CONTINUOUS INTERIOR PENALTY hp-FINITE ELEMENT
METHODS FOR TRANSPORT OPERATORS

ERIK BURMAN! AND ALEXANDRE ERN?

ABSTRACT. A continuous interior penalty hp-finite element method that pe-
nalizes the jump of the discrete solution across mesh interfaces is introduced.
Error estimates are obtained for first-order and advection-dominated transport
operators. The analysis relies on three technical results that are of independent
interest: an hp-inverse trace inequality, a local discontinuous to continuous
hp-interpolation result, and hp-error estimates for continuous LZ-orthogonal
projections.

1. INTRODUCTION

Continuous Interior Penalty (CIP) finite element methods have been introduced
in the 1970s by Babuska and Zldmal [4] for the biharmonic operator and by Dou-
glas and Dupont [11] for second-order elliptic and parabolic problems. The idea of
such methods consists in penalizing the jump of the gradient of the discrete solu-
tion at mesh interfaces, thus weakly imposing C''-continuity. Following this idea,
Interior Penalty (IP) methods with discontinuous finite elements were designed for
the biharmonic operator by Baker [5] and for second-order elliptic operators by
Wheeler [21] and Arnold [1]. For second-order elliptic operators, only the jumps of
the discrete solution at mesh interfaces are penalized. More recently, CIP methods
experienced a further development. A priori error estimates that are uniform in the
diffusion coefficient have been obtained for CIP linear finite element approximations
to advection—diffusion equations by Burman and Hansbo [9]. A unified framework
for the convergence analysis of both conforming and nonconforming linear finite
elements with TP has been proposed by Burman [6]. Finally, a CIP linear finite
element method with a nonlinear shock-capturing term that rigorously guarantees
a discrete maximum principle for advection—diffusion—reaction problems has been
investigated by Burman and Ern [7].

The goal of this paper is to present, for the first time, an hAp-convergence analysis
for a high-order CIP finite element method applied to first-order and advection-
dominated second-order transport operators. The hp-version of the finite ele-
ment method has been introduced in the 1980s following the analysis presented
by Babuska and Dorr [2] and by Babuska and Suri [3] for second-order elliptic
problems. For first-order and advection-dominated flow problems, hp-finite element
approximations have been investigated by Houston, Schwab, and Siili for continu-
ous finite elements with streamline diffusion stabilization and for IP discontinuous
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2 E. BURMAN AND A. ERN

finite elements [15, 17, 16], leading, respectively, to the so-called hp-Streamline Dif-
fusion (SD) method and the hp-Discontinuous Galerkin (DG) method. These are,
to date, the two established methods for the hp-finite element approximation of
first-order and advection-dominated transport operators.

The CIP hp-finite element method investigated in this paper penalizes the jump
of the gradient of the discrete solution at mesh interfaces. One advantage with
respect to both the hp-SD method and the hp-DG method is that the stabilization
parameter is independent of the diffusion coefficient. This can be important in
nonlinear problems where this coefficient depends on the discrete solution. The
other advantage with respect to the hp-DG method is that the CIP hp-finite element
method requires less degrees of freedom (though only marginally less for high-order
polynomials). The other advantage with respect to the Ap-SD method is that the
CIP hp-finite element method leads to a single, symmetric stabilization term. In
the hp-SD method, the stabilization terms involve couplings with the second-order
term, the source term and the time-derivative. This can cause severe problems when
approximating stiff problems. The price to be paid for these advantages in the CIP
hp-finite element method is on the one hand a slightly less compact discretization
stencil and on the other hand a slight sub-optimality (proportional to p%) in the
error estimate. However, the present method has optimal convergence properties
in the diffusion dominated regime, as opposed to the hp-DG method where a factor
of p% is lost.

This paper is organized as follows. Section 2 introduces the discrete setting and
the CIP hp-finite element method to approximate a first-order transport opera-
tor. Section 3 contains three technical results, that are of independent interest,
for tensor-product finite elements. We prove an hp-inverse trace inequality, a lo-
cal discontinuous to continuous hp-interpolation result, and hp-error estimates for
continuous L?-orthogonal projections. Section 4 presents the convergence analysis
of the method in the spirit of the second Strang Lemma. Section 5 discusses the
extension of the results derived in Sections 3 and 4 to simplicial finite elements.
Section 6 investigates the extension of the results derived for tensor-product finite
elements to advection—diffusion equations. Section 7 draws some conclusions.

2. CONTINUOUS INTERIOR PENALTY FINITE ELEMENT METHODS

Let © be an open bounded and connected set in R? with Lipschitz boundary 99
and outer normal n, let 3 € [W1>°(Q)]¢ be a vector field, and let o € L>(Q). Let
f € L?R), let 00F = {x € 9Q; +B(x)n(xr) > 0}, and consider the problem

ou+ 3-Vu=f,
(s
ulpo- = 0.
Define W = {w € L?(Q); B-Vw € L*(Q)} and observe that functions in W have
traces in L?(9€); 3-n). Consider the operator A : W 3> w — ow + 3-Vw € L*(Q).
Henceforth, it is assumed that there is og > 0 such that

(2) o— %Vﬂ > 09, a.e. in Q.
Then, letting V = {w € W; w|gq- =0}, A: V — L*(Q) is an isomorphism, i.e.,
(1) is well-posed; see, e.g., [13].

Let IC be a subdivision of € into non-overlapping rectangular cells {x}. For
k € K, h, denotes its diameter. Set h = max,cx hyi. Assume that (i) K covers
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Q exactly, (ii) K does not contain any hanging nodes, and (iii) K is quasi-uniform
in the sense that there exists a constant p > 0, independent of h, such that ph <
min,ex he. BEach k € K is an affine image of the unit hypercube # = [~1,1]%, i.e.,
k = F,(R). Let F denote the set of interior faces ((d — 1)-manifolds) of the mesh,
i.e., the set of faces that are not included in the boundary 092. For F' € F, hp
denotes its diameter.

Let p > 1 and let Qp q(K) be the space of polynomials of degree at most p in
each variable. Introduce the continuous and discontinuous finite element spaces

(3) VP ={v, € C°(Q); Yk € K, vp|x 0 Fi € Qpa(R) },
(4) Wy = {wy € L*(Q); V& € K, wn|x 0 Fy € Qpa(R) }.

For a subset R C Q, (-,-)g denotes the L?(R)-scalar product, |- ||z = (-, -)}%/2

the corresponding norm, and || - ||s,g the H*(R)—norm. For s > 1, let H*(K) be the
space of piecewise H® functions. For v € H2(K) and an interior face F = k1 N K,
where k1 and ko are two distinct elements of K with respective outer normals ny
and ng, introduce the (scalar-valued) jump [Vu-n]p = Vo, -n1 + Vul,,-ng (the
subscript F is dropped when there is no ambiguity). Similarly, for v € H(K),
define the (scalar-valued) jump [v]F = v|s, — v|s, (the arbitrariness in the sign of
[v]F can be avoided by considering the vector-valued jump [v]p = vk, N1 + V|, N2;
nothing that is stated hereafter depends on this arbitrariness).
On H(Q) x H(Q) define the standard Galerkin bilinear form

(5) a(v,w) = ((O’ — Vﬂ)v,w)ﬂ — (v, B-Vw)q + (B-nv, w)sa+,
and on HY(K) x HY(K), ¢ > 2, define the CIP bilinear form
2
(© jow) = Y E gl p((Voenl, [V,
rer?

where |8-n|r denotes the L>°-norm of the normal component of 3 on F. Since
Whee(Q) c C°(Q), the field 3 is continuous by assumption and, therefore, the
quantity G-n is single-valued on all interior faces F' € F. The exponent a will be
determined by the convergence analysis in §4; see (39).

The finite element approximation to (1) consists of seeking u;, € V¥ such that

(7) a(up,vp) + j(un,vn) = (f,on)a, Yo, € V).

For v € HY(K), ¢ > 2, consider the norm

(8) w2, = llod ol + Sl18nl2ol3q + (o, v):

The well-posedness of the approximate problem (7) results from the following
Lemma 2.1 (Coerciveness). For allv e H1(K), ¢ > 2, a(v,v) + j(v,v) > [vllZ ;-
Proof. Straightforward verification using the divergence formula. O

Remark 2.1. Assume p > 3 and let Z = V'NC'(Q) be the C'-conforming subspace
of V. Observe that j(zp,vs) = 0 for all z;, € Z} and for all v, € V}I'. Also observe
that for a fixed mesh,

dim Z?

9 h
©) poto dim %%
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Hence, in the discrete problem (7), the CIP bilinear form is not active on Z} and
only acts on a marginal fraction of the degrees of freedom.

3. TECHNICAL RESULTS

Henceforth, ¢ denotes a generic constant, independent of p and h, but that can
depend on the space dimension d and the quasi-uniformity parameter p. Its actual
value can change at each occurrence.

3.1. hp-trace inequalities. Let {g; }o<;<p be the Gau-Lobatto nodes in the unit
interval [—1,1]. Set I,, 4 = {0,...,p}* and I? ; = {1,...,p—1}%. For a multi-index
(i) = (i1,...,1q) € Ipa, the tensor-product GauB-Lobatto node az ;) in the unit
hypercube % is the point with coordinates equal to (gi,,--.,gi,)-

Let k € K. Introduce the tensor-product Gaufi-Lobatto nodes in K such that
iy = Fr(az ;) for all (i) € I 4 and define the space

(10) (k) = {v € Qpa(r); Y(i) € I 4, v(ay,i) =0}
In other words, 21 4(K) is the subspace of Q, 4(x) spanned by those polynomials

that vanish at all the interior tensor-product Gaufi-Lobatto nodes in k.

Lemma 3.1. The following trace and inverse trace inequalities hold:

p(p+1) meas(0k) H
1) Ve Q. ol <d (R2F s Oy

2d _, meas(k) 3
12 v <[22 (24 1ydt .
(12)  woe . ol < (gt 3 i) ol
with the convention that meas(0k) =1 if d = 1.

Proof. Let {@w;}ogj<p be the weights associated with the one-dimensional Gaufi-
Lobatto nodes. Recall that (see, e.g., [19])

2 1
13 = iec{0,...,p},
(13) 0y
where L, is the Legendre polynomial of degree p. For a multi-index (i) = (41, ...,%4) €

Ipq, set wg) = sz:1 w;,. Recall that (see, e.g., [19])

2

~ d
(14) Vo € Qua(R), vz < | Y. @@olare)® | <@+3)2(vls
(i)EIp,d

(1) Proof of (11). Let ¥ € Q, 4(K). Set Fy = {z; = £1}. Using the first inequality

o~

in (14) in dimension (d—1) on FL yields

~112 ~ 2 -~ 2
o050 < D0 @aedlap, @)+ > @@iap @)
(1)€Ip,a—1 (i)€Ip,a-1
where a Py € the tensor-product Gaufi-Lobatto nodes on ﬁi. Using the fact

that wy = w leads to

— 2
P p(p+1)

5N 41 ~
8%, 05 < 252 Y wedlanm)™
(Velp.a
i1 €{0,p}
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Hence, owing to the second inequality in (14) in dimension d, it is inferred that

<P N i lar,m)® < BB+ 1) vll2.

HU”FJrUp ~
(i)EIp)d

Summing over all pairs of opposite faces yields
+1
(15) lvl3 < a2 2+ ) Jv.

Let v € Qpq(x). Then, vo F, € Q,4(K). Use (15) and the fact that meas(k) =
Imeas(0R) to infer (11).

(2) Proof of (12). Let v € Q27d(2). Using the first inequality in (14) in dimension
d and the second inequality in (14) in dimension (d—1) yields

19]12 < Z @)V (az, i Z Z @ 0(az, i)

(i)EIpa =1 (DE€I, 4
ip€{0,p}

d
< Z ﬁ Z (@iy - @iy Ty - - .w,-p)ﬁ(aa(i))z
=1

()EIp q
i €{0,p}

d
2 1\d—1 1712 _ 2 1\d—1 (732
< Z p(p+1)(2 T 5) ”UH{rl:il} — plp+1) 2+ ;) 0] 5%-
1=1

Let v € @) 4(k). Then, vo F, € Q) ,(%). Use the above inequality and the fact
that meas(r) = meas(JR) to infer (12). O

While the trace inequalities in Lemma 3.1 are valid for arbitrarily large p and
d, the main focus in this paper is set on the case where d is not large with respect
to p (for instance, d < 3 or, more generally, d < ¢p). This allows to simplify the
constants in the trace inequalities as follows:

2\ 2

(16) ¥0 € Qpal), Tollan < e (£ ol
0 hy, 2

(17) Vo e @), ol < (%) ol

An important observation is that the inverse trace inequality (17) is optimal (asymp-
totically in p) with respect to the trace inequality (16).

3.2. Continuous hp-interpolation. The goal is to construct an operator Zps :
W} — VP endowed with a local interpolation property.

Let x € K. For a node v in &, set K, = {x' € K; v € £'}; then, for w, € W},
define Zoswy, locally in k by the value it takes at all the tensor-product Gauf—
Lobatto nodes by setting

(18) Toswp (V) = ﬁ(IC) Z wh e (V).
v KEK,

Clearly, Zoswy, € VP'. The operator Zos is sometimes referred to as the Oswald
interpolation operator; it has been considered in [6, 12, 14, 18].
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Lemma 3.2. There exists ¢, independent of p and h, such that, for all k € IC, the
following estimate holds:

1
hi\ 2
(19) Vwp, € W), lwn — Zoswallx < ¢ <2> Z I[walllF,
p FeF (k)

where F(k) ={F € F; FNk # 0}.

Proof. Let w, € W} and let k € K. Set 6, = (wp, — Zoswy)|x. For each tensor-
product Gaufi-Lobatto node v € k, let ¢, denote the associated nodal basis func-
tion. By construction, d; vanishes at all the nodes located in the interior of k.
Hence,
op = Z 6h<y)(pl/'
vEDK

(1) Define 9k4—1 to be the set of (d—1)-manifolds in 9k and for m € {d—2,...,0},
define Ok, to be the set obtained by taking the intersection of any two distinct
elements in Jk,,+1. For instance, for d = 3, dka, Ok1, and OJkg are, respectively,
the set of faces, edges, and vertices of dk. Partition the boundary nodes of k as
follows. For m € {0,...,d — 1}, denote by V,, the set of nodes in the interior of
OKm; then, Ug;lo Vi forms a partition of the boundary nodes of x. Hence,

d—2
6h - Z 6h(”>(pu + Z T'm,
m=0

VvEV_1
with

Tm = Z on(V)py.

vEVm
Observe that for all m € {0,...,d — 2}, 7, € Q) 4(x) and

Tm € Qg,l(am), Vie{m+1,...,d—1}.

(2) On each face F' C 9x and for each node v located in the interior of F, equa-
tion (18) implies that 0, (v) = ep[wp]r(v) with ep = £1. Hence,

> e =Y vr,
veVi—1 FCox
with
Y =¢€p Z[wh]F(V)SOw
vek
Since ¢ € Q) ;(r) and ¢p vanishes on 9k \ F, the inverse trace inequality (17)

yields
1 1
he\ 2 he\ 2
ol < c (p) - (p) el
Hence,
hn z d—2
(20) ol <e 3 <) loelle + 3 Nrmlle = (D) + (ID).
FCOok p m=0

The rest of the proof consists of estimating both terms in the right-hand side of (20).
(3) If d = 1, term (II) vanishes and ¥ r|r = ep|wp]F; hence, (20) readily yields (19).
(4) Assume d = 2.
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(4.a) Consider term (I). Let ' C k. Since ¥p — eplwp]p is in Q) | (F), the inverse
trace inequality (17) yields

1

(21) e — crfwnlelle < c (};F) lfwn)rlor

since ¢ vanishes on JF. Owing to the trace inequality (16),

p? 3
(22) lunlelor < e () lwnlelle
F
Inequalities (21) and (22) imply

[vF — er[wn]rllF < cl[[wnlr| P

Collecting the above estimates and using the triangle inequality yields

(23) el <c (Z) " (lwnlrlle + or — cplunlelle) < c (z) " Newnlele-

(4.b) Consider term (IT). Since 7o € QY 5(x) and 7o € QY , (F) for all F' C Jk, using
the inverse trace inequality (17) twice yields

B\ 2 I he\ 2
||ro||n<c(p2) Z||ro||p<c(p2) 3 (p) Irollos-

FCok FCoOk
Observe that OF consists of two nodes and that for v € OF),

> npe(wnle(v),

F'eF,

where F,, denotes the set of faces in the mesh containing the node v and where the
coefficients g can be bounded independently of p and h. Then, for all F' C Ok,

the following holds:
Irollor < e Y- > Ilwnlr(
vedF F'eF,

ey ¥ (&

vedF F'eF,

2\ 2

P
< ’ ’
X E (hF’) ”[wh]F ||F’

F';FNF'#)

1
) wh]F/HF’

owing to the trace inequality (16). Hence,

<H)<c<]’§g~)é 3 (’;F) 3 (,{j)én[wh]pnp

FCok F';FNF'#0)
1
h 2
<c () S fwnlele
p FeF(k)

The proof is complete.
(5) For d > 3, the proof proceeds similarly. Term (I) is estimated as for d = 2.
Term (IT) is equal to ||rol|lx + [|71]]x. The quantity ||rgl|, is estimated as for d = 2
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by using the inverse trace inequality (17) three times and the trace inequality (16)
twice. To estimate ||ry||,, use twice the inverse trace inequality (17) to infer

B < (R E
vmnscgﬁ) §j(¥§) S Jrille,

FCok ECoOF
where ' C OF means for all edges in OF. Straightforward algebra shows that

rile =Y 0n(W)ew =Y Y neelwnle (@)e..

o o |/ v
veE veE &%

Observe that the coeflicient ng r/ is independent of v. Let Fr be the set of faces
in the mesh that contain E. Then,

rle = Z Ubava Z[wh]F'(V)QDy-

F’ o
€Fs veklk

Hence,

Irille <e > (D lwnle@eu|| <c > (lwnlelle + e 2),

LS | . F'eFp
with G =3 o [wn]p (¥)oy — [wp]pr. Since ¢ pr € QY | (E), the inverse trace

veE
inequality (17) yields

@pE<c<§j2§jmﬂw»

veJE
The conclusion is now straightforward. (I

3.3. hp-error estimate for continuous L?(Q)-orthogonal projection. Let IIj, :
L*(Q) — VP be the L?*(Q)-orthogonal projector onto V7. The purpose of this
section is to investigate the approximation properties of II;, in the L2- and the
H'-norm.

First, we recall the following local hp-approximation property [10, 16]. Let
I0; : L*(2) — W! be the L?(Q2)-orthogonal projector onto WF. Then, there is
¢, independent of p and h, such that for all k € K and all w € HY(K), g > 1,

h S
(24) |w—npmﬁ<c(p)wmw
. h s—1
(25) nvmnmmn<wzQ) -

with s = min(p + 1,¢). The global counterpart of (24)—(25) for the continuous
L?(Q)-orthogonal projector II;, is the following.

Lemma 3.3. There exists ¢, independent of p and h, such that for all w € H1(2),
q=1,

h S
(26) Hw—HMWQ<C(p)MHm

N ]’L s—1
(27) |vm—nww9<w%QJ ol
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with s = min(p + 1, q).

Proof. Let w € H1(Q), g > 1.
(1) Proof of (26). Since V¥ € W}, the definition of II;, and I}, leads to

(Opw — Mjw,vp) =0, VYo, € VP
Hence, I,IT;w = I w. Using the fact that Zos(IT;w) € V)P yields
[Hpw — Mywl|e = [Ty (Iw) — Hiw|e < || Zos(H;w) — Mjwl|o.

Using Lemma 3.2, it is inferred that for all x € IC,

SIS

T e ,
o) - Wl < (%) 3 iMGulele
p FeF(r)
o\ 2
<e(3) T imie -l
p FeF(r)

since [w]r = 0 by assumption. Recalling the fact [16] that there is ¢, independent
of p and h, such that for all kK € K,

1
he\° 2
w — I w5, < c(p”) [wlls,

it is readily deduced that

. _1 (Y
(28) My — Tl < cp (p) ol

Conclude using the triangle inequality
[w = Thwlle < [lw = Mw|lo + [T;w — Mywllo,

and Equation (24).
(2) Proof of (27). Let x € K. Recalling the inverse inequality

2
P

(29) IVonlle < e3=lonll,
K

valid for all vy, € W} (see, e.g., [10] for the proof of the p version of this inequality)
and using (28), it is inferred that

% L h s—1
(30) (Z IV(IT,w — th)|i> < cp? (p> [[wlls.-

REK

Conclude using the triangle inequality and Equation (25). |

Remark 3.1. Equation (28) shows that II;w superconverges to II;w by a factor of
p_%. This remarkable property allows to compensate for the loss of one power of
p in the inverse inequality (29) and thus to recover a sub-optimality factor of p%
in (27), which is exactly the same as in (25).
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4. CONVERGENCE ANALYSIS

The purpose of this section is to show how the results established in §3, namely
the hp-inverse trace inequality, the local hp-interpolation result, and the hp-error
estimate for the continuous L?(f2)-orthogonal projection, can be used to analyze
the convergence of the CIP hp-finite element method introduced in §2.

Let u solve (1) and let uy, solve (7). Henceforth, it is assumed that the exact
solution u is smooth enough, i.e., u € H1(Q), ¢ > % Bounds on the approximation
error u — uy, are obtained in the spirit of the Second Strang Lemma by establishing
consistency and boundedness properties for the discrete setting. Recall that the
discrete setting satisfies the stability property stated in Lemma 2.1.

Lemma 4.1 (Consistency). Let u € H1(Q), ¢ > 2, solve (1) and let u solve (7).
Then, for all v, € VP,
(31) a(u — up, vp) + j(u — un,vn) = 0.

Proof. Since u € H%(RQ), ¢ > 3, it is inferred that [Vun]p = 0 for all F € F.
Hence, j(u,v) = 0 for all v, € V¥, whence (31) is readily deduced. O

For all k € K, set Bxo0 = [|BllL=(a,) Where Ay = {x' € K; kN K # 0}.
Introduce the (semi-)norm

(32) [vlln,z = (Z h,ilﬁm,oollvlli> :

KEK

Lemma 4.2 (Boundedness). There is ¢, independent of p and h, such that for all
ze HI(K) N (VP)*, ¢ > 2,

a(z,vp) + j(2z,0n 1 a_
(33) sup Lo HIEU) oy ePhE 4 pE Y 2]
R eV lvnlla,s

Proof. The only term to estimate is (z,3-Voun)qa. Let 8, the L?(Q)-orthogonal
projection of 3 onto WP. Set wy, = B,-Vuvy. Observe that

(34) (2, 8-Von)a = (2,(B — Br)-Vun)a + (2, wn)a.

(1) Since 8 € [W1>°(Q)]¢, the first term in the right-hand side of (34) is estimated
as follows:

(2, (8 = Br)-Vup)a < (Z h’ﬁlﬂﬁ,OO”Z”i) <Z hiﬂmio”ﬂﬁxvlmm)vvhi)

REK KEK

1
< ep?hE 2], 1 onlle,

owing to the inverse inequality (29).
(2) Let us estimate the second term in the right-hand side of (34). Using the fact
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that 2 € (V) yields

(z,wn)a = (2, wr, — Zoswn)o

1 1
2 2
< (Z hﬁﬂmoollﬂi) <Z hi B o llwn — Iowhlli)
REK KEK

2

<y (3% Bk () Ifwndel |

KREK FEF(r)
owing to Lemma 3.2. Observe that
(35)  Mwalllr = 18n-Vorlrlle < (6 = Bn)-Vorlrllr + |[3-Vor]r | r-
(2.a) Using the fact that 3 € [W1°°(Q)]4, together with inequalities (16) and (29),
the first term in the right-hand side of (35) is estimated as follows:

(8 = B) Vorlrlle < e Y hullBllwioe o[ Vonlell ¢

KDF
%
<e 3 mllwrnco () 190l
KDF
2 2 p2
<e ) hallBllwr (h ) ool
KDF r

<e Y Bllwrs ) 3 IIUhHm

KDF
where the notation k£ O F' means for the two elements sharing F'.
(2.b) To estimate the second term in the right-hand side of (35), notice that
[B-Voplr = |B8n|p||[Vurn]||F owing to the continuity of 8 and vy,. Hence,

2 2
K h
> 5 mk (%) Vel <c X (%) 1palelToenlel
KEK FEF (k) FeF p
< ep® ) (vn, o).
(2.c) Collecting the estimates obtained in steps (2.a) and (2.b) yields
(zwn)o < ezl 1 (R + 02 |[v]as-
The proof is complete. O
Lemma 4.3. There is ¢, independent of p and h, such that
(36)

aj S CHU_HhU

g  c(p*h% +pF ) lu— Thyu], .
Proof. Owing to Lemma 2.1 and Lemma 4.1,
[ITTpu — uhHgJ < a(Mlpu —up, Hpu — up) + j(Mpu — up, Dpu — up,)
= a(Mpu — u,Mpu — up) + j(IMpu — u, Tpu — up).
Since Hpu —u € (V)1 Lemma 4.2 leads to
T = wp |y < | Thu = ulla,y + e(p®h? +pF )| = ull,, 3.
Conclude using the triangle inequality. ([
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Lemma 4.4. There is ¢, independent of p and h, such that for all w € HI(R2),
>3,

1

2

1 (h\TT
(37) o=ty <ot (2) ol

(38) |lw —pw

1 2_a h S_%
aj Sc(pt +p°2) » [[wlls,0,
with s = min(p + 1, q).

Proof. Estimate (37) directly results from (26). To prove (38), first notice that
owing to the trace inequality

1 1
[vlloe < cllvlGIIVoll,
valid for all v € H(Q), it is inferred from Lemma 3.3 that
(BT
oo~ Tywlon < ot (2) 7 ol
To control j(w — IMw,w — Iw), observe that for all k € K,
IV (w = pw)lox < [V(w = iw)llax + [|V(Hpw — i w)l|ox
< V(w = w)l|ox + phe * |V (ITpw — Tw)||,

owing to the trace inequality (16). Recall the fact [16] that there is ¢, independent
of p and h, such that for all kK € I,

3
* hN e
VW—HWWM<@(p) -

As a result,
. 2 —a 2
j(w = Myw, w —Mpw) < Y hip~®|Bnlp|[V(w — Myw)n]r| 7
FeF
ey (™Y (w = w) |3, + hep® |V (Iyw — Tw)|7)
KEK
<c <p4a(2)281||w|§,9 +hp? ™Y [IV(hw — HZU})IIi)
REK
< et () w2 g,
owing to (30). The conclusion is straightforward. O

We are now in a position to state the main result of this section.

Theorem 4.1. Let u € H1(Q), ¢ > 2, solve (1) and let uy, solve (7). Take
7

Then, there is ¢, independent of p and h, such that

1
1 3.1 h 572
(40) |u—uuuj<c@4+pww>(p) lulle
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with s = min(p + 1,q). Hence, if h < p~35, the following holds:

W
(an) o=l <ot (2)
Proof. Since § —1 = %, Lemma 4.3 yields
1 3
lu = unlla,; < cllu—Myulla; +c(P*h? +pT)llu — Myull,, 1

1
ST3

h
< ellu— Tyullay + c(piht +pt) (p) o

5,805

owing to (37). Since 2 — ¢ = 1, (38) leads to

1
1 (h\°2
=Ty <t (%)l
whence (40) is readily deduced. Finally, under the assumption that h < p3, (41)
directly results from (40). O

5. EXTENSION TO SIMPLICES

The goal of this section is to discuss the extension of the analysis presented in
§2-84 to simplicial finite elements. Most of the proofs of the results stated hereafter
are easily adapted from those presented above and are therefore only sketched.

Let K be a subdivision of  into affine simplices {x}. Assume that (i) K covers
Q exactly, (ii) K does not contain any hanging nodes, and (iii) K is locally quasi-
uniform in the sense that there exists a constant p > 0, independent of h, such that
pmaxgca, hg < mingca, hg where E C A, means for all edges in the patch A,
and hg denotes the diameter of E.

Let p > 1 and let P, 4(R) be the space of polynomials of total degree at most p.
Introduce the continuous and discontinuous finite element spaces

(42) Vf:{vh ECO(Q); Vk € I, vh|K€Pp,d(l<6) },

(43) WP ={wy, € L*(Q); Vi € K, wp| € Ppa(k) }.

5.1. Trace and inverse trace inequalities on simplices. Recall the following
trace inequality due to Warburton and Hesthaven [20].

Lemma 5.1. Let k € K. The following holds:

(p+1)(p+d meas(@m)) g ol
d meas(k) "

(4 VoePpaw). [ollox < (

To investigate inverse trace inequalities in P, q(k), set n,q = dim(P,4) and
let {¢i}1<i<n, , be the canonical basis of P, (k). Let A = {ai}i<i<n, , be a
set of nodes in k. The set A is said to be unisolvent in P, 4(x) if the matrix
with coefficients (¢;(a;))1<i j<n, o 15 invertible. It is said to be admissible if it is
unisolvent in P, 4(x) and if for all dimension d’ < d and for any simplex k' C 9k
of dimension d’, the set of nodes in «’ is unisolvent in P, 4 (x’). Given a unisolvent
set of nodes A, define

(45) ]P’;:d(/i) ={veP,q(k); Ya; € A, v(a;) =0if a; ¢ Ok }.
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Lemma 5.2. For all unisolvent set of nodes A in Py, 4(r), the following holds:

lollos _ <2p+cuneas<an>)é

46 <
(46) vera ) o3 ol 4 meas(r)

Proof. Estimate (46) is established on the reference simplex and then by mapping
it to an arbitrary element in /.

(1) Choose the L?(%)-orthonormal basis of P, 4(%) considered in [20]. Define the
matrix F of order Ny 4 such that (V,FV)gnpa = 0135 for all ¥ € P, q(R), where
V is the coordinate vector of ¥ in the selected basis and where (-, )rmp.a denotes
the Euclidean scalar product in R"»-4. Clearly, Fis symmetric and positive semi-
definite. The advantage of the basis selected in [20] is that F admits a block-
structure with blocks having rank 1.

(2) To specify this structure, define J, 4 = {(¢) € I, 4, Zle iy < p}. The matrix
F is then conveniently indexed by multi-indices (i) and (j) in J, 4, and its entries
are given by

-1 . i . .
3 i (2Ng(i) +d\ 2 IO ETAL:
Fiygy = [T 6iie (1) <(2)> (~1)7 <(2)> :
=1

where Ny(i) = Z?lzl ;. Let r € {0,...,p}. With any (/) € I, 41 such that
;i:_ll ip =, >

indices (i) = (47,...,1;_4,4q). In [20], it is proven that the block F) ;) is of size

(p—r+1), of rank 1, and its trace is equal to

we can associate a block F,. ) in F corresponding to the multi-

p—r
tr(F r)) = Z 12r+2ig+d)=3(p—r+1)(p+r+d).
ia=0
(3) In [20], the largest eigenvalue of F is estimated whereas here we are interested in
the lowest non-zero eigenvalue. Since the blocks F;. ;) are of rank 1, the spectrum

of Fis equal to
o(F)={3(p—r+1)p+7+d)}cr<p U {0}.

Since the product (p — r + 1)(p + r + d) is monotonically decreasing in r, it is
inferred that the smallest non-zero eigenvalue of F' is w. The conclusion is
straightforward. O

Lemma 5.2 shows that in any simplex of dimension d > 2, the inverse trace
inequality cannot be optimal with respect to the trace inequality, i.e., at best a
factor p% is lost.

The rest of the analysis presented in this section is restricted to triangles and
relies on the following hypothesis.

Hypothesis 5.1. There exists an admissible set of nodes A* in P, 2(R) such that
(47) Yo € Ppo(®),  lvllz < ™= v]lo.

Henceforth, for all x € KC, P9 ;(x) denotes the polynomial set IP’;% (k) where A%
is the image of the set A* by the transformation mapping k onto x. If d is not large
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with respect to p, estimate (44) and Hypothesis 5.1 lead to the following trace and
inverse trace inequalities on triangles:

p2 2

(18) ¥ € Bpal), lollos < (=) vl
0 he)

(19) Vo € P 4(r), v||n<c(p) lollon.

5.2. hp-interpolation and projection on triangles. Let x € K. For a node v
in A%, set K, = {’ € K; v € &'}; then, for wy, € W}, define Zoswy, locally in k by
the value it takes at all the nodes in A}, by setting

1
card(lC,,) Z wh'n(”)'

REK,

(50) Ioswh(u) =

Clearly, Toswy, € V}f)
Lemma 5.3. There exists ¢, independent of p and h, such that, for all k € IKC, the
following estimate holds:

1
he\ 2
(51) Vuon € WY, ||wh10swh||n<c<) S e
FeF(k)

Proof. The proof is the same as that of Lemma 3.2 except that the trace and inverse
trace inequalities (48) and (49) are used instead of (16) and (17). In dimension 2,

the inverse trace inequality (49) is used once so that a factor of p~2 is lost in (51)
with respect to (19). O

Lemma 5.4. There exists ¢, independent of p and h, such that for all w € HY($2),
q=1,

h S
(52) lw — Myl < o (p) ol

h s—1
(53) IV (w - ) < ep (p) ol

with s = min(p + 1, q).

Proof. The proof is similar to that of Lemma 3.3 except that the bound (51) is
used instead of (19). O

Remark 5.1. The superconvergence of II,w to I} w is lost on simplices since
h, S
Mo = il < (%)l

As a result, the L?-estimate (52) is still optimal, but the H!-estimate (53) is now
suboptimal by a factor of p.
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5.3. Convergence analysis on triangles. Let u € H?(Q)), ¢ > %, solve (1) and
let uy, solve (7). The convergence analysis proceeds as in §4.

Lemma 5.5 (Boundedness). There is ¢, independent of p and h, such that for all
ze HI(K) N (V) a> 3,

a(z,vy) + 7(z,v a_1 1
(G0 sup HEUEIEI) oy pF e,
onEV? [vnlla,; ?

Proof. The proof is similar to that of Lemma 4.2. However, on simplices, 85 can
be chosen to be in V;!. As a result, there is no need to invoke the triangle inequal-
ity (35), and it is directly inferred that

2
> sk (h) 1B Vonlel2 < op™2j(on on).

KEK FEF (k) p

The conclusion is straightforward. O

Lemma 5.6. There is ¢, independent of p and h, such that for all w € HI(R),
q>3,

()T
(55) o=ty < et (5) ulo,
1
1 5_a h 5T
(56) [w = Tpwlla; < c(p? +p277) » [w]ls,0,
with s = min(p + 1, q).
Proof. Similar to that of Lemma 4.4. O

We are now in a position to state the main result of this section.

Theorem 5.1. Let u € HY(Q), ¢ > 2, solve (1) and let uy, solve (7). Take v = L.
Then, under Hypothesis 5.1, there is c, independent of p and h, such that

1
2

3 s 1 (B\®T
(57) |u—uh||a,j<c<pi+p%hé>(p) lullos,

with s = min(p + 1,q). Hence, if h < p~2, the following holds:
1

s (h\° 2
(58) ot — n g < cp? (p) u

|s,Q-
Proof. Proceeding as in the proof of Theorem 4.1, it is inferred that
L\ sia ey aa\ [(R)T2
=il < e (f 9575 95 k) (2) 7l

Since a = %, it is clear that g —g=5-1=32 % The conclusion is straightfor-
ward. (]

FNIS)
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6. ADVECTION—DIFFUSION PROBLEMS

The purpose of this section is to show that the CIP bilinear form j defined by
equation (6) is also suitable to approximate advection—diffusion problems in both
the advection dominated and the diffusion dominated regimes. The discussion is
restricted to finite element approximations on tensor-product meshes.

Consider the following PDE with mixed Neumann—Robin boundary conditions

—eAu+ B-Vu+ou=f,

(59) (Bu — eVu)n|ga- =0,

eVun|soaa- =0,
where ¢ > 0 is a real parameter and where f, 3, and o satisfy the assumptions
stated in §2. Without loss of generality, it is assumed that the problem (59) is
non-dimensionalized so that § is of order unity. Note that Neumann and Robin
boundary conditions are natural outflow and inflow conditions, respectively, for

advection—diffusion problems.
On H'(Q) x H'(Q) define the standard Galerkin bilinear form

(60) (LE(U, ’U) = E(VU, V’U)Q + ((0 - Vﬁ)u, U)Q - (uv ﬁ'vv)ﬂ + (/BTL’LL, U)89+'
The finite element approximation to (59) consists of seeking uj, € V' such that
(61) a=(un, va) + j(un,vn) = (f,vn)e, Yon € V)P
For v € HY(K), ¢ > 2, consider the norm

1 1 1 .
(62) [0lIZ,; = le2Vollg + llog vl + 3ll18-nl2 0[5 + j(v,v).

The discrete problem (61) is clearly endowed with stability and consistency prop-
erties.

Lemma 6.1 (Coerciveness). For allv € H1(K), ¢ > 2, a.(v,v) + j(v,v) > [0llZ ;.

Lemma 6.2 (Consistency). Let u € HY(Q), ¢ > 2, solve (59) and let uy, solve
(61). Then, for all vy € V)7,

(63) ac(u — up,vp) + j(u —up,vp) = 0.

Proposition 6.1 (Dominant advection). Let u € H1(Q), ¢ > 3, solve (59) and let
up, solve (61). Take o = % Assume h < p’%, Then, there is c, independent of p
and h, such that

h

11 1 i
(64) ot — wnlles < cletph 2+p4>(p) lulle

with s = min(p + 1,q). Hence, if ¢ < hp~2, the following holds:

R\ 2
(65) = wnlle < ept (p) s

Proof. Proceed as in the proof of Theorem 4.1. The only additional term to estimate
is ||e2V(u — Hyu)|o. Use (27) to infer

1 1 1 h st
I3V (u — M)l < cpde? (p) il

The conclusion is straightforward. (Il
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Proposition 6.2 (Dominant diffusion). Let u€ H(Q), q > 2, solve (59) and let

up, solve (61). Take a = %. Assume h < p~ 3. Then, there is c, independent of p
and h, such that

1 1 1 h s—1
©) -l <cise e 1eri ) (2) 0 ulla,
with s = min(p + 1,q). Hence, if € > max(1, hp_%), the following holds:
h s—1
(67) = wley < st (2)

Proof. Recall the following interpolation result [3]: there exists uj, € V} such that

h s—1
(68) -l < c (p) e

(1) Let us first prove that

. h s—1
(69) jlu—uhu—up)t < chdpd ()
p

Let IT} , : H*(Q) — W} be the H?-orthogonal projection onto W}. Recall that
0} 5 is endowed with optimal hp-approximation properties in the L?-, H'- and
H?-norms; see [10]. Let x € K and let F' C 9x. Owing to the trace inequality (16),
it is inferred that

IV (u = up) sl p < [V (u - ZQU)I e+ VAT 2w = up) sl P

<e(B) " fullow + ephi® V(TG u — )l

p

m

<e(t) el + e F(IV (= 10 ) + 1V (= 3 )
he
p

1
<t (2) " fullow+ b}V (= )

As a result,
J(u—up,u—up Z Iﬁn\Fll [V(u = uj)n]||%
FeF
s—3
ey (() Jull 4 2P IV = ) )
HG]C

yielding (69).
(2) Using (69), it is easily shown that
s, (h

s—1
1 1
lu—wllley < cled + 1+ hip~h) (p) e

Owing to Lemma 6.1 and Lemma 6.2,
lu—unl?; < ac(u—un,u—uj) + j(u—up,u— uj)

<A +e2)u—upllejlu

= plle,5-
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Hence,
lu—unlle; < (T+e72)[Ju—uple;
1 1 1 3 h sl
<(1+e72)(ez +1+hzp 7) <p) llull s,
yielding (66). The conclusion is straightforward. O

Proposition 6.2 shows that in the diffusion dominated regime, the CIP bilinear
need not be modified to guarantee optimal convergence in h and p. In particular,
the perturbation induced by the CIP bilinear form converges to zero at a rate
that is faster by a factor of h%p*% with respect to the error in the energy norm.
Furthermore, the above results indicate that the Peclet number to detect the regime
transition is %p‘g.

7. CONCLUSIONS

The CIP hp-finite element method analyzed in this paper can be used efficiently
to approximate first-order transport operators and advection—diffusion equations
on tensor-product meshes. The error estimates are suboptimal by a factor of pi
in the advection-dominated regime, while optimality is recovered in the diffusion-
dominated regime. In contrast, several questions remain open for simplicial finite
elements. In particular, the existence of an admissible set of nodes yielding the best
possible inverse trace inequality (46) and the sharpness of the estimates derived in
Lemma 5.3 and in Lemma 5.4 deserve further investigation. Finally, it is worthwhile
to mention that the design of a CIP hp-finite element method for the Oseen equation
is straightforward by combining the above results with those of [8].
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