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Abstract

In this paper, we focus on the simulation of the CIR processes and present several discretization
schemes of both the implicit and explicit types. We study their strong and weak convergence. We
also examine numerically their behaviour and compare them to the schemes already proposed by
Deelstra and Delbaen [5] and Diop [6]. Finally, we gather all the results obtained and recommend,
in the standard case, the use of one of our explicit schemes.

1 Introduction

The aim of this paper is to present an overview on the discretization schemes that can
be used for the simulation of the square-root diffusions of Cox-Ingersoll-Ross type. These
processes, initially introduced to model the short interest rate (Cox, Ingersoll and Ross
[4]), are now widely used in modelling because they present interesting features like the
nonnegativity and the mean reversion. Moreover, some standard expectations can be
analytically calculated which can be useful especially for calibrating the parameters. Thus,
they have also been used in finance to model the stochastic volatility of the stock price
(Heston [9]) or the credit spread (Brigo and Alfonsi [3]). We will use in this paper the
following notation for this diffusion: (X;) will denote a Cox-Ingersoll-Ross (CIR for short)
process of parameter (k, a, o, xq) if

X, =m0+ [y (a—kX)ds + o [} VX dW,, t € [0,T] )
xo,0,a > 0,k € R.

Under the above assumption on the parameters that we will suppose valid through all
the paper, it is well known that this SDE has a nonnegative solution, and this solution is
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pathwise unique (see for example Rogers and Williams [13]). Let us recall here that under
the assumption (see for example Lamberton and Lapeyre [11])

2a > o and x5 > 0 (2)

the process is always positive.

When £ > 0, it is common to define = a/k and rewrite the SDE d.X; = k(6 — X;)dt +
ov/X;dW,. Indeed, § appears as the asymptotic mean of X, toward which the process is
attracted. In practice, this more intuitive parametrization is preferred.

In the sequel, (F;,t > 0) will denote the natural filtration of the Brownian motion
W, and we will consider the regular grid ¢ = % Except in cases where it is important
to remind the dependency in n, we will write ¢; rather than ¢7. It is well known that
the increments of the CIR process are non-central chi-squared random variables that can
be simulated exactly. Thus, we can inductively simulate a random vector distributed
according to the law of (Xy,, ..., X;,) (see Glasserman [7], pp. 120-134). However, the exact
simulation in general requires more time than a simulation with approximation schemes.
It may also be restrictive if one wishes to correlate this diffusion with another diffusion via
the Brownian motions as in Brigo and Alfonsi [3] where two correlated CIR processes are
considered. At least for both these reasons, studying approximation schemes is relevant.

It is important to remark first that the natural way to simulate this process, that is the
explicit Euler-Maruyama scheme

A

. T . "
X =X+ —(a—kX]) + oy Xp (W,

tiy1 n i+1

- Wtz)

with Xg) = xo can lead to negative values since the Gaussian increment is not bounded
from below. Thus, this scheme is not well defined. To correct this problem, Deelstra and
Delbaen [5] have proposed to consider:

20 N T 20 20
Xti+1 = Xti + ﬁ(a - kXti) + T4/ XtilXZ>O<Wti+l - W)

while Diop proposes in [6]:

~

N T A [~
XZ+1 = |XZ + E(a — k?Xtr:) +0o Xg(Wti+1 — th)|

However, we can as proposed in Brigo and Alfonsi [3] obtain the positivity using an im-
plicit scheme. More precisely, if we rewrite the CIR process with the posticipated stochastic
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integral, we get, since d(\/Y, W) = Zds:
t
X, = xo+/ (@ — kX, ds+<7/ v/ X dW
0
= 2o+ lim {Z(a — kX))~ —|—0‘Z\/Xt2+1 R

n—oo |
158, <t it <t

—O’Z (\/m_ \/Xiti)(Wti-‘rl - Wtz)}

it <t
. o? T
= xo+ nh—>nolo Z (CL - ? - kXt’H—l)E +o Z V th'+1 (Wti+1 - Wtz) .
it <t it <t

It is then natural to consider the following implicit scheme that is well defined under
the hypothesis (2) at least when the time step is small enough:

%0 =0 o’ % T %
Xti+1 = X[+ (a — 5 k:XtHl) + U\/XEH(W%H - Wi).

More precisely, when )A(g >0 and £ < 1/k~ (where y~ = max(—y,0)), \/thﬂ can then
be chosen as the unique positive root (since 2a > o2, ( ) < ) of the second-degree
polynomial P(z) = (1 + kL)z? — o(W,,,, — Wy,)z — (X" (a— C’7)2) and we get

i+1

~ 2
A 0 (Wisy = Wi) /02 Wiy, = Wi )2+ 4(KE + (a— D)D)+ KD)

Xy = . (3
tit1 2<1+k%) ( )

This scheme is well defined and it is also easy to check that it preserves the monotonicity
property satisfied by the CIR process: if zp < xj are two initial conditions, the scheme
satisfies X " X 7. This is an interesting example of implicit scheme on the diffusion
coefficient Whose general form is given by Milstein and al. (2002) since it leads to an
analytical formula. In the same spirit, we can look at the SDE that drives the square-root:

—o%/4 k o
dv/ X; = ———dt — =/ X dt + =dW,
0 2\/_Xt g VAt 5 d

and consider the scheme obtained by impliciting the drift. This gives also a second-degree

equation in @/Xfﬂ
kT o - N a—c?/AT
1+ o th+1 — §(Wti+1 - Wy,) +4/ XE \/thrl — = 0
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that has also only one positive root when o2 < 4a and % < 2/k™, and it gives:

%(Wti+1 - Wtz) + \/ XQ + \/(%(Wti+1 - Wtz) + XQ)Q + 4(1 + %)#%
tir1 2(1 + %)

(4)
In this case )A(t’;l is still an increasing function of Xg so that the monotonicity property
is satisfied. One can wonder whether we can get other schemes looking at the implicit
scheme (implicit on the drift and the diffusion coefficients) with the SDE satisfied by X .
It is not hard to see that the only two values of a that give a second-degree equation are
1 and 1/2. The other powers do not lead to analytical formulas and require a numerical
resolution.
It is then interesting to make a rough Taylor expansion of order 1 of these schemes, i.e.
we fix Xt" and only conserve the terms in L, (W, — W,,) and (W,,,, — W,,)%. We get
respectively for the first scheme (3) and the second (4):

~ ~ T N
Xp,, ~ X (1 — k:ﬁ) + 0\ XF (W, — W) + 0% )2(Wa,, — Wi,)? + (a — 0°)2)

SN 314

N o T -
Xp =X (1 — k;) +0\/ X Wy, = W) + 02 /AWy, — We)* + (a — 07 /4)

This indicates us a family of explicit schemes F()) for 0 < A < a — 0?/4 that ensure
nonnegative values but not the property of monotonicity:

. T\ o oW, — W)\
X, - ((1—%> %+ e >> )
+(a —o* /)T /n+ N(W,,, — Wi,)? — T/n].

It is well defined for kT'/n # 2. The expansion of the scheme (3) corresponds then to
A = 02/4 while the scheme (4) to A = 0. It is interesting here to notice that the implicit
scheme on the square-root and the explicit scheme E(0) have the same expansion (up to
order 1) as the Milstein scheme for (1) (which can lead to negative values like the Euler
scheme when k£ > 0) and for k = 0, F(0) is exactly the Milstein scheme. Let us mention
also that we could have considered as well the schemes obtained by replacing the factor
1 -5 by /1 —kT/n in (5).

This paper aims to get results on the weak and strong convergence of these schemes.
Let us mention here that Deelstra and Deelbaen have proven in [5] a strong convergence
result for their scheme. Diop also gets a strong convergence result in [6] but under some
strong assumptions on the coefficients. She also obtains a weak convergence rate that
depends on parameters. We introduce a framework in Section 2 that will allow us to study
simultaneously several schemes presented above. In Section 3, we will thus establish a
result of strong convergence for the schemes that satisfy an hypothesis denoted by (Hg).
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Then we analyze the weak error in Section 4, establishing a convergence result with a 1/n
rate for schemes satisfying an hypothesis denoted by (Hy ). Moreover, an expansion of the
weak error is given for the schemes E(\). Section 5 presents numerical results. We study
in particular the strong convergence speed numerically and also calculate the computing
time required by the several schemes. All the properties put in evidence by our analysis are
listed in the conclusion, and F(0) seems to be the scheme that gathers the most interesting
properties.

2 Notations and preliminary lemmas

2.1 Some results on the CIR process

Lemma 2.1. The moments of (X;)ico1) are uniformly bounded by a constant that depends
only on the parameters (k,a,o,x0), T, and the order of the moment p € N*. More precisely,
setting @, (t, xo) = E[X7], there exists smooth functions ;,(t) that depend on (k,a, o) such
that:

p
Uy, 20) = ) lyp(t)a0-
§=0

Proof: We have 1y(t, o) = 1 and in the case p = 1, 41 (¢, x0) = x + fg(a — kiiy (s, x0))ds

than can be solved:
1 — efkt

k

with the convention that 1_677“ =t for k = 0. Let us consider p > 2 and assume the result
true for 1 < j < p — 1. One has w = [ap + ip(p — 1)02tp-1(t, 20) — kpiy(t, o).
Hence, we have

ﬂl(t, .To) = Ioeikt +a

ty(tan) = (e (% [ ap+ Joto = 0P a0y

and we get the induction relations

Vi <p=Tagl) = @ [l o= Dl i (s
Upp(t) = (e_kt)p-

This gives the desired result, and we remark incidentally that @;,(¢) can be written as a
polynomial of e * or t depending on whether we are in the case k # 0 or k = 0. [J

2.2 Introduction of the notations O(1/n°) and O(1/n°)

In this section, we introduce Landau type notations for sequences of random variables that
will considerably simplify formulas later. To allow the multiplication of two O, we suppose
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the existence of moments of any order. The results presented here are elementary, and will
largely be used later.

Definition 2.2. Let us consider a doubly indexed family of random variables Z = (Z7),
with n € N and v € T',, a nonempty set. We will say that Z is of order 6 € R - and use
the notation Z = O(1/n°) - if there exists a family of positive random variables (AZ),
that have moments of any order uniformly bounded (i.e ¥p € N* Ix(A,p) > 0,Vn €
N*, sup E[(A})P] < (A, p) ) and such that:

v€ln
22 < A
This is clearly equivalent to the following property:
Vp € N*,3k(p) > 0,Vn € N*, supE[(n’| Z2|)"] < k(p)

Y€l

When in particular the (Z,’;)%n are deterministic, this is equivalent to the boundedness of

(n°Z1)yn and we use the standard notation Z? = O(1/n’).

Remarks 2.3. 1. It is obvious but important to observe that Z = O(1/n°) implies that
E[Z}] = O(1/n).

2. Typically we will use in the paper this definition for 'y, = {to,t1,..,tn}.
5. A simple but fundamental example is Wiy — Wi = O(1/y/n) which is clear since
Vi [Win - — Wil "W IN(0,T)| has moments of any order.

Proposition 2.4. If (Z )neNvan and (Z JneNer, are two families such that 7 =
O(1/n) and 27 = (l/n "), we have:

1) ‘v’c eR*,cZr =01/n°)  2)VdeR,Z}/n" = O(1/n)
3) Z Z”} = O(1/n™C)  4) ¥d > 0, (Z1)* = O(1/n®)
5) Z”Z”} = O(1/n*?)

where the families in 3) and 5) are indexed in '), x I, In particular, if we have a family
of functions h,, : I';, — I, we have also:

n’

) Z1+ Z ) = O(1 /M0 5 Znzin = O(1/n).

Proof : 1) and 2) are obvious. To prove 3), let us assume for example that 6 < ¢'.
Then, it is not hard to see that Z/® = O(1/n’). Since a sum of LP random variables is L?,
we conclude easily. 4) comes immediately from the definition while 5) requires the use of
Cauchy-Schwarz inequality to get the boundedness of the moments.[J

By Jensen’s inequality, we also easily check the following result.

Lemma 2.5. Let us consider a family (G,)yer, of o-algebras and (Z7)nennqer, @ family
of random variables such that Z" = O(1/n®), then E(Z2|G,) = O(l/ng).
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2.3 On the moments of the discretization schemes

First of all, we need the following lemma to control the moments of the schemes presented
here.

Lemma 2.6. Let us suppose that ()A(Z’) is an nonnegative adapted scheme (i.e. Xt” s
Fi,-measurable) such that for alln € N,

XZ(L) = X
Vi<n—1, X' < (L+b/n)X+ o0/ Xp(Wh,, — W)+ O(1/n)

where (0f') is also supposed to be adapted with o} = O(1) and b > 0. Then, ()A(t’;‘) has
uniformly bounded moments, that is X:L = O(1).

Proof :  Let us first remark that it is sufficient to study the case b = 0. Indeed,
(1+ b/n)*Z)A(f satisfies the condition above with b = 0 : we have for z € [0,n], 1 <
(1+b/n)® < e and thus on the one hand, (14 b/n)"'""/?¢7" is adapted and thanks to
Proposition 2.4 is a O(1), and on the other hand (1 + b/n)~"*O(1/n) = O(1/n). We
observe then that X[‘ =0(1) = (1+ b/n)_’f(t" = O(1).

By Definition 2.2, there is A? = O(1) such that we can rewrite the inequality (with
b=0) as follows :

Xp <X+ o Xp(Why,, — We) + A7 /n.
We denote in this proof x(A4,p) = supE[|A}[P]. We are going to check by on p that

Vp € N,supE [(X't")P] < o0o. It is easy to check that E[Xt”] < xy + K(A, 1) since we have

E[X{fﬂ] < ]E[Xg] +k(A,1)/n. Let us assume for any ¢ < p— 1, there is a positive constant
k(q) such that )

E[(X7)] < k(q).
Since (X” P < > —ll!g‘!ls,()%;;)lﬁbﬂ (Uf_(VVtiJrl — I/Vti))l2 (A?/n)l?’, it is sufficient to

ti+1 — i
li+l2+l3=p

control E(ly,ls,l3) = E [(Xg)’ﬁw (o7 (Wi, — W3)" (Ay/n)lﬂ for Iy + 1y + 15 = p. If
I +12/2 < p — 3/2, we have necessary l3 + l5/2 > 3/2 and Holder inequality gives

1/B
E(l,la,13) < (k(p — 1))V/°E {((UZ(WW — )" (A?/n)h)ﬁ} < %

where o = ﬁ and 1/a+1/4 = 1. Thus, there is a positive constant C'te such that :

E[(X7, )] < E[X7)]+ SE(XD)P A7) + DE[(X7) 2oy E(Wi,, — W)

tiv1 i

—i—pi(ng 1)E[(Xg)p_1(ag)2] + Cte/n.
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Using once again the Holder inequality to bound E[(Xg)pflA?] from above, have for a
constant C' > 0

Q

%0 1 1 %0 ¢ ¢
E[(X7,,)7) < E[CX)) + (IR +1) = BIRLPI+ )+
and then we easily conclude that E[(X7)?] + 1 < (af + 1)e€.00

Now, we present a quite general framework that includes, as we will see, the implicit
scheme (3) and the explicit schemes F(A). The hypotheses that are stated below will be
useful later to get results of strong and weak convergence.
Hypothesis (Hg) We will say that (X}') satisfies (Hg) if it is a nonnegative adapted
scheme such that:

Xn

tit1

N T ~ N
= X'+ E(a — kX)) + o/ X (Wey,, — W) + my  —mp + O(1/n%?)  (6)

n n 4 y y y n n J— .
where my,, — my, is a martingale increment (i.e. E[mj  —mi|F,]=0) of order 1.

me,, —my, = O(1/n). (7)

If it is satisfied, we get immediately that XZ:H < )A(g + %XQ +o )A([:(T/Vti+1 - Wy,) +
O(1/n) using that |a — ka\ <a-+ \k|Xf Therefore, we can apply the Lemma 2.6 and
deduce that )A(t’;‘ = O(1). We define in that case the discrete martingale (M) by

Mg =0 ®

- 8
My — M= o\ X{ (W, — Wa,) + mg,, = mg,.

Thanks to Proposition 2.4 and Remark 2.3, we get

Corollary 2.7. Under hypothesis (Hs), Xﬁ has uniformly bounded moments, and we have:
(Mt:LJrl - MI‘ZL)Q = O-ZXI‘Z(Wt

Xp, - X = 0(1/vn).

i+1

- Wt¢)2 + 0(1/n3/2)

i+1

However, as we will see when studying the weak error, it can be useful to make a
stronger assumption to get a faster convergence.

Hypothesis (Hyw) We say that a scheme (X't") satisfies (Hw) if it already satisfies
(Hs) and moreover

. . T . "
Xiio = Ko+ —(a = kX0) + 0/ X (Whiy, = W) +my = my + O(1/n) (9)
E|(Xi, = X)21F,| = o2 X0T/n + O(1/n?). (10)

The absence of term of order 3/2 in (10) and the knowledge of the expansion of the scheme
(9) up to order 2 play a key role to get a weak error at most proportional to the time step.
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Remark 2.8. Let us suppose that there is a function Y™ (x,w) which is even with respect
to its second argument w such that:

mp, —mp =" (X], (Wh,, — Wa,)) + O(1/n?).

tit1

tit1 XQ)Q = O-ZXZ:(WQ+1 - Wti>2 +20 \/ ngn(Xg’ (Wti+1 - Wti))(Wti+1 - Wh) +
O(1/n?), and therefore condition (10) is automatically satified thanks to Lemma 2.5.

Then, (X

2.4 Study of the expansion of the different schemes

In this section we examine each scheme presented in the introduction and our aim is to
discuss whether it satisfies or not Hypotheses (Hg) and (Hy) defined before.

2.4.1 Expansion of the implicit scheme (3)

We assume here that 2a > o2, and expand the relation that defines the implicit scheme (3):

- 1 - o?
X = —— (207 =W)X — )T 1 T
B = qr e (2 Wi — WA AR + (o= T+ ET)

+20(Wi,, - Wti)\/ 02 (Wy,, — W )2 +4(XP + (a — %2)T/n)(1 + k:T/n)) (11)

Let us now observe that

|\/ 2 (Wi, — Wi )? + AXF + (a - %Q)T/n)(l KT /n) — 2/ X2(1+ KT /)|

S \/02(Wti+1 - Wti)2 + 4(@ - 0;)(1 + k:T/n)T/n = 0(1/\/5)7 (12)

using Proposition 2.4. Thus, we have

A ~

XZ:+1 = 1+k1T/nXZ + (1+kT1/n)3/20 XZ<W751'+1 - Wtz) + O(l/n)

which gives that Xt’j = O(1) using Lemma 2.6. Once we know this, we can continue the
expansion thanks to Proposition 2.4 and it is not hard to get:

2

20 20 T 20 g m
Xti+1 - Xti = E(a - kth) + 7[(Wtz+1 - Wtz)2 - T/n] + Mti+1

— M+ 0O(1/n%) (13)

where Mt” is a discrete F3,-martingale defined by M[é =0 and

M =M Ak - 2 =W )2 44 XD ——)— | (1 T/n).
tit1 t; + 2(1 T kT/n)2 \/0 (Wtz+1 Wtz) + ( t; + (a 9 )n ( + k /n)
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Indeed, we have E(M]

i+1

. ovT & 2 [o?T N o2 .

M+ / xe_T\/—x2+4X”_+ a——)T/n)(1+ KT /n)dx = M.
a1+ M) I L

|ft7,> =

~
0

Moreover, we have (M]'  — M) = o*(W,,,, — W;,)2X7 + O(1/n?) and in particular

Mt’jH - Mt’j = O(1/4/n). Now, we can define the martingale (m} ) by
n n o’ m m / v
mtiJrl - mti = 7[(Wti+1 - Wti)2 - T/n] + Mti+1 - Mti -0 X£<Wti+1 - Wtz)

and it is easy from (13) to see that the properties (6) and (9) are satisfied. Inequality (12)
gives us that M — M[j — ay/f(g(Wt — W;,) = O(1/n) and therefore property (7) is

tit1 i+1
satisfied by m” since %[(Wti“ — W.,)? — T/n] = O(1/n). We have first shown thus that
(Hs) is satisfied. Now, using the Proposition 2.4, we get that:

(X7

tiv1 XZ:)Z = JQ(WtiH - Wti>2Xt7:

+[02((Wti+1 - M/tz)2 - T/TL) + Q(CL - ]{JXZ:)T/H](M”

titr1

— M) +0(1/n%)

and that the term of order 3/2, [0*(W,,,, — Wy,)?> —T/n) +2(a — k:)A(t’f)T/n](]\4{;+1 — Mp),

has a null conditional expectation respect to F;, since it can be written as an odd function
respect to the Brownian increment. This shows that we have (10) and (Hy) is also satisfied
by this implicit scheme.

2.4.2 Expansion of the implicit scheme (4)

Let us assume here that 4a > o2, Expanding (4), we get:

% 1 g -\’ kTN a —o?/4
2
g on a -~ KT\ a—02/4T
2 <§(Wti+1 N th) + th> \/(g(WtHl - th) + th) +4 (1 + %> Tﬁ
2 .
Thus, using the inequality 22 +x+/22 +y < { (Q)x v gi i 8 for y > 0, we get that
¢ ! o -\ KT a—o?/4
Xti+1 S m [(§<Wti+1 - Wtz) + th) + <1 + %) TT/H
2n

and we can therefore apply Proposition 2.6 to deduce that X{j has bounded moments.
Unfortunately, if we try now to get an expansion of Xg up to order 3/2 by expanding the
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1

X%

square-root, we get a term in O(1/n*/?) which is hard to manage. Despite the good

numerical convergence of this scheme, our approach in this paper did not enable us to
obtain theoretical results for it.

2.4.3 Expansion of the explicit scheme F(\)

Let us assume here that 4a > o and consider A € [0,a — 0%/4]. Expanding (5), we get

. . T K2, (T\®> ko? 2—kT/(2n) [T\’
Xp =X = (a—kX])=+ X1 (= -
= e T () e ()

+U\/X>Z(Wti+1 - Wti) + (4(1 _ koj-w/@n))g + >‘> ((Wti+1 - Wti)2 - T/n)

~ KT o, T
< o\ X[ (Wh, — Wh) + (k + ZE) ng + O(1/n).

We can then apply Lemma 2.6 to deduce that X{l = O(1). We have then an expansion
analogous to that obtained for the implicit scheme, that is

Xn

tit1

A T N -
- Xn = —(a—kXp) + o\ Xp (Wi, — Wi,) +mi, —mp +O(1/n?) (14)
where m;’ is a F,-martingale defined by my = 0 and mj, —mj = (%2 + AWy, —
W,;,)2 — T/n]. Tt is in this case straightforward to see that we have the properties (6) and
(9) and that the martingale increments satisfy (7) and (10) thanks to Remark 2.8. Hence,
explicit scheme E()) fulfills the conditions of (Hg) and (Hy ).

3 Strong convergence

In all this section, we consider a scheme (XZ) that satisfies the hypothesis (Hg). We
will prove the strong convergence for it, following the method proposed by Deelstra and
Delbaen [5] that relies on Yamada'’s functions. Thus, we first need to build a continuous
adapted extension of our scheme in order to use then Itd’s formula. For that purpose, we
need to explicit the O terms and first define Z]' = O(1/n*?) as:

Xn

tit1

20 T 1 n n n
= X[ + E(a — kX)) + My, — My + Z;,
We can suppose that Z; is F;-measurable. Indeed, if it were not the case, it would be

sufficient then to consider the martingale increment

M" — M+ 7 = E[Z}'| F,]

tit1

— M= M}

tit1

and Z' = E[Z}'|F,,] instead of respectively My — M} and Z}'. Thus, we have MZ}H —

MZ?WLZQ = M} — M+ Z] and, thanks to Lemma 2.5, we get that Zt" = O(1/n?/?), and
also MQH — ]\Zt” =0 XZ(WtM - W) +O0(1/n).
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Now, we apply the martingale representation theorem to the martingales {]E(m;?prl |F)—
mi ,t € [ti, tiy1]} to get the existence of an Fi-adapted process (Rf,0 <t <T) such that

F)—ml = / RAAW,.

( 'L+1

In particular, we know that ftz RYdWg = O(1/n) and so <ftz RdW,)* = O(1/n?) which
gives us that, for ¢ € [t;, ;1]

/t BI(RI)?ds = O(1/n?). (15)

Now, we are able to build a continuous extension (Xf, 0 <t <T) F-adapted of our
discretization scheme. Indeed, we define for t € [t;, t;41]:

T

Thus, naming 7(t) the function defined on [0, T'| by n(t) = t; for t € [t;, t;+1), we can rewrite
our scheme as follows:

t
XP =X+ (t—t)(a— kXD + —2Z7) + / (o\/ X7 + RY)dW,.
t;

t

t
Xt”:xo—l—/o (a—k’X" —i—TZ,7 8))d5+/0 (o n(s )+ RY)dW. (16)

Let us now introduce a family of Yamada’s functions (see Karatzas and Shreve [10]) ©em
parametrized by two positive numbers € and m. Since we have f U 02 ——du = m, there

exists a continuous function p, ,, with a compact support in Jee™ "2’”, [ such that p ., (z) <
:e_(,zm Pem(u)du = 1. We then consider

||
we m / / Pe, m dUdy

that can be viewed as a sequence of smooth approximation of x — |z| when m is large and
€ tends to 0. Indeed functions %) ,, thus satisfies:

2
ol = € < (@) < Ja [, ()] < 1,0 < 000 (0) = peme) < 2
Following the method used by Deelstra and Delbaen [5], we first write
X7 = Xl < e+ dem(XP — X)) (17)

and then apply Ito’s formula :

t
Yom(XP = X)) = /0 (kX — kX + 2 25 W (K7 — X.)ds
t
+/( Xn +Rn gV XS)w;m(X;L_XSMWS
0

1! .
+§/ (o X o TR — o/ X)WL (X] = X)ds
0
= Li(t,n) + I(t, n) + I3(t,n).
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The absolute value of the first integral can be bounded using that [|9,, [lcc <1 :

t t
-1 20 o1, on
Rt < W [ (X = X217 = XD+ [ 2425 1ds
For the third integral, we have that

(o )A(;L(s) + R — 0/ X,)?

IN

2(0%| X, — X,?<s)| + (R2)?)
< 2(0?X, — X"+ 0| X" — X;;(s)| +(RM?).  (18)

Therefore, using that 1" z] < = and [¢), ]l < %5 " e get:
g em e,m g

= 5%em

ot 202’” LA
Ltn) < 24+ 2 (X7 = X7, |+ (R”) )ds.
0

m €m

Using Lemma 2.1, Corollary 2.7 and (15), we check that E[l5(t,n)] = 0. Now, taking
the expectation in (17), we get

NG

for some C'te > 0, using that | X" — X':(s)] = O(1/y/n) and 227, = O(1/y/n). Gronwall’s

lemma leads then to
2T Qe ™M Cte
S + |k ) 19
6+m+<(76 H)\/ﬁ] (19)

Now, taking m = 15 In(n) and € = 1/In(n), we get that

N t N 2T 2e7 ™ Ct
we[o,T],E<|Xf—Xt|>Se+|k|/ E(| X7~ X|>ds+—+<j— |k|> -
0

Vi e [0,T],E(| X! — X,|) < elFIT

sup E(|X7" — X,) = O(1/ In(n)). (20)

0<t<T
Now, we would like to exchange the supremum and the expectation. Doob’s inequality
gives E[ sup |Iz(s,n)|] < C'\/]E [f(f(a )A(T’]‘(S) + R? — ov/ X)( é,m(X? - XS))2ds]. We use
0<s<t

that [|¢f [l < 1 and the inequality (18), and then control each terms thanks to relations
(20) and (15), and observing that | X" — Xg(s)| =0O(1/y/n):

E[ sup |I2(s,n)|]] = O(1/+/In

0<s<t

We can then use the same controls as before for I; and I3 to conclude that

B ( sup X7 - X1 ) = 001/ vl (21)

We sum up our results in the proposition that follows.
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Proposition 3.1. Let us consider a discretization scheme (X") that satisfies the hypothesis
(Hs). Then, there exists a positive constant C' depending on T and on the parameters
(k,a,0,x0) but not on n such that:

sup E(|X}! — X,,|) < C/In(n)

0<i<n

E ( sup |XZ - Xy,

0<i<n

) — C/y/In(n).

4 Weak convergence

In this section, we will establish a result that gives the convergence rate of E[f(X7)] to
E[f(Xr)]. We will use the method introduced by Talay and Tubaro (1990) to study that
weak error and get also a convergence rate in 1/n provided that f is regular enough. We
thus introduce the notation X} to denote the CIR process with initial value x, and we first
need to establish the following technical result.

Proposition 4.1. Let us consider f : Ry — R a C? function with ¢ > 2, such that there
is A>0 and m > q, m € N such that

Vo >0, [f@(x)] <A1+ 2™).

Then u : [0,T] x Ry — R defined by u(t,z) = E[f(X7_,)] has successive derivatives
LoV u(t, ) for I,I' € N and |+ 2l' < q, that satisfy the following property:

3C > 0,V(t,x) € [0,T] x R, ax |0L0 u(t, z)| < C(1 + z™ et (22)
'<q
and is a classical solution of the PDE:

{ dru(t, ) + (a — ka)dpu(t, z) + S ad?u(t,z) = 0 (23)

w(T,x) = f(x).

More generally, let us assume that (fg,0 € ©) is a family of C? functions with ¢ > 2, such
that there is A >0 and m > q, m € N such that

VO €O, Yz >0, [£\7(x) < AL+ 2™) and VI < ¢, |fP(0)] < A. (24)

For 0 <71 <T, we consider ug.(t,z) = E[fo(X*_,)] for 0 <t <7 and x > 0. Then there
1s a constant C > 0 that does not depend on T and 0 such that
Vo€ O,7€[0,T)], V(t,z) € [0,7] x Ry, max 10L0 ug - (t, )] < C(1+ ™) (25)
'<q
The proof of this proposition, mainly based on the analytical formula available for the

transition density of the CIR process is made in the Appendix A.
We are now able to prove the main results of this section:
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Proposition 4.2. Let f : Ry — R be a C* function such that 3A,m > 0,Vz > 0,]f® (z)| <
A(1 4+ 2™). Let us suppose moreover that the scheme (X") satisfies the hypothesis (Hw ).
Then, the weak error is in 1/n:

E[f(X7)] = E[f(Xz)] + O(1/n).
More generally, if (fp,0 € ©) is a family of C* functions satisfying condition (24) for q = 4,
E[fe(Xt?)] =E[fo(Xer)] + O(1/n)

where O(1/n) has to be understood in the sense of Definition 2.2 with (0,t7) € I';, =
O x {tf,...,tr}.

Proof - We have E[f(X})] = E[u(T, X3)] and E[f(X7)] = u(0, z0) so that:
E[f(X7)] — E[f(X7)] = E[u(T, X7) — u(0, )] ZE tiv, X, ) — ulti, X7))-

Let us consider (¢,z) and (s,y) in [0,7] x R,. We can apply the Taylor formula to
t — u(t,y) up to order 2 and get:

u(s,y) = ult,y) + (s — t)owu(t,y) + (s — t)2/0 (1 —7)02u(t +7(s — t),y)dr.

Now, we apply Taylor formula to y — u(t,y) and y — Jyu(t,y) and we finally get

u(s,y) = Z Lo u(t, x) (s = t)l!l(’:!y —2) + (s — t)2/0 (1 —7)0ult+7(s—1t),y)dr
o= 0= [ (1= go0ulta+ ely— )
(y —)*

_|_

31 /O (1= &)’0pu(t,z + &(y — x))dE.

Proposition 4.1 allows us then to get:
: —t)'(y — z)!
S g u(t, )L =)

0<i+2l'<4 l'l/'
< C(1+max(z,y)"™™) [(s = t)* + [s — t|(y — 2)* + (y — 2)"]

and we apply this bound to (¢;, X ) and (ti41, X{jﬂ) Proposition 2.4 and Corollary 2.7 give
immediately that C(1+max(X], XZI)G*T”)[(T/TL) (X’j+1 — X2 n+ (X L XY =
O(1/n?*) and therefore:

; : (T/n)"(Xp,, — Xp)!
ultin, X)) —u(t, XP) = > 0Lof ulty, X7') utf! 4 0(1/n%). (26)

0<i+20'<4
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Now we expand the powers of (X' — Xg) up to order 2 using the Hypothesis (Hy ):

t+1

7.+1 3

. T N -
Xr - Xr = E(a—kXZ_)—i—U\/Xg(WtM—Wti)+mz+1—mz+0(l/n2)

(X, = X1 = X)W, — WP+ 0(1/n?)
Therefore, we get that
E[X1, - %17 = kX +00/m)
E[(X7,, - X017, = o(/e?)
and according to (10), E [(Xf+1 — X7)? |E1 = o*XPT/n+ O(1/n?).

The bound (22) and Lemma 2.6 ensure that 8;0tl/u(ti,f(g) = O(1) for I +2I' < 4. Thus,
using Lemma 2.5, we can deduce from (26) :

E [ultisn, X7.,) = ultis 1) |7,

L TR, - X0, 2
= Y 00 u(t:, X7 T +O(1/n?)

0<i42l'<4

~

A A A A 2 A
= dyults, X{)T/n+ Dpults, X71)—(a = kX7) + SZult, X;;)%XQT/n +O(1/n?)
= O(1/n?)

since u solves the PDE (23). Therefore, there is a constant C' > 0 that does not depend
on i such that ‘E [u(tiﬂ, X{jﬂ) — u(t;, )A(t”)} < C/n? and so, we finally get that

[EL£ (%3] — Elf(X2)]| < C/n

which is the desired result.

Now let us explain why this proof can be generalized easily to the case of the family
of functions fy that satisfy (24) and all times 7. We apply as before Taylor formula to
functions wug i and thanks to Proposition 4.1, the bounds we have on its derivatives do not
depend on (9 t%) and we get for 0 <i < j <n as in (26)

. , (T/n)!' (X", — X1
g (tir, X, ) — ugtn(t“)( Z Lo u@tn(tl,X”) l'tﬁl 401 /n?)

0<i+20'<4

with the difference that the O symbol is now meant with I';, = {(#},#}),0 <i < j <n} x©O

instead of {¢]',0 < i < n} before. Then, the proof is the same, noticing that we still have
a!}:atllue,t;?(tuXZ) =0(1) for I +2I' < q. O
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Remark 4.3. We desired to get a weak error in 1/n as in the case of the Euler scheme for
stochastic differential equations with coefficients regular enough (C* and bounded deriva-

A~

tives). Using the argument of Talay and Tubaro, we need then a control on u(t; 1, XZH) —
u(t;, Xt") up to order 2. This is why we assume to know the relation (9) between X’gﬂ and
Xg up to order 2. Ezpanding u(t;y1, X{fﬂ) — u(t;, )A(t’j), we see that the term of order 1/2
has a null expectation, the term of order 1/n is null since u solves the PDE (23), but we
need to require condition (10) so that the term of order 3/2 has a null expectation. If we
had only assumed that the scheme satisfies (Hg), we would have obtained a weak error in

1/\/7.

Now, we would like to expand further the weak error, in particular to justify the use
the Romberg method that mainly relies on the following remark: if we know that there is
c1 € R such that E[f(X})] = E[f(X7)] 4+ c1/n + O(1/n?), then 2E[f(X3")] — E[f(X})] =
E[f(X7)] + O(1/n?) converges thus faster toward the desired expectation. If we want to
adapt the previous proof, we see that we need to add the following assumptions to get a
weak error up to order v € N*:

e f is regular enough (C*) and its derivatives have a polynomial growth.
e We know the relation between XZH and XZ up to order v + 1.

Moreover, if we wish to have as for the Euler scheme an error that expands only on the
integer orders: E[f(X7)] = E[f(X7)] + c1/n + ca/n® + .. + ¢,1 /0"~ + O(1/n”), we need

to make assumptions of the same kind as (10) for any power of (X7, — Xt”) to get terms
of order “integer + one half” with null expectation. However these assumptions would be
hardly readable, and practically, they would be clearly satisfied only by the explicit schemes

E()). That’s why we prefer to state here directly the result for the explicit schemes E(\).

Proposition 4.4. Letv € N* and f : Ry — R that we suppose C* and such that Vq,3A, >
0,m, €N, [fD(z)| < A,(1+a™). Let (X") be the explicit scheme E(X) with 0 < A <
a — o%/4. Then, the weak error has an expansion up to order v:

E[f(X})] = E[f(X7)] + c1/n+ c2/n* + ..+ coo1 /"™ + O(1/n")

where ¢; = TfOTIE[@/JE(,\) (t, Xy)|dt with Vg defined below in (28).

Proof :  'With the same argument as in Proposition 4.2, first using the Taylor expansion
respect to ¢t and then to z, we get that there is C'(v) > 0 and M(v) € N:

usg)— Y Bl

0<i+20' <2v4-2

v+1
< C)(1+max(e,y) ") Y Js — oy — ).
j=0
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Similarly, we get that

(T/n)' (X7, — X1)!

u(tio, X7 ) —u(t, Xp) = > 0Lofu(t, X7') iR +O(1/n"+Y).
0<l42/ <2v+2 o
and then
Sn Sn 1 Al S (T/n)l/E (XQH - Xﬁ)l Fti
E [u(tisn, X7,,) — ult; Xti)mi] =Y 9, X)) o
0<l+20' <2042
+O(1/n"*h).
Let us first expand (5) to get:
S 5 - T o2 )
Xt¢+1 - Xti +0o Xti(WtH-l - Wtz) + (CL - kXt,)E + A+ Z ((Wti+1 - Wtz) - T/’fl)
K o, , O 9 1

Since @ — 1=, +1)(k/2)(T/n), we get that

02

. A - P A
X, — XL = o XP Wy, — Wi,) + (a— kth)g + ()\ + Z) (Wi, — W,)2 —T/n)

|
—

2 v

+%XZ(T/n)2 + %(th —W,,)? ‘ (5 +1)(k/2)(T/n)? + O(1/n"th).

<
Il
-

All the terms here are of integer order but a\/)A(g(Wti . — Wy,) that is of order 1/2.
Now, taking the power [ of these expansion, we get using Proposition 2.4 an expansion of
(X7, — X" up to order v+1 (even v41+(1—1)/2). What is important to remark is that

tit1
the term of order “integer + one half” comes from an odd power of 74/ )A({‘(Wt . — W) and
a product of the other terms. Since all these other terms are even respect to (Wy,,, —W4,),

we finally get that all the terms of order “integer + one half” have a null conditional
expectation. Thus, we see that we can write for [ € N

= X = 0 ST ) + 01 /)

jzl/2

E|(X;

141

where ¢! are polynomial functions that we do not explicit and satisfy ¢ (Xg) = O(1).
Thus, (T/n)'E[(X7,, - X0VIF] = 5 69(S0@mP +00/n)

tit1
1/2<j<v
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— > ¢l,j—z’(X[:)(T/n)J’ +O(1/n**1) and so, E [u(tiﬂ,f(&l) - u(ti,XZ)\}"ti

142 <25 <20+2

v R l,j— l'
> (T/ny < > O (ti,X”)(b (Xi )> +O(1/n" ). (27)
e
Jj=1 0<I+2l'<2j
For v = 2, one obtains:
" . 1 - k’QXt” + ko? ) 5
E[Xp, - X0 1R] = (a=kX)T/n+ ———(T/n)* + O(1/n")
E (X7, - X0 1F] = o*X0T/n+ |(a— kX2 + 200+ 0*/4)] (T/n)? + O(1 /)
E (X7, - X |F,| = 30°X7 [a — kX7 +2(A + 0 /4)} (T/n)? + O(1/n®)
E (X7, —X)'F] = 304 XD)2(T/n)’ + O(1/n%)
E|(X7,, =X |F. | = O1/n?)
and so
E [ultisn, X7,,) = ults, X2 1P | = (T/m) %m0t X22) + 0(1/0%)
where
1 K2z + ko
Uroy(ta) = SORultw) + T 0ult, 1) + (o — ke)d,dut, o) (28)
1 2
+3 [(a — kx)* + 2\ + 0?/4)?] OZu(t,z) + %x@i@tu(t, )
O'2 0'4
o la — kz +2(\ + 0% /4)] Du(t, x) + §x28§u(t, ).

Therefore, summlng and taking the expectation, we get that E[f(X2)] = E[f(Xr)] +
(T/n)* >0 Elvgn (tz,X")] + O(1/n?). We then apply Proposition 4.2 to the family of
functions @ +— g (t;, ) which satisfies condition (24) thanks to (22) (we incidentally
remark that it is sufﬁment to have f C® to get the expansion with v = 2). It gives that

Elgn (t,-,)A(")] = Epoy (i, Xi,)] + O(1/n). Since ,E[ g (t, X;)] is bounded on [0, T7,
we have that (T/n) 27, 1E[¢E(A)(ti,Xti)] = [ E[pmn(t, X)ldt + O(1/n) and then:

E[f(X2)] = Elf(Xr)] + (T/n) / Efpon(t, X,)Jdt + O(1/n?). (20)

To get the expansion for v = 3 and further, one has to check by induction the desired
result for any v using the same methodology. [
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5 Numerical results

In this section, we will analyze numerically the convergence of the discretization schemes.
For the theoritical study, an interesting feature of the implicit schemes (3) and (4) and of
the explicit schemes E()\), is their “automatic” nonnegativity for the following parameters:

Scheme Condition on (a, o)
Implicit (3) | 0% < 2a

Implicit (4) | 0% < 4a

E(\) 0<A<a-o%/4

(30)

Indeed, contrary to the schemes using a reflection technique as those proposed by Deelstra-
Delbaen or Diop, there is no need to control the reflection. However, we can use the
following trick to extend schemes (3), (4) and E()) to all the values of the parameters
(k,a,0):

e For the implicit schemes which are defined with second-degree polynomials, we will
set Xj?, = 0 when the discriminant is negative and else use formulas (3) and (4).

e For the explicit schemes E()), we simply define )A(;?H as the positive part of the
left-hand side of (5)

We will use these extensions when needed for the simulations presented in this section.

5.1 Numerical study of the strong convergence

In this paragraph we present a numerical analysis of the strong convergence of various
schemes. It does not seem possible to compute the limit process on the same probability
space, and we overcome this difficulty using the following lemma that says that it is suffi-
cient to study the difference between the values obtained with a scheme for a given time
step and the ones obtained with the same scheme and a time step twice smaller. Let us
recall here that ! = iT/n = t3.

Lemma 5.1. Let us consider a scheme (ng) that converges toward a continuous process
X, in the following sense:

E {sup | X7, — Xt?|] — 0. (31)

Then, for any o > 0 and 3 > 0,

(Inn)?
na

(Inn)?

nOL

E{sup |X’%—Xt?|} = O ).

0<i<n

)(E)]E[sup |XﬁL—Xf{,ﬁ} = O(
0<i<mn " 2t

The condition (31) has been established in this paper for the explicit schemes E()\) and
for the implicit scheme (3) and it has also been proved for the scheme of Deelstra-Delbaen
[5]. Under some restrictive conditions of the parameters, the scheme proposed by Diop
converges with a 1/y/n rate [6]. For the other parameters and for the Implicit scheme
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on the square-root (4), we can check numerically the condition (31) doing the comparison
with a scheme on which this comparison has been proved.

Proof of the Lemma. If there is K > 0 such that Vn € N* E [ sup ]Xn — th\] < K(h;—z)ﬁ,

0<i<n
then VI 1218 L)
. 2
E[Sup| Xt%}SK((nn) +(nn+n)><K,(nn)'
0<i<n ne (271)0‘ ne
Reciprocally, since sup |Xt7% Xin| < Z sup |X X%’,ﬁﬂ | + sup |X21+1 — Xin |, we

0<i<n k=0 0<i<n 2k+1 0<i<n 2l+1

get E [ sup |Xt7,2 thq < KZM +E [ sup |X227+1n — Xt?|] and with [ — oo,

0<i<n n)* 0<i<n  ‘tai+1;

5 5
]E[Sup X7 - th@ <chﬁ (Inn)’ + (kIn2)° < g{nn)

0<i<n (2kn)e - ne

for some constant K’ > 0, using that Y ;- , k7 /2% < co.J

Now for the numerical study, we consider the standard time interval [0,1] (7" = 1) and
set S, =E Ls<u£) |XﬁL X2 i3 } . The figures below show the convergence of .S, in function
of the time-step 1/n for different parameters. Let us first observe that the implicit scheme
(4) and the explicit scheme E(0) give errors smaller than the others, for all the values of
the parameters tested. Which is also interesting and nontrivial is that the behaviour of
the convergence depends on the parameters.

We notice that for the case 2a > o2 the schemes (4) and E(0) present an error which
looks linear respect to the time-step while the others give a square-root shape (see Fig. 1).
This is not totally surprising because we have seen that these schemes correspond to the
Milstein expansion, and we also know that under this hypothesis, X; never reaches 0 so
that the non-lipschitzian behaviour of the square-root is less important.

When 2a < 0% < 4a, the schemes (3), E(0?/8), E(0?/4), Deelstra-Delbaen and Diop,
Sy, still has a square-root behaviour (see Fig. 2). Finally, let us mention that for the last
case 0 > 4a, the schemes (4) and E(0) still give the smaller value of S,,. However, we
have to say that when o2 >> 4a, the convergence is really slow.

Lastly, concerning the impact of A for the explicit schemes E()), we see (Fig. 1 and 2)
that A = 02 /4 is the parameter that gives a strong convergence analogous to the schemes
of Diop, Deelstra-Delbaen and implicit (3); and the value of S, for F(c?/8) is as one can
expect between those of F(0) and F(c?/4).

To get an idea of the speed of convergence in function of the parameters, we postu-
late that S, ~ C'/n® with a > 0- Thanks to the lemma, this is equivalent to a strong
convergence speed in 1/n®. To estimate «, we remark that

10g10(5n) - IOglo(SIOn) njoo Q,

and we have reported log,(Sy) —log;(S10) for n = 200 in Figure 3. We have plotted the
result in function of the parameter o?/(2a) since it is the one that plays a key role. This
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Figure 1: S, in function of the time-step 1/n for zg =1, k=1, a=1and o = 1.
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Figure 3: Speed convergence of S,,: estimation of the o parameter in function of o2/(2a) for
rg=1,k=1and a=1.

can be understood easily with a time-scaling. For the schemes (4) and E(0), the estimated
a is close to 1 for 02 < 2a and decreases from 1 to 1/2 for 2a < 0 < 4a while for the
other schemes, the estimated value of « is close to 1/2 for 0 < 4a. Intuitively, we can
understand this decrease because for 02 > 2a, X, can reach the origin, and a non negligible
time is spent in the neighbourhood of 0 where the square root is non Lipschitz. Obviously,
the speed of convergence may have a more complicated form than the one postulated, but
our method gives nonetheless a good idea of its behaviour.

5.2 Numerical study of the weak convergence

We have plotted in figures 4,5,6 and 7, for fixed parameters of the CIR process, the approx-
imation given by the scheme or a Romberg extrapolation of the expected value E[f(X})]
for the function f(z) = 521359”; . This function has been chosen to be sensitive to variation
for large and small values so that it catches the defaults of the schemes near 0 and co. We

have taken two sets of parameters that illustrate the cases 02 < 2a and 2a < ¢? < 4a.
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Implicit (3) | Implicit (4) | Diop | Deelstra-Delbaen | E(0) | E(c?/4) | Exact

72 64 65 67 67 68 668

1
NeAN 64 67 |67 66 70 1092

o
o

Table 1: Simulation time (in s) for 10 paths with a time step equal to 1073 and parameters
k=1, a=1and xo = 1.

Let us recall here that we have proved here the O(1/n) convergence only for regular
functions and for the schemes satisfying (Hy), that is (3) with 0? < 2a and F()\) with
0 <X <a-—o0?/4. What comes out from the computations (see Figures 4 and 5) is that
for the small values of o (02 < 2a, Fig. 4) all the schemes seem to have a behaviour in
O(1/n) while for the large values (0% > 2a, Fig. 5), only the Explicit schemes and the
Deelstra-Delbaen scheme give shapes compatible with a behaviour in in O(1/n). On the
contrary, the scheme of Diop shows clearly a root shape while the implicit schemes (3) and
(4) seem to converge a little bit slower than K/n.

Concerning the Romberg method to calculate E(f(X;)), the figure 6 show that in the
both cases 02 < 2a and 0 > 2a, Diop’s and implicit schemes (3) and (4) do not show a
quadratic convergence. As expected, Explicit schemes have a quadratic shape in all the
cases even if, strictly speaking, we have not proved the speed convergence observed for
E(0?/8), k=1,a=1and 0 = /3 since A = 02/8 > a — ¢/4. Concerning the Deelstra-
Delbaen scheme, let us first say that for large time-steps, negative values may be frequent
which explains the strange behaviour observed. However, for time-steps small enough, the
convergence seems compatible with a quadratic convergence.

5.3 Computation time required by the schemes

In this paragraph we compare the time required by the schemes and the exact method to
simulate 10° paths with a time step equal to 1073 on the time interval [0,1] (see Table
1). Concerning the exact simulation of the increment of the CIR process, we have used
the method proposed by Glasserman in [7] (see p. 120-128). As we could expect, this
method is more time-consuming (up to a factor 10). Thus, it should be used to compute
expectations that depend on the values of the process (X;) at a few fixed times. On the
contrary, for expectations that depends on all the path (such as integrals), discretization
schemes should be preferred. As we see in Table 1, the time required by the schemes
presented are of the same order. Let us mention here that for the implicit scheme (4), one

has to be careful and store at each step the value of Xﬁ so that only one square-root has
to be computed at each time step.
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Figure 4: E(f(X?")) in function of 1/n with f(x)
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Figure 5: E(f(X?")) in function of 1/n with f(x)
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Figure 6: 2E(f(X?")) — E(f(X7)) in function of 1/n with f(x) = (5+ 3z%)/(2 + 5z) for 2o = 0,

k=1l,a=1and c =1.
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Figure 7: 2E(f(X?")) — E(f(X7)) in function of 1/n with f(x) = (5 + 3z%)/(2 + 5z) for z¢ = 0,

k=1a=1and o =+3.
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& R
Q\\&Lj}y &\-&Lw S X %@Z‘b@ “ e \9 R
DRI SR R R bt
Nonnegativity Y Y Y N Y Y
Monotonicity Y Y N N N N
Strong CV Y ? Y* Y Y Y
Weak CV rate in 1/n Y ? Y™ ? Y Y
Weak error expansion ? ? ? ? Y Y

Table 2: Theoretical results

6 Conclusion

We have sum up in Table 2 the theoretical results obtained in this paper and those of
Diop, Deelstra and Delbaen [6, 5]. We first point out which scheme satisfy the algebraic
properties of positivity and monotonicity. Then, we examine among the several schemes
whether it has been proved

e a result of strong convergence,
e a weak convergence rate in 1/n,
e an expansion of the weak error along the powers of 1/n.

The star (Y*) means that the result has been established under some assumption on the
parameters while the question mark indicates that no result has been shown yet. Let us
mention here that Diop in [6] has also obtained a strong convergence speed in 1/4/n under
some restrictive conditions on parameters. Table 3 presents the results of the numerical
tests of Section 5.

All these results tend to show that the explicit scheme F(0) is the one that gathers the
most interesting properties. Moreover, it is really easy to implement and is not more time
consuming than the other schemes. That is why in the general case, it is recommended to
use this scheme, at least for 2 < 4a.

As a further work, it would be interesting to get an accurate mathematical study on
the dependence of the strong convergence of E(0) on % (see Fig. 3). It would be also
interesting to study the behaviour of the convergence of the various schemes for large values
of o, (6% > 4a). Since none of the scheme studied in this paper seems to be efficient for
these large values of o, designing a relevant scheme appears to be an interesting challenge.
Lastly, in a different direction, it would be nice to relax the condition of regularity on f for
the weak error and prove estimates on the cumulated distribution function and the density
of Xr, as in Bally and Talay [1, 2] or more recently Guyon [8].

Acknowledgement. I am grateful to Benjamin Jourdain (ENPC-CERMICS) for
his numerous and helpful comments. I also thank Chalinene Bassinah (Paris 13-Institut
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5 ) {%@ @ o QL}W %\b;
\/@Q\x \&Q\& Q\O QQ)%éo * @@ @Q\\;L/G
& | Strong CV order ~1/2 | ~1 | ~1/2 | ~1/2 | ~1 | ~1/2
% Weak CV rate in 1/n Y Y Y Y Y Y
& | Romberg in 1/n2 N N N Y Y Y
§ Strong CV order ~1/2 | 21/2 | =1/2 | =1/2 | 21/2 | =1/2
% Weak CV rate in 1/n ? ? N Y Y Y
& | Romberg in 1/n? N N N Y? Y Y

Table 3: Numerical results

A Proof of the Proposition 4.1

We will focus for sake of simplicity on the case of one function and one time T before
explaining how to extend the results to the case of a family of functions that satisfy (24).
We will first prove
[ < g+m
gr<1la<x|8 u(t,z)] < C(14 ™) (32)
for some constant C' > 0, and then (23), so that (22) will outcome automatically by an
induction on I’; using that for I’ > 1 such that [ + 2I' < g,

2
Ao u(t,x) = —d. ((a — kx)0,0" tu(t, z) + %m@i@f‘lu(t, {E))
2 2
= —%x@szaﬁ/’lu(t, T) — (Z% +a — kx)05 0l TLu(t, ) + kLA tult, z).

Let us set a(t,z) = u(T — t,z) = E(f(X?)). By Lemma 2.1, (32) holds for f(z) = P
(p € N) and therefore for any polynomial. Now, using the decomposition f(z) = f(z) —
P(x) 4+ P(x) with P(z) = >1_, f©(0)a!/1!, we deduce that it is enough to prove (32) for
f € C? such that |f(z)] < A(1+2™) and fV(0) =0 for [ < q.

Integrating successively, we get easily that |f(z)| < A(1 4+ 2™97!) and so, VI < g,
|fO(x)] < A(1+ 2™). The density of X7 is known and is given by:

txz

0 )\t$2 1— v
Z / )\z/2 /2 )(%) I+ /Qe—ctz/Q

P [(i+wv/2
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where ¢; = Ug(lf—k;,kt), v =4a/c? and \; = ¢;e . Let us remark here that
k>0
4
Ctzcmin:: o2T k=0
M k< 0.

0.2(€|k\T,1) I

We have for ¢t > 0:

o0 e /\tx/2 T
S g

=0

where

/2 cz\e2 L,
Ii(f,e) = / /(z z+v/2)< ) © dz.

Since for I < ¢q, |f®(z)] < A(1 + 2™F9), we have

m+q .
VieN, [L(fY, ) < A <1 + (E) I'(d J;Z:E/;r)u/m) |

(33)

Ct

Taking | = 0, the convergence of the above series is ensured. Derivating successively in x,
we get that for [ < g,

O —Aix/2 )\ 2
Vi € (0,T],z € R*, 8. Z 5”/) AL (f, ¢)) (34)
=0
where A; : RN — RN is an the operator defined on sequences (I;);>0 € RY by Ay([;) =
2L — 1) = e;ict(_fiﬂ —I;). Let us remark now that, since f¢~(0) = 0, an integration
by part gives for 0 <l < qgand i >1

]i(f(l),ct) = /OO f(l—l)(z)% <%>i—l+v/2 .
0

L'+ v/2 |
/ - Ct/ 2) ((ZZJF—;/;F) v/2) (&;)”W 2 a2y,

= 2 (f )Ct) Ifl(f(l ),ct)).

Therefore, we get that A,(L;(f,¢;)) = e *I;.1(f1, ¢;) and finally:

O —\x/2 )\ 2
vt € (0,T],z € RY, 9L Ze a:/ ! L (fO, ¢)e k.

=0

Using (33), it gives immediately that [0Lu(¢, z)| < A ( 2:1;1 ‘Oe_Atx/Qi(!Atx/Q)i F(iﬁjﬁ:z?;;?m)-

Lltimtato/2) 3o o polynomial of degree m + ¢ in ¢, and we note 3y, ..., Bm+q

The quotient TGl pto)2)
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its coefficients in the basis {1,7,i(i — 1),...,i(¢ — 1)--- (i — (m + ¢) + 1)}. Thus, we get
that |0La(t, )| < A+ E,T:;q (Bo + Bidx + -+ + Brrg(Me)™ ) and since | M| < ciel*l

0Lii(t, )| < A+ A OMIT (1G] Jeltt 4 |8y /T o | Bsgla™ )

min min

This allows us to conclude that there is a constant C' > 0 (that depends only on A, T" and
the parameters (zy, k, a, o)) such that

VI <gq, Vte (0,T),z>0, |0La(t,z)] < C(1+ ™).

Proof of (23). We deduce from Lemma 2.1 that o(7 — t,z) and @ (T — ¢, x) solve the
PDE (23) and it is therefore sufficient to prove the result for functions f € C? that satisfy
|f(z)| < A(z*+2™). Let us now observe that %t = —o%¢,\, /4 and Gt = — (02N, /4+ k).

Then, it is no hard to get & (f ) — (6%/2 + a)A(I;(f, ;) and that for any bounded
sequence 1, dtzwf = (% + k)wzw&g([l) Combining these

il
=0 =0

results, we get using relation (34):

0'2)\t > €_>\tz/2<)\t$’/2)i

1 + k‘):pz

=0

X —Aex/2 x
+Z )\t 2y (7 + a)A(Li(f, cr))

diltr) — —( AL(f.c2)

1!

0.2 o0 7)\155()/2 T T .
= (a—kx)ou(t,z)+ Z Aoz /2) (—)\7 +z) A(Li(f,cr))

2 7!
o2 X —Ax/2 o .
= (o~ ke)dtta) + Tay o /2 2 (AT ( ) — AL, )

2
= (a— ka)d,alt,z) + %xaga(t, z).

Finally, the continuity of f ensures that u(t,z) = E(f(X})) — f(x) when ¢t — 0 thanks to
Lebesgue’s theorem.

Let us explain now how to extend the result to a family of functions fy and get (25).
Let us denote Py(z) = Y1 o & fél)(O)xq. Condition (24) ensures that the coefficients of Py
are uniformly bounded in 6. Writing fy(x) = Py(x) + (fo(x) — Pyp(x)), one obtains (25) in
the same way as (22). O
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