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#Â+4#�'�'R���k�����
/ +.-&+ / ��'�5 ����' � � ��*�' ��� ��(3�

	 C�6���<>E�E���9íE��
=DC:6^=�-�E��.E&1212EÞ-0/38Q� 126����@
&9d
�<>6�=D6�IGC�8�/JI�
�1�
&8:?�-0/312154�67E��)/¥=D=D6�?L"
 R�����ú	 � + � '�(

φ : [0,+∞[→ R
�R' 2R4�.=(�-/. �=4 ����06.S% 2R46.)2R0 �6' + � '�( ���V%�' �A.S' �2*�' 2R0��.� 2R4�. �6'�.U(s- 4�.P-/.���4j46(�.14�(2'"! �

u+ def
= inf arg max

0≤u<+∞
φ(u) ∈ [0,+∞] .

, : Z F


 8"��� 	
u+
- �W(98Q'V-/.��E+ ��+ 4 �W(98Q' ��'�(T4 ��+@0��?-/+�-���'�* �V4 �

φ
4�.

[0,+∞]
+ 
 8Q'�.

-&+
φ
- ��-/.�2�*�'R0��,-/. 3 46. [0, u+]

06.S%@.S46.=-/.)2�*�'�0��,-/. 3 46. [u+,+∞[ #*�+ ��46*V0��.�
y ∈ [0,+∞[

	

inf arg max
0≤u≤y

φ(u) = min(y, u+) .
, 	 g F

<@<%$ ¡��ê����* J¨�¦�¢>��£¬��¦Â£¬§
f(k, w) = w

√
k
ê�£¿���

β = 0.9
ß

T = 12
ä !p���g�G¦�ã�£¬¡��%¦�á7�G¦Þ�;�K©M J�%¢>���K¡f���Þ�G§�¦��%�� J�%©¬©¥�ê �K¦Ô£Èä £Èä �:ä§��åÞ¨��>¦�¢G��ß�ª�¨&�p J�%©¬©¥�ê�§�á7�%¡��0�%¡R©¬�G§�§R��§�£¬¦�¨�§��%£3��ä
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�,+ ��46*V0��.�
0 ≤ y′ ≤ y < +∞ 	

inf arg max
0≤u≤y

φ(u) = max(y′,min(y, u+)) .
, 	 : F

� �
φ
- � �,(s*,-32�( � 1 2R46.�2R0 �l' 	E5E' 2�0�.����� �S*�' � ��(98Q'

inf
-/.P(98Q'

arg max
+

 R�����ú	 " + � '�(
z ∈]0,+∞[

0�.1%
φ : [0, z[→ R

�R' 2R46.�2R0 �l'�06.S% 2R46.U(s-/.��=4 ��� + � '�( ����%�' �A.S'

u+ def
= inf arg max

0≤u<z
φ(u) ∈ [0, z]

�257-/(/8n(/8=' 2R46.��l'�.=(�- 46.O(/8=06(
inf ∅ = z) .

,�	&	&F

 8Q'�.
-&+
φ
- ��-/.�2�*�'R0��,-/. 3 46. [0, u+]

06.S%@.S46.=-/.)2�*�'�0��,-/. 3 46. [u+, z[ #
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*�+ ��46*V0��.�
y ∈ [0, z[

	 � *�� �<8Q4���%��V(�*��=' #�,+ ��46*V0��.�
0 ≤ y′ ≤ y < +∞ 	 � *,- �<8Q4���%���(�*��=' +

� �
φ
- � �,(s*,-32�( � 1 2R46.�2R0 �l' 	E5E' 2�0�.����� �S*�' � ��(98Q'

inf
-/.P(98Q'

arg max
+

 R�����ú	 � + � '�( D ⊂ R
	 ��'�(

g : D → R
0�.1%

h : D → R
+�/ � ����+�'r(/8=06( (/8=' ��4��.�:4657-/. 3 06* 3 +@0�� ' ��- �,(W06.1% 06*�'

��.=-����=' 
u]

g
def
= argmax

u∈D
g(u)

06.S%
u]

h
def
= arg max

u∈D
h(u) .

� �
h− g

- �W.S46.S%�' 2�*�'�0��,-/. 3 46. D 	A(/8='�. u]
g ≤ u]

h

+

� *�4j4 � + 
56K=
u]

g ∈ Dg

" 6�E�<<
&8�A
u ∈] − ∞, u]

g [∩D
�
-í6ìC=
l��6���E&8 =>C�6�E�8�6�C=
&8:?L�

g(u) < g(u]
g)
4�Aî?�6�G:8�/3=D/2E&8úE��

u]
g


&8:?L�
E&8 =>C�6@E�=DC:6K< C=
�8:?��
(h − g)(u) ≤ (h − g)(u]

g)
9D/38:IK6

h − g
/29 8�E�8:?�6%IK<D6j
&9D/38=�=" 	 CK:9��
9�Q���)/38=�P4�E�=>C

/28�6��!=
&13/3=D/26%9���-�6^E�4�=�
&/38@=DCU
Þ=
u ∈] −∞, u]

g[∩D ⇒ h(u) < h(u]
g)
"QmÄ6fIrE&8#Ir1�:?�6�=DC=
�=

u]
h ∈ [u]

g,+∞[
"

/ + *�+ � *�4 �='�*,(�- ' �<4 ��(98Q' �,(24�2�8=0��,(�-32<%�16.106+�-32��1*�4 3 *�06+�+<-/. 3 4 �='�*�0�(24�* � 3 '�.1'�*�0�� 2R0���' �


56K=
β ∈ [0, 1]

" 
M6r=
π
4#6&
î9;=DE�IGC=
�9�=>/2I H&6%<D8:6K10E&8 
 CíE&<>6K1�9D6r=

W
-0/3=DC

σ
;)
�1��&6K4:<�
 W " 6�E&<ì=D6%IGC:8�/2I�
�10<>6�
�9;E�8:9��-í6�
�9D9�Q�)6«=DC=
�=

π
9�
�=D/J9iG#6%9y=DC�6�6:6K12136%<W��<DE?�#6%<;=�AS>1�.E&<�
&131�IKE&8�=D/28K�E�:9c�9�8#I=D/2E&8

V : R+ × W → R
�T=DC�6��9�8#I=D/2E&8

(k, w) ↪→
∫
V (k, w′)π(dw′ | w)

=�
�H&6�9�G:8�/3=D6&�6
�1��6�9 
�8#? /J9ìIKE&8�=D/28K�E�:9�" 
M6r=
f : R+ × W → R

9�
�=D/J9i�.Aú=DC�6

&9>9�Q����=D/2E&8:9/28��=
�<R
���<�
���C�	Q" =""
M6r=

U :
�yE��

(U) → R
4�6�
«/28:IK<D6j
&9D/38Q�)IrE�8�=D/28!:E�:90IKE&8:I�
l�&6B�9:8:I=>/3E�8�"

�^�Þ�:'��#$��.������� �1� + � '�(
W : R+ × �yE��

(U)×W → R
�R'02R46.U(s-/.��=4 ��� +�� ' �E.1'

PUW : R+ × �yE��
(U)×W → R

� 1

PUW (k, S, w)
def
= sup

αk≤u≤f(k,w)

[(1 − β)U(S + f(k, w) − u) + β

∫
W (u, S + f(k, w) − u,w′)π(dw′ | w)] .

, 	��F

-&+
 8Q' � ��.�2�(s- 4�.
PUW

(20
��' � �A.U-/(2'��l0�� �=' ��0�.1%r- � 2R4�.=(�-/. �=4 ��� +
*�+ � �

S ↪→ W (k, S, w)
- ��.14�.1%�' 2�*�'R0��,-/. 3 	E(98Q'�. S ↪→ PUW (k, S, w)

- ��.14�.1%�' 2�*�'R0��,-/. 3 +
�,+ � �

S ↪→ W (k, S, w)
- ��.14�.1%�' 2�*�'R0��,-/. 3 0�.1%r- � (k, S) ↪→ W (k, S, w)

- � 2�4�.�2R0 �6' 	t(98Q'�.
(k, S) ↪→ PUW (k, S, w)- � 2R46.�2R0 �l' +
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� *�4j4 � + : " 	 C�6y6�J���<>6%9>9;/2E&8)4�6r=�-í6K6K8�4�<R
&IRH&6K=>9�/28Ô, 	��F�/29íIrE�8�=D/28!:E�:9R/38
(u, k, S, w)

,.4�A =DC�6 6�6K12126K<D��<DE?�#6%<;=�A E��
π
F��


�8#?�9DE)/29=>C�6��&<>EÞ-=DC �9�8:Ir=D/2E&8
f
"QCíA 
)IrE�8:9D6��!�6K8#Ir6^E��p<D6�9F:1¥=G9E&8 ��
&<���/38U
�1J9E�9:8:I=>/3E�8:9f,�9D6K6@X fB:4=a&	Q� 	 C�"7Q�

��"Ub g6[ F,��=DC:6W�9�8:I=>/3E�8
PUW

=�
�H&6�9DG:8�/3=D6��6
�1��6%9d
&8:?�/29�IKE&8�=D/28K�E�#9�"
	�" �E
�9;Ar�:<DE�E��i"
Q" 9�/28:Ir6

f(k, w)
/J9�IrE�8:I�
l��6y/28

k
�:9DE)/29í=>C�6��9�8:Ir=D/2E&8

(k, S, u) ↪→ S + f(k, w) − u
"79�/38#Ir6

W (k, S, w)
/29�IrE&8#I�
l�&6

/28
(k, S)


�8#?
W (k, S, w)

/29«8�E&8#?�6%IK<D6j
&9D/38Q�Y/28
S
�p?�/2<D6�I=«I�
�1JI��1I
Þ=>/3E�8�9;C�EÞ-�97=DC=
�=g=DC:6r�9�8:Ir=D/2E&8

(k, S, u) ↪→
W (u, S+ f(k, w)−u,w′)

/29D
�1J9DEgIrE�8:I�
l��6T�.E&<t
&131
w′ "Q#y4!��/2E�:9D12A��&9DEf/J9t
&129DE (k, S, u) ↪→

∫
W (u, S+ f(k, w)−

u,w′)π(dw′ | w)
"1_�8�=>C�6g9�
��)6W�&6%/38���=DC�6��9:8:I=>/3E�8

(k, S, u) ↪→ U(S + f(k, w) − u)
/J9�IrE�8:I�
l��6�" � EÞ-���=DC�6g9D6r=

{(k, u), αk ≤ u ≤ f(k, w)} /290IKE&8K�&6�J 
&9í=>C�67/38�=>6K<G9;6�I=D/2E&8�E��
=�-�EBIKE&8K�&6�J�9;6K=>9�" 	 C!#9���4�A 
 -í6K121�H�8�EÞ-08�<>6%9��13=E&8Ä=>C�6r�@
6J�/��VQ� E&8îE&8�6@�6
&<D/I
�4�126B/28 
*IKE&8K�&6�JP9D6r=gE��T
$��E�/38�=>13AÄIrE&8#I�
l�&6��9�8#I=D/2E&8Ü,FX ��E�Ilb gl[ F,�M=DC�6r�9�8:I=>/3E�8
(k, S) ↪→ supαk≤u≤f(k,w)[(1−β)U(S+ f(k, w)−u) +β

∫
W (u, S+ f(k, w)−u,w′)π(dw′ | w)]

/J9�IKE&8:I�
l�&6?"
/ +��,+ � *�4 �='�*,(�- ' �<4 ��(98Q' �,(24�2�8=0��,(�-32<%�16.106+�-32��1*�4 3 *�06+�+<-/. 3 4 �='�*�0�(24�* � ��-/.1'R06* �A(�.1' � �02R0���' �

56K=

V : R+ × W → R+

: "04�6fIrE&8�=>/38K�E?:9T
�8:?@9�
�=D/J9i�.A
V (0, w) = 0

q
	�"04�6f9F:IGC�=DCU
Þ=��Q�.E&<B
�121

w ∈ W
��=>C�6W�9�8:Ir=D/2E&8

k ∈ R+ ↪→ V (k, w)
/J9�9;=D<>/2Ir=D12A�IrE�8:I�
l��6�"


56K=
QfV : R+ × W → R+

4�6f?�6�G:8:6%?@4�A

QfV (k, w)
def
= sup

αk≤u≤f(k,w)

(
f(k, w) − u+ β

∫
V (u,w′)π(dw′ | w)

)
.

, 	 ��F

mÄ6 
&129DEÔ?�6�G:8�6ì=>C�6 �.E&1213EÞ-0/28Q�
arg max

,.<>6%I�
�121�IKE&8K�&6%8�=>/3E�8 /38 �.E�E�=D8:E�=D6  �F�� �8:/��!�6@4�Aî9;=D<>/JI= IKE&8:I�
l��/¥=�AÄE��
k ∈

R+ ↪→ f(k, w)

�8:?

k ∈ R+ ↪→ V (k, w)
��=>E��&6K=DC�6%<0-0/¥=>C���<D6�;ë/��@
���6y4�A

f
,.<>6%I�
�121TIKE&8K�&6%8�=D/2E&8�/28 �.E�E�=D8:E�=D6 ��F,>





κ+
f (w)

def
= argmax

0≤u
[−u+ β

∫
f(u,w′)π(dw′ | w)] ∈ R+ ∪ {+∞}

κ+
V (w)

def
= argmax

0≤u
[−u+ β

∫
V (u,w′)π(dw′ | w)] ∈ R+ ∪ {+∞}

k−V (w)
def
= f−1(k+

V (w), w)

, 	 ��F

�^�Þ�:'��#$��.������� ��" + 
 8=' � ��.�2�(s- 4�.
QfV : R+ × W → R+

-&+ - � 2R46.=(�-/. �=4 ���W0�.1%���0�(s- � �D'��
QfV (0, w) = 0

	 ��46*�0��.�
w ∈ W #*�+ - � ���72�8 (98Q0�( 	 ��46*V0��.�

w ∈ W
	A(/8=' � ��.)2�(�- 46.

k ∈ R+ ↪→ QfV (k, w) − f(k, w)
- � 2R46.)2R0 �6' #�,+ - � ���72�8 (98Q0�( 	 ��46*V0��.�

w ∈ W
	A(/8=' � ��.)2�(�- 46.

k ∈ R+ ↪→ QfV (k, w)
- � �R(�*,-32�(�� 1 2R4�.�2R0 �6' +

� *�4j4 � + : " \ E&8�=>/38K�/3=�ABE��
QfV

/J9D
)IKE&8:9D6��!�6%8:Ir6yE���<>6%9��13=>9íE&8 �@
�<��&/28=
�1J9A�9:8:I=>/3E�8:97,�9D6K6�X fB�4=a,	�� 	 C�"�=����"Ub g�[ F�"
9�/28:Ir6

f(0, w) = V (0, w) = 0
��-í6^C=
l�&6

QfV (0, w) = sup
α×0≤u≤f(0,w)

(
f(0, w) − u+ β

∫
V (u,w′)π(dw′ | w)

)
= β

∫
V (0, w′)π(dw′ | w) = 0 .

	�"BCíAÔ,�	 ��F���-�6W�@
�Aì-0<>/¥=>6

QfV (k, w) = f(k, w) + sup
αk≤u≤f(k,w)

(
−u+ β

∫
V (u,w′)π(dw′ | w)

)
.

, 	� �F

9�/28:Ir6?���.E&<c
�121
w ∈ W

��=DC�6��9:8:I=>/3E�8
k ∈ R+ ↪→ V (k, w)

/J9�IKE&8:I�
l�&6���=>C�6K8Â9DEB/29N
�1J9;E =DC:6��9�8:Ir=D/2E&8
u ∈ R+ ↪→

−u+β
∫
V (u,w′)π(dw′ | w)

" � EÞ-��&=>C�6y9D6r= {(k, u) ∈ R+ ×R+|αk ≤ u ≤ f(k, w)} /29íIrE�8!��6�J��.E&<T
�121 w ∈ W
"

	 CK:9��Þ=DC�6T�9:8:I=>/3E�8
k ∈ R+ ↪→ supαk≤u≤f(k,w)

(
−u+ β

∫
V (u,w′)π(dw′ | w)

) /29RIrE&8#I�
l�&6?��
&9p=>C�6d�@
6J�/��VQ�
E&8@E&8:6 �6
&<D/I
�4�126�/38n
)IrE�8!��6�J�9D6r=0E���
>��E&/28�=D12A�IrE�8:I�
l��6N�9:8:I=>/3E�8î,FX ��E�Ilb gl[ F,"

Q" 	 C�6V�9�8:I=>/3E�8
k ∈ R+ ↪→ QfV (k, w)

/J9�=>C�6«9�Q�ñE���=DC�6)9�=><D/JI=>13A*IKE&8:I�
l�&6��9�8#I=D/2E&8
k ↪→ f(k, w)


�8:?ÂE���=>C�6
IrE�8:I�
l��6B�9�8#I=D/2E&8

k ∈ R+ ↪→ QfV (k, w) − f(k, w)
>�/¥=�/J9=>C!#909�=><D/JI=>13A@IrE&8#I�
l�&6?"
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mÄ6�
&9>9FQ�)6�=DCU
Þ=
α = 0

/28@=DC�/J90-0C�E�13679��4:9D6%Ir=D/2E&8�"
�^�Þ�:'��#$��.������� ��� + � 4�*V0��.�

w ∈ W
	A(98Q' � ��.�2�(�- 46.

k ∈ R+ ↪→ QfV (k, w) − f(k, w)
- ��.14�.1%�' 2�*�'R0��,-/. 3 +

� *�4j4 � + CíAP, 	� �F��
QfV (k, w) − f(k, w) = supαk≤u≤f(k,w)

(
−u+ β

∫
V (u,w′)π(dw′ | w)

) /J908�E�8:?�6�Ir<>6�
&9D/28Q�«/28
k9D/38:IK6�=DC�6W�9�8#I=D/2E&8

k ∈ R+ ↪→ f(k, w)
/J90/28:Ir<>6�
�9;/28Q�="

 R�����ú	 � + � 4�*V0��.�
w ∈ W

	D%?' �E.1' 

∀u ∈ R+ , ψw(u)
def
=

∫
[QfV (u,w′) − f(u,w′)]π(dw′ | w) .

, 	?b�F


 8Q'�.
ψw

- ��.146.S%�' 2�*�'R0��,-/. 3 + � 46*�'R4 �l'�* 	 ψw

- � 2R4�.��,(20�.=(T46.
[κ+

f (w),+∞[
- �

∀w ∈ W , κ+
V (w) ≤ κ+

f (w)
06.S%

π({w′ | κ+
f (w) < κ−f (w′)} | w) = 0 .

,�	�a�F

� *�4j4 � + 9�/28:Ir6
u ∈ [0,+∞[↪→ QfV (u,w′) − f(u,w′)

/J9�8�E&8:/38:IK<D6j
&9D/38=�=�Q�.E�< 
&131
w′ ∈ W

�T4�An`R<DE?�#E�9;/3=D/2E&8 : 	��#=DC�6
�9�8:Ir=D/2E&8

ψw

/J98�E&8#?�6%IK<D6j
&9D/38Q� E&8
[0,+∞[

"
f�9>9�Q�)6R=>C=
Þ=�,�	�a�FMC�E&1J?�9�=D<��6?" 9�/38#Ir6

k ∈ [0,+∞[↪→ f(k, w′)
/J9p/28:Ir<>6�
�9;/28Q�=��-í6í?�6�?�:IK6t�.<>E��

κ+
V (w′) ≤ κ+

f (w′)
�8#?P, : : F�=>C=
Þ=
κ−V (w′) ≤ κ−f (w′)

" � EÞ-���136K=
w ∈ W

4�6WGQJ�6%?L"Uf�9d
BIrE�8:9D6��!�6K8#Ir6���-í6^C=
l�&6

∀u ≥ κ+
f (w) , 0 ≤

∫
1[0,κ−

V
(w′)[(u)π(dw′ | w)

≤
∫

1[0,κ−

f
(w′)[(u)π(dw′ | w)

9;/28:IK6
κ−V (w′) ≤ κ−f (w′)

≤
∫

1[0,κ−

f
(w′)[(κ

+
f (w))π(dw′ | w)

9D/38#Ir6
1[0,κ−

f
(w′)[

/29d
)8�E�8�/28:Ir<>6�
�9;/28Q���9:8:I=>/3E�8

=

∫

{w′|κ+

f
(w)<κ−

f
(w′)}

π(dw′ | w) = 0
4�A 
&9>9F=����=D/2E&8�"

	 C�/J9d�@
�Ar
�1J9;E)4�67-0<D/3=;=>6K8n
&9 ∀u ≥ κ+
f (w) , 1[0,κ−

V
(w′)[(u) = 0 π(dw′ | w) − a.s.

��E&<B
&129DE�
�9

∀u ≥ κ+
f (w) , 1[κ−

V
(w′),+∞[(u) = 1 π(dw′ | w) − a.s.

,�	 Z F
	 CK:9

∀u ≥ κ+
f (w) , ψw(u) =

∫
[QfV (u,w′) − f(u,w′)]π(dw′ | w)

=

∫
1]κ−

V
(w′),+∞[(u)[QfV (u,w′) − f(u,w′)]π(dw′ | w)

4�AÔ,�	 Z F

=

∫
π(dw′ | w)1]κ−

V
(w′),+∞[(u)

∫
[−κ+

V (w′) + β

∫
V (κ+

V (w′), w′′)π(dw′′ | w′)]

4�AP,�	 ��FD
�8:?@4�A�?�6�G:8�/3=D/2E&8 ,�	&�&F�E��
κ−V (w′)

=

∫
π(dw′ | w)

∫
[−κ+

V (w′) + β

∫
V (κ+

V (w′), w′′)π(dw′′ | w′)]
4�AÄ,�	 Z F


�8#?ì=>C!#9
ψw(u)

?�E�6�98�E�=�?�6��#6%8:?�Q��E&8
u ≥ κ+

f (w)
"



è ¨�á7á�çÞß�ê��Þç«����çÞ�%¨ é��>�G¤ �%¦ °%¡��ê�£¬¦�°�� ÀGÁ

�^�Þ�:'��#$��.������� � � + 
 8=' ��4��.�:4�57-/. 3 argmax
�2*�' 2R0��.� 2R46. �6'�.=(�- 46.P-/. ��4�4�(s.S46()' ! �@- � ��.U-�� �='

κ+
Qf V (w)

def
= argmax

0≤u
[−u+ β

∫
QfV (u,w′)π(dw′ | w)] ∈ [0,+∞]

,3 g F
06.S%@5E'W8Q0 �l' 	 ��4�*V0��.�

w ∈ W
	

κ+
f (w) ≤ κ+

Qf V (w) .
,� : F

� *�4j4 � + � 8:/2IK/¥=�A@E��
=DC�6
arg max

<D6�9F:1¥=G9T�.<DE?�a4�A�9;=D<>/2Ir=yIrE�8:I�
l��/3=�ABE��
u ↪→ QfV (u,w′)

" 	 EìIrE����=
&<D6�=>C�6
argmax/28î, 	 ��Ft
&8:?�/38 ,3 g F���-�679DC=
�121L�@
�H�6 #9;6^E�� 
56�����
$="�
56r=

w
4�6WGQJ�6%?�
�8#?�126r=B:9/28�=D<>E�?�:Ir6

D = [0,+∞[ , g(u) = −u+ β

∫
f(u,w′)π(dw′ | w) , h(u) = −u+ β

∫
QfV (u,w′)π(dw′ | w) .

	 C�6f?�/:]T6K<>6K8:IK6
h(u) − g(u) = β

∫
[QfV (u,w′) − f(u,w′)]π(dw′ | w) = βψw(u)

/29d
)8�E�8:?�6�Ir<>6�
&9D/28Q�V�9:8:I=>/3E�8@E��
u
4�A 
56�����
 �U" 	 CK:9/38:6��!=
�12/3=�AÔ,3 : FíC�E�12?�94�A 
M6����@
$ 9D/28:Ir6

κ+
f (w) = argmax

u∈D
g(u) ≤ κ+

Qf V (w) = arg max
u∈D

h(u) .

 R�����ú	 ��+ / � ����+�'W(98Q0�( � - � ��8Q4��:%���(�*��=' + 
 8='�. ∀w ∈ W , κ+
Qf V (w) = κ+

f (w)
+

� *�4j4 � + 	 E«=>C�6f?�/:]�6%<D6%8:Ir67E��M=>C�6���<>6���/3E?:9T��<>E�E��i��-í6^9D-T
��ì=>C�6f?�6�G:8�/3=D/2E&8:90E��
g

&8:?

h
>

D = [0,+∞[ , h(u) = −u+ β

∫
f(u,w′)π(dw′ | w) , g(u) = −u+ β

∫
QfV (u,w′)π(dw′ | w) .

	 C�6�?�/:]T6K<>6K8:IK6
h(u)−g(u) = −βψw(u)

/J95IKE&8:9;=�
&8�=5E�8
[κ+

f (w),+∞[
4�A$
M6����@
 �=" 9�/28:IK6

κ+
f (w) = arg maxu∈D h(u)

�
-í6��@
�A 
��=��13A 
56�����
 )=DEr��6r=

κ+
Qf V (w) = arg maxu∈D g(u) ≤ κ+

f (w) = argmaxu∈D h(u)
" 9�/38#Ir6��#4�A `�<>E���E�;

9D/¥=>/3E�8 : �=��-í6 H�8�EÞ-~=DC=
�=
κ+

f (w) ≤ κ+
Qf V (w)

�:-í6 ��6r=0=>C�67?�6%9D/3<>6%?�<>6%9��1¥=
κ+

f (w) = κ+
Qf V (w)

"

/ +��&+ � *�4�4 �V4 � � *�4 �=4��,-/(�- 46. -

� *�4j4 � + _Û=�/J9p-�6%131QH�8�EÞ-08«=DCU
Þ=�E���=D/���
&1�9�=><�
�=D6��&/26%9
E���,3�F$�@
�Af4�6�?�6�?�:Ir6�?<�.<DE?� =DC�6T�.E�1312EÞ-0/28Q�^4=
&IRH�-T
�<G?f9�=>E�IGC=
&9;=D/JI
?�A�8=
�� /JI ��<>E��&<R
����)/28Q�«6j�!=
Þ=>/3E�8Ä,FX Cí6K< g�gj[ F,>






W (k, S, w, τ + 1) = U(S)

W (k, S, w, t) = sup
αk≤u≤f(k,w)

( (1 − βt)
∫
W (0, S + f(k, w) − u,w′, t+ 1)πt(dw

′ | w)

+βt

∫
W (u, S + f(k, w) − u,w′, t+ 1)πt(dw

′ | w) ) .

,�&	�F

	 C�/J97<>6 �:6�I=>97=DC�6�?�A�8U
��)/2I%9f?�6�9DIK<D/24#6�?Ä/38e�=
&<�
��&<R
���C�	�" : ��/28e�=
�<D=D/JI�:1�
&<^=DC�6@� 
�I=7=>C=
Þ=f=>C�6r��1I
�8�=V
&1312E�I�
Þ=>6%9 G:<G9;=
S + f(k, w) − u

=DEB<>6���<>E�?�:Ir=D/2E&8���=DC:6K8*/J909F�4=� /3=;=>6%?�=DEr
)?�6j
Þ=>C@<>/J9FHB-0/3=DC���<>E&4=
&4�/213/3=�A
1 − βt

"
9�/28:Ir6

f(0, w) = 0
�T/¥=W�@
�A@<>6�
�?�/213AY4�6<��<>E6�&6�?@=DC=
�= ∀t = 0, . . . , τ + 1 , W (0, S, w, t) = U(S)

��9;E�=DC=
�=y=>C�6

�4�E6�&6�6��!=
�=D/2E&8:9T��/:��6






W (k, S, w, τ + 1) = U(S)

W (k, S, w, t) = sup
αk≤u≤f(k,w)

( (1 − βt)U(S + f(k, w) − u)+

βt

∫
W (u, S + f(k, w) − u,w′, t+ 1)πt(dw

′ | w) ) .

,� �F

	 C�6 �9�8:Ir=D/2E&8
(k, S) ↪→W (k, S, w, τ + 1) = U(S)

/J90IrE�8:I�
l��6«,�<D6�I�
�121�=DC=
�=
U
/J90IrE&8#I�
l�&6�FA
&8:?ì=>C�6 �9�8:Ir=D/2E&8

S ↪→
W (k, S, w, τ + 1) = U(S)

/J9�8:E&8:?�6�Ir<>6�
�9;/28Q�Y,.<>6%I�
&1315=DC=
�=
U
/J9�8�E�8:?�6�Ir<>6�
&9D/28Q��F�"KCíA `�<DE?�#E�9;/3=D/2E&8 :&: ��/3=B�@
�Aì=DCK:9

<>6�
&?�/312Aì4�6���<DE6��6%?�4�A�4=
&IRH�-T
�<G?ì/28:?�:Ir=D/2E&8@=DCU
Þ=
(k, S) ↪→ W (k, S, w, t)

/J9�IrE�8:I�
l��6 
&8:?�=DC=
�=
S ↪→ W (k, S, w, t)/J98�E&8:?�6%Ir<>6�
�9;/28Q�U�?�.E�<

t ∈ {0, . . . , τ + 1} "



³%´ è £¬¢;���G©�� v����Uw��
	 CK:9��K�.E&<B
�8�A

t ∈ {0, . . . , τ} � w ∈ W

�8:?

z > 0
��=DC:6W�.E&1213EÞ-0/28Q�<�9�8:I=>/3E�8

φ
/J9d
�1J9;EBIKE&8:I�
l�&6�>

φ : u ∈ [0, z[↪→ (1 − βt)U(z − u) + βt

∫
W (u, z − u,w′, t+ 1)πt(dw

′ | w) .
,� ��F

mÄ6f?�6�G:8:6
κ̃+

U (z, w, t)

&9í=>C�67/28�G=�V=��E��
=DC:6f9;6K=E��k�@
�J�/��)/:^%6K<G9^, 
56�����
�	�
��Q��12/36�?ì=>E

φ
F�>

κ̃+
U (z, w, t)

def
= inf arg max

0≤u≤z
(1 − βt)U(z − u) + βt

∫
W (u, z − u,w′, t+ 1)πt(dw

′ | w) .
,�&�&F

9�/28:Ir6<
�8*E���=D/���
&1M9;=D<R
Þ=D6��&A
u](k, S, w, t)

/J9N
&8�A�6K126��)6%8�=yE��p=DC�6<
�4�E6�&6
argmax

-0C:6K<>6
z
/29�<D6���1I
&Ir6�?@4�A

f(k, w)
�


56�����
 : 6K8U
�4�126%9T:90=DEBIrE�8:Ir1�:?�67E�8Ä, ��F,�:E&8:IK6�-í6^C=
l�&6�/28�=><DE�?�#Ir6%?î,�<D6�I�
�121�IrE�8!��6K8�=D/2E&8#9�/28 �.E�E�=D8:E�=D6�9 ��
�8:?  �F

κ+
U (k, S, w, t)

def
= κ̃+

U (S + f(k, w), w, t)

&8:?

κ−U (k, S, w, t)
def
= f−1(κ+

U (k, S, w, t), w) .
,3& �F

9�/28:Ir6
U
/J90/38#Ir<>6�
&9D/28Q�=��-í6�CU
l�&6�/38��=
&<;=>/2I��1�
&<

κ̃+
U (z, w, τ)

def
= inf arg max

0≤u≤z
(1 − βτ )U(z − u) + βτ

∫
U(z − u)πτ (dw′ | w) = 0

9DE«=>C=
Þ=
u](k, S, w, τ) = 0

"

/ + ! + � *�4�4 �V4 � � *�4 �=4��,-/(�- 46. *

� *�4j4 � + mÄ6���
�A�6�
&9D/213A�9D6K6^4�Aì4=
�IRH�-D
&<>?B/28:?�#I=D/2E&8YE�8î,� �F�=>C=
Þ=

W (k, S, w, t) = S + V (k, w, t)
,3!b&F

-0C�6%<D6
V (k, w, τ + 1) = 0

4�AÄ,3,	&F,�Q
&8:?

∀t = 0, . . . , τ , V (k, w, t) = sup
αk≤u≤f(k,w)

(
f(k, w) − u+ βt

∫
V (u,w′, t+ 1)πt(dw

′ | w)

)
.

,��a�F

9�/28:Ir6
V (k, w, τ + 1) = 0

��-�6^C=
l��6





V (k, w, τ) = sup
αk≤u≤f(k,w)

(f(k, w) − u) = f(k, w) − αk

u](k, w, τ) = arg max
αk≤u≤f(k,w)

(f(k, w) − u) = αk .

CíAn`�<>E���E�9D/¥=>/3E�8 : 	Q�T-�6�H�8�EÞ- =DC=
�=^=DC�6��9�8:Ir=D/2E&8
k ∈ [0,+∞[↪→ V (k, w, t)

/29^9;=D<>/2Ir=D12AÂIrE�8:I�
l��6��.E&<
t = 0, . . . , τ
�8#?��.E&< 
�121

w ∈ W
" 	 C�6%8*=DC:6��9�8:Ir=D/2E&8

u ∈ [0,+∞[↪→
∫
V (u,w′, t + 1)π(dw′ | w)

/J9N
�1J9DE�9�=><D/JI=>13A*IKE&8:I�
l�&6W�.E&<
t = 0, . . . , τ

" 	 CK:9��#4�A �8:/2IK/¥=�A ,.4�AY9�=><D/JI=yIKE&8:I�
l��/¥=�A�E��
u ↪→ V (u,w′, t+ 1)

F0E��
=>C�6
argmax

,.<>6%I�
�121�IrE�8K�&6K8�=>/3E�8
/28 �.E�E&=D8�E&=D60 �F���136K=

κ+(w, t)
def
= arg max

0≤u
[−u+ βt

∫
V (u,w′, t+ 1)πt(dw

′ | w)] ∈ [0,+∞] .
,3 Z F

	 C�6%8���4�AB=DC:6f?�6�G:8:/¥=>/3E�8@E��
κ̃+

U (z, w, t)
/38 ,�&�&F�-0C�6%8

U(S) = S
��-�6^C=
l��6

κ̃+
U (z, w, t) = arg max

0≤u≤z
[(1 − βt)(z − u) + βt((z − u) +

∫
V (u,w′, t+ 1)πt(dw

′ | w))]

= arg max
0≤u≤z

[−u+ βt

∫
V (u,w′, t+ 1)πt(dw

′ | w)] = min(z, κ+(w, t))
4�A 
56�����
 : " , � g F
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	 CK:9��

k ≤ κ−U (S,w, t) ⇐⇒ f(k, w) ≤ κ+
U (S,w, t)

4�Aì6j�?U
Þ=D/2E&8î,3& �F
⇐⇒ f(k, w) ≤ κ̃+

U (S + f(k, w), w, t)
4�A�6��!=
�=D/2E&8î,3  �F

⇐⇒ f(k, w) ≤ min(S + f(k, w), κ+(w, t))
4�A�6��!=
Þ=>/3E�8Ä, � g F

⇐⇒ f(k, w) ≤ κ+(w, t)9;/28:Ir6
a ≤ b ⇐⇒ a ≤ min(S + a, b)

,.<>6%I�
�121T=DC=
�=
S ≥ 0)

⇐⇒ k ≤ κ−(w, t)
/:�
-í67?�6�G#8�6

κ−(w, t)
4�AÔ,�b&F,"

� EÞ-��-í6�C=
l��6�E&4�=R
�/28�6%?y=DCK:9t06.gE?��=D/��@
�1&9;=D<R
Þ=>6���A�",_Û=M/J9�/28W� 
&I=A(98Q'RE���=D/���
&1&9;=D<R
Þ=D6��&A�9D/28:Ir6
arg maxαk≤u≤z [−u+

βt

∫
V (u,w′, t+ 1)πt(dw

′ | w)]
/J9<D6�?�:Ir6�?ì=>Er
)9;/28Q�&126^6K126��)6K8�=j��4�A�9�=><D/JI=�IKE&8:I�
l��/3=�A�"

/ +���+ � *�4�4 �V4 � � *�4 �=4��,-/(�- 46. �

� *�4j4 � + 6�E�<
t = 0, . . . , τ

��-í6�C=
l��6
V (k, w, t− 1) = (QfV (., t))(k, w)

-0/3=DCì=DC�6y8�E�=R
Þ=D/2E&8Â, 	 ��F,��9;E7=>C=
Þ=
κ+(w, t) ≥

κ+
f (w)

4�AÔ,� : F�"QCíAP,3 Z F���-�6^C=
l��6y=>C=
Þ=

κ+(w, t) = argmax
0≤u

[−u+ β

∫
V (u,w′, t+ 1)π(dw′ | w)]

, � : F


�8#?L��4�A 
56�����
$=�
κ+(w, t− 1) ≥ κ+(w, t)

C�E�12?:9í=D<��6^/M�
=DC�6W�.E�1312EÞ-0/28Q�B9�=R
Þ=D6��)6K8�=
(Ht)

C�E�12?�9í=><�:6�>

(Ht) k ↪→ V (k, w, t) − V (k, w, t+ 1)
/298�E�8:?�6%IK<D6j
&9D/38=�=" , �,	&F

mÄ6f9;C=
&131L�:<DE6��6y4�Aì4=
�IRH�-D
&<>?�/38:?Q:I=>/3E�8�=>C=
Þ=
(H0), . . . , (Hτ−1)

C�E&1J?�=D<��6�"
(Hτ−1)

/J9�=><�:6�"1_�8:?�6K6�?L�TE&8Ô=DC�6 E&8�6«C=
�8#?L�
V (k, w, τ) = f(k, w)


&8:?*=>CK:9
κ+(w, τ − 1) = κ+

f (w)
4�A , : : F,"

#y8ì=>C�6^E�=>C�6K<C=
&8:?L��-�6�C=
l��6
V (k, w, τ − 1) = (QfV (., τ))(k, w) = (Qff)(k, w)

-0/¥=>C�=>C�6^8�E�=R
Þ=D/2E&8Ä,�	 ��F," 	 C�6%8��
4�Ar`�<>E���E�9D/¥=>/3E�8 : 	���-í6WH�8:EÞ-Ü=DCU
Þ=

k ↪→ V (k, w, τ − 1) − V (k, w, τ) = (Qff − f)(k, w)
/2908:E&8:?�6�Ir<>6�
�9;/28Q�="

f�9>9�Q�)6�8:EÞ-Ü=DCU
Þ=
(Ht)

C�E�12?�90=D<��6�"QCíAÔ,� Z FT
&8:?Ä,3�a�F,��-í6^C=
l�&6

V (k, w, t− 1) =






β
∫
V (f(k, w), w′, t)π(dw′|w)

/M�
k ≤ κ−(w, t− 1)

f(k, w) − κ+(w, t − 1) + β
∫
V (κ+(w, t − 1), w′, t)π(dw′|w)

/M�
k ≥ κ−(w, t− 1) .

	 C�6%8��:9D/38:IK6
κ+(w, t− 1) ≥ κ+(w, t)


�9d
 IKE&8:9D6��!�6%8:Ir6�E��
(Ht)

��-�6^C=
l��6

V (k, w, t−1)−V (k, w, t) =





β
∫

[V (f(k, w), w′, t) − V (f(k, w), w′, t+ 1)]π(dw′|w)
/:�
k ∈ [0, κ−(w, t)]

β
∫
V (f(k, w), w′, t)π(dw′|w) − f(k, w) − µ(w, t)

/M�
k ∈ [κ−(w, t), κ−(w, t − 1)]

µ(w, t− 1) − µ(w, t)
/M�
k ∈ [κ−(w, t − 1),+∞[

-0C�6%<D6
µ(w, t)

def
= −κ+(w, t) + β

∫
V (κ+(w, t + 1), w′, t)π(dw′|w)

" � EÞ-
: "

[V (f(k, w), w′, t) − V (f(k, w), w′, t+ 1)]
/J908�E&8#?�6%IK<D6j
&9D/38Q� /28

k
��9DE)=DCU
Þ=

V (k, w, t − 1) − V (k, w, t)
/29�8�E&8�;

?�6�Ir<>6�
&9D/28Q�g/28
k ∈ [0, κ−(w, t)]

q
	�" −u+β ∫

V (u,w′, t)π(dw′|w)
/2958�E&8:?�6%Ir<>6�
�9;/28Q�í/38

u ∈ [0, κ+(w, t−1)]
��9;E=>C=
Þ=

β
∫
V (f(k, w), w′, t)π(dw′|w)−

f(k, w)
/298:E&8:?�6�Ir<>6�
�9;/28Q� /38

k ∈ [0, κ−(w, t − 1)]
q

Q"
V (k, w, t− 1) − V (k, w, t) = µ(w, t) − µ(w, t+ 1)

/J90IrE�8:9�=R
�8�=0/38
k ∈ [κ−(w, t− 1),+∞[

"
_�8)IrE&8#9;6j�?:6K8:IK6��

V (k, w, t−1)−V (k, w, t)
/J9pIrE�8�=>/38K�E?:9
/38

k

&8:?«8�E&8:?�6%Ir<>6�
�9;/28Q�yE&8f=>C�<>6K60IrE�8:9;6�I��=>/:��6�/28�=D6%<��6
�1J9�>

/3=�/29í=>C!#908�E&8#?�6%IK<D6j
&9D/38Q��
�8#?
(Ht−1)

C:E&1J?�9í=D<��6�"
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/ +��,+ � *�4�4 �V4 � � *�4 �=4��,-/(�- 46. �

� *�4j4 � + 	 C�6���<>E�E���/29y4�AY4=
&IRH�-T
�<G?Y/38:?Q:I=>/3E�8�"SmP6 C=
l�&6
κ+(w, τ − 1) = κ+

f (w)

&8:?

κ−(w, τ − 1) = κ−f (w)
4�A

, :&: F�"
f�9>9�Q�)6�8�EÞ-î=DCU
Þ=

κ+(w, t+1) = κ+
f (w)

"jm /3=DCg=DC�6�8�E�=R
Þ=>/3E�8ì,�	 ��F,��-�6RC=
l�&6
V (k, w, t) = (QfV (., t+1))(k, w)

"
	 C�6%8

κ+(w, t) = κ+
f (w)

/J9A
^9�=><�
&/:��C�=��.E&<>-D
&<>?gIrE&8#9;6j�?:6K8:IK6íE�� 
M6����@
 ����
&8:?g6j�!=
�12/¥=�A
κ−(w, t) = κ−f (w)

�.E&1213EÞ-�9
�.<>E��e,2b�F�" CíA 
��Q��12A�/38Q�Y=>C�6ìE?��=D/��@
�1R9;=D<R
Þ=>6��&A ,3 �F��ME�8:Ir6ì<>6��:<DE�?�:Ir=D/2E&8î9�=R
�<D=>97-í6BC=
l��6Â, 
�1��)E�9;=g9F:<D6%13A�F,��?��6B=>E
IrE�8:?�/3=D/2E&8î, : �F,>

kt+1 = κ+(wt, t) = κ+
f (wt) ≥ κ−f (wt+1) = κ−(wt+1, t+ 1) .	 CK:9��M, 
&1:�)E�9;=�9��<D6%13A�F�-0C=
�=D6���6K<=>C�67<D6j
�12/:^j
Þ=>/3E�8:9

(w0, . . . , wτ )
��=>C�6���1I
�8�=�<>6���<>E�?�:Ir6�9d
Þ=B
�121�=>/:�)6%9c
6�È=>6K<0C=
l��/28Q�

<>6�
&IGC:6%?W�@
Þ=��<D/3=�A79;/28:IK6
kt+1 ≥ κ−(wt+1, t+1)

"6Y�EÞ-í6��&6%<��r=DC�6%<D6�/29�8�EcGQJ�6%?f9D/:^%6t
�= �@
Þ=��<D/3=�A79;/28:IK6
kt+1 = κ+

f (wt)/J9T�&6K8:6K<R
�1213AB<R
�8:?�E���"
/ +��,+ � *�4�4 �V4 � � *�4 �=4��,-/(�- 46. !
� *�4j4 � + 	 C�/J9 /29�
Ô9;=D<R
�/��&C�=F�.E�<D-T
�<G? 
��Q��12/JI�
Þ=>/3E�8�E��c`�<DE?�#E�9;/3=D/2E&8 �Ô9;/28:IK6 , :  �Ff/29«=>C�6�=><�
&8:9D1�
�=D/2E&8 E�� , : �F7-0C�6%8
6K8K��/2<DE�8Q�)6K8�=í/J90<R
�8:?�E��a/�" /�" ?L"
f�9�/38O`�<>E���E�9D/¥=>/3E�8!����=>C�6V�:1�
&8�=�<D6���<>E�?Q:Ir6�9N
Þ= 
�121M=>/:�)6%9 
6�È=>6K<yC=
l��/38Q��<D6j
&IGC�6�?���
�=��<>/3=�A�"UCD�=�C�6K<>6��#=DC:6K<>6f/29


<GQJ�6%?Y9D/:^%6W
�=d��
�=��<>/3=�A�9D/38:IK6
kt+1 = κ+

/J90?�6r=>6K<��)/38�/J9;=D/JI�"
CíAÄIKE&8:?�/¥=>/3E�8~, :  �F,�
-í6ìC=
l�&6ì=DC=
�=��

ρ
;)
�1��)E�9;=«9F:<D6%13Aî/28

w
�
f(κ+, w) ≥ κ+ = f(κ−(w, t), w)

" 	 CK:9��
κ+ ≥

κ−(w, t)
9;/28:IK6

f
/29�/38:IK<D6j
&9D/38=�«/28Y/¥=G9DG:<>9;=N
�<���=� 6%8�=�"

/ +.- � +�� *�4j4 �<4 � � *�4 �Q4��,-/(s- 4�. �

mÄ6f9;/�����13A ��<>E6�&6N`R<DE?�#E�9;/3=D/2E&8�a /38@=DC:6fIrE�E���6K<R
Þ=>/:��6�I�
&9D6���=DC:67<D/��6
�15I�
�9;6�4�6K/28Q�ì9;/��)/31I
�<j"
� *�4j4 � + f�9>9�Q�)6^=DC=
�=í=>C�6f9;=DE�IGC=
&9;=D/JI H&6%<D8�6%1

πτ−1

/J9�9�=>E�IGC=
&9;=D/JI�
&1312AB8�E&8#?�6%IK<D6j
&9D/38Q�U"
9�/28:Ir6�9�=R
Þ=>6c
�8#?)6K8K��/3<>E&8Q�)6%8�=R
�1=� 
&I=>E&<D
�<>6�IrE�E���6K<R
Þ=>/:��6��

f
CU
&9�8�E&8:?�6%Ir<>6�
�9;/28Q�f?�/:]T6K<>6K8:IK6%9�>��.E�<t
�121

k1 ≥ k2

=DC:6
�9�8:Ir=D/2E&8

w ∈ W ↪→ f(k1, w) − f(k2, w)
/29f8�E&8:?�6%Ir<>6�
�9;/28Q� 	 C!#9���=>C�6��9�8:Ir=D/2E&8

w ↪→
∫
f(k1, w

′)π(dw′ | w) −∫
f(k2, w

′)πτ−1(dw
′ | w)

/J9^8�E&8#?�6%IK<D6j
&9D/38Q�Y9D/38:IK6 =DC�6ì9;=DE�IGC=
�9�=>/2I<H&6%<D8�6%1
πτ−1

/J979�=>E�IGC=
&9;=D/JI�
&1312A*8�E&8#?�6%IK<D6j
&9D/38Q�U"
_�8YE�=>C�6K<0-íE&<G?�9��

(u,w) ↪→
∫
f(u,w′)πτ−1(dw

′ | w)
C=
&98�E�8:?�6�Ir<>6�
&9D/28Q�«?�/:]T6K<>6K8:IK6%9�"


56K=
w1 > w2

"�
56r=B#9d
&?�E?��=08�E�=R
Þ=D/2E&8#9E�� 
56����@
$ -0/¥=>C

D = [0,+∞[ , g(u) = −u+βτ−1

∫
f(u,w′)πτ−1(dw

′ | w2) , h(u) = −u+βτ−1

∫
f(u,w′)πτ−1(dw

′ | w1) .

9�/28:Ir6
(u,w) ↪→

∫
f(u,w′)πτ−1(dw

′ | w)
C=
&98�E�8:?�6�Ir<>6�
&9D/28Q�«?�/:]T6K<>6K8:IK6%9��

(h− g)(u) = βτ−1[

∫
f(u,w′)πτ−1(dw

′ | w1) −
∫
f(u,w′)πτ−1(dw

′ | w2)]

/J98�E&8:?�6%Ir<>6�
�9;/28Q�U" 	 CK:9���4�A

κ+(w, τ − 1) = argmax
0≤u

[−u+ βτ−1

∫
f(u,w′)πτ−1(dw

′ | w)] ∈ [0,+∞] .


�8#? 
M6����@
4Q��=DC:6^=�
�<��&6K=
κ+(w, τ − 1)

/29d
)8�E�8:?�6�Ir<>6�
&9D/28Q���9�8#I=D/2E&8YE��
w
9D/38:IK6

κ+(w1, τ − 1) = arg max
0≤u

g(u) ≤ κ+(w2, τ − 1) = argmax
0≤u

h(u) .

_2��=>C�6@9;=DE�IGC=
�9�=>/2I H&6%<D8�6%1
πτ−1

/J9«9;=DE�IGC=
�9�=>/2I�
�1213Aî8�E�8�/28:Ir<>6�
�9;/28Q�=�M=DC�6%8ú-í6 ��<>E6�&6�/38ú=DC�6Y9�
��)6�-T
�AP=>C=
Þ= =DC:6
=�
&<���6r=

κ+(w, τ − 1)
/29d
 8�E�8�/28:Ir<>6�
�9;/28Q�<�9�8:I=>/3E�8YE��

w
"=CD�=���/28@=DC�/J9�I�
&9D6���-�67I�
�8�
�1J9;E���<>E6�&6�=DC=
�=0=DC�6^=>C�<D6�9;C:E&1J?

κ−(w, τ − 1)
/J9B
 8�E&8:/38:IK<D6j
&9D/38=�V�9�8#I=D/2E&8YE��

w
"

CíAú,�b&F,�5-í6BC=
l��6
κ+(w, τ − 1) = f(κ−(w, τ − 1), w)

�.E&<�
�121
w
" 
56K=;=D/28Q�

w1 ≥ w2

�5-í6)C=
l�&6
f(κ−(w1, τ −

1), w1) = κ+(w1, τ−1) ≤ κ+(w2, τ−1) = f(κ−(w2, τ−1), w2)
9D/38:IK6R=>C�6í=�
&<���6r=

κ+(w, τ−1)
/297
y8�E&8:/38:IK<D6j
&9D/38=�

�9�8:Ir=D/2E&8YE��
w
"=CíAr`R<DE?�#E�9;/3=D/2E&8&bK��-í6f?�6%?Q:Ir6�=DCU
Þ=

f(κ−(w2, τ − 1), w1) ≥ f(κ−(w2, τ − 1), w2) ≥ f(κ−(w1, τ − 1), w1) .	 C�/J9d�&/��&6�9
κ−(w2, τ − 1) ≥ κ−(w1, τ − 1)

9D/38:IK6
k ↪→ f(k, w1)

/29�/38#Ir<>6�
&9D/28Q�=" 	 CK:9���-í67C=
l�&6W��<>E6�&6�?ì=>C=
Þ=�4�E�=>C
=DC:6^=�
�<��&6K=

κ+(w, τ − 1)

�8:?�=DC�6^=>C�<>6%9DC�E&1J?

κ−(w, τ − 1)

&<D6�8�E&8:/38:IK<D6j
&9D/38=�V�9�8#I=D/2E&8#90E��

w
"
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/ +.-&- +�� *�4j4 �<4 � � *�4 �Q4��,-/(s- 4�. 	

� *�4j4 � + 
56K=
m

def
=

∫
wρ(dw) = pw− + (1 − p)w+

"=CíAÔ,sa�FT
�8#?P, Z F,�:-�6^C=
l��6

κ+
f = κ+(τ − 1) =

(
βm

2

)2 
�8:?
κ−f (w) = κ−(w, τ − 1) = [

1

w

(
βm

2

)2

]2 .
, �&�F

CíAr`�<>E���E�9D/¥=>/3E�8 �
&8:?î,3 Z F,��-í6WH�8:EÞ-Ü=DCU
Þ=

κ+(τ − 2) = arg max
u≥0

[−u+ β(pVτ−1(u,w
−) + (1 − p)Vτ−1(u,w

+))] ≥ κ+
f = κ+(τ − 1) .

,�� ��F

_2�
κ+(τ − 2) = +∞ �#=DC:6<��<>E�E���6%8:?�9^9;/28:IK6 κ+(τ − 2) = +∞ > κ+

f =
(

βm
2

)2 "SmÄ6g=>CK:9c
�9D9�Q�)6��.<>E�� 8�EÞ- E�8
=DCU
Þ=

κ+(τ − 2) < +∞ "QCíAÔ,��a�F,��-í6^C=
l�&6 Vτ (k, w) = f(k, w) = w
√
k

�8#?

Vτ−1(k, w) = sup
0≤u≤w

√
k

(w
√
k − u+ βm

√
u) =




βm(w

√
k)1/2

/:�
w
√
k ≤ κ+

f

w
√
k +

(
βm
4

)2 /:�
w
√
k ≥ κ+

f .

	 C�6W�.E�1312EÞ-0/38=�V�9�8#I=D/2E&8

ϕ(k)
def
= p

Vτ−1

∂k
(k, w−) + (1 − p)

Vτ−1

∂k
(k, w+)

/J9í?�6%Ir<>6�
�9;/28Q� 9;/28:Ir6
k ↪→ Vτ−1(k, w)

/299;=D<>/2Ir=D12AìIrE&8#I�
l�&6�4�A@`R<DE?�#E�9;/3=D/2E&8 : 	�"KCíAì?�6�G#8�/¥=>/3E�8�E��
κ+(τ − 2)

/28 , ����F,�
-í6�CU
l�&6�=DC=
�= −1 + βϕ(κ+(τ − 2)) = 0

"�mÄ6fIrE?���Q�=D6

∂Vτ−1

∂k
(k, w) =





1
4βmw

1/2k−3/4
/:�

k ≤ κ−(w, τ − 1)

1
2wk

−1/2
/:�

k ≥ κ−(w, τ − 1) .

6�<>E���=DC�6BIrE?���Q�=�
�=D/2E&8:9 �@
&?�6 <>/��&C�=W
��È=D6%<76��!=
Þ=>/3E�8 , Z F,��<>6%I�
�121
=DC=
�=
κ+(w, τ − 1)/κ−(w, τ − 1) = [ 2w

βm ]2
"LmÄ6

?�6�?�:Ir6@=>C=
Þ=
κ+(τ − 1) ≥ κ−(w+, τ − 1)


&8:? =>C=
Þ=
κ+(w−, τ − 1) < κ−(w−, τ − 1)

9;/28:IK6�=>C�6n
&9>9FQ����=>/3E�8
w+ > 1

1−p ( 2
β − p)w− /J906��!�/��6
�126K8�==DE 0 < 2w−

βm < 1
"�_�8*IrE�8:9;6j�!�6K8:IK6

−1 + βϕ(κ+
f ) = −1 + β[p

1

4
βm(w−)

1/2
(κ+

f )−3/4 + (1 − p)
1

2
w+(κ+

f )−1/2]

= −1 + β[
p

2
(
βm

2
)−1/2(w−)

1/2
+

(1 − p)w+

βm
]
4�AÔ,��,�F

= −1 + β
p

2
(
2w−

βm
)1/2 + (1 − p)

w+

m

= −1 +
(1 − p)w+ + pw−

m
+ p[

β

2
(
2w−

βm
)1/2 − w−

m
]

= p
β

2
[(

2w−

βm
)1/2 − 2w−

βm
]
4�A�?�6�G:8�/3=D/2E&8YE��

m

> 0
9;/28:Ir6

0 <
2w−

βm
< 1

= −1 + βϕ(κ+(τ − 2)) .

�06�I�
�1212/38Q� =>C=
Þ=
ϕ
/290?�6�Ir<>6�
�9;/28Q�=��-í67IrE&8#Ir1�:?�6�=DC=
�=

κ+
f = κ+(τ − 1) < κ+(τ − 2)
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� *�4j4 � + m /3=DCî=DC:6ì8�E�=R
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l�&6 =DEn��<>E6�&6 =>C=
Þ=
κ̃+

U (z, w, τ − 1)
�&/��&6%8

4�AÔ,3,�&Fí/J9136�9D9E�<06��!=
&1T=DC=
&8
κ+

f (w)
��/:��6K8@4�AÔ, :&: F,"


56K=
w ∈ W


�8:?
z ≥ 0

4#6 GQJ�6%?L"
κ̃+

U (z, w, τ − 1)

�IGC�/36��&6�97=DC:6 �@
6J�/��VQ�\E���=DC�6@IrE�8:I�
l��6@�9�8:Ir=D/2E&8

u ↪→
(1−βτ−1)U(z−u)+βτ−1

∫
U(z−u+ f(u,w′))πτ−1(dw

′ | w)
E&8

[0, z]
"�_2�

κ̃+
U (z, w, τ − 1) = 0

�&=DC�6c��<DE�E��T6%8:?�9�"
��1J9;6?�

φU (κ̃+
U (z, w, τ − 1)) ≥ 0

4�AB=DC:6	�A�126K<�IKE&8:?�/3=D/2E&8$��-0C�6K<>6

φU (u)
def
= −(1 − βτ−1)U

′(z − u) + βτ−1

∫
(−1 +

∂f

∂k
(u,w′))U ′(z − u+ f(u,w′))πτ−1(dw

′ | w) .

	 C�6�?�/M]T6K<>6K8�=D/I
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�1:/29E��
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�8#?)4�Ag=DC�6 
&9>9F=����=D/2E&8
=DCU
Þ=

πτ−1(dw
′ | w)

C=
&90IKE����=
�I=�9F=�Q�#E�<;=T�.E�<B
�121
w ∈ W

"�mP67CU
l�&6

φU (u) =

∫
[−(1− βτ−1)U

′(z − u) + βτ−1(−1 +
∂f

∂k
(u,w′))U ′(z − u+ f(u,w′))]πτ−1(dw

′ | w)

=

∫
[(βτ−1

∂f

∂k
(u,w′) − 1)U ′(z − u+ f(u,w′)) + (1 − βτ−1) (U ′(z − u+ f(u,w′)) − U ′(z − u))︸ ︷︷ ︸

≤0

]πτ−1(dw
′ | w)

≤
∫

[(βτ−1
∂f

∂k
(u,w′) − 1)U ′(z − u+ f(u,w′))πτ−1(dw

′ | w)

9D/38:IK6
f(u,w′) ≥ 0


&8:?
U ′ /J98�E&8�/28:IK<D6j
&9D/38Q�U" 	 C!#9�� φU (κ+

f (w)) ≤
∫
a(w′)b(w′)πτ−1(dw

′ | w)
-0C�6K<>6

: "0E&8f=DC�6íE&8�6�C=
�8#?L�
a(w′)

def
= (βτ−1

∂f
∂k (κ+

f (w), w′)−1)
/J9�8:E&8:?�6�Ir<>6�
�9;/28Q��-0C�6%8 ∂2f

∂k∂w ≥ 0
, 
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&9D/28Q�

-0C�6%8 ∂2f
∂k∂w ≤ 0

F�q
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b(w′)
def
= U ′(z − κ+

f (w) + f(κ+
f (w), w′)) > 0

/29f8�E&8�/28:IK<D6j
&9D/38Q�@-0C�6%8 ∂2f
∂k∂w ≥ 0

9;/28:Ir6
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w′ ↪→ f(k, w′)
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&9D/38Q�Uq�/¥=�/J908�E�8:?�6%IK<D6j
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∂2f

∂k∂w ≤ 0
"
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Þ= ∫
a(w′)b(w′)πτ−1(dw

′ | w) ≤ 0
"�_2�

a(w′) < 0
�.E&<�
�121
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&<f9;/28:IK6 b(w′) > 0
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f
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w ∈ W
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a(w) = 0
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l�&6

a(w′)(b(w′)− b(w)) = (a(w′)−a(w))(b(w′)− b(w)) ≤ 0
��9;/28:Ir6?�&6%/¥=>C�6K<�=DC�6N�9�8:Ir=D/2E&8

a
/J9�8�E�8:?�6%IK<D6j
&9D/38=��
�8:?)=>C�6

�9�8:Ir=D/2E&8
b
/2908:E&8�/28:Ir<>6�
�9;/28Q� E&<í=DC:67E��Q��E�9D/¥=>6�" 	 CK:9��

∫
a(w′)b(w′)πτ−1(dw

′ | w) ≤ b(w)

∫
a(w′)πτ−1(dw

′ | w) .
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[0,+∞[
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∫
a(w′)πτ−1(dw

′ | w) =

∫
(βτ−1

∂f

∂k
(κ+

f (w), w′) − 1)πτ−1(dw
′ | w) ≤ 0 .

	 CK:9���-�67C=
l��6

φU (κ+
f (w)) ≤

∫
a(w′)b(w′)πτ−1(dw

′ | w) ≤ b(w)

∫
a(w′)πτ−1(dw

′ | w) ≤ 0 .
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φU (κ̃+

U (z, w, τ − 1)) ≥ 0
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φU (κ̃+
U (z, w, τ − 1)) ≥ φU (κ+

f (w))
"

� EÞ-��
φU

/29
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κ̃+

U (z, w, τ−1) ≤ κ+
f (w) =

κ+(w, τ − 1)
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