DISCONTINUOUS GALERKIN METHODS FOR FRIEDRICHS’
SYSTEMS. PART II. SECOND-ORDER ELLIPTIC PDE’S
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Abstract. This paper is the second part of a work attempting to give a unified analysis of
Discontinuous Galerkin methods. The setting under scrutiny is that of Friedrichs’ systems endowed
with a particular 2x2 structure in which some of the unknowns can be eliminated to yield a sys-
tem of second-order elliptic-like PDE’s for the remaining unknowns. For such systems, a general
Discontinuous Galerkin method is proposed and analyzed. The key feature is that the unknowns
that can be eliminated at the continuous level can also be eliminated at the discrete level by solving
local problems. All the design constraints on the boundary operators that weakly enforce boundary
conditions and on the interface operators that penalize interface jumps are fully stated. Examples
are given for advection—diffusion-reaction, linear elasticity, and a simplified version of the magneto-
hydrodynamics equations. Comparisons with well-known Discontinuous Galerkin approximations for
the Poisson equation are presented.
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1. Introduction. Friedrichs’s systems [8] are systems of first-order PDE’s en-
dowed with a symmetry and a positivity property. Such systems embrace both ellip-
tic and hyperbolic PDE’s, i.e., they include advection-reaction, advection—diffusion—
reaction, linear elasticity, and Maxwell’s equations in the elliptic regime, to cite a
few examples. The analysis of this class of problems and its approximation by means
of Discontinuous Galerkin (DG) methods has been initiated by Lesaint and Raviart
[10, 11] and Johnson et al. [9]. A thorough systematic analysis generalizing [10, 11, 9]
has been undertaken in the first part of this work [6].

In this second part, we specialize the setting to Friedrichs’ systems that can be set
into a 2x2 block structure such that (i) the dependent variable z can be partitioned
into the form z = (27, z%), and (ii) the o-component, 27, can be eliminated to yield a
system of second-order PDE’s for the u-component, z%, which is of elliptic type. To
efficiently approximate the above Friedrichs’ systems using DG methods, it is desirable
to reproduce at the discrete level the possibility to eliminate the o-component of the
discrete unknown locally on each mesh element. This feature induces a non-trivial
modification of the analysis presented in [6] that constitutes the scope of the present
work. In particular, the design of boundary and interface operators has to be revised.
The analysis presented herein shows that to recover stability while allowing for the
local elimination in question requires an enhanced penalty on the boundary conditions
and the interface jumps of the discrete u-component.

This paper is organized as follows. Section 2 briefly restates the main theoretical
results of [6] on the well-posedness of Friedrichs’ systems and introduces the above
2x2 block structure. Section 3 presents three important examples of Friedrichs’ sys-
tems with 2x2 block structure, namely advection-diffusion-reaction equations written
in mixed form, linear elasticity equations written in the stress—pressure—displacement
form, and a simplified form of the magneto-hydrodynamics (MHD) equations. Sec-
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tion 4 formulates a general DG method for Friedrichs’ systems with 2x2 structure and
describes the technique to locally eliminate the o-component of the discrete solution.
The convergence analysis is reported in Section 5. All the design assumptions on the
boundary operators which weakly enforce boundary conditions and on the interface
operators which penalize interface jumps are stated. The key results are Theorem 5.8
which contains the main estimate for the o- and u-component of the approximation
error, and Theorem 5.14 which contains an improved estimate for the u-component
of the error in the L?-norm obtained using a duality argument. Finally, Section 6
applies the DG method to the PDE systems presented in §3; in particular, the link
with the unified analysis of Arnold et al. [1] for the Poisson equation is explicated
to illustrate the fact that various DG methods presented in the literature, e.g., the
Local Discontinuous Galerkin (LDG) method of Cockburn and Shu [4], the Interior
Penalty (IP) method of Douglas and Dupont [5], the method of Brezzi et al. [3], and
the method of Bassi and Rebay [2], fit into the present framework.

2. Friedrichs’ systems in block structure.

2.1. Main results on Friedrich’s systems in general form. Let 2 be a
bounded, open, and connected Lipschitz domain in R%. Let m be a positive integer.
Let K and {A*}1<k<q be (d + 1) functions on Q with values in R™™ such that

K e [L= (@)™, (al)

Vk e {1,...,d}, AF € [L=(Q)]™™ and iakAk e [Le ()™, (A2)

Vk e {1,...,d}, AF = (AF)" ae. in Q, - (A3)

Jpo >0, K+K'— i o AF > 2u0Z,, a.e. on 9, (a4)
k=1

where Z,,, is the identity matrix in R™™. Set L = [L?(Q2)]™ and let D(Q2) be the
space of €>° functions that are compactly supported in Q. A function z in L is said
to have an A-weak derivative in L if the linear form

d
DO 5 ¢r— — [ Y 2o (A¥) €R, (2.1)

Q=1

is bounded on L. In this case, the function in L that can be associated with the above
linear form by means of the Riesz representation theorem is denoted by Az. Clearly, if
z is smooth, e.g., z € [€1(Q)]™, Az = ZZ:l AF0yz. Define the so-called graph space
W = {z € L; Az € L} equipped with the graph norm ||z||w = ||Az||r + ||2]|- The
space W is endowed with a Hilbert structure when equipped with the scalar product
(Zv y)L =+ (AZ, Ay)L

Define the operator K € L(L;L) by K : L 5 z — Kz € L and the operator
TeL(W;L)byT=A+K,ie.,

d
Tz=Kz+ Z ARz, (2.2)
k=1
Let K* € L(L; L) be the adjoint operator of K, i.e., K* : L 3 2 — K'z € L. Let
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T € L(W; L) be the formal adjoint of T,

d
Tz=K'z - Z@k(.Akz). (2.3)
k=1
In this definition Zzzl Ok (A*2) is understood in the weak sense. One verifies that

this weak derivative exists in L whenever z is in W. Moreover, the usual rule for
differentiating products applies. Observe that assumption (A4) implies that

VaeW, (T2)p+ (5 T2)n > 2ozl (2.9
Let D € L(W;W’) be the operator such that
V(z,y) €W x W, (Dz,9)ww = (Tzy)1 — (2, Ty)L. (2.5)

The operator D is self-adjoint and is a boundary operator in the sense that Ker(D)
is the closure of [D(Q)]™ in W; see [7] for the proof and further results.

Consider the following problem: For f € L, seek z € W such that Tz = f. In
general, boundary conditions must be enforced for this problem to be well-posed. In
other words, one must find a closed subspace V' of W such that the restricted operator
T :V — L is an isomorphism. To achieve this goal, a simple approach inspired from
Friedrichs’ work [6, 8] consists of introducing an operator M € L(W;W') such that

M is positive, i.e., (Mz, z)wsw > 0 for all z in W, (m1)

W =Ker(D — M) + Ker(D + M). (M2)
Then by setting

V =Ker(D — M) and V* =Ker(D+ M™), (2.6)

where M* € L(W;W’) is the adjoint of M and V and V* are equipped with the
graph norm, the following Theorem can be proved (see [7, 6] for a proof):

THEOREM 2.1. Assume (A1)—(A4) and (M1)—(M2). Then, the restricted operators
T:V—>LandT:V*— L are isomorphisms.

As a result, for f in L, the following two problems are well-posed

Seek z € V such that Tz = f, (2.7)

Seek z* € V* such that Tz* = f. (2.8)

A key observation at this point is that the boundary conditions enforced in (2.7) and

(2.8) are essential, i.e., they are enforced strongly by seeking the solutions in V' and

V*, respectively. The key reason that lead us to focus on the theory of Friedrichs’s

systems is that it yields a way to enforce boundary conditions naturally, thus leading to

a suitable framework for developing a DG theory. To see this, introduce the following
bilinear forms on W x W,

a(27y) = (Tz7y>L+ %((M_D)Z7y>W',Wa (29)

a*(2,y) = (Tz,y)L + 5 (M" + D)z, y)wr,w- (2.10)

It is clear that a and a* are in L(W x W;R). Consider the following problems: For

fekL,
Seek z € W such that a(z,y) = (f,y)r, Yy € W, (2.11)
Seek z* € W such that a*(2*,y) = (f,y)r, Yy € W. (2.12)
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The key result of this section is the following
THEOREM 2.2. Assume (Al)—(A4) and (M1)—(M2). Then,
(i) There is a unique solution to (2.11) and this solution solves (2.7);
(ii) There is a unique solution to (2.12) and this solution solves (2.8).
Theorem 2.2 is proven in [6]. Contrary to (2.7) and (2.8), the boundary condi-
tions in (2.11) and (2.8) are natural, i.e., they are weakly enforced. For this reason,
problem (2.11) will constitute our working basis for designing DG methods; see §4.

2.2. The 2x2 block structure. We now assume that the (d + 1) R™™-valued
fields K and {Ak}lgkgd have a 2x2 block structure, i.e., there are two positive integers
my and m, such that m = my, + m,, and

: (2.13)

with obvious notation for the blocks of K and where for all k € {1,...,d}, B¥ is
an my xm, matrix field and C* is a symmetric m,, xm, matrix field. To simplify
the notation, define the operators B = 22:1 B*o,, B = Zizl[Bk]tak, and C' =
S, CFOy. Set L, = [L2(Q)]™ and L, = [L2(2)]™.

The two key hypotheses on which the present work is based are the following:

Jko > 0, VE € R™e, 'K77¢ > kol|€||Zms,  a.e. on €, (A5)
Vk € {1,...,d}, the m,xm, upper-left block of A" is zero. (A6)

Assumption (A5), which means that K7 is uniformly positive definite, implies that
the matrix K77 is invertible.

Assumptions (A5) and (A6) allow for the elimination of z7 from the PDE sys-
tem Tz = f. With obvious notation, partition z and f into (27,z%) and (f?, f“),
respectively. Then, 27 is given by

27 = [Ko0] 7L (f" — KT Bz“), (2.14)
and z* solves the following second-order PDE:

_ B[Icaa]—leu + (C _ B[’CO’O’]—lKUU _ ’CUG[K:UU]_IB)ZU
+ (K:uu _ ICuo’ [Ico'a]fllca'u)zu — fu _ (K:ua' T B)[Icaa]flfa. (215)

The objective of the present work is to design DG methods for approximating (2.15).
The strategy consists of constructing a DG approximation to (2.11), but at variance
with what has been done in [6], the construction is now specialized to the above
2x2 block structure so that the approximate unknown corresponding to z? can be
eliminated locally on each mesh element by solving simple local problems.

Remark 2.1. The present study does not cover the DG approximation of the whole
realm of second-order PDE’s. Indeed, it is clear from (2.15) that the leading order
term in the PDE, namely E[IC‘T"]_le“ (up to first-order terms), has a very particular
structure since the matrices (B*)![K?9]~1B% are positive semi-definite. Hence, the
PDE’s covered by this work are elliptic-like; see §3 for various examples.

3. Examples. This section presents three examples of Friedrichs’ systems en-
dowed with the 2x2 block structure considered in §2.2.
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3.1. Advection-diffusion-reaction. Consider the PDE
—Au+ B-Vu+ pu = f, (3.1)
with 8 € [L=(Q)]4, V-8 € L>=(Q), p € L=(Q), and f € L?(2). Assume that
p—3V-B>po>0 ae. in (3.2)
The PDE (3.1) can be written as a system of first-order PDE’s in the form

o+ Vu=0, (3.3)
pu+ Vo + 3Vu=f. '

Set m =d+ 1, m, = d, and m, = 1. Then, the mixed formulation (3.3) can be cast
into the form of a Friedrichs’ system with 2x2 block structure by introducing (d+ 1)
functions with values in R™™ namely K and {A*}1<x<q4 such that

740 0 iek
K= {Od” A= l(ek)t?ﬁk] 7 (3.4)

where 7 is the identity matrix in R%?, e is the k-th vector in the canonical basis of
R?, and (¥ is the k-th component of /3 in this basis. It is clear that hypotheses (A1)
(A6) hold. The graph space is W = H(div; ) x H'(Q) and for all (o, u), (1,v) € W,

(D(o,u), (T,0))wr,w = (on,v)_1 1+ (Tn,u)_1 1+ /(m(ﬂn)uv, (3.5)

where (,)_1 1 denotes the duality pairing between H~2(99) and Hz (89). Note that

(3.5) makes sense since functions in H'(Q) have traces in H2 (8Q) and vector fields
in H(div; ) have normal traces in H—z (09).
Homogeneous Dirichlet boundary conditions can be enforced by setting

(M(o,u), (r,v))ww = (on,v)_ L. (3.6)

With this choice V. = V* = H(div;Q)xH}(Q). Let o0 € L>*(99Q) be such that
20+ fB-n >0 a.e. in 9. Then, setting

by rmuy,

(M(o,u), (T, 0)wr,w = —(on,v) _1 1 +(Tn,u)_11 —|—/ (20+ B-n)uv,  (3.7)
o
yields V = {(o,u) € W; (—o-n+ ou)|lgq = 0} and V* = {(o,u) € W; (o-n+ ou)|aq =
0}, i.e., a Robin boundary condition is enforced. A Neumann condition corresponds
to o = 0. We refer to [6] for more details.

Remark 3.1. Advection—diffusion—reaction equations with smooth tensor-valued
diffusion can be handled by Friedrichs’ formalism as follows. Let k = (Kki)1<k,i<d
be a positive definite matrix-valued field defined on 2 whose lowest eigenvalue is
uniformly bounded away from zero. Consider the PDE

—V-(k'"6Vu) + BVu+p = f. (3.8)

Here, & is the square root of the diffusion tensor. The natural way to write this PDE
in mixed form consists of setting

{U+HVUO,

pu+ V-(k'o) + 3-Vu = f.
5
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If the field x is smooth, Friedrichs’ formalism can be recovered by using the identities
V:(kto) = k:Vo + (V-k)-0c = k:Vo — (V-k)-(kVu) and setting

, (3.10)

where k) denotes the k-th column of k. Hence, for property (A4) to hold, derivatives
up to second-order of k must be controlled.

3.2. Linear elasticity. Let o and ~ be two positive functions in L>°(Q2) uni-

formly bounded away from zero by «y and 7, respectively. Consider the following
set of PDE’s

o+ pIy— 3(Vu+ (Vu)') =0,
tr(o) + (d+7)p =0, (3.11)
—3Vi(o+o)+au=f,

where o is R%%valued, p is scalar-valued, u is R%valued, and f € [L?(2)]?. The
first and second equations in (3.11) imply p = —y~'V-u and 0 = £(Vu + (Vu)?) +
71 (V-u)Zg; v is a compressibility coefficient, o is the stress tensor, $(Vu + (Vu)?)
is the strain tensor, and u represents the displacement field.

Set m = d> + 1+ d. The tensor o in R%? is identified with the vector 7 € RY
by setting ;) = oi; with 1 < i,j < d and [ij] = d(j — 1) + 4. Then, the mixed
formulation (3.11) can be cast into the form of a Friedrichs’ system by introducing
the (d + 1) R™™-valued fields with the following 3x3 block structure

TIp ! Z 10
00 azy

where Z € R? has components given by Z;;) = d;; with 1 < 4,5 < d, and for all
kell,....d}, &k ¢ R44 has components given by 5[’;].]’1 = —%(6ik6ﬂ + 040;1) with
1 <4,4,1 <d; here, §;; denotes the Kronecker symbol.

To recover the 2x2 structure introduced in §2.2, set my, = d?>+1 and m,, = d, i.e.,
the o-component corresponds to the pair (7,p). Then, hypotheses (A1)—(A6) hold.
In particular, (A4)—(A5) result from the fact that for all z = (7,p,u) € R™,

2 2 (1= )5 + B + iy (7 + EpZ) 4 agu® 2 o@® + 7 + ), (3.13)
2 2

where ¢ only depends on d, g, and 7. Using the second Korn inequality for the

variable u, it is readily seen that the graph space is W = Hzx L2(Q)x[H'(Q)]¢ with

Hy = {7 € [L*(Q)]¥; V-(c + o') € [L%(Q)]?}. The boundary operator D takes the

following form: For all (7, p,u), (T,q,v) € W,

(D(@,p,u), (T q,0))ww = —(E(T+7)nu)_11 — (3(c+0")n,v)_ (3.14)

11,
272

N

1
2

1

where (,) _1 1 denotes the duality pairing between [H~2(09)] and [H= (0Q)]<.
To enforce boundary conditions for (3.11), one possibility consists of setting for
a']‘l (E’ p7 u)’ (?7 q’ ,U) E W7

(M@, p,u), (7, ¢, v))ww = (3(r+7)nu) 11— (5(0+0")n,v)_

6

L (3.15)

11 1
22 2



With this choice, the displacement is set to zero at 92 as shown in the following
LEMMA 3.1. Let M be given by (3.15). Then, V = V* = Hzx L*(Q)x[Ha ()]
Proof. 1t is clear that V = V* since M + M* = 0. Observe that

(D = M)@,p,u), (T, ¢, v))ww = —{(T +7")n,u)_ (3.16)

1 1.
23
Hence, it is clear that HyxL2(Q)x[H}(Q)]? C Ker(D — M) = V. Conversely, let
(7.p,u) € Ker(D — M). Let 6 € [H™2(0Q)]%. Consider the following problem: Seek
vp € [H'(Q)]¢ such that for all w € [H'(Q)]4,
(vo, ) [z2()a + (Vg + (Vg)', Vo + (V)" ) p2(aae = (0,w) 1 1.

This problem is well-posed owing to the second Korn inequality and the Lax—Milgram
Lemma. Set 79 = Vuvg + (Vug)!. Since Ty € Hz, one can take (7,p,v) = (Ty,0,0)
in (3.16) yielding (#,u)_1 1 = 0. Since 6 is arbitrary in [H=2 (004, u € [H} ()4 O

3.3. Simplified MHD. For the sake of simplicity we assume that the space
dimension is three, i.e., d = 3. Let v, p, and o be three functions in L*°(Q), and let
B € [L>®(Q)]® be a vector field. A simplified (time-discretized) version of the MHD
equations consists of seeking the electric field £ and the magnetic field H such that

(3.17)

vH + VxE =0,
o(E + Bx(uH)) - VxH =},

where j € [L?(Q)]? is a given source term. The separation of the electromagnetic field
(H, E) into magnetic and electric fields induces a natural partitioning of [L?(£2)]° into
[L2(2)]3 x [L?(2)]3. Set m = 6. The PDE’s (3.17) are recast into the form of a
Friedrichs’ system by introducing the following block structured matrices in RS,

€= [_}{2_3__.__9___} oAb — [(ORW , (3.18)

where Rfj = ¢, is the Levi-Civita permutation tensor, 1 < 4,7,k < 3, and V;; =
22:1 €ik;B*. Assume that v and o are positive functions on Q uniformly bounded

away from zero and that there is ag > 0 such that a.e. in 2, 2 (%)% — || Bl o= () > .
In the above framework, one readily verifies that hypotheses (A1)—(A6) hold with
me = 3 and m, = 3. In the full MHD equations, the off-diagonal term induced by
[ is compensated by a term originating from the conservation of momentum in the
Navier—Stokes equations so that the condition for (A4) to hold is simply that v and
o be uniformly bounded away from zero.

The graph space is W = H(curl; Q) x H (curl; Q) and for all (H, E), (h,e) € W,

(D(Ha E)7 (ha e))W’,W = (VXE7 h)[LQ(Q)]S - (E’ th)[LQ(Q)]S

(3.19)
+ (H,vxe)[Lz(Q)]s - (VXH, 6)[L2(Q)]S.

When (H, E) and (h, e) are smooth, the above duality product can be interpreted as
the boundary integral [, [(nxE)-h + (nxe)-H].
An acceptable boundary condition for (3.17) consists of setting

(M(H, E),(h,e))w'.w = — (VXE,h)z2ys + (E, VXh)[2)s

+ (H, VXE)[Lz(Q)]z — (VxH, e)[L2(Q)]3;
7
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for all (H, E), (h,e) € W. Assuming [H!(Q)]? is dense in H (curl; Q), this choice yields
V =V* = H(curl; Q) x Ho(curl; ), i.e., the tangential component of the electric field
is set to zero; see [7] for the analysis.

4. Discontinuous Galerkin method for 2x2 systems. In this section we
present the discrete setting to design a DG method to approximate the Friedrichs’
systems with the 2x2 block structure presented in §2.2.

4.1. The discrete setting. Let {7;}r>0 be a family of meshes of Q. The
meshes are assumed to be affine to avoid unnecessary technicalities, i.e., ) is assumed
to be a polyhedron. We denote by Fi the set of interfaces, i.e., F € Fi if F is a
(d—1)-manifold and there are K1 (F') and Ks(F') € 7;, such that F' = K1 (F)NKa(F).
For F € Fi, we set T(F) = K1(F)U Kz(F). We denote by F? the set of the faces
that separate the mesh from the exterior of Q, i.e., F' € F? if F is a (d—1)-manifold
and there is K(F) € Ty, such that F = K(F)NoS. For F € F?, weset T(F) = K(F).
Finally, we set 7, = i UF?. We assume that the mesh family {7}, }5>¢ is such that
there is a positive constant ¢, independent of h, such that for all F' € Fy,

ClhT(F) < hp, (4.1)

where hr(py denotes the diameter of 7(F) and hr that of F. No other particular
assumption than (4.1) is made on the matching of element faces.

For a non-negative integer p, consider the finite element space of scalar-valued
functions

Pup=A{vn € L*(Q); VK € Ty, va|k € P}, (4.2)

where [P, denotes the vector space of polynomials with real coefficients and with total
degree less than or equal to p. The mesh family {7;}r>0 is assumed to be regular
enough so that there is a constant ¢, independent of h, such that for all vy, € Py, p,

VK € Th, |Vunllizerye < chi lvallrzir), (4.3)
VF € Fu, lonlar) < chp onllacrey. (4.4
Let p, and p, be two non-negative integers such that
Pu—1 < po < pu (4.5)
Define the following vector spaces:
Up, = [P p, )™, Zh = [Php, )™, Wiy = UpxXh, (4.6)

and set U(h) = [H*(Q)]™«+Up,, B(h) = [HY(Q)]™ +Xp, and W (h) = [HY(Q)]™ +Wy,.
Obviously, inequalities (4.3) and (4.4) can be applied componentwise to all functions
in Uy and in Xj,. Moreover, since every function v in U(h) has a (possibly two-valued)
trace almost everywhere on F' € ‘7:,"1, we set

vl(z) = lim  v(y) vi(z) = lim w(y), forae. z€F, (4.7)
y€%<1(F) y€%<2(F)
[v] = o' — v, {v} = $(v' +v*), ae. onF. (4.8)

We define 71, 72, and [7] similarly for all 7 in ¥(h). The arbitrariness in the choice
of K1(F) and K»(F) could be avoided by choosing intrinsic notations that would,
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however, unnecessarily complicate the presentation; nothing that is said hereafter
depends on this choice.

For any measurable subset of Q or Fq = {z € ;IF € Fp,x € F}, say F,
we denote by (-,-)r.g the scalar product induced by [L?(Q)]™ or [L*(Fq)]™ on E,
respectively. We define similarly (-,-)r, z and (-,*)z, &

4.2. Boundary and interface operators. Let n = (ny,...,n4)" be the unit
outward normal to 92. Henceforth, we assume that the fields {Ak}lgkgd are suffi-

ciently smooth for the matrix Dy = Zzzl npA* to be meaningful at the boundary.
Hence, the following representation holds

(Dz,y)ww = | y'Doaz, (4.9)
lo)
whenever z and y and smooth functions. Owing to (2.13), Dgo has a 2x2 block
structure with D% = S0 ngBF, Dug = [DgL)t, Dit = 3¢ _, ni,CF, and

D33 = 0. (4.10)

Likewise, we assume that the boundary operator M has an integral representation,
i.e., there exists a matrix-valued field M : 92 — R"™ such that

(Mz,y)ww = | y'Mz, (4.11)
o0
whenever z and y and smooth functions. We denote by M7% M"? and M"* the
top right, bottom left, and bottom right blocks of M, respectively. For the sake of
simplicity, we hereafter assume that

M7 =0, (4.12)

This simplifying assumption holds for advection—diffusion—reaction equations with
Dirichlet, Neumann, or Robin boundary conditions, the linear elasticity equations,
and the simplified MHD equations; see §3. Indeed, assuming Ker(D*) = {0}, the
Dirichlet boundary condition z* = 0 can be enforced by taking

~|.0 =D
M= it e | (413)
where M"* is a suitable positive matrix in R+ "™« Similarly, taking
— |0 D
M - |:'Du0' Muu:| ’ (414)

where M"" is a positive matrix in R™+"™ yields the Robin boundary condition
2D%O 2% 4 (D — MU 2% = 0; if M** = D"*, the boundary condition is of Neumann-

type.
For all K € 7T, we define the matrix-valued field Dyg : 0K — R"™™ by

d
Dok (x) = ZnKkAk () a.e.on JK, (4.15)
k=1
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where ng = (nK,l, .. .,nK,d)t is the unit outward normal to K. Owing to (2.13),
Dsk has a 2x2 block structure with Dg} = 2221 ng kBY, DY, = [DFL]t, Dyt =
(D)t = Sji_y nicxC*, and

ge = 0. (4.16)

The definition (4.15) is clearly compatible with that of Dgq if 0K C 9. Moreover,
observe that for all z, y in W (h) and for all K € T,

(Doxzy)r.ox = (T2,9) 0,5 — (2,TY) 1 K- (4.17)

We now define on Fj, a matrix-valued field D as follows. On ]-",? , D is single-valued
and coincides with Dpq. On Fi, D is two-valued and for all F € F}, the two values
taken by D are Dy, (ry and Dy, (ry. Note that {D} = 0 a.e. on Fl since 22:1 Op A”
is bounded owing to (A2).

To weakly enforce boundary conditions, we introduce for all F' € .7-',‘? a linear
operator

€ LALX (PN [L2EN™). (4.18)

€ LOLX(E)N™ [L2(F))™). (4.19)

Star superscripts denote the L2-adjoint of My, S, or any block thereof. For in-
stance, (M¥)* € L([L*(F)]™;[L*(F)]™) is defined s.t. ((M%0)*(v), )L, r =
(MY (1),v)L,.F for all v € [L*(F)]™= and for all 7 € [L?(F)]™.

The operators Mr and Sp satisfy various design criteria which are collected in
§5.1. For the time being, we solely mention the important assumption

Mz? =0 and SE =0. (4.20)

This assumption is essential to eliminate the o-component of the discrete solution
by solving local problems; see §4.4. Observe that owing to (4.20), the jumps across
interfaces of the o-component of the unknown are no longer controlled; this is an
important difference with respect to the DG method analyzed in [6].

4.3. The discrete problem and the notion of fluxes. Drawing inspiration
from (2.11), we introduce the bilinear form aj, such that for all z, y in W(h),

an(z,y) = Y, (Tzy)ex+ Y $(Mp(z) = Dz,y)Lr

KeTy, FeF?
- Z 2({Dz} {yHrr + Z (Sr([=]): WDe,F- (4.21)

The first and second term in the right-hand-side directly come from (2.9); the third
term is zero whenever z is smooth and is meant to ensure that aj, satisfies a coercivity
property (see Lemma 5.4); the last term will be used to control the jump of the
discrete solution across interfaces.

10



The discrete counterpart of (2.11) is: For f = (f°, f*) € L

Seek zp = (23, 21) € W}, such that
{ @ = (i 2h) € Wi s (4.22)

an(zn,yn) = (f,yn)e,  Yyn = (Y7, yi) € Wh.

As in [6], the discrete problem (4.22) can be localized by using the notion of flux.
Let K be a mesh element in 7. For z € W (h) and x € 0K, set

Zi(x) = lim 2(s), 2°(z) = lim 2(s), (4.23)

[£ox (z) = #'(2) — 2°(w), {z}ox (2) = 5(z"(x) + 2°(2)), (4.24)

with the convention that z¢(z) = 0 if z € 9Q. Then we define the element flux of z
on 0K, say dor (z) € [L*(OK)|™, by its restriction to the faces or interfaces F of 0K
as follows:

L(Mp(z) +Dz) if F c OK?,

. 4.25
Sr([2]ox|r) + Dox{z}or if F C OK', (4.25)

dok (2)|F = {

where K denotes that part of 0K that lies in Q and 0K? that part of K that
lies on 9. The discrete problem (4.22) is equivalently reformulated in terms of the
following local problems posed for all K € 7y,

{ Seek zp, € Wj, such that Vg = (q‘.T, q") € [Py, (K)]™ X [Py, (K)]™, (4.26)
(T2, @)1, i + (Yo (21) — Dorzp, Q) r,ox = (f, )Lk,
or equivalently using the local integration by parts formula (4.17),
{ Seek~zh € Wy, such that Vg = (¢7,q¢%) € [Pp, (K)]™ X[Pp, (K)]™*, (4.27)
(20, TqQ) L,k + (dor (21), Q) r.ox = (f, Q)L K-

Remark 4.1. Observe that owing to (4.20), the jumps across interfaces of the o-
component of the unknown are not controlled (this is the key property that allows for
the local elimination of the o-component of the discrete solution zp, see §4.4). This
is an important difference with respect to the DG method analyzed in [6].

4.4. Eliminating the o-component. We now rewrite (4.26) by making use of
the 2x2 block structure, and we show how the unknown zj can be locally eliminated.
To this end, we introduce the o-component of the element flux

655 (") P = {%(M%%z“) + D7) if F C 0K,

. 4.28
S5 ([“lok|r) + D3t (=)o i FCOkr, O

where we stress that ¢, solely depends on z" owing to (4.20). Then, (4.26) implies
that z7 solves the following local problems: For all ¢7 € [P, (K)]™

o

(
(K772 + K72} + B2yl a7 )L,k + (85 (1) = D3k (21)", 47 )L, 0 = (£7,47)L,
(4.29)
We now define the mapping 6} : U(h) — %, such that for all z* € U(h) and for all
K €T, 6} (2*)|k solves the following problem: For all ¢7 € [P,_(K)]™,
(K770,,(="), ¢ )1, = — (K7"2" + B2",¢") 1, &
— (5 (2") = Dk (2")" ) L, 0k (4.30)
11



Owing to (A5), this problem is well-posed. Similarly, we define the mapping 67 :
L, — X, such that for all f7 € L, and for all K € 7y, 02 (f7)|k solves the following
local problem: For all ¢7 € [P, (K)]™,

(K702 (£7), 4" L. = (747 )L, K- (4.31)
Finally, define the bilinear form ¢, on U(h) x U(h) by
on(z",y") = an((O ("), 2"), (0,5")), (4.32)
and the linear form ¢ on U(h) by
Un(y*) = an((;(£7),0), (0,5")). (4.33)

This readily leads to the following
PROPOSITION 4.1. If the pair (27, z\) solves (4.22), then,

2 = 05 (z1) + 05(F7), (4.34)

and z;' solves the following problem:

Seek z;' € Uj, such that
{ ho o (4.35)

on (2, un) = (F i), — Yn(yn),  Vyi € Up.

Conversely, if z;' solves (4.35) and if z7 is defined by (4.34), then the pair (z,z})
solves (4.22).

Remark 4.2. The bilinear form ¢;, and the linear form vy, are easy to compute in
practice since they involve the solution of local problems, namely (4.30) and (4.31),
that can be solved elementwise.

5. Convergence analysis. In this section, we present the design criteria for the
above DG method and perform the error analysis. The mains results are Theorem 5.8,
which estimates the error in the norm (5.9), and Theorem 5.14, which improves the L,,-
estimate of the u-component of the error by means of a duality argument. Throughout
this section, we assume that:

e Forall k € {1,...,d}, B¥ € [COL(Q)]me .
e The mesh family {7}, }5>0 is such that (4.1), (4.3), and (4.4) hold.
e The approximation spaces are defined according to (4.2), (4.5), and (4.6).

5.1. The design criteria for the boundary and interface operators. For
all F € F2, for all v,w € [L2(F)]™, and for all 7 € [L?(F)]™>, we assume that

Mz? =0, (pG1)

Mg" + (Mg?)" =0, (DG2)

(Mg*(v),v)L,.F >0, (DG3)
1

|((Mg"(v) = D7"v, 7)1, F| < chilvlmrll7lL, F, (DG4)

|(ME"(v) + D" v,w)L, r| < chp?|v|L, FlwlwrF, (DG5)
_1

|(ME"(v) = D" v,w)L, F| < chp? vl rlwlL,,F, (DG6)

Vy € [L*(F)]™, (My—Dy=0) = (Mp(y) — Dy =0), (DGT)

vy € [L*(F)]™, (M'y+Dy=0) = (M}(y) + Dy =0), (Dc8)
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where ¢ is a constant independent of h and where we have introduced the following
semi-norms:

weU(h), |li= Y] Whye  with o} p = (ME@).0),p. (5.1)
FeF?

For all F € F, for all v,w € [L?(F)]™, and for all 7 € [L?(F)]™, we assume that

S97 — 0, (DG9)

Sp 4+ (SF7)" =0, (pa10)

(SE*(v),v)L,.F 20, (pG11)

|(SE"(v), w)L, . F| < chp? V)L, plwls,F, (pal2)

_1

|(SE"(v), W)L, . r| < chp?vls plwlL,,F, (bG13)

[(SE“(v), )L, .Fl < chilvls,plTllL, F, (pald)
1

|(D7v, 7L, .| < chplvls pllTlL,.F, (bG15)
_1

|(D*“ v, w)L,.F| < chp®|vls,pllwlL,F, (pG16)

where c is a constant independent of h and where we have introduced the following
semi-norms:

weUh), [ls= > s with  Jolie=(Sp@), )0 (52)
FeF;,

Theorem 5.8 relies only on assumptions (DG1)—(DG5), (DG7), (DGY)-(DG12), and
(DG14)—(DG15) which are collectively referred to as (DG”). The additional assump-
tions (DG6), (DG8), (DG13), and (DG16) are needed to prove Theorem 5.14. Assump-
tions (DG1)-(DG16) are collectively referred to as (DGF).

Remark 5.1. Assumptions (DG7) and (DG8) are consistency hypotheses which
trivially hold if Mp(z) = Mz. However, it is not always possible to make this
simple choice because it is often necessary to penalize the boundary values of the
u-component of the unknown. For instance, when Dirichlet boundary conditions are
enforced, i.e., M?% = —D% it may happen that M** = 0 (see the examples dis-
cussed in §3). In this circumstance, (DG4) (see also (5.3) below) cannot be satisfied if
we set M (v) = M"v = 0. Instead, it is necessary that M#* scales like h'. The
consistency hypotheses (DG7) and (DG8) then mean that the extra control required
by (DG4) is compatible with the way the boundary condition is enforced.

While assumptions (DG#) are just what it takes to prove Theorems 5.8 and 5.14,
it is simpler in practice to work with a simplified set of assumptions. These are
summarized in the following lemmas. The proofs, which are straightforward, are
omitted for brevity. Lemma 5.1 is tailored for the case when Dirichlet boundary
conditions are enforced, while Lemma 5.2 is tailored for the case when Neumann or
Robin boundary conditions are enforced.

LEMMA 5.1. Assume that MZ° = 0, MZ%(v) = —D“v for all v € [L*(F)]™=,
MY = —(MZ“)* and that M¥¥ is self-adjoint and such that for all v € [L?(F)]™x,

ci(hp|D*vlZ, p+he D7, F) < (ME“(v),0)L,.F < c2hp' [0llE, P, (5.3)

where c1 and ¢z are independent of h. Then, (DG1)—(DG6) hold.
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LEMMA 5.2. Assume that MZ° = 0, Mg“(v) = D°%v for all v € [L*(F)]™~,
MYe = —(MZ“)* and that M®“ is self-adjoint and such that for all v € [L?(F)]™«,

D" llL, p < (ME"(0),0)z,.p < c2lVlZ, p, (5.4)

where c1 and ¢z are independent of h. Then, (DG1)—(DG6) hold.
LEMMA 5.3. Assume that S§° =0, S =0, SF* = 0 and that SE" is self-adjoint
and such that for all v € [L?(F)]™«,

ci(hp| D l[L, p+hE D7 0]Z, p) < (SE“(v),0)1,.p < c2hp 0l P, (5.5)

where ¢1 and ca are independent of h. Then, (DG9)—(DG16) hold.

Remark 5.2.

(i) Assumptions (DG1)—(DG4) imply that there is ¢, independent of h, such that
for all v € [L2(F)]™« and for all 7 € [L?(F)]™,

[v|m,p < chp? ||, F, (5.6)
(Mz"(v), )L, rl < clvlL,.rllL, F, (5.7)
(Mg (1) + D 1,0)L, F| < chp|v|mrll7l L, F (5.8)

These properties will be used in the sequel.

(if) Conditions (5.3) and (5.5) generally imply that S%* and MpE* are of order
hy'; this differs from the condition derived in [6] where Sg and Mg are of order 1.
Roughly speaking, to be able to eliminate the discrete o-component, it is necessary
to have a stronger control of the interface jumps and of the boundary values of the
discrete u-component.

(iii) Condition (5.4) can be weakened to cihp|D** 0|7 p < (ME“(v),v)L, Fr <

cahp [0llZ, p-

5.2. The direct argument. To perform the error analysis we introduce the
following two discrete norms on W (h),

12074 = 12711, + 1212, + 215 + 2“3 + D 1B="11%, &, (5.9)
KeTy,
217 = Nzllia+ D02 17, e + R 1200, ox + hcll=" N2, 01, (5.10)
KeTy,

where for all z* € U(h) we have introduced the jump semi-norm

5= >0 1Br  with e = [ ]ls (5.11)
FeF}
The norm || - ||5,4 is used to measure the approximation error, and the norm || - ||51

serves to measure the interpolation properties of the discrete space Wp,. In this section,
it is implicitly assumed that (DG”) holds.
LEMMA 5.4 (L-coercivity). For all h and for all z = (27,2%) in W(h),

an(z,2) 2 po(l127\IZ, + 12"117,) + 1215 + 512" (5.12)
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Proof. Let z = (27,z") in W(h). Using (4.17) and summing over the mesh
elements, we infer

Z 5(Dz,2)Lp+ Z /F{ZtDZ} =3 Z (Tz,2)1,x — (2,T2)1,K]-

FeF? FeF} KeT,

Subtracting this equation from (4.21) and using {z'Dz} = 2{z'} {Dz}, together with
the skew-symmetry assumptions (DG2) and (DG10), yields

ah(z,z) = |zu|3 + %|ZU|?\4 + % Z [(TZ,Z)L,K + (ZaTZ)L,K]-
KeT,,

Then, the desired result follows from (a4). O
LEMMA 5.5 (Stability). There is ¢ > 0, independent of h, such that

an(zn, yn)

inf sup —c > (5.13)
2n€Wi\{0} y, e\ {0} [12nlln,allynlln, A

Proof. (1) Let 2z, = (27, 2}*) be an arbitrary element in W},. Let K € 7;,. Denote
by B the mean-value of B* over K then,

|1B* — BE||(po< (ryjmome < hKI\B’“II[Co,l(ﬁ)]m,,,mu- (5.14)

Now, define the field 7, such that mp|x = 22:1 @&CZ};. Set wy, = (7,0). It is
clear that m, € Xy since p, — 1 < p,; hence, @), € W,. Using (5.14), together with
the inverse inequalities (4.3) and (4.4), leads, for all F' C 0K, to

_1 .
mallL,,F SChFZHﬂ-h”Lg,T(F)’_l 1fF6f,f?, (5.15)
{mn il eo,r + Mlmellle,, r < chp®lmnllL, zr), if F € Fy,
I7rllL..x < IB2plle, x +cllzplln., k- (5.16)
From the definition of aj, it follows that
> IBzIE, k= an(zn,@n) + Y (Bzf, Bz — w1,k
KeTy, KeTy
— (K727 + K7z mn)n, — >, $(ME"(21) = D7z}, 7)1, F
FeFy
+ > 20D} Ama.r — Y (S7(Iz]), [l L, F
FeF} FeF}

= ah(zh,wh) + Ry + Ry + R3 + Ry + Rs,

where Ri, Ry, R3, R4, and Ry denote the second, third, fourth, fifth, and sixth term
in the right-hand side of the above equation, respectively. Each of these terms is
bounded from above as follows. For the first term we have

|Ri| < > (B2, B — ma)i, x| < Y, B2, k1B2t — mall,
KeTy, KeTy,

< e lzlz, +v Do 1B, a0
KETh
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where v > 0 can be chosen as small as needed. Using (5.16) yields

|Ro| = (K772 + K725, ), | < ez e, + 25 ) I7nll L,
<cy(Iz503, + 120017.) +7 D> 1B, -
KeTs

Using (DG4) together with (5.15) and (5.16) leads to
1
[Rs| <3 > [(ME“(28) = D72t mn)r,.rl < ¢ Y hElzt|arlmalL,
Fery FeFy?

<ey(lz002, + 12150+ Y 1B, &
KeTh

To bound Ry, observe that 2{D"zj} = DZj f [z}] and use (DG15) to infer

[Ral <2 Y (D72} AmaDearl < ¢ Y (D, ) [20], {mn}) Lo,

FeF} FeF}
1
<c Y hplalapl{md e, e < eI, +115) +v D 1B, «-
FeFi KeT,

To bound |Rj5|, use (DG14) to infer

Rs| < S 1SFAD [mDrarl < Y gl r

FeF} FeF}

< ey(l=lz, + =5+ Y 1Bz, -
KETh

Using the above five bounds, v = and Lemma 5.4 leads to

1
10°
z Z ||Bz}f||%oK < an(zn,wn) + can(zn, zn)- (5.17)

KeTy,

(2) Let us now prove that [[(7p,0)||ln,a < c|lznl]|n,a. Owing to (5.16), we infer

Imnllz, < ellzille, + (Cker, 1B21L, )

N

). Hence,
l@nllna = llmnllz, < cllznllna. (5.18)
(3) Owing to (5.12) and (5.17), there is ¢; > 0 such that
20l 4 < c1an(zn, 2n) + an(zn, @n) = an(zn, c12n + @n).
Then, setting y, = ¢12p, + wp, and using (5.18) yields
Izl allynllna < cllznllsa < canlzn,yn)-

The conclusion follows readily. O
LEMMA 5.6 (Continuity). There is ¢, independent of h, such that

V(z,yn) € W(h) x Wy, an(z,yn) < cl|z||n,1llynlln,a- (5.19)
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_ Proof. The main idea is to integrate by parts an(z,yr) by using the formal adjoint
T. Observing that

> (T — Tl = X Ozuer+ Y [ 2{uiDs).

KeTy, FeF? FeF}

and using 2 {yl Dz} = 2{y} } {Dz} + %[[yfl]] [Dz], we infer

an(z9n) = Y (2 Tyn) ek + Y, 5(Mr(2) +Dz,yn)1.r
KeTy FeFp

+ > 2P D er + Y (Se2D). [yl r.r. (5.20)

FeF} FeF}

Let Ry to R4 be the four terms in the right-hand side.
(1) Using the Cauchy-Schwarz inequality and inverse inequalities, we obtain

[Ril < ¢ Y Nzl wllyalle, s + 127N ook 1Bykl Lok + R 12" Nzl 2 k-
KETh

Hence, |Ry1| < c||z]|n,1][ynln,a-

(2) For the second term, we have

[Ra| < § ) [(ME“(") + D72 g7 )r, .+ (ME(2*) + D2 i) L, p
FeF?

+ (ME7(27) + D" 2%, yi ) L F -

Using (5.7), (DG5), the boundedness of D, (5.8), and the inverse inequality (4.4), each
term in the above equality is bounded as follows:

_1
(Mg (") + D7"2" yp )L, r| < cllz“llr..pllyplle, r < chp? 2% L., Fllyp L, 7(F)
_1
[(MEg" (") + D" 2" yp) L., F| < chp? 12" || L., Flyp v, F,

1
(Mg (27) + D" 2%, yp)p., Fl < chipll2%| L, Flyn |, F-

As a result, |Ra| < cl|z|ln,1llynlln,A-
(3) For the third term, we have

Bl < 5 D IID72"L iDL,k + ([P 2" [WiD .. r + (D721, D L. r .
FeF}

Using the boundedness of D, the inverse inequality (4.4), and (DG15), each term in
the above equality is bounded as follows:

_1
[(IP7*2"] Wi ol < cl{z"Hzu pllyillz..r < chp? {2 L. £ llY7 o 7))
([P 2], [ynDr..pl < cdl{z" Mz, pllvillz..r < chp® [{z" L. FllypllL..7 ),

1
(D21, lynDeu.pl = 1({27}, Dok, () Wi D) Lo 2| < chE {27}z, Flykl e
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As a result, |R3| <
(4) For the fourth term, we have

|Ral < D0 1(SF D Wil o + (SEU"D), WD £ur + (52 (12°1), 93D 2o -
FeF}

Using (DG12) and (DG14), together with the inverse inequality (4.4), each term in
the above equality is bounded as follows:

(SE (L=, [ D) r, r] < chZ 212 rllyn e, r < clz"lprllvnlle, 7F),
ISE (12D D rw,rl < ChF2|H[Z“]]||Lu,F|yZ|J,Fa
(S ([2°1), [0 . r] < ch? PN e, Flynlsr.

As a result, |R4| < ¢||2||n,1llynlln,a. The proof is complete. O
LEMMA 5.7 (Consistency). Let z solve (2.7) and let zp, solve (4.22). Assume that
z € [HY(Q)]™. Then,

Yyn € Wh, an(z — zn,yn) = 0. (5.21)

Proof. Since z solves (2.7) and z € [H(2)]™, the following properties hold: (i)
Tz = fin L, (ii) Mz = Dz a.e. on 99, and (iii) {Dz} = 0 and [z] = 0 a.e. on Fi.
Owing to (DG7), property (ii) implies that for all ' € 2, Mp(z|r) = Dz|r. As a
result, for all y, € Wi, an(z,yn) = (Tz,yn)r. = (f,yn)r = an(zn, yp). O

THEOREM 5.8 (Convergence). Let z solve (2.7) and let zj, solve (4.22). Assume
that z € [HY(2)]™. Then, there is c, independent of h, such that

_ <c inf |z-— . 5.2
[ Zhllh,A_CyhlgWhHZ Ynlln,1 (5.22)

Proof. Simple application of the Second Strang Lemma. 0

Owing to the definition of Uj, and X, i.e., (4.6), and the regularity of the mesh
family {75 }n>0, the following interpolation property holds: There is ¢, independent
of h, such that for all z € [HP=T1(Q)]™ x[HP«T1(Q)]™=, there is y;, € W), satisfying

12 = ynllna < c(hPoT + 0P (127 (| fgre+1)me + 12" Eoutr (@) ) - (5.23)

Since py, — 1 < po < py, the above interpolation error is of order hP«.
COROLLARY 5.9. Let z solve (2.7) and let zp, solve (4.22). Then, there is c,
independent of h, such that if z € [HP=T1(Q)]™e x[HP=+1(Q)]™,

||Z — ZhHh,A < c hPx (HZU||[Hp,,+1(Q)]ma —+ ||Zu||[Hpu+1(Q)]mu). (524)

Remark 5.3. For both the o- and the u-component of the solution, the error
estimate in the L2-norm is O(hP+). If p, = p, = p this result is suboptimal when
compared with that obtained using the DG method analyzed in [6], which yields
O(hP*2) error estimates. The reason for this slight optimality loss is that in the
present method the interface jumps of the o-component are not controlled to allow
for this component to be locally eliminated and the jumps on the u-component are
penalized with an O(h~1!) weight. If p, = p, — 1, the result is still suboptimal for the
u-component, but is optimal for the o-component.
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Finally, when the exact solution is not smooth enough to be in [H(€)]™ but only
in the graph space W, we use a density argument to infer the convergence of the DG
approximation. For z € W + W}, define the norm

1

Izllw- = llzllz + ( > IIBZ“II%C,> : (5.25)

KETh

Observe that [|z]|yw- < ||z||n,a-
COROLLARY 5.10. Assume there is y > 0 such that [H (Q)]™x [H ™7 (Q)]"= NV
is dense in V. Let z solve (2.7) and let zp, solve (4.22). Then,

li — - =0. 5.26
lim |2 = 2w (5.26)

Proof. Let € > 0. There is z. € [HY ()] x[HT7(Q)]™* NV such that |z —
ze|lw < §. Let ze, be the unique solution in Wy such that ap(zen, yn) = alze, yn) for
all y;, € Wy,. From the regularity of z. together with Theorem 5.8 and Corollary 5.9,
it is inferred that limp_.o ||2en, — 2el|n,4 = 0. Furthermore, using the discrete inf-sup
condition (5.13) yields

ap\ZehsYh) — Ah\Zh, Yh alZe — 2, Yn
||Z€h _ZhHW* S sup ( ch) Y ) ( Yy ) = sup M

yn€WR\{0} lynlln,a snewarf0}  Nynlln,a

< |T(e-2p sup nlz

€
S ||Z - ZeHW S ey
ynewn\{0} 1Ynlln,a 2

where we have used the fact that for all y, € Wy, an(zp, yn) = a(z,yr). Finally, using
the triangle inequality ||z — zn|lw- < |2 — zellw- + l12e — zenllw- + l|2en — 2znllw-, it
is deduced that limsup,_,, ||z — zn|lw- <e. O

5.3. The duality argument. We now improve the error estimate on the L2-
norm of the u-component of the solution by using a duality argument. In this section,
it is implicitly assumed that (DG*) holds.

Let z solve (2.7) and let zj, solve (4.22). Let 1) € V* solve

T = (0,2 — z1). (5.27)

Assume that the above problem yields (elliptic) regularity, i.e., there is ¢, independent
of h, such that

19 Nz @) + 197 i @pme < el = 25| L..- (5.28)
LEMMA 5.11. Under the above hypotheses, the following holds:

an(y,¥) = (y*, 2" = 2)r,, Vy € W(h). (5.29)

Proof. Let y € W(h). By integrating by parts (i.e., using (5.20)) and using the
fact that 1 is continuous across interfaces, we obtain

an(y, ) = Z (y, TY) L.k + Z 3(Mr(y) + Dy, ¢) 1. F.

KeTy, FeFp
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Since ¢ € V*:=Ker(M* + D) (see (2.6)) and ¢ € [H'(2)]™, it is inferred that
M)+ Dip = 0 a.e. on IQ. Hence, owing to (DG8), (Mp(y) + Dy, ), r = 0 for all
F € FP. The conclusion is straightforward since ¢ solves (5.27). O

To avoid lengthy technicalities, we introduce the following norms:

NI

s = (X Wl Barsgaogee + il 3, 0) " (5:30)
KeT,
I9lln,a+ = llylln.a+ 157151 (5.31)
1Yl = lyllna + 11y 1 (5.32)
The DG method converges optimally in the || - ||, a+-norm as stated in the following

COROLLARY 5.12. Let z € [HY(Q)]™ solve (2.7) and let zj, solve (4.22). Then,
there is ¢, independent of h, such that

1z = ynlln,1+- (5.33)

zZ— 2z <c¢ inf
o= znllias <c inf

Proof. Let y;, be an arbitrary element in W},. Using inverse inequalities yields
127 = 25 g < 27 =willpg + 107 — 27 llns < 127 = willn 1 +cllyn — 27z,
<27 = wnllpg + vy = 27Me, + 1127 = 27 lz,)
<27 = yrlly1 +clllz = ynlln,a + 1z = 2alln,a)
< c(llz = ynlln,a+ + [1z = znlln.a)-

Hence, using the above inequality along with (5.22) leads to

Iz = 2nlln,a+ < e(llz = ynllnar + 12 = ynlln1) < cllz = ynllnas-

That concludes the proof since yy, is arbitrary in Wy,. O
LEMMA 5.13 (Continuity). There is ¢, independent of h, such that for all (r,y)
in W(h)xW(h),

an(r,y) < clrllna+lylni- (5.34)

Proof. Let us use (4.21) and bound all the terms in the right-hand side.
(1) For the first term, say Ry, we proceed as follows:

(Try) x| < [(Kry)ewl +1(Br,y ) e, x| +1((B+ O,y L, k|
<drlzxllylle,x +I1Bréle, xlly” e, & + elrlm e 9l 2o, x
1 — 1
< cllrllT x + 1B WL, x + Wil e oo )2 YNk + RE Y 1L, )

Hence, [Ra| < cl|r{[n.a+|lylln.1-
(2) To bound the second term, say Rs, use (DG4), (DG6), (5.7), and the boundedness
of D to infer

1
[(ME“(r") = D",y )L,.p| < clr*|ar hEllY | L, P,
_1
|(ME“(r") = D*r*, y*)L,.p| < clr|mp hp? 1Y ]| L. p
1 1
(Mg (r?) =D r?, y" ) rl < clrfllL, plly*lL.r < chpllr o, php® [y )., p-
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As a result, |Ra| < c||7]|n,a+ [lylln,1-
(3) To bound the third term, say Rs, use (DG15), (DG16), and the boundedness of D
to infer

1

({D7r"} Ay e, rl = 2(D3k, () [r*1 {9 D e, pl < o e hEI{Y e, £y
_1

(D"} Ay “ Dl = 2(D5k, ) [ Ay D pl < elr®loe hp® {1y Hir., F)

(D"} Ay Drl < el T p 1y Hizw r < BENTTL0 0 hr {81
These bounds yield |Rs| < ¢||7||n, a+||[ylln,1-
(4) To bound the fourth term, say R4, use (DG10), (DG13), and (DG14) to infer
(7 (), Do | < el hEN Nz, e
(SE D "D rl < elrlse hp? [y nr.
(S (D [ D r| < hE T Tz, 9 ]0-
Hence, |R4| < c||7||p, a+||ylln,1- The proof is complete. O

THEOREM 5.14 (Convergence). Let z € [H(Q)]™ solve (2.7) and let zy solve
(4.22). Then, there is ¢, independent of h, such that

12¥ =z lle, < ch inf |z —ynllpe (5.35)
yh€Wh
Proof. Using z— z, as test function in (5.29) we infer ay(z—zn,¢) = ||2" — 2|7, .
Then, using the consistency property stated in Lemma 5.7, this yields for all ¢y, € Wj,
an(z — zn, 0 — n) = ||2* = 2}!||7, - Lemma 5.13 in turn implies

Iz = 20117, < elz = znllnat Y — ¢nllng,  Vion € Wi
Then, using the elliptic regularity (5.28) leads to

inf
hEWnL

1% = ¥nllna

=% = 231, < ellz = 2nllar

< ch|lz — z|
< ch||z — zn]

nat+ (10 12 @)me + 107 11 Q)0 )

h,A+||Zu — zpllL.,-

The conclusion follows readily using Corollary 5.12. 0

Remark 5.4. Stability and convergence in the || - |5, a+-norm could have been
proved directly by adding the quantity (3 cr. h3.|| By + Cy“H%mKﬁ in the defini-
tion of the || - ||n, a-norm, but this significantly lengthens the proof of Lemma 5.5.

6. Applications. In this section we apply the DG method designed in §4 and
analyzed in §5 to the Friedrichs systems presented in §3.

6.1. Advection—diffusion—reaction. We describe various DG methods that
can be used to approximate the advection—diffusion-reaction equation introduced in
§3.1 and in which the o-component of the unknown can be eliminated locally. Com-
parisons with the unified approached developed by Arnold et al. [1] are presented to
illustrate the fact that the present DG method generalizes some of the DG methods
that have been previously developed in the literature for the Poisson equation.
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6.1.1. A first example (The LDG method). Consider first Dirichlet bound-
ary conditions. Owing to (3.5) and (3.6), the integral representations (4.9) and (4.11)
hold with the R¥*+1:4+ 1 yalued boundary fields

Dy = [nt’ﬁn] and M= [Ot*n} : (6.1)

where n is the unit outward normal to 9. Let ¢ > 0 and > 0 (these design
parameters can vary from face to face). For all F' € Fy, set

o’nh;] (62

and define for all y € [L2(F)]4*!, Mp(y) = Mpy and Sp(y) = Sry.

LEMMA 6.1. Let Mp and S be defined as above. Then, properties (DG¥) hold.

Proof. The consistency properties (DG7) and (DG8) are readily verified. The
remaining properties are a direct consequence of Lemmas 5.1 and 5.3. 0

Remark 6.1. Let § € R?. A slightly more general choice for the interface operator
consists of setting for all F € .7:}1, ST = (6-np)np where np is any of the two unit
normal vectors to F'. This choice leads to the so-called LDG method of Cockburn
and Shu [4] as considered in the unified approach of [1] for the Poisson equation.

When Neumann and Robin boundary conditions are enforced, the integral repre-
sentation (4.11) holds for the R4T 14+ yvalued boundary field

(6.3)

For all F € F?, choose Mp = M and for all y € [L?(F)]?*!, define Mp(y) = Mry.
Then, it is easily verified that (5.4) holds for Neumann boundary conditions and
also for Robin boundary conditions provided ¢ > (8-n)~, the negative part of Gn
(this is not restrictive since the usual Robin condition at an inflow boundary uses
0 = —(3n > 0). Hence, Lemma 5.2 implies that assumptions (DG1)—(DG6) hold.
Moreover, the consistency assumptions (DG7) and (DG8) trivially hold.

Remark 6.2. Observe that the scalings of the block M%* are radically different
whether Dirichlet boundary conditions or Robin/Neumann are enforced.

6.1.2. Comparison with other methods. In this section we restrict the set-
ting to the equation u — Au = f and to the homogeneous Dirichlet boundary condi-
tions so as to make comparisons with the unified approach developed in [1] where it
is shown that most of the DG methods amount to solving the following problem:

{ Seek zj, = (o, un) € Wy, such that Vyy, € [P, (K)]?xP,, (K), 6.4)

(Tzn,yn)r, i + (dox (z1) — Dorzh,yn)r.ox = (f,un).x,
where the so-called numerical fluxes qgaK (z1) depend on the method under consider-
ation. In view of (4.25) and (4.26), the link between the present formalism and that
of [1] is based on following identification:

%(Mp(z)—&—Dz) if [ C OK?,

SF([[Z]]BK|F) + Dok {Z}BK if Fc oK.
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For the purpose of comparison, we restrict ourselves to boundary and interface oper-
ators such that for all F' € Fy,, for all v € L2(F), and for all 7 € [L?(F)]¢,

M7 (v) = —nw, Mpe (1) = 7n, (6.6)
Szt (v) =0, S¥ (1) =0. (6.7)

Therefore, the methods that can be constructed from this set of assumptions only
differ in the design of M " and Si".

Following the notation in [1], we set ¢ox (21) = (Gox,0ox) (note that @ is Re-
valued whereas ¢ is R-valued). Then, the identification (6.5) is possible if the DG
method under consideration is such that

(0,0'h~nK + %M}éu(uﬂp)) if F'C 8K3,
(nx {un}ox - {on}tox |Fni + SE([unlox|r)) if F C 0K,
(6.8)

(Uok,0or)|F = {

The DG methods that belong to this class are those from [2, 3, 5].

Comparison with the method of Brezzi et al. Let F' € Fj. Define the mapping
rp : [L2(F)]? — ¥, so that for all 27 € [L?(F)]?, rr(27) solves

(rr(27),97) L, = (2% yn .. Fy  Vyp € B (6.9)

Note that the support of rp(z7) is contained in 7 (F). Then, the method described
by Brezzi et al. [3] is such that for all v € L?(F),

Mg (v) = ¢rp(vnp)np, SEt(w) = k{rp(vng)} np, (6.10)

where np is any of the two unit normal vectors to F' and where ( and x are positive
constants; see also [1]. The operator rp is endowed with the following property.
LEMMA 6.2. There are €1 and co, independent of h, such that for all F € Fy, and
for all 7, € [y, (), exhip?|[mllz, 7 < rr(m)lz, < eship? [z, -
Then, it is easily deduced from Lemma 6.2 and the definition of rp that there are
¢1 and ¢y, independent of h, such that for all F' € Fy, and for all v, € Py, (F'),

ahpvnlli, p < {re(onne)} ne,on) L, r < cahp'lonlZ, b (6.11)

These inequalities are just what is takes to prove that if the boundary and interface
operators are defined using (6.6), (6.7), and (6.10), properties (DGF) hold. Therefore,
the conclusions of Theorem 5.8 and of Theorem 5.14 hold.

Comparison with the method of Douglas and Dupont. The method introduced
by Douglas and Dupont [5] is the so-called Interior Penalty (IP) method. Using the
same definition for the mapping rr as in (6.9), the IP method consists of setting for
all v € L2(F),

Mgt (v) = %v —rp(ong)npg, St (v) = TeU— {rp(vng)} npg, (6.12)

where ¢ and k are positive constants; see also [1]. Then, by using the same arguments
as above, we infer that the IP method satisfies all the required properties, i.e., (DG¥),
provided the constants ¢ and x are large enough.
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Comparison with the method of Bassi and Rebay. The method proposed by Bassi
and Rebay [2] corresponds to the choice ME* = 0 and S%* = 0. Our analysis needs to
be revised to account for this situation. Obviously, the L2?-coercivity still holds in the
form ap(y,y) > clly||2 for all y € W (h). Moreover, one easily derives the following
continuity estimate: For all (y,yn) € W(h) x Wy,

lan(y, yn)| < c ( > UTylE ke + hK1|y||%,6K]> llynllz- (6.13)
KETh
Then, provided p, = p, := p, the second Strang Lemma implies ||z — zp||, <

ch? || z||{p+1(q)m - Although this estimate is not optimal, it shows that the method of
Bassi and Rebay is (possibly non-optimally) convergent.

6.2. Linear elasticity. Consider the linear elasticity equations introduced in
§3.2 and let us describe a DG method where the (7, p)-component of the unknown can
be eliminated locally. Owing to (3.14) and (3.15), the integral representations (4.9)
and (4.11) hold with the R™™-valued boundary fields (recall that m = d? + 1 + d)

Doq = [} and M= [ fffffff } , (6.14)

where H = 2¢_, ng(E¥,0)" € RT+14. Observe that for all £ € RY, HE = (—3(n®&+
&®n),0). Let ¢ > 0 and n > 0 (these design parameters can vary from face to face).
For all F' € Fy, set

v o I e B

and define for all y € [L*(F)]™, Mp(y) = Mpy and Sp(y) = Spy. Then, using
Lemmas 5.1 and 5.3, one readily verifies that properties (DGF) hold.

6.3. Simplified MHD. Consider the simplified MHD equations introduced in
§3.3 and let us describe a DG method where the H-component of the unknown can
be eliminated locally (the derivation of a DG method where the E-component of the
unknown can be eliminated locally is similar). To apply the setting of §5, set 0 = H
and v = E. Owing to (3.19) and (3.20), the integral representations (4.9) and (4.11)
hold with the R®6-valued boundary fields

0 N} (6.16)

where N = Zi:l nERF, and the R33-valued fields R, R?, and R® are defined in
§3.3. Observe that for all £ € R3, N¢ = nx&. Let ¢ > 0 and n > 0 (these design
parameters can vary from face to face). For all F' € Fy, set

o= ] om s U] e

where N is defined as NV by using nr instead of n. For all y € [L?(F)]%, let Mp(y) =
Mpy and Sp(y) = Spy. Then, using Lemmas 5.1 and 5.3, one readily verifies that
properties (DG¥) hold.
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Remark 6.3. As opposed to advection—diffusion—reaction equations, the upper
bound in (5.3) and (5.5) is not sharp for the simplified MHD equations since the
operators M and Sr do not need to control the whole L2-norm of the electric field
but only that of its tangential component.

7. Conclusions. It happens sometimes that (A4) does not hold; instead, the
following weaker inequality holds:

Jpuo >0, VzeW, (Tz2)L+ (Z,TZ)L > 2u0||7rz”||%a, (7.1)

where m € L£(Ls; L,). In other words, coercivity no longer holds for the u-component
of the unknown and holds only for some part of the o-component, namely 7z7. The
equation —Awu = f corresponds to this situation with 7 equal to the identity. The
Stokes equations and the linear elasticity equations in the incompressible limit fall
also in this framework with a nontrivial operator m. It will be shown in a forthcoming
third part, that provided additional mild assumptions are made on the differential
operators and the DG setting, all that has been said herein in the fully L-coercive
case remains valid in the situation with partial coercivity.
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