∗

(
Du,D2u

)

≥λB0Lce
Lct − λB0Lce

Lct + ut +G∗
(
x′, xn + λ, t,Du,D2u

)

≥0,

Ý�Ú;CE<?C
ut, Du, D

2u
@-<?C�Ñj@-à�CEÖ"@-Ñ�ÑÒÚ;CdÞh:=Ó×ÖSÑ

(x′, xn, t)
6Æ=�Ú9Ó�ÐPÓ�ÐPÝ�<ÒÓ×ÑÒÑ?CEÖ"Ó×Ö�@¦Ô�:=<ÒÕ)@-DRÝd@]Ø"@-Ö;B'ÑÒÚ¤@-Ñ�Ó�Ð

ìiÙ;ÐÒÑÒÓuå¤C]B�ãbØ�Ù;ÐÒÓ×Ö9ß�@�Ñ?C]ÐÒÑdÔ~Ù9Ö;>EÑÒÓ�:=Ö�6 æ :9Ü�Ý4C£:=ã9Ñj@-Ó×Ö ÑÒÚ¤@-Ñ
uλ Ó�Ð�@7ÐÒÙ9ÞhCE<?Ð?:=D×Ù9ÑÒÓ�:=Ö�6A-dØ)ÑÒÚ;C�>]:=Õ"Þ¤@-<ÒÓ�Ð?:=Ö

Þ9<ÒÓ×Ö;>EÓ×Þ9D�C�Ü;Ý4C&B9C]BRÙ;>]C
uλ ≥ u

Ü;@-Ö;B�Ð?:

u(x′, xn + λ, t) − u(x′, xn, t) ≥ λb(t).

Ý�Ú¤@-ÑLÞ9<?:AÛ�C]ÐpÑÒÚ;C�Ð?C]>]:=Ö;B�C]ÐÒÑÒÓ×Õ)@-Ñ?C�6PáNÑ�ÑÒÚSÙ;Ð�<?CEÕ)@-Ó×Ö;ÐpÑ?:�ã�C�ÐÒÚ;:aÝ�Ö�ÑÒÚ¤@-Ñ
u
Ó�ÐPÙ9Ö9ÓuÔ�:=<ÒÕ"D×Ø">]:=ÖSÑÒÓ×ÖbÙ;:=Ù;ÐpÓ×Ö

ÑÒÓ×Õ�C�6^@2C4Ð?CEÑ
δ > 0
6t8;:=<PCEÛ�CE<ÒØ

(x, t) ∈ R
n×(0, T )

Ð?Ù;>?Ú'ÑÒÚ¤@-Ñ
t+δ ≤ T

ÜaÝdCdÐjCEÑ
v(x, t) = u(x, t+δ)

6
=�Ú;CEÖ�Ü

v
Ó�Ð¥@'Ð?Ù9ã;Ð?:=D×Ù9ÑÒÓ�:=Ö�:-Ô

wt − ωc(δ)B(t+ δ) − c(x, t)|Dw| + F
(
Dw,D2w

)
= 0

:=Ö
R

n × (0, T − δ)
Ó×Ö ÑÒÚ;C�ÐjCEÖ;Ð?C£:-ÔPB9Cfå;Ö9Ó×ÑÒÓ�:=Ö�/R6×ù

(ii)
6páNÖ;B9C]C]BwÜ9Ý4C£Ú¤@AÛ�C

vt − c (x, t+ δ) |Dv| + F
(
Dv,D2v

)
= 0,

@-Ö;B

−c (x, t+ δ) |Dv| ≥ −ωc(δ)B(t+ δ) − c(x, t)|Dv|,
Ý�Ú¤@-ÑZß�Ó×Û�C]ÐZÓ×Ö�@�Ô�:=<ÒÕ)@-D�Ýd@AØ�ÿ

vt − ωc(δ)B(t + δ) − c(x, t)|Dv| + F
(
Dv,D2v

)
≤ 0.

ýâ:=<?C]:aÛ�CE<AÜ
u+ωc(δ)

∫ t+δ
0 B(s)ds

Ó�Ð�Ð?:=D×Ù9ÑÒÓ�:=Ö&:-ÔRÑÒÚ;CLÐj@-Õ�CPÞ9<?:=ã9D�CEÕ�6 æ :
ũ = u+supx∈

>
n (u(x, δ) − u0(x))

++

ωc(δ)
∫ t+δ
0 B(s)ds

Ó�Ðd@£Ð?Ù9Þ�CE<?Ð?:=D×Ù9ÑÒÓ�:=Ö @-Ö;B
v(x, 0) ≤ ũ(x, 0)

6S-dØp+�CEÕ"Õ)@�/R6×ùAî&@-Ö;B�ÑÒÚ;C¦>]:=Õ"Þ¤@-<ÒÓ�Ð?:=Ö
Þ9<ÒÓ×Ö;>EÓ×Þ9D�C�Ü;Ý4C�ÑÒÚ;CEÖ�Ú¤@]Û�C�ÿ

u(x, t+ δ) − u(x, t) ≤ sup
x∈
>

n

(u(x, δ) − u0(x))
+ + ωc(δ)

∫ t+δ

0
B(s)ds

≤ωF (δ) + ‖c‖L∞B0δ + ωc(δ)

∫ T

0
B(s)ds.



æ Ó×Õ"Ó×D¬@-<ÒD×Ø�Ü
v
Ó�Ð¥@�ÐÒÙ9Þ�CE<?Ðj:=D×Ù9ÑÒÓ�:=Ö�:-Ô

wt + ωc(δ)B(t+ δ) − c(x, t)|Dw| + F
(
Dw,D2w

)
= 0

@-Ö;B
ũ = u− supx∈

>
n (u(x, δ) − u0(x))

− −ωc(δ)
∫ t+δ
0 B(s)ds

Ó�Ð�ÐÒÙ9ã;Ð?:=D×Ù9ÑÒÓ�:=Ö�6 æ :9Ü�ãbØ�ÑÒÚ;C�>]:=Õ"Þ¤@-<�Q
Ó�Ð?:=Ö Þ9<ÒÓ×Ö;>EÓ×Þ9D�C�Ü;ÝdC£Ú¤@]Û�C

u(x, t) − u(x, t+ δ) ≤ωF (δ) + ‖c‖L∞Bδ + ωc(δ)

∫ t+δ

0
B(s)ds

≤ωF (δ) + ‖c‖L∞B0δ + ωc(δ)

∫ T

0
B(s)ds,

Ó�C

|u(x, t) − u(x, t+ δ)| ≤ ωF (δ) + ‖c‖L∞B0δ + ωc(δ)

∫ T

0
B(s)ds,

Ý�Ú¤@-Ñ¦@=>?Ú9Ó�CEÛ�C]Ð¦ÑÒÚ;C�Þ9<?:b:-Ô�:-ÔPÑÒÚ;C£D�CEÕ"Õ)@R6
2

E FHG�ç ¸�»Z¸ è?»£¾Æê\è.ð�ºh»�ñ�è"çAé I�ð�ºh»£»\í
»\íJFHG�ç�»�º�çAé ¶LKME
8;:=<ZÑÒÚ;C£Þ9<?:�:-ÔP:-ÔS=�Ú;C]:=<?CEÕ ù�6 îRÜ9ÝdC£Ý�Ó×D×D�Ö;C]C]B ÑÒÚ;C�ÑÒÚ9<?C]C�Ô~:=D×D�:aÝ�Ó×Ö9ß�D�CEÕ"Õ)@=ÐAÿ
�AY�Z Z\[�Ç`cRa d�fÙË�n�l%r�qIn!oÕu�x�n�ÊMotm�Ê^q(w�q(m$n!o�w�lRË�n�lRm5s�ÌÆx^m$n�lRu�x^Ë z�M�
#

u1 ∈ C(Rn)
���$#%���������R'��

∂u1

∂xn
≥ b

��'3#R�I�������
#%}�� Î �I#%�%�$'(�ON®����'(�!�Ù����}p������� b > 0
��'��

u2 ∈ L∞PRQTS (Rn)
�
�$#%����������'��t#R�(���
�����? ���'����%#%�%�$'� 

ÏM�I��' | � �W��������#R�(�A�����R��� � ��'��*����#%�R�p�$#v� �
∥∥[u2] − [u1]

∥∥
L1U Á�À V ≤ 2

b

∥∥u2 − u1
∥∥

L∞
.

ö&/�è�ü
8;:=<�ÑÒÚ;C&Þ9<?:�:-Ôp:-ÔLÑÒÚ9Ó�Ð +�CEÕ"Õ)@RÜhÝ4C�<?CfÔ�CE<¦Ñ?:�ÑÒÚ;C&Þ9<?:�:-Ô4:-Ô,8¦D×Û=@-<?C
9'CEÑ£@-D�6&ø0/-ûtÓ×ÖâÑÒÚ;C7>A@=Ð?C

n = 2
Ü

Ý�Ú9Ó�>?Úä@=B;@-Þ9Ñ?ÐZÝ�Ó×ÑÒÚ;:=Ù9Ñ¦BRÓ�P)>EÙ9D×ÑvØ Ñ?:'ÑÒÚ;C&>A@=Ð?C£:-Ô�@-ÖbØ BRÓ×Õ�CEÖ;ÐÒÓ�:=Ö�6
�AY�Z Z\[�Ç`c�° d�

u�xW��u�k%ÌMn�lRu�x�l%x^o�ÍjÌ^qOk%l�n�þ z±j��}Ù�
����}��

f ∈ L1X ½�¼ Y (Rn)
��'��

g ∈ L∞¼¾½"¿ (Rn) | #R�I�  ���'O�������I#%�%��'���}��!�$�I �# f ?g ��� Î ����'���������'��
�
�$#%����	¹���

‖f ? g‖L∞(
>

n) ≤ ‖f‖L1U Á�À V (> n)‖g‖L∞À ÁvÂ ( > n).

8;:=<ZÑÒÚ;C£Þ9<?:�:-ÔÒÜRÝ4C£<?CfÔ�CE<ZÑ?:�8¦D×Û=@-<?C
9�CEÑ¦@-D�6×ø î=ûv6
�AY�Z Z\[�Ç`c�Çbd�É®n!q(ÿÆl%k%l�n�þ3u�s\n�Ê^o5Ë!u�kRÌMn�lRu�x[Z�l�n�Ê�w�o�Ë!iAo�m$npn!u�n�Ê^o���o�kRu`m�l�n�þ z�M�
#

T > 0
 �¡��� "��'O���&����}A����}

i = 1, 2
# � �*��� �h�
}���'�#¹��Ð��I�$#%�&��'(� �

{
ui

t = ci(x, t)|Dui| − F
(
Dui, D2ui

) �R'
R

n × (0, T ),

ui(x, 0) = u0(x).

ö&/Rùaü



� �I��}"� ci ���$#%���R����#R�I�U�����������®#%�%��' (H0)(ii) | u0
�
��#%���R	����

(H0)(iii)
��'��

F
���$#%����	����W#R�I�U���������h��#%�&��'(�

(HF )
 �ÏM�I��' | �
��}U�
����}�� t ∈ [0, T ) | � �~���$���

‖u1(·, t) − u2(·, t)‖L∞(
>

n) ≤ ‖c1 − c2‖L∞(
>

n×(0,T ))

∫ t

0
B(s)ds,

� �I��}"� ui ��}"��#R�I�U��������#%�&��'(�����*�v­�ß��t�K���"�tÏM�I����}"���á­� Rß
Ü�� | B(t) = B0e
Lct � �%#R� Lc = supi Lci

�
Lci���~#R�I� �V�¶�I ������%#�£U ���'(��#K�$';#»���

ci
�$ 

�~w�u`u�s\u;s-,Ao�r7r�q\;� 0;
@2C�Ð?CEÑ

K = ‖c1 − c2‖L∞(
>

n×(0,T ))
6A@2C�<?CEÕ)@-<Òà�ÑÒÚ¤@-Ñ

u1 Ó�ÐZÐÒÙ9ã;Ðj:=D×Ù9ÑÒÓ�:=Ö�:-Ô

ut − c2(x, t)|Du| + F
(
Du,D2u

)
−KB(t) = 0.

ávÖ;B9C]C]BwÜ9ÝdC£Ú¤@]Û�C�ÿ

u1
t − c2(x, t)|Du1| + F

(
Du1, D2u1

)
≤c1(x, t)|Du1| − F

(
Du1, D2u1

)
− c2(x, t)|Du1| + F

(
Du1, D2u1

)

≤‖c1 − c2‖L∞(
>

n×(0,T ))B(t)

≤KB(t).

ávÑ§Ó�Ð�@�<?:=Ù9ÑÒÓ×Ö;C"Cfô9CE<?>EÓ�>]C'Ñ?:�>?Ú;C]>?àäÑÒÚ¤@-Ñ£ÑÒÚ;C'BRÓ�ThCE<?CEÖbÑÒÓ¬@-D�Ó×Ö;C�DSÙ¤@-D×Ó×ÑNØ
@=>EÑÒÙ¤@-D×D×ØâÚ;:=D�B9Ð�Ó×Ö
ÑÒÚ;C�Û�Ó�Ð?>]:�ÐÒÓ×ÑNØ
Ð?CEÖ;Ð?C�6týâ:=<?C]:aÛ�CE<AÜ

u2+K
∫ t
0 B(s)ds

Ó�ÐtÐj:=D×Ù9ÑÒÓ�:=Ö':-Ô;ÑÒÚ;C�Ðj@-Õ�C4Þ9<?:=ã9D�CEÕ�6V-dØ�ÑÒÚ;C�>]:=Õ"Þ¤@-<ÒÓ�Ð?:=Ö'Þ9<ÒÓ×Ö;>EÓ×Þ9D�C
ö%=�Ú;C]:=<?CEÕ /R6¶µ�üfÜ9ÝdC�B9C]BRÙ;>]C

u1 ≤ u2 +K

∫ t

0
B(s)ds.

1 89<?:=Õ Ý�Ú¤@-Ñ

‖u1(·, t) − u2(·, t)‖L∞(
>

n) ≤ ‖c1 − c2‖L∞(
>

n×(0,T ))

∫ t

0
B(s)ds.

2

@2C£Ö;:AÝ Þ9<?:AÛ�C
=�Ú;C]:=<?CEÕñù�6 îR6
�~w�u`u�s\u;s-]
Ê^o�u;w�o�r^5_ �;
@2C�Ð?CEÑ

ω(δ) = ωF (δ) + ‖c0‖L1B0δ
Ü9Ý�Ú;CE<?C

ωF
Ó�Ð¥B9Cfå;Ö;C]B Ó×Ö�+�CEÕ"Õ)@�/R6×ù�ù)Ü;@-Ö;B Ý4C�B9Cfå;Ö;C�ÑÒÚ;C�Ð?CEÑ

E =




u ∈ L∞

loc(R
n × [0, T ∗)),

∣∣∣∣∣∣∣∣

|Du(x, t)| ≤ 2B0,
∂u

∂xn
(x, t) ≥ b0

2
u
Ó�Ð�Ù9Ö9ÓuÔ�:=<ÒÕ"D×Ø >]:=ÖSÑÒÓ×ÖbÙ;:=Ù;Ð¥Ó×Ö�ÑÒÓ×Õ�C�@-Ö;B

ωu(δ) ≤ 2ω(δ)





Ý�Ú;CE<?C
ωu
Ó�Ð�ÑÒÚ;C�Õ�:bBRÙ9D×Ù;ÐZ:-Ô�>]:=ÖSÑÒÓ×ÖbÙ9Ó×ÑvØ�Ó×Ö ÑÒÓ×Õ�C&:-Ô

u
Ü¤B9Cfå;Ö;C]B ãSØ

∀x ∈ R
n, ∀s, t ∈ [0, T ∗), |u(x, t) − u(x, s)| ≤ ωu(|t− s|).



8;:=<
u ∈ E
ÜbÝ4C§Ð?CEÑ

c(x, t) = (c0 ? [u(·, t)]) (x)
6V@2C§Ð?C]C¥ÑÒÚ¤@-Ñ

c
Ó�Ð4ã�:=Ù9Ö;B9C]BwÜ�D×Ó×Þ;Ð?>jÚ9Ó×Ñ�9¦Ó×Ö�ÐÒÞ¤@=>]C7ö�Ý�Ó×ÑÒÚ

L = |c0|BV
@=Ð�D×Ó×Þ;Ð?>?Ú9Ó×Ñ�97>]:=Ö;ÐÒÑj@-ÖSÑrüZ@-Ö;B Ù9Ö9ÓuÔ~:=<ÒÕ"D×Ø >]:=ÖbÑÒÓ×ÖSÙ;:=Ù;Ð¦Ó×Ö�ÑÒÓ×Õ�C�6LáNÖ;B9C]C]BwÜ

‖c‖L∞(
>

n×[0,T ∗)) ≤ sup
t∈
> ‖c0‖L1‖[u(·, t)]‖L∞(

>
n)

≤‖c0‖L1(
>

n).

ýâ:=<?C]:aÛ�CE<AÜ9Ô�:=<ZCEÛ�CE<ÒØ
t

‖Dc(·, t)‖L∞(
>

n) =‖Dc0 ? [u(·, t)‖L∞(
>

n)

≤‖Dc0‖L1(
>

n)‖[u(·, t)]‖L∞(
>

n)

≤|c0|BV .

8HÓ×Ö¤@-D×D×Ø�Ü9Ô~:=<
0 < t, s < T ∗ ÿ

|c(x, t) − c(x, s)| = |(c0 ? [u(·, t)]) (x) − (c0 ? [u(·, s)]) (x)|
= |c0 ? ([u(·, t)] − [u(·, s)]) (x)|
≤‖c0‖L∞À ÁKÂ ‖[u(·, t)] − [u(·, s)]‖L1U Á§À V (> n)

≤
4‖c0‖L∞À ÁKÂ

b0
‖u(·, t) − u(·, s)‖L∞(

>
n)

≤
4‖c0‖L∞À ÁKÂ

b0
ωu(|t− s|)

≤
8‖c0‖L∞À ÁKÂ

b0
ω(|t− s|),

Ð?:
c
Ó�Ð�Ù9Ö9ÓuÔ~:=<ÒÕ"D×Ø >]:=ÖSÑÒÓ×ÖbÙ;:=Ù;Ð§Ó×Ö ÑÒÓ×Õ�C&@-Ö;B

ωc(δ) ≤
8‖c0‖L∞À ÁKÂ

b0
ω(δ)
6

8;:=<
u ∈ E
Ü9Ý4C�ÑÒÚ;CEÖ�B9Cfå;Ö;C

v = Φ(u)
@=Ð�ÑÒÚ;C£Ù9Ö9Ó¤DbÙ;C£Û�Ó�Ð?>]:�ÐÒÓ×ÑvØ�Ð?:=D×Ù9ÑÒÓ�:=Ö�ö~ÐjC]CW=�Ú;C]:=<?CEÕ /R6×ù
<bü�:-Ô

{
vt = (c0 ? [u])|Dv| − F (Dv,D2v)

Ó×Ö
R

n × (0, T ∗),

v(x, t = 0) = u0(x)
Ó×Ö

R
n,

ö&/$/�ü

Ý�Ó×ÑÒÚ
u0
B9Cfå;Ö;C]B)Ó×Ö�=�Ú;C]:=<?CEÕ ù�6 îR6Æ@2CZÐ?Ú;:AÝõÑÒÚ¤@-Ñ

Φ : E → E
Ó�Ð4@£>]:=ÖbÑÒ<j@=>EÑÒÓ�:=Ö�6L8tÓ×<?ÐÒÑAÜ�ÝdCZÐÒÚ;:AÝµÑÒÚ¤@-Ñ

Φ
Ó�Ð4Ý4CED×DwB9Cfå;Ö;C]Bw6S@2C¦Ú¤@]Û�C ‖Dv(·, t)‖ ≤ B(t) ≤ B0e

LT ∗ ≤ 2B0
ÜbãSØ�B9Cfå;Ö9Ó×ÑÒÓ�:=Ö�:-Ô

T ∗ ö~Ð?C]CÙ+�CEÕ"Õ)@
/R6×ù!¸�üf6Lýâ:=<?C]:aÛ�CE<AÜ ∂v

∂xn
≥ b(t) = b0 −B0(e

Lt − 1)
ö~Ð?C]CW+�CEÕ"Õ)@p/R6×ù!¸�üfÜ�@-Ö;B�Ý4C£Ý�@-ÖSÑ ∂v

∂xn
≥ b0

2

ÜRÓ�C

B0(e
Lt − 1) ≤ b0

2

eLt ≤ b0
2B0

+ 1

t ≤
ln
(

b0
2B0

+ 1
)

L
,



Ý�Ú¤@-Ñ�Ó�Ð�ÑÒ<ÒÙ;C)@=>]>]:=<?BRÓ×Ö9ßâÑ?: ÑÒÚ;C�>jÚ;:=Ó�>]C�:-Ô
T ∗ 6)áNÑ£ÑÒÚSÙ;Ð�<?CEÕ)@-Ó×Ö;Ð�Ñ?: ãhC"ÐÒÚ;:aÝ�Ö�ÑÒÚ¤@-Ñ v Ó�Ð�Ù9Ö9ÓuÔ�:=<ÒÕ"D×Ø>]:=ÖSÑÒÓ×ÖSÙ;:=Ù;Ð�Ý�Ó×ÑÒÚ

ωv(δ) ≤ 2ω(δ)
6ò5§:AÝ�Ü�ãbØ0ÑÒÚ;CâC]Ð?ÑÒÓ×Õ)@-Ñ?Cä:-Ô�+�CEÕ"Õ)@�/R6×ù!¸�:=ÖËÑÒÚ;C�Õ�:�BRÙ9D×Ù;Ð :-Ô

>]:=ÖSÑÒÓ×ÖSÙ9Ó×ÑNØ�Ó×Ö ÑÒÓ×Õ�C�:-ÔPÑÒÚ;C�Ð?:=D×Ù9ÑÒÓ�:=Ö�Ü9ÝdC£Ú¤@]Û�C�ÿ

ωv(δ) ≤ ωF (δ) + ‖c‖L∞B0δ + ωc(δ)

∫ T ∗

0
B(s)ds.

æ Ó×Ö;>]C ‖c‖L∞(
>

n×[o,T ∗)) ≤ ‖c0‖L1

ÜRÓ×Ñ¦ÐÒÙIP)>]C]Ð�Ñ?:�ÐÒÚ;:aÝ ÑÒÚ¤@-Ñ
ωc(δ)

∫ T ∗

0 B(s)ds ≤ ω(δ)
Ü;Ó�C

8‖c0‖L∞À ÁvÂ
b0

ω(δ)

∫ T ∗

0
B(s)ds ≤ ω(δ)

∫ T ∗

0
B(s)ds ≤ b0

8‖c0‖L∞À ÁKÂ
1

L

(
eLT ∗ − 1

)
≤ b0

8B0‖c0‖L∞À ÁvÂ

T ∗ ≤
ln

(
Lb0

8B0‖c0‖L∞À ÁKÂ + 1

)

L
,

Ý�Ú¤@-ÑZÓ�Ð�ÑÒ<ÒÙ;C&@=>]>]:=<?BRÓ×Ö9ß�Ñ?:'ÑÒÚ;C�>?Ú;:=Ó�>]C�:-Ô
T ∗ @-Ö;B�Ðj: v ∈ E

6
ávÑ"ÑÒÚbÙ;Ð"<?CEÕ)@-Ó×Ö;Ð"Ñ?:
ãhC ÐÒÚ;:AÝ�ÖõÑÒÚ¤@-Ñ

Φ
Ó�Ð�@
>]:=ÖSÑÒ<j@=>EÑÒÓ�:=Ö�608;:=<

vi = Φ(ui)
Ü�@=>]>]:=<?BRÓ×Ö9ß2Ñ?:
ÑÒÚ;C

+�CEÕ"Õ)@=Ð¦îR6 î'ÑÒÚ;CEÖäîR60/�@-Ö;B�îR6×ù�Ü9Ý4C�Ú¤@]Û�C

‖v2 − v1‖L∞(
>

n×(0,T ∗)) ≤2B0T
∗‖c0 ? [u2] − c0 ? [u1]‖L∞(

>
n×(0,T ∗))

≤2B0T
∗‖c0‖L∞À ÁKÂ ( > n) sup

t∈(0,T ∗)
‖[u2(·, t)] − [u1(·, t)]‖L1U Á�À V ( > n)

≤8B0T
∗

b0
‖c0‖L∞À ÁKÂ ( > n)‖u2 − u1‖L∞(

>
n×(0,T ∗))

≤1

2
‖u2 − u1‖L∞(

>
n×(0,T ∗)).

8¥Ö;B�Ð?:
Φ
Ó�Ð�@�>]:=ÖbÑÒ<j@=>EÑÒÓ�:=Ö�:=Ö

E
Ý�Ú9Ó�>?Ú�Ó�Ðd@�>ED�:�Ð?C]B�Ð?CEÑLÔ�:=<

L∞ Ñ?:=Þh:=D�:=ß�Ø�6 æ :9ÜSÑÒÚ;CE<?C§CfôRÓ�ÐÒÑ?Ðd@�Ù9Ö9Ó¤DSÙ;C
ÛbÓ�Ð?>]:�Ð?Ó×ÑvØ�Ð?:=D×Ù9ÑÒÓ�:=Ö�:-ÔZö&¸�üdÓ×Ö

E
:=Ö

(0, T ∗)
6

2

` a ðUð*ç�¸�¼7¿�b�I�ð7º�»£»�íâ»\íâ¹6G�ç ·�ì6G�¿j¿�c.çAéïéáê
@2C§@-<?C¥ß�:=Ó×Ö9ß�Ñ?:�Þ9<?:AÛ�C¦ÑÒÚ;C¥Þ¤@-<j@-ãh:=D×Ó�>§áNÐÒÚ9Ó×Ó�+�CEÕ"Õ)@�ö~Ð?C]C ·4<j@-Ö;B;@-D×DháiÐÒÚ9Ó×ÓHø×ù
<=û�üf6S=�Ú;C¦<?C]ÐÒÙ9D×ÑpÓ�Ðd>ED¬@=Ð?ÐÒÓ�>�Ü
ã9Ù9Ñ7ÝdC�ß�Ó×Û�C)ÑÒÚ;C�Þ9<?:�:-ÔZÔ~:=<7ÑÒÚ;C�<?CA@=B9CE<AéêÐ">]:=ÖSÛ�CEÖ9Ó�CEÖ;>]C�6ª=H:
B9:�ÑÒÚ¤@-ÑAÜ�ÝdC�Ý�Ó×D×DdÙ;ÐjC�@-ÖëCED×D×Ó×Þ9ÑÒÓ�> áNÐ?Ú9Ó×Ó
+�CEÕ"Õ)@R6p8tÓ×<?ÐÒÑAÜRÝdC£ß�Ó×Û�C�Ð?:=Õ�C�B9Cfå;Ö9Ó×ÑÒÓ�:=Ö;Ðaÿ



ø�Y;ù�úRûjú�ü`ú�ÅÆû Öjc%a�d�É`Ì^ÿ�qOx^y�Ë�ÌMiAo�w�yVl�d,o�w�o�x�n�lRqOk»u;s\u�w�yÆo�w�nTZ�u z{��
u : R

n → R | #R�(��'�#R�I�¹�����(��}���� �h��}��
';#%�%�$�����\��}�����}�# � �
��� u | D2,+u | ���¹���R	,'���� Î � (p,X) ∈ R
n×Sn

Î ������'����U#K� D2,+u(x, t)
� �
x ∈ R

��'��

u(y) ≤ u(x) + 〈p, y − x〉 +
1

2
〈X(y − x), y − x〉 + o

(
|y − x|2

)

���
R 3 y → x

  {�' �ª���R���R����} � ��� | � �����R	A'��"��#R�I�5��� Î ��� �h��}"��';#%�&��� ���t��}�����}t# � � Î � D2,−u =

−D2,+(−u)  *¡������¶�������R	A'����.#R�(�~# � �h��������� � �R'����!�
#R� �
D̄2,+u(x, t) =

{
(p,X) ∈ R

n × Sn, ∃ (xn, pn, Xn) ∈ R
n × R

n × Sn���I 
�5#R���$#
(pn, Xn) ∈ D2,+u(xn)

��'��
(xn, u(xn), pn, Xn) → (x, u(x), p,X)

}
.

ÏM�I�t����# D̄2,−u(x, t)
���G���R	A'®��� �R' �����R��������} � ���� Û�j���
#%�Ñ� | � �ª���R	A'��"� D̄2u(x) = D̄2,+u(x) ∩

D̄2,−u(x)
 

�AY�Z Z\[3Öjc�° d�o�kRk%lRi^n�l�me��Ë�Ê^l%l z�M�
#
U
��'��

V Î ��# � �����(�
'��!�
#R����� R
n | u : U → R

���
 ��'��
v : V → R

�Ñ�
 � »�^�
#
φ : U×V → R Î � ��� 
�������

C2  ,¢ ���������\#R�I�$# (x, y) → u(x)−v(y)−φ(x, y)
}��"�� ��I��� �W���! "���O�p�!«$�������b�R'

(x̄, ȳ) ∈ U×V  ¡���'��$#v�
p1 = Dxφ(x̄, ȳ) | p2 = −Dyφ(x̄, ȳ)

��'��
A = D2φ(x̄, ȳ)

 �ÏM�I��' | �
�$}�������}�� α > 0
���( ��

#R���$#
αA < I | #R�I��}"����«�����#R� X | Y ∈ Sn ���I ���#R����# �

(p1, X) ∈ D̄2,+u(x̄), (p2, Y ) ∈ D̄2,−v(ȳ),

−1
α

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ (I − αA)−1A.

8;:=<�ÑÒÚ;C§Þ9<?:b:-ÔÒÜ�Ý4C§<?CfÔ~CE<�Ñ?:7ð§<?:=Ö9Ó�:=Ù�Ü9ávÕ�ã�CE<ÒÑ£ø×ùAç-ûv6Æ@2C§Ö;:AÝóÞ9<?:aÛ�C¦ÑÒÚ;C§Þ¤@-<j@-ãh:=D×Ó�>£áNÐ?Ú9Ó×Ó�+�CEÕ"Õ)@Rÿ
�~w�u`u�s\u;s-,Ao�r7r�q.�! )f
=�Ú;C¥Þ9<ÒÓ×Ö;>EÓ×Þ9D�C§:-Ô�ÑÒÚ9Ó�ÐpÞ9<?:�:-Ô�Ó�Ð4Ñ?:�BRÙ9Þ9D×Ó�>A@-Ñ?C¦ÑÒÚ;C¥Û�@-<ÒÓ¬@-ã9D�C]ÐdÓ×Ö)ÑÒÓ×Õ�C�@-Ö;B�ÑÒÚ;CEÖ�Þ¤@=Ð?Ð4Ñ?:�ÑÒÚ;C¦D×Ó×Õ"Ó×Ñ4Ù;ÐÒÓ×Ö9ß
ÑÒÚ;C)>]:=Õ"Þ¤@=>EÓ×ÑvØï@=Ð?ÐÒÙ9Õ"Þ9ÑÒÓ�:=Ö

(C)
6*=�Ú;C)à�CEØ
Þ�:=Ó×ÖbÑ�Ó�Ð&Ñ?:�<?CEß�Ù9D¬@-<ÒÓ�9AC�ãSØ2ÐÒÙ9ÞIQv>]:=ÖbÛ�:=D×Ù9ÑÒÓ�:=ÖïÙ;Ð?Ó×Ö9ß�ÑvÝd:

BRÓ�ThCE<?CEÖbÑ¥Þ¤@-<j@-Õ�CEÑ?CE<ZÔ�:=<ZÐÒÞ¤@=>]C�@-Ö;B ÑÒÓ×Õ�C�6
@2C�BRÙ9Þ9D×Ó�>A@-Ñ?C�ÑÒÚ;C�Û�@-<ÒÓ¬@-ã9D�C]ÐZãbØ�>]:=Ö;Ð?Ó�B9CE<ÒÓ×Ö9ß;ÿ

u(x, t) − v(y, s) − φ(x, y, t) − |t− s|2
2ε

.

=�Ú9Ó�Ð�Ô~Ù9Ö;>EÑÒÓ�:=Ö�@=BRÕ"Ó×Ñ?Ð4@�D�:�>A@-D9Õ)@�ôRÓ×Õ&Ù9Õ Ó×Ö
(xε, yε, tε, sε)

Ý�Ó×ÑÒÚ
(xε, yε, tε, sε) → (x̄, ȳ, t̄, t̄)

ö�ãhC]>A@-Ù;Ð?C

u
@-Ö;B

v
@-<?C�D�:�>A@-D×D×Ø�ãh:=Ù9Ö;B9C]B¤üf6�@2C£Ö;:=Ñ?C

Ãε = D2
(
φ(x, y, t) + |t−s|2

2ε

) 6,-dØ�CED×D×Ó×Þ9ÑÒÓ�>&áiÐÒÚ9Ó×ÓM+�CEÕ"Õ)@RÜ
Ý4C£Ú¤@AÛ�C�ÿ�Ô�:=<ZCEÛ�CE<ÒØ

α
@-Ö;B

α′ ÐÒÙ;>?Ú�ÑÒÚ¤@-ÑAÿ

Ãε <




I
α

1
α′

I
α

1
α′


 ,



ö%=�Ú9Ó�Ðd@=Ð?Ð?Ù9Õ"Þ9ÑÒÓ�:=Ö�Ú;:=D�B9Ð4Ô�:=<
α
ÐÒÙ;>?Ú�ÑÒÚ¤@-Ñ

αA < I
@-Ö;B

α′ Ð?Õ)@-D×DªCEÖ;:=Ù9ß�ÚªüLÑÒÚ;CE<?C¦CfôRÓ�ÐÒÑ?Ð Xε, Yε ∈ Sn Ü

C
Ü
D ∈ R

n @-Ö;B λ Ü σ ∈ R
ÐÒÙ;>jÚ�ÑÒÚ¤@-ÑAÿ

((
pε
1, φt +

t− s

ε

)
,

(
Xε C
tC λ

))
∈ D̄2,+u(xε, tε),

ö&/�î�ü
((

pε
2,
t− s

ε

)
,

(
Yε D
tD σ

))
∈ D̄2,−v(yε, sε),

ö&/�<bü
@-Ö;B




−I
α

−1
α′

−I
α

−1
α′


 ≤




Xε C
tC λ

0

0
−Yε −D
−tD −σ


 ≤ Bα,α′

ε ,
ö&/$¸�ü

Ý�Ú;CE<?C
pε
1 = Dxφ(·), pε

2 = Dyφ(·) @-Ö;B Bα,α′

ε
Ó�Ð§ÑÒÚ;C�<?CEß�Ù9D¬@-<ÒÓ�9AC]B
ãSØ�ÐÒÙ9ÞIQv>]:=ÖbÛ�:=D×Ù9ÑÒÓ�:=Ö�Ó×ÖâÑÒÚ;C'Ð?CEÖ;ÐjC

:-ÔVDbÙ¤@=BR<j@-ÑÒÓ�>�Ô�:=<ÒÕ :-ÔtÞ¤@-<j@-Õ�CEÑ?CE<?Ð
α
@-Ö;B

α′ :-ÔÒÿ

Ãε =




D2
xφ v1 Dxyφ 0

tv1 φtt + 1
ε

tv2 −1
ε

Dxyφ v2 D2
yφ 0

0 −1
ε 0 1

ε


 ,

Ý�Ú;CE<?C
v1 = φxt(·)

@-Ö;B
v2 = φyt(·)

6 æ :9ÜRÔ�:=<
ξ = (ξ′, ξn+1), η = (η′, ηn+1) ∈ R

n+1 ÜRÝ4C�Ú¤@]Û�C�ÿ

Bα,α′

ε (ξ, η).(ξ, η) = sup
(ζ,Γ)∈

>
n+1×

>
n+1

{
Ãε(ζ,Γ).(ζ,Γ) − 1

α

(
|ξ′ − ζ ′|2 + |Γ′ − η′|2

)

− 1
α′

(
|ξn+1 − ζn+1|2 + |Γn+1 − ηn+1|2

)
}
.

ýâ:=<?C]:aÛ�CE<AÜ9Ý4C£>A@-Ö Ð?C]C
Bα,α′

ε
@=Ð�ÑÒÚ;C§<?CEß�Ù9D¬@-<ÒÓ�9AC]B ãSØ�ÐÒÙ9Þh>]:=ÖSÛ�:=D×Ù9ÑÒÓ�:=Ö�:-ÔtÑÒÚ;C�<?CEß�Ù9D¬@-<ÒÓ�9AC]B ãSØ�ÐÒÙ9Þ�>]:=ÖIQ

Û�:=D×Ù9ÑÒÓ�:=Ö�:-Ôt@
DbÙ¤@=BR<j@-ÑÒÓ�>§Ô�:=<ÒÕ�Ü�Ðj:
Bα,α′

ε
Ó�Ð�ÐÒÑÒÓ×D×Dw@UDbÙ¤@=BR<j@-ÑÒÓ�>¦Ô~:=<ÒÕ.ö~Ð?C]C¦ÑÒÚ;C§Þ9<?:b:-Ôt:-Ô^º�D×D×Ó×Þ9ÑÒÓ�>£áiÐÒÚ9Ó×ÓªÓ×Ö

ð¦<?:=Ö9Ó�:=Ù�Ü¤ávÕ�ã�CE<ÒÑ&ø×ùAç=û�üÒüf6SºADSÙ¤@-ÑÒÓ�:=Ö;Ð'ö&/�î�ü�@-Ö;B�ö&/�<büdÓ×Õ"Þ9D×Ø�Ó×Ö Þ¤@-<ÒÑÒÓ�>EÙ9D¬@-<Aÿ
(
φt(xε, yε, tε) +

tε − sε

ε
, pε

1, Xε

)
∈ P̄+u(xε, tε),

(
tε − sε

ε
, pε

2, Yε

)
∈ P̄−v(yε, sε),

@2C�Ö;:=Ñ?C
ρε = φt(xε, yε, tε) + tε−sε

ε

@-Ö;B
γε = tε−sε

ε

6�@2C�<?CEÕ)@-<ÒàïÑÒÚ¤@-Ñ
φt(xε, yε, tε) = ρε − γε

6
8¥Þ9Þ9D×Ø�Ó×Ö9ß�ÑÒÚ;C�Û�C]>EÑ?:=<

(ξ′, 0, η′, 0)
Ñ?:'ÑÒÚ;C�Õ)@-ÑÒ<ÒÓuô�Ó×Ö;C�DbÙ¤@-D×Ó×ÑvØ2ö&/$¸�üfÜ9Ø�Ó�CED�B9ÐAÿ

−1

α

(
I 0
0 I

)
(ξ′, η′).(ξ′, η′) ≤

(
Xε 0
0 −Yε

)
(ξ′, η′).(ξ′, η′) ≤ Bα,α′

ε (ξ′, 0, η′, 0).(ξ′, 0, η′, 0).
ö&/$1�ü



@2C£ÐÒÚ;:AÝ ÑÒÚ¤@-Ñ�ÑÒÚ;C�<ÒÓ×ß�ÚbÑZÚ¤@-Ö;B�ß�:'Ñ?:
Aα(ξ′, η′).(ξ′, η′)

@=Ð
α′ → 0

ÜRÝ�Ú;CE<?C
Aα Ó�Ð�ÑÒÚ;C�<?CEß�Ù9D¬@-<ÒÓ�9AC]B�ãbØ

ÐÒÙ9ÞIQv>]:=ÖSÛ�:=D×Ù9ÑÒÓ�:=Ö
:-Ô
A = D2φ

6LáNÖ;B9C]C]BwÜ
Bα,α′

ε = (Bα
ε )α

′ 6 æ :

Bα,α′

ε (ξ′, 0, η′, 0).(ξ′, 0, η′, 0) →Bα
ε (ξ′, 0, η′, 0).(ξ′, 0, η′, 0)

Ý�Ú;CEÖ
α′ → 0

= sup
(ζ′,Γ′)∈

>
n×
>

n

{
Ãε(ζ

′, 0,Γ′, 0).(ζ ′, 0,Γ′, 0) − 1

α

(
|ξ′ − ζ ′|2 + |η′ − Γ′|2

)}

= sup
(ζ′,Γ′)∈

>
n×
>

n

{
A(ζ ′,Γ′).(ζ ′,Γ′) − 1

α

(
|ξ′ − ζ ′|2 + |η′ − Γ′|2

)}

=Aα(ξ′, η′).(ξ′, η′),
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−1

α

(
I 0
0 I

)
≤
(
Xε 0
0 −Yε

)
≤ Aα = (I − αA)−1A.

@2C¥ÑÒÚ;CEÖ�Ú¤@]Û�C�Ü�Ô�:=<�@&ÐÒÙ9ã;Ð?C�DbÙ;CEÖ;>]C�Ü
pε
1 → p1

Ü
pε
2 → p2

@-Ö;B
(Xε, Yε) → (X,Y )

ö�ãhC]>A@-Ù;Ð?C
pε
1, p

ε
2, Xε@-Ö;B

Yε
@-<?C�ãh:=Ù9Ö;B9C]B¤ü"6.@2C)>jÚ;:b:�ÐjC

ε
ÐÒÕ)@-D×D4CEÖ;:=Ù9ß�ÚëÐÒÙ;>?ÚïÑÒÚ¤@-Ñ |(x̄, t̄) − (xε, tε)| ≤ r

Ý�Ú;CE<?C
r
Ó�Ð

B9Cfå;Ö;C]B�Ó×Ö
ÑÒÚ;C�@=Ð?ÐÒÙ9Õ"Þ9ÑÒÓ�:=Ö
(C)
6�=�Ú;CEÖ

(ρε, p
ε
1, Xε) ∈ P̄2,+u(xε, tε)

67ýä:=<?C]:AÛ�CE<AÜ
u(xε, tε)

Ü
pε
1

@-Ö;B

Xε
@-<?C"ãh:=Ù9Ö;B9C]Bõö�ãhC]>A@-Ù;Ð?C

u
Ó�Ð£D�:�>A@-D×D×Øäã�:=Ù9Ö;B9C]B�@-Ö;B2ãSØäÑÒÚ;C"D¬@=ÐÒÑ£Õ)@-ÑÒ<ÒÓuô�Ó×Ö;C�DSÙ¤@-D×Ó×ÑNØäÔ~:=<

Xε
üfÜ�Ð?:9Ü
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(C)
Ü
ρε
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(−γε,−pε
2,−Yε) ∈ P̄+(−v)(yε, sε)

Ü
γε
Ó�Ð�ãh:=Ù9Ö;B9C]B+Ô~<?:=Õ ãhCED�:AÝ�6 æ :9Ü

ρε = φt + γε
@-Ö;B

γε
@-<?C

ã�:=Ù9Ö;B9C]Bw6 æ :9Ü9Ô~:=<¥@'ÐÒÙ9ã;ÐjC�DSÙ;CEÖ;>]C�Ü9ÝdC£Ú¤@]Û�C�ÿ
ρε → ρ

@-Ö;B
γε → γ

6LÏP@=Ð?ÐÒÓ×Ö9ß�Ñ?:'ÑÒÚ;C�D×Ó×Õ"Ó×ÑAÜ9ØbÓ�CED�B9Ðaÿ

τ = ρ− γ,

(ρ, p1, X) ∈ P̄+u(x̄, t̄),

(γ, p2, Y ) ∈ P̄−v(ȳ, t̄),

−1

α

(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ Aα = (I − αA)−1A,
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